Equations and Infinite Colorings
Exposition by Stephen Fenner and William Gasarch
1 Introduction

Do you think the following is TRUE or FALSE?
For any Rg-coloring of the reals, COL : R — N there exist distinct e, e, e3, eq such that

COL(e1) = COL(ey) = COL(es) = COL(ey),

e1t+ex=e3+eq.

It turns out that this question is equivalent to the negation of CH. Komjath (3) claims
that Erdés proved this result. The prove we give is due to Davies (1).

Definition 1.1 The Continuum Hypothesis (CH) is the statement that there is no order
of infinity between that of N and R. It is known to be independent of Zermelo-Frankel Set
Theory with Choice (ZFC).

Definition 1.2 w; is the first uncountable ordinal. w9 is the second uncountable ordinal.

Fact 1.3

1. If CH is true, then there is a bijection between R and wy. This has the counter-intuitive
consequence: there is a way to list the reals:

Ty L1y, L2y ve sy Lyye -
as a € wy such that, for all & € wy, the set {xg | f < a} is countable.

2. If CH is false, then there is an injection from wo to R. This has the consequence that
there is a list of distinct reals:

L0y L1y L2y« v ey LauyersyLwgyLwg41lyeeyLFyen-

where o € wy and € [wy,ws).

2 CH = FALSE
Definition 2.1 Let X C R. Then CL(X) is the smallest set Y D X of reals such that

a,b,ceY = a+b—ceY.

Lemma 2.2

1. If X is countable then CL(X) is countable.



2. Ile g X2 then CL(X1> g CL(XQ)

Proof:
1) Assume X is countable. CL(X) can be defined with an w-induction (that is, an induction
just through w).

Co = X
Cpht1 = ChU{a+b—c|abceCy}

One can easily show that CL(X) = US2,C; and that this set is countable.
2) This is an easy exercise. [

Theorem 2.3 Assume CH is true. There exists an Rg-coloring of R such that there are no
distinct eq, ea, €3, e4 such that

COL(el) = COL(@Q) = COL(63) = COL(€4),
e1 + e =e3 4 e4.

Proof: Since we are assuming CH is true, we have, by Fact 1.3.1, there is a bijection
between R and wy. If o € wy then z, is the real associated to it. We can picture the reals
as being listed out via

LOy L1, L2, L3y oy Lyy - -

where o < wj.
Note that every number has only countably many numbers less than it in this ordering.
For v < wq let
Xo ={23| B < a}.

Note the following;:
1. For all a, X, is countable.
2. XpCcXhj CcXoCXsC---C Xy
3. Ua<w; Xa =R,
We define another increasing sequence of sets Y, by letting
Y, = CL(X,).
Note the following:
1. For all a, Y, is countable. This is from Lemma 2.2.1.
2. YocYiCcYoCcYsC---CY, C---. This is from Lemma 2.2.2.

3. Uncw, Ya = R.



We now define our last sequence of sets:
For all o < wy,
Zo=Ya— | U ¥s]-
B<a

1. Each Z, is finite or countable.

Note the following;:

2. The Z, form a partition of R.

We will now define an Rg-coloring of R. For each Z,, which is countable, assign colors
from w to Z,’s elements in some way so that no two elements of Z, have the same color.
Assume, by way of contradiction, that there are distinct ey, e, e3, e4 such that

C’OL(el) = OOL(@Q) = COL(eg) = COL(€4)
and
e1 + e =e3+ éey.

Let a1, a2, a3, ay be such that e; € Z,,. Since all of the elements in any Z, are colored
differently, all of the «;’s are different. We will assume a7 < ao < a3 < ay. The other cases
are similar. Note that

eq = e1 +eg —es.

and
€1,€2,63 € Lo, U Zyy U Zys CYo UYy, UY,, =Y,,.

Since Yy, = CL(X,,) and ey, e, e3 € Y,,, we have e; € Y,,. Hence e4 ¢ Z,,. This is a
contradiction. |

What was it about the equation
el +ey=e3+ ey
that made the proof of Theorem 2.3 work? Absolutely nothing:

Theorem 2.4 Letn > 2. Let ay,...,a, € R be nonzero. Assume CH is true. There exists
an Ng-coloring of R such that there are no distinct e1, ..., e, such that

COL(e1) = -+~ = COL(ey),

n
Z a;e; = 0.
i=1
Proof sketch:  Since this prove is similar to the last one we just sketch it.

Definition 2.5 Let X C R. CL(X) is the smallest superset of X such that the following
holds:
For all m € {1,...,n} and for all e1,...,€m—1,€m+1,---,€n,

€lyee s Em—1s€mtls--- 6n € CL(X)= —(1/ap) Z aje; € CL(X).
€{1,..,n}—{m}



Let X, Y., Z be defined as in Theorem 2.3 using this new defintion of CL. Let COL
be defined as in Theorem 2.3.
Assume, by way of contradiction, that there are distinct eq, ..., e, such that

COL(ey) = --- = COL(ey)

and
n
Z a;e; = 0.
=1

Let ai,...,a, be such that e; € Z,,. Since all of the elements in any Z, are colored
differently, all of the «a;’s are different. We will assume a3 < ag < --- < ay. The other
cases are similar. Note that

n—1

en=—(1/ay) Z ae; € CL(X)
i=1
and
€1,...,En_1 GZalU"'UZan_l CY,

n—1°

Since Yy, , = CL(X,, ,) and e1,...,en—1 € Yy, ,, we have e, € Y,
Z,,,. This is a contradiction. [

Hence e, ¢

n—1°

Note 2.6 For most linear equations, CH is not needed to get a counterexample.

3 - CH= TRUE

Theorem 3.1 Assume CH is false. Let COL be an Rg-coloring of R. There exist distinct
e1,es, e3,eq such that

C’OL(el) = COL(€2) = COL(€3) = COL(€4),
e1 +ex =e3+ ey.

Proof: By Fact 1.3 there is an injection of wy into R. If o € we, then x, is the real
associated to it.

Let COL be an Ny-coloring of R. We show that there exist distinct e, es, es, e4 of the
same color such that e; + ey = ez + e4.

We define a map F' from ws to wq X w1 X wy X w.

1. Let G € ws.

2. Define a map from w; to w by

a— COL(xq + zp).

3. Let ay, a9, a3 € wy be distinct elements of wq, and 7 € w, such that a1, as, az all map
to i. Such ai,as,as,i clearly exist since Ry + Ry = Ry < R;. (There are N; many
elements that map to the same element of w, but we do not need that.)



4. Map 3 to (a1, a9, as, ).

Since F' maps a set of cardinality No to a set of cardinality Ny, there exists some element
that is mapped to twice by F' (actually there is an element that is mapped to Ny times, but
we do not need this). Let a1, as, as,3,3,i be such that 5 # 3 and

F(ﬁ) = F(ﬁ/) = (Oq,Ozz,O@,i).

Choose distinct o, o/ € {a1, g, az} such that zo — 2o ¢ {23 — x5, 23 — 23} We can
do this because there are at least three possible values for z, — z /.
Since F(B) = (a1, a2, as,1), we have

COL(xq + xg) = COL(zy + x8) = i.
Since F(3') = (a1, ag, as, ), we have

COL(.IO( + x/gl) = COL(JJO/ + x/gl) =1.

Let
€1 = Zat+2Ip
ey = xa’+£,@’
€3 = Ty T2
€4 = Zot+Tp.
Then
C’OL(el) = COL(@Q) = OOL(eg) = COL(€4)
and

e1+ex =e3+ eq.

Since x4 # o and xzg # x, we have {e1, e} N {es,ea} = 0.
Moreover, the equation e; = es is equivalent to

To — Ty = Ty — T,

which is ruled out by our choice of , o/, and so e; # es.
Similarly, es # e4.
Thus eq, eq, e3, ¢4 are all distinct. |

Remark. All the results above hold practically verbatim with R replaced by R¥, for
any fixed integer k£ > 1. In this more geometrical context, ey, es,es, eq are vectors in k-
dimensional Euclidean space, and the equation e; + es = e3 + e4 says that ej, eo, e3,e4 are
the vertices of a parallelogram (whose area may be zero).



4 More is Known!
To state the generalization of this theorem we need a definition.

Definition 4.1 An equation E(eq,...,e,) (e.g., e1+ea = e3+ey) is regular if the following
holds: for all colorings COL : R — N there exists €= (ey,...,ey) such that

COL(ey) = --- = COL(ey),
E(ey,...,en),
and eq,...,e, are all distinct.
If we combine Theorems 2.3 and 3.1 we obtain the following.
Theorem 4.2 e; + e3 = e3 + ey is regular iff 280 > Ny,
Jacob Fox (2) has generalized this to prove the following.
Theorem 4.3 Let s € N. The equation
e1+sex =e3+ -+ esy3 (1)
is reqular iff 280 > N,

Fox’s result also holds in higher dimensional Euclidean space, where it relates to the
vertices of (s + 1)-dimensional parallelepipeds. Subtracting (s+ 1)eg from both sides of (1)
and rearranging, we get

e1 —eg = (e3 —e2) + -+ (es43 — €2),

which says that e; and ey are opposite corners of some (s+ 1)-dimensional parallelepiped P
where es, ..., esy3 are the corners of P adjacent to eo. Of course, there are other vertices of
P besides these, and Fox’s proof actually shows that if 2% > X, then all the 257! vertices
of some such P must have the same color.
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