
The Book Review Column1

by William Gasarch
Departmentof ComputerScience

Universityof MarylandatCollegePark
CollegePark,MD, 20742

email: gasarch@cs.umd .ed u

In this columnwe review thefollowing books.

1. Number Theory for Computing by SongY. Yan. Review by ProdromosSaridis.This is a bookon
NumberTheorywhich looksatcomputationalissuesandcrytography.

2. Type-Logical Semantics by B. Carpenter. Review by RiccardoPucellaandStephenChong.This is
abookaboutapplyinglogic andtypetheoryto semanticsin linguistics.

3. The � -calculus: A Theory of Mobile Processesby D. Sangiorgi andD. Walker. Review by Riccardo
Pucella.This is abookaboutaway to formalizereasoningaboutmobilesystems.

BooksI want Reviewed
If youwantaFREEcopy of oneof thesebooksin exchangefor areview, thenemailmeatgasarch@cs.umd.edu
Reviews needto bein LaTeX, LaTeX2e,or Plaintext.

Bookson Algorithms, Combinatorics, and RelatedFields

1. DiophantineEquationsandPowerIntegral Basesby Gaal.
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Review2 of
Number Theory for Computing
Author of Book: SongY. Yan

Publisher: Springer (381pages)
Author of Review: ProdromosSaridis

1 Overview

The theoryof numbers,in mathematics,is primarily the theoryof the propertiesof integers. The subject
haslong beenconsideredasthe purestbranchof mathematics,with very few applicationsto otherareas.
However recentyearshave seenconsiderableincreasein interestin several centraltopicsof numberthe-
ory, preciselybecauseof their importanceandapplicationsin otherareas,particularly in computingand
informationtechnology.

Thisbooktakesthereaderfrom elementarynumbertheoryin computerscience,via algorithmicnumber
theory, to appliednumbertheoryin computerscience.The book follows the style “De�nition–Theorem–
Algorithm–Example”ratherthan the “De�nition–Theorem–Proof” style. For a readerwho hasat least
high-schoolmathbackgroundthederivationsin thebookwill notbedif�cult to follow.

2 Summary of Contents

Thebookis dividedinto threeparts,eachconsistingof multiplechapters.

2.1 Part I. Elementary Number Theory

( Introduction/ Theory of Divisibility / DiophantineEquations/ Arithmetic Functions/ Distribution of
PrimeNumbers/ Theoryof Congruences/ Arithmetic of Elliptic Curves/ BibliographicNotesandFurther
Reading.)

Thesepreliminarychaptersintroducethe fundamentalconceptsandresultsof divisibility theory, con-
gruencetheory, continuedfractions,Diophantineequationsandelliptic curves.Thereaderbecomesfamiliar
with the terminology. A novel featureis that a whole chapteris devotedto Elliptic Curves,which is not
normallyprovidedby anelementarynumbertheorybook. This partcarefullyandconciselyde�nesall the
tools(e.g.theorems,conceptsetc)in orderto build theessentialintuition which is sonecessaryfor thelater
chapters.

2.2 Part II. Algorithmic Number Theory

( Introduction/ Algorithmsfor PrimalityTesting/ Algorithmsfor IntegerFactorization/ Algorithmsfor Dis-
creteLogarithms/ QuantumNumber–TheoreticAlgorithms/ MiscellaneousAlgorithmsin NumberTheory.
)

Thesecondpartof thebookbrie�y introducestheconceptsof algorithmsandcomplexity andpresents
someimportantand widely usedalgorithmsin computationalnumbertheory. The authorrecommends
readersto implementall thealgorithmsintroducedhere.
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2.3 Part III. Applied Number Theory

( Why AppliedNumberTheory/ ComputerSystemsDesign/ CryptographyandInformationSecurity. )
While theearlierchapterscoveredthebroadspectrumof numbertheorybasics,within thispart,thebook

shifts gearsinto morespecializedapplicationsof numbertheory. Hereis a tasteof the contents:Residue
Computers/ HashingFunctions/ Error Detection/ RandomNumberGeneration/ Secret-Key andPublic-
Key Cryptography/ DES/AES/ VariousCryptosystems/ Digital Signatures/ DatabaseSecurity/ Internet,
WebSecurityande-Commerce/ Steganography/ QuantumCryptography.

3 Opinion

NumberTheoryfor Computingby Yan,is acohesive introductionto a�eld whoseimportancehasincreased
in the lastyears.I enjoyed readingthis book,not only becauseit is well written andeasyto readbut also
becausetherearealmost80 mini-biographiesof researchers,scientists,andnumbertheoristswho played
(andsomeof the still playing) greatrole to the developmentof numbertheory. E.g. it is easierfor the
studentto remembera theoremproved by a numbertheorist,if thestudentknows moreaboutthe life and
theresearchinterestsof thatparticularnumbertheorist.

I believe however, thatespeciallyin the1stpartof thebook,thebreadthof coveragemakesit dif�cult
for anundergraduateto learnnumbertheoryfrom thisbook.This is mainlybecauseof thestyleof thebook
(De�nition-Theorem-Example)andthescarcityof exercises.On theotherhand,the �rst partof thebook
is anexcellentreferencefor researchers.It providesalmostallthenecessarytheoremswithout unnecessary
details.

Althoughthecoverageof thematerialsis not exhaustive theauthorachievesto presentthetopicsin an
attractive way to the reader. The citation referencesaresuf�cient andrangefrom old referencesto fairly
modern.Also theselectionof theapplicationspresentedis quitemodern.Overall, thebookis well written
andeasyto understand.
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Review3 of
Type-LogicalSemantics

Author of Book: B. Carpenter
Publisher: MIT Press(585pages)

Author of Review: Pucellaand Chong,Dept of CS,Cornell Univ

4 Intr oduction

Oneof themany rolesof linguisticsis to addressthesemanticsof naturallanguages,that is, themeaning
of sentencesin natural languages.An importantpart of the meaningof sentencescan be characterized
by statingthe conditionsthat needto hold for the sentenceto be true. Necessarily, this approach,called
truth-conditionalsemantics,disregardssomerelevant aspectsof meaning,but hasbeenvery useful in the
analysisof naturallanguages.Structuralistviews of language(thekind heldby Saussure,for instance,and
laterChomsky) havetypically focusedonphonology, morphology, andsyntax.Little progress,however, has
beenshown towardsthestructureof meaning,or content.

A commontool for thestudyof content,andstructurein generalfor thatmatter, hasbeenlogic. During
mostof the20thcentury, animportantroleof logichasbeento studythestructureof contentof mathematical
languages.Many logicianshave moved on to apply the techniquesdevelopedto the analysisof natural
languages—Frege, Russell,Carnap,Reichenbach,andMontague.An early introductionto suchclassical
approachescanbefoundin [2].

As an illustrationof thekind of problemsthatneedto beaddressed,considerthe following examples.
Thefollowing two sentencesasserttheexistenceof amanthatbothwalksandtalks:

Somemanthatwalkstalks
Somemanthattalkswalks

Thesituationswith respectto whichthesetwo sentencesaretruearethesame,andhenceatruth-conditional
semanticsneedstoassignthesamemeaningtosuchsentences.Ambiguitiesariseeasilyin naturallanguages:

Everymanlovesawoman

Thereareat leasttwo distinctreadingsof this sentence.Onesaysthatfor every man,thereexistsa woman
thatheloves,andtheothersaysthatthereexistsa womanthatevery manloves.Otherproblemsareharder
to qualify. Considerthefollowing two sentences:

TarzanlikesJane
Tarzanwantsagirlfriend

The�rst sentencemustbefalseif thereis no Jane.On theotherhand,thesecondsentencecanbetrueeven
if no womanexists.

Thoseexamplesareextremelysimple,somemight even saynaive, but they exemplify the issuesfor
whichatheoryof naturallanguagesemanticsmustaccount.A guidingprinciple,apocryphallydueto Frege,
in the studyof semanticsis the so-calledFregeanprinciple. Essentially, it canbe statedas“the meaning
of a complex expressionshouldbea functionof themeaningof its parts.” Sucha principleseemsrequired
to explain how naturallanguagescanbe learned.Sincethereis no arbitrarylimit on both the lengthand
thenumberof new sentenceshumanbeingscanunderstand,somegeneralprinciplesuchastheabove must
beat play. Moreover, sinceit would not behelpful to requirean in�nite numberof functionsto derive the
meaningof thewholefrom themeaningof theparts,anotionsuchasrecursionmustbeatplayaswell.
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That thereis a recursive principle �a la Frege at play both in syntaxandsemanticsis hardlycontested.
Whatis contestedis theinterplaybetweenthetwo. Theclassicwork by Chomsky [6] advocatedessentially
theautonomyof syntaxwith respectto semantics.Chomsky's grammarsaretransformational:they trans-
form the“surface”syntaxof asentenceto extractits so-calleddeepstructure.Thesemanticsis thenderived
from thedeepstructureof thesentence.Someaccountsof theChomsky theoryallows for a Fregeanprin-
ciple to applyat thelevel of thedeepstructure,while morerecentaccountsslightly complicatethepicture.
A differentapproachis to advocatea closecorrespondencebetweensyntaxandsemantics.Essentially, the
syntaxcanbeseenasa mapshowing how themeaningof thepartsareto becombinedinto themeaningof
thewhole.

The latter approachto semanticsrelieson two distinct developments.First, it is basedon a kind of
semanticanalysisof languageoriginatingmainlywith thework of Montague[9]. His wasthe�rst work that
developeda largescalesemanticdescriptionof naturallanguagesby translationinto a logical languagethat
canbegivena semanticsusingtraditionaltechniques.Theseconddevelopmentemergedfrom a particular
syntacticanalysisof language.During his analysisof logic, which led to developmentof the � -calculus,
Curry noticedthatthetypeshewasassigningto � -termscouldalsobeusedto denoteEnglishword classes
[7]. For example,in Johnsnoresloudly, theword Johnhastype � , snoreshastype ����� , andloudly has
type ���	� . Independently, Lambekintroduceda calculusof syntactictypes,distinguishingtwo kindsof
implication,re�ecting thenon-commutativity of concatenation[8]. The ideawasto pushall thegrammar
into the dictionary, assigningto eachEnglishword oneor more types,and using the calculusto decide
whethera stringof wordsis a grammaticallywell-formedsentence.This work derived in part from earlier
work by Ajdukiewicz [1] andBar-Hillel [4].

This book, “Type-LogicalSemantics”by Carpenter, exploresthis particularapproach.Essentially, it
relieson techniquesfrom typetheory: we assigna type(or morethanone)to every word in the language,
andwe cancheckthata sentenceis well-formedby performingwhatamountsto type-checking.In fact, it
turnsout thatwe cantake the type-checkingderivationproving thata sentencehastheright type,anduse
thederivationto derive thesemanticsof thesentence.In thenext sections,wewill introducetheframework,
andgivesimpleexamplesto highlight theideas.Carpenterpushestheseideasquitefar, asweshallseewhen
wecover thetableof contents.Weconcludewith someopinionson thebook.

5 To semantics...

The �rst problemwe needto addressis how to describethesemanticsof language.We will follow in the
truth-conditionaltraditionandmodel-theoreticideasandwe startwith �rst-order logic. Roughlyspeaking,
�rst-order logicprovidesonewith constantsdenotingindividuals,andpredicatesoversuchindividuals.Sim-
pleexampleshouldillustratethis. ConsiderthesentenceTarzanlikesJane. Assumingconstants
���
������ and

�

����� , anda predicate������� , this sentencecorrespondsto the�rst-order logic formula ����������
���
������! 

�

���"�$# .
The sentenceEveryonelikes Jane can be expressedas %'&"()�������'��&" 

�

���"�$# . This approachof using �rst-
order logic to give semanticsis quite straightforward. Unfortunately, for our purposes,it is also quite
de�cient. Let usseetwo reasonswhy that is. First, recall thatwe wanta compositionalprincipleat work
in semantics. In other words, we want to be able to derive the meaningof Tarzan likes Jane from the
meaningof TarzanandJane, andthe meaningof likes. This soundsstraightforward. However, the same
principleshouldapply to thesentenceTarzanandKala like Jane, correspondingto the �rst-order formula

�������*��
���
������+ 

�

���"�,#.-/�����������$�����0 

�

�����,# . Giving a compositionalsemanticsseemsto requiregiving a se-
manticsto theextract like Jane. What is thesemanticsof sucha partof speech?First-orderlogic cannot
answerthiseasily. Informally, like Janeshouldhave assemanticssomethingthatexpectsanindividual (say

& ) andgivesbacktheformula ����������&� 

�

���"�$# . A secondproblemis thatthegrammaticalstructureof a sen-
tencecanbelostduringtranslation.Thiscanleadto wild differencesin semanticsfor similarsentences.For
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instance,considerthefollowing sentences:

TarzanlikesJane.
An apemanlikesJane.
EveryapemanlikesJane.
No apemanlikesJane.

Thesesentencescanbeformalizedassuchin �rst-order logic, respectively:

����������
���
1�����2 

�

�����,#

�43,&'#5����67�$89���+��&*#�-:�������*��&� 

�

������#;#

�<%*&'#5����67�$89���+��&*#=�>�������*��&� 

�

�����,#;#

?

�43$&'#5����62�@8����!��&*#�-A����������&" 

�

���"�$#;# , or equivalently, �<%'&'#5����67�@8����B��&'#7�

?

�������'��&" 

�

���"�,#;#

Thereseemsto be a discrepancy amongthe logical contributions of the subjectsin the above sentences.
Thereis a distinction in the �rst-order logic translationof thesesentencesthat is not expressedby their
grammaticalform.

It turnsout that thereis a way to solve thoseproblems,by looking at anextensionof �rst-order logic,
known ashigher-orderlogic [3]. Let usgiveenoughtheoryof higher-orderlogic to seehow it canbeusedto
assignsemanticsto (a subsetof) a naturallanguage.This presentationpresupposesa familiarity with both
�rst-order logic andthe � -calculus[5].4 Thereis a slight differencein ourapproachto �rst-order logic and
our approachto higher-order logic. In the former, formulas,which representspropertiesof theworld and
its individuals,arethebasicunitsof the logic. In higher-order logics, termsarethebasicunits, including
constantsandfunctions,with formulasexplicitly representedasboolean-valuedfunctions.

We startby de�ning a setof typesthatwill beusedto characterizethewell-formednessof formulas,as
well asderivethemodels.Weassumeasetof basictypes C0D�E;F�G$HJILKNMPOQO�RS UTWV'X*Y , where MZO�O[R is thetypeof
booleanvalues,and TWV�X is thetypeof individuals.(In �rst-order logic, thetype MPOQO�R is not madeexplicit.)
Thesetof typesF�G@H is thesmallestsetsuchthat C0D�E;F�G@H]\^F�G@H , and ��_a`cb�#edfF�G@H if _� gbfdfF�G@H . A type
of the form _^`hb is a functional(or higher-order)type, theelementsof which mapobjectsof type _ to
objectsof type b .

The syntaxof higher-order logic is de�ned asfollows. Assumefor eachtype bidjF�G@H a set k=DNlnm of
variablesand a set o�p$q�m of constantsof that type. The set F*rNl4stm of termsof type b is de�ned as the
smallestsetsuchthat:

k7DNl�m]\iF'rNlusPm ,
o�p$q�m]\^F*rNl4sJm ,

v�w

daF'rNlusPm if v

dfF*rNl4syx1zym and w

dfF*rNl4syx , and
��&�(

v

dfF*rNl4s
m if b{I|_a`c} , &~d:k7DNl

x , and v

daF'rNlusJ• .

Whatarewe doinghere?We arede�ning a termlanguage.First-orderlogic introducesspecialsyntax
for its logical connectives( - , € , ? , � ). It turnsout, for higher-orderlogic, thatwe do not needto do that,
we cansimply de�ne constantsfor thoseoperators.(We will call theselogical constants,becausethey will
have thesameinterpretationin all models.)Wewill assumethefollowing constants,at thefollowing types:
aconstant�"•�
 of type MPOQO[R0`‚MPOQO�R andaconstant����ƒ of type MPOQO�R0`‚MPOQO[R�`‚MPOQO�R , theinterpretation
of whichshouldbeclear, a family of constants�@„

m

eachof type b�`…b†`‡MPOQO[R , whichchecksfor equality
of two elementsof type b , anda family of constants�‰ˆ��‰
1Š

m

eachof type ��b‹` MPOQO�R�#Œ` MZO�O[R , usedto
captureuniversalquanti�cation. The ideais that �‰ˆ��‰
1Š

m

quanti�es over objectsof type b . In �rst-order
4Higher-orderlogic is interestingin thatit caneitherbeviewedasageneralizationof �rst-order logic, or asaparticularinstance

of thesimply-typed• -calculus.
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logic, %'&�(•Ž is true if for every possibleindividual • , replacing& by • in Ž yieldsa true formula. Note that
%'& bindsthevariable& in �rst-order logic. In higher-orderlogic, wherethereis only � asabinder, wewrite
theabove as �‰ˆ��‰
1Š

m

�4��&�(•Ž‘# , which is trueif Ž is truefor all objectsof type b .
Thisde�nesthesyntaxof higher-orderlogic. Themodelsof higher-orderlogic aregeneralizationsof the

relationalstructuresusedto model�rst-order logic. A (standard)framefor higher-order logic is speci�ed
by giving for eachbasictype b~d�C0D�E;F�G@H adomain ’=p$sŒm of valuesof thattype.Theseextendto functional
typesinductively: for a type ��_/`>b�#+daF�G$H , ’7p$s”“

x�zymQ•

I–K1—™˜�—™š'’=p$sPxA`�’7p$sZm@Y , thatis, thesetof all
functionsfrom elementsof ’=p$sŒx to elementsof ’=p$sJm . Let ’=p$s›I•œ

m�ž1Ÿ� ¢¡

’7p$sZm . Wealsoneedto given
an interpretationfor all theconstants,via a function £ £)¤Z¥ ¥�m~š�o�p$q�m�` ’=p$sZm assigningto every constantof
type b anobjectof type b . (We simply write £ £)¤¦¥ ¥ whenthetypeis clearfrom thecontext.) Hence,a model
for higher-orderlogic is of theform §	I¨�;’7p$s” �£ £)¤¦¥ ¥�# . Weextendtheinterpretation£ £)¤¦¥ ¥ to all thetermsof
the language.To dealwith variables,we de�ne anassignmentto bea function ©fš�k7DNl+` ’=p$s suchthat

©���&*#yd|’7p$sPm if &ªd‹k=DNl�m . We denote©'£ &«š•I¨¬‰¥ theassignmentthatmaps& to ¬ and ­«® I¨& to ©���­,# . We
de�ne thedenotation£ £

v

¥ ¥�¯ ° of theterm v with respectto themodel §±I¨²g’=p$s³ �£ £)¤¦¥ ¥�´ andassignment© as:

£ £ &�¥ ¥
¯ °

Ij©���&*# if &~d:k7DNl ,
£ £ µ¶¥ ¥·¯ °¸I¹£ £ µU¥ ¥ if µZd9o*p$q ,
£ £

v

�

w

#S¥ ¥·¯ °ºI»£ £

v

¥ ¥·¯ °¼�¶£ £

w

¥ ¥·¯ °~# , and

£ £ ��&�(

v

¥ ¥
¯ °

I½— suchthat —‘��¬$#7I¹£ £

v

¥ ¥

¯5¾ ¿NÀ Á*Â;Ã

°

.

Standardframesaresubjectto restrictions.For instance,thedomaincorrespondingto booleanvaluesmust
beatwo-elementdomain,suchas ’7p$s]Ä�ÅSÅ;Æ'ILK true  falseY . Moreover, they mustgivea�x edinterpretation
to the logical constants(i.e., the conjunctionoperatorshouldactuallybehave asa conjunctionoperator).
Hence,werequire:

£ £ �"•�
1¥ ¥u�4Ç5#7I

È

false if ÇBI true
true if ÇBI false

£ £ ����ƒ.¥ ¥u�4ÇQÉW#5�4Ç¶Ê�#7I

È

true if Ç
É

I true and Ç
Ê

I true
false otherwise

£ £ �@„

m

¥ ¥u��Ë‰ÉW#5��Ë�Ê�#2I

È

true if Ë‰É!IÌËNÊ

false otherwise

£ £ �@ˆ��@
1Š

m

¥ ¥u�4—�#=I

È

true if —‘��&'#=I true for all &~d‹’7p$sJm

false otherwise

Onecancheckthatif we de�ne ÍÎ•�8��$m as ��Ïe()�"•�
‰���@ˆ��@
�Š

m

�4��&"()��•�
@�ÐÏÑ��&*#;#;#;# , it hastheexpectedinterpre-
tation.Notethatwewill oftenusetheabbreviations Ž:-{Ò for ���"ƒ+�4Ž! ;ÒB# , and ?

Ž for �"•�
@�4Ž.# .
A formulaof higher-orderlogic is a termof type MPOQO[R . We saythata model § satis�esa formula Ž if

£ £ Ž�¥ ¥

°

I true in themodel.Two termsaresaidto belogically equivalentif they havethesameinterpretation
in all models.Onecancheck,for instance,that ��&"(ÔÓ$��&*# and Ó arelogically equivalent,asare �4��&�(

v

#

w and
v

K

w.Õ

&0Y (thatis, v whereeveryoccurrenceof & is replacedby w ).
Forexample,considerthefollowing simplethreeindividualmodel§ , with constants
���
������! 

�

�����' ;�$�����

and ������� .
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’=p$sŒÖ�×QØyIÙKÎÚW 4ÛÜ UÝ�Y

£ £ 
���
�������¥ ¥'I|Ú £ £

�

�����‰¥ ¥�IÞÛ £ £ �$�����,¥ ¥'I½Ý

£ £ �������‰¥ ¥'I

ßà

à

à

à

à

à

à

à

à

à

à

àá

Ú ầ

ß

á

Ú ầ false
Û ầ true

Ý ầ true

Û ầ

ß

á

Ú ầ true
Û ầ false

Ý ầ false

Ý ầ

ß

á

Ú ầ true
Û ầ false

Ý ầ true

This model § satis�estheterm �������'���$������#5��
���
1�����.# (Kala likesTarzan) as £ £ �������'���$������#5��
���
1�����.#n¥ ¥�I

£ £ �������@¥ ¥u�4Ý,#5��Ú;#!I true. It alsosatis�estheterm ÍÎ•�8���ÖÐ×QØ$�Ð�������*�

�

���"�,#;# (There is someoneJanelikes). It does
notsatisfytheterm �‰ˆ��‰
1Š.Ö�×QØ,�4��&"()�������'�Ð&*#5��&'#;# (Everyonelikeshimself/herself).

We will usehigher-order logic to expressour semantics.The ideais to associatewith every sentence
(or partof speech)a higher-orderlogic term. We canthenusethesemanticsof higher-orderlogic to derive
thetruthvalueof thesentence.Considertheexamplesat thebeginningof thesection.Weassumeconstants


���
������ , �$����� and
�

���"� of type TWV�X , andaconstant������� of type TWV�XÑ`‡TWV�XÑ`‡MPOQO�R . Wecantranslatethe
sentenceTarzanlikesJaneas �������'��
1��
1�Ü���.#5�

�

���"�,# , asin �rst-order logic. But now we canalsotranslate
thepartof speechlike Janeindependentlyas ��&�()�������*��&'#5�

�

������# .
For a moreinterestingexample,considerthetreatmentof nounphrasesasgivenat thebeginningof the

section.Thesolutionto theproblemof losingthegrammaticalstructurewassolvedby Russellby treating
all nounphrasesasthoughthey werefunctionsover their verbphrases.This is analogousto whatis already
happeningwith thede�nition of �‰ˆ��‰
1Š

ÖÐ×QØ

in higher-orderlogic, which hastype �4TWV'X/`	MPOQO[RÐ#Z`	MPOQO[R .
Suchgeneralizedquanti�er takesapropertyof anindividual(apropertyhastype TWV'Xã`‡MPOQO[R ) andproduces
a truth value—inthecaseof �‰ˆ��‰
1Š , thetruth valueis trueif every individual hasthesuppliedproperty. A
similarabstractioncanbeappliedto anounposition.Wede�ne ageneralizeddeterminerasafunctiontaking
a propertystatinga restrictionon thequanti�ed individuals,andreturninga generalizedquanti�er obeying
that restriction. Hence,a generalizeddeterminerhastype �4TWV'X|` MPOQO[RÐ#{` �4TWV�X|` MPOQO[RÐ#ã` MPOQO[R .
Considerthefollowing generalizeddeterminers,usedabove:

ÍQ•�89�

Ê

Ij��Ïe(•��äÑ()ÍÎ•'89���4��&"()ÏÑ��&'#"-:äã��&*#;#

�@ˆ��@
1Š

Ê

I½��Ïe(•��äÑ(Ô�@ˆ��@
�ŠB�4��&"()ÏÑ��&'#7�>äã��&'#;#

�"•

Ê

I›��Ïe(•��äÑ(

?

ÍÎ•�8��*�4��&�()Ïã��&'#0-:ä���&'#;#

OnecancheckthatthesentenceAnapemanlikesJanebecomesÍÎ•�8��

Ê

����67�$89���‘#5�4��&�()�������0��&'#5�

�

���"�$#;# , that
EveryapemanlikesJanebecomes�@ˆ��@
1Š

Ê

����67�$89���‘#5�4��&�()����������&'#5�

�

������#;# , andthatNo apemanlikesJane
becomes�"•

Ê

����67�$89���.#5�4��&�()����������&'#5�

�

���"�,#;# . Thesubjectis interpretedas ÍÎ•�8��

Ê

����67�$89���‘# , �@ˆ��@
1Š

Ê

����67�$89���.#

and�"•

Ê

����67�$89���‘# respectively. TheverbphraselikesJaneisgiventheexpectedsemantics��&"()�������'��&*#5�

�

���"��# .
What aboutthe original sentenceTarzanlikesJane. Accordingto the above, we shouldbe ableto give a
semanticsto Tarzan(whenusedasa subject)with a type �4TWV�X¼` MPOQO�R�#Œ` MPOQO�R . Onecancheckthat if
we interpretTarzanas ��Ïe()Ïã��
���
������=# , we indeedget therequiredbehavior. Hence,we seethat thenoun
phrasecanbegiven theuniform type �4TWV�X¼` MZO�O[RÐ#J` MZO�O[R , andthathigher-order logic canbeusedto
derive auniform,compositionalsemantics.
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6 ... fr om syntax

We have seenin theprevioussectionhow we canassociateto sentencesa semanticsin higher-orderlogic.
More importantly, we have seenhow we canassigna semanticsto sentenceextracts,in a way that does
capturethe intuitive meaningof thesentences.Thequestionat this point is how to derive thehigher-order
logic termcorrespondingto agivensentenceor sentenceextract.

The grammaticaltheory we useto achieve this is categorial grammars, originally developedby Aj-
dukiewicz [1] andlaterBar-Hillel [4]. In fact,wewill useageneralizationof theirapproachdueto Lambek
[8]. Theideabehindcategorial grammarsis simple.We startwith a setof categories, eachcategory repre-
sentinga grammaticalfunction. For instance,we canstartwith thesimplecategoriesnp representingnoun
phrases,n representingnouns,ands representingsentences.Given categories å and æ , we canform the
functor categories å

Õ

æ and æAç�å . The category å

Õ

æ representsthe category of syntacticunits that take
a syntacticunit of category æ to their right to form a syntacticunit of category å . Similarly, thecategory

æAç�å representsthecategory of syntacticunits that take a syntacticunit of category æ to their left to form
a syntacticunit of category å . Considersomeexamples. The category �

Õ

� representsthe category of
prenominalmodi�ers, suchasadjectives:they takeanounontheir right andform anoun.Thecategory ��ç��

representsthecategory of postnominalmodi�ers. Thecategory �$è'ç[� is thecategory of intransitive verbs:
they take a nounphraseon their left to form a sentence.Similarly, thecategory ���$è'ç[��#

Õ

�$è representsthe
category of transitive verbs:they take anounphraseon their right to thenexpectanounphraseon their left
to form asentence.

Beforederiving semantics,let's �rst discusswell-formedness,as this was the original goal for such
grammars.Theideawasto associateto every word (or complex sequenceof wordsthatconstitutea single
lexical entry)oneor morecategories.Wewill call this thedictionary, or lexicon. Theapproachdescribedby
Lambek[8] is to prescribeacalculusof categoriessothatif asequenceof wordscanbeassignedacategory

å accordingto therules,thenthesequenceof wordsis deemeda well-formedsyntacticunit of category å .
Hence,asequenceof wordsis awell-formedsentenceif it canbeshown in thecalculusthatit hascategory

� . As anexampleof reduction,we seethat if _
É hascategory å and _

Ê hascategory åŒçNæ , then _
É

_
Ê has

category B. Schematically, å” ;åyçNæé��æ . Moreover, this goesbothways,that is, if _7É2_�Ê hascategory æ

and _0É canbeshown to have category å , thenwecanderive that _0Ê hascategory åŒçNæ .
It wastherealizationof vanBenthem[12] thatthiscalculuscouldbeusedto assignasemanticsto terms

andusethederivationof categoriesto derivethesemantics.Thesemanticwill begivenin somehigher-order
logic aswesaw above. Weassumethatto everybasiccategorycorrespondsahigher-orderlogic type.Sucha
typeassignmentê canbeextendedto functorcategoriesby putting ê”��å

Õ

æA#=I|ê]�ÐæAç�åŒ#7I|ê]�ÐæA#=`ëê]��åy# .
Weextendthedictionarysothatweassociatewith everywordoneor morecategories,andacorresponding
termof higher-orderlogic. Westipulatethattheterm v correspondingto aword in category å shouldhave
a typecorrespondingto thecategory, i.e. v

d~F*rNl4stì

“îí

•

.
We will usethe following notation(calleda sequent)v

Éfš7åïÉQ Î(Î(Î(� 

v�ð

š2å

ð

�

v

š7å to meanthat
expressionsv

É� Î(Î(Î(Q 

v�ð of categories å]É� Î(Î(Î(Q ;å

ð canbeconcatenatedto form anexpressionv of category
å . Wewill usecapitalGreekletters( ñ2 ¢ò ,...) to representsequencesof expressionsandcategories.Wenow
give rulesthatallow usto derive new sequentsfrom othersequents:

v

š[å½�

v

š[å

ñ
Ê

�

w

š‰æ ñ
É

 

w

šÜæ{ ;ñ�ó¦�

v

š�å

ñ=ÉQ ;ñ"Ê[ ;ñ
ó

�

v

š[å

In other words, if ñ.Ê can concatenateinto an expressionw with category æ , and if ñeÉQ 

w

šŒæ� ;ñ
ó

can
concatenateinto anexpressionv with category å , then ñ

É
 ;ñ

Ê
 ;ñ�ó canconcatenateinto v with category å .

òô�

w

šÜæ ñ=ÉQ 

v

�

w

#eš�å” ;ñ�ÊZ�…õ™šÜö

ñ7ÉQ 

v

š[å

Õ

æ{ ¢ò: ;ñ"ÊZ�…õ/šÜö

òô�

w

š‰æ ñ7ÉQ 

v

�

w

#¦š�å” ;ñ�ÊZ�…õ™šÜö

ñ7ÉÎ ¢ò~ 

v

š�æ³ç�å” ;ñ�ÊZ�cõ/šÜö
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ñ2 ;&/š[å½�

v

š�æ

ñ/�>��&�(

v

šÜæ

Õ

å

&fš[å” ;ñ¼�

v

šÜæ

ñ™�>��&"(

v

š�åyçNæ

For example,thefollowing is aderivationof TarzanlikesJane.


���
������‹š�VN÷~�…
���
������ªš,VN÷

�

�����{š�VN÷~�

�

�����{š,VN÷ �������'��
���
1�����.#5�

�

�����,#eš$øP�>�������'��
���
1�����.#5�

�

�����,#eš$ø

�������*��
���
������‘#eš$ø

Õ

VN÷7 

�

���"�{š,VN÷~�>�������'��
���
1�����.#5�

�

�����,#eš$ø


���
������‹š�VN÷‘ ¢�������{š,V[÷�ç‰ø

Õ

VN÷2 

�

�����{š,VN÷f�ë�������'��
1��
1�Ü���.#5�

�

���"�$#¦š$ø

For example,thefollowing derivationof thesentencefragmentTarzanlikesshows that it is of thetype
ø

Õ

VN÷ —it is anexpressionthatexpectsanounphraseto theright to form acompletesentence.


���
������‹š�VN÷~�…
���
������ªš,VN÷

&/š,VN÷~�ë&fš,VN÷ �������*��
���
������‘#Î��&'#+š,øP�>�������'��
���
1�����.#Î��&*#Bš$ø

�������'��
1��
1�Ü���.#eš$ø

Õ

V[÷= ;&aš�VN÷~�>�������*��
���
������‘#5��&'#Bš,ø


���
1������š,VN÷= ¢�������†š,VN÷�ç‰ø

Õ

VN÷7 ;&/š,VN÷f�ë�������'��
1��
1�Ü���=#5��&'#Bš$ø


1��
1�Ü����š,V[÷‘ ¢�������†š,VN÷0ç‰ø

Õ

V[÷/�>��&"()�������'��
1��
1�Ü���=#5��&'#Bš$ø

Õ

VN÷

A look at the theoryunderlyingtype-logicalapproachesto linguisticsrevealssomefairly deepmath-
ematicsat work. The fact that we canderive the semanticsin parallelwith a derivation of the categories
associatedwith the sequenceof wordsis not an accident.In fact, it is a phenomenonknown asa Curry-
Howardisomorphism.TheoriginalCurry-Howardisomorphismwasacorrespondencebetweenintuitionis-
tic propositionallogic andthesimply-typed � -calculus:every valid formulaof intuitionistic propositional
logic correspondsto a typein thesimply-typed� -calculus,in sucha way thata proof of theformulacorre-
spondsto a � -termof thecorrespondingtype. Sucha correspondenceexistsbetweentheLambekcalculus
(whichcanbeseenasasubstructurallogic, namelyintuitionisticbilinearlogic) andanappropriateinstance
of the � -calculus,namelyhigher-orderlogic.

We have in this review merelysketchedthebasicsof thetype-logicapproach,a mercilesssummaryof
the�rst few chaptersof thebook.Carpenterinvestigatesmoreadvancedlinguisticphenomenaby extending
the Lambekcalculuswith morecategorial constructions,andderiving the correspondingsemantics.For
instance,hedealswith generalizedquanti�ers,deriving thesemanticswehintedatearlierthroughasyntactic
derivation,aswell asplural forms,andmodalitiessuchasbelief. Thelatterrequiresamoveto amodalform
of higher-orderlogic known asintensionallogic.

7 The book

The book naturallydivides in threeparts. The �rst part, the �rst � ve chapters(as well as an appendix
on mathematicalpreliminaries),introducesthe technicalmachineryrequiredto dealwith linguistic issues,
namelythehigher-orderlogic usedto expressthesemantics,andtheLambekcalculusto derive theseman-
tics.

Chapter1, Intr oduction, providesan outline of the role of semanticsin linguistic theory. Carpenter
discussesthecentralnotionsof truth andreference,the latter telling us how linguistic expressionscanbe
linked to objectsin theworld. He givesa survey of topicsthat linguistic theoriesneedto address,includ-
ing synonymy, contradiction,presupposition,ambiguity, vagueness.He alsosurveys topicsin pragmatics,
thebranchof linguistic concernedwith aspectsof meaningthat involve morethanliteral interpretationof
utterances.Finally, he arguesfor the methodologyof the book, in termsof originality, compositionality,
modeltheoryandgrammarfragments.Somecaveatsapply:hestudiesmodelsof naturallanguageitself, not
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modelsof ourknowledgeor ability to uselanguage;furthermore,thesemodelsarenot intendedto haveany
metaphysicalinterpretation,but areonly a descriptionandapproximationof naturallanguage.

Chapter2, Simply Typed � -Calculus, lays out the basictheoryof the simply typed � -calculus. The
simply typed � -calculusprovidesan elegantsolutionto the problemof giving a denotationfor the basic
expressionsof a languagein a compositionalmanner, asexplainedin Chapter3. This chapterconcentrates
on thebasictheory, describingthelanguageof thesimply typed � -calculus,alongwith a modeltheoryand
a proof theoryfor thelogical language,thatformalizeswhethertwo � -calculusexpressionsareequal(have
the samedenotationin all models). The standard� -calculusnotionsof reductions,normal forms, strong
normalization,the Church-Rossertheorem,and combinatorsare discussed.An extensionof the simply
typed � -calculuswith sumsandproductsis described.

Chapter3, Higher-Order Logic, introducesa generalizationof �rst-order logic wherequanti�cation
andabstractionoccursover all theentitiesof thelanguage,includingrelationsandfunctions.Higher-order
logic is de�ned asa speci�c instanceof thesimply typed � -calculus,with typescapturingbothindividuals
andtruthvalues,andlogical constantssuchasconjunction,negation,anduniversalquanti�cation.Theuse-
fulnessof theresultinglogic is demonstratedby showing how it canhandlequanti�ers in naturallanguages
in a uniformway. Theproof theoryof higher-orderlogic is discussed.

Chapter4, ApplicativeCategorial Grammar, is anintroductionto thesyntactictheoryfrom which the
denotationof naturallanguagetermsis derived,thatof categorialgrammars.Categorialgrammarsarebased
on thenotionof categoriesrepresentingsyntacticfunctionality, anddescribehow to syntacticallycombine
entitiesin differentcategoriesto form combinedentitiesin new categories. The framework describedin
thischapteris thesimplestform of applicative categorial grammar, whichwill beextendedin laterchapters.
After introducingthebasiccategories,thechaptershowshow to assignsemanticdomainsto categories,and
how to associatewith every basicsyntacticentity a term in thecorrespondingdomain,creatinga lexicon.
The basicsof how to derive the semanticmeaningof a compositionof basicsyntacticentitiesbasedon
the derivation of categoriesis explored. Finally, a discussionof someof the consequencesof this way
of assigningsemanticmeaningis given; mainly, it focuseson ambiguity and vagueness,corresponding
respectively to expressionswith multiplemeanings,andexpressionswith asingleundeterminedmeaning.

Chapter5, The Lambek Calculus, introducesa logical systemthat extendstheapplicative categorial
grammarframework of thepreviouschapter. TheLambekcalculusallows for amore�e xible descriptionof
thepossiblewaysof puttingtogetherentitiesin differentcategories.TheLambekcalculusis presentedboth
in sequentform andin naturaldeductionform, the formerappropriatefor automaticderivations,the latter
morepalatablefor humans.TheLambekcalculusis decidable(i.e., theproblemof determiningwhetherthe
calculuscanshow a given sentencegrammaticalis decidable).The correspondencebetweenthe Lambek
calculusandavariantof linearlogic is established.

The following four chaptersshow how to apply the machineryof the �rst part to differentaspectsof
linguisticanalysis.

Chapter6, Coordination and UnboundedDependencies, studiestwo well-known linguistic applica-
tionsof categorial grammars.The �rst, coordination,correspondsto theuseof and in sentences.Sucha
coordinationoperatorcanoccuron many levels,coordinatingtwo nouns(JoeandVictoria), two adjectives
(black andblue), two sentences,etc.Coordinationatany level is achievedby lifting thecoordinationto the
level of sentences,via theintroductionof a polymorphiccoordinationoperatorin thesemanticframework.
This operatorcanbehandledin theLambekcalculusvia typelifting. Theresultingsystemremainsdecid-
able. An extensionof theLambekcalculuswith conjunctionanddisjunctionis considered,to accountfor
coordinating,for example,unlike complementsof a category, suchasin Jack is a goodcookand always
improving. Thesecondwell-known useof categorial grammarsis to accountfor unboundeddependencies,
that is, relationshipsbetweendistantexpressionswithin anexpression,thedistancepotentiallyunbounded.
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This is handledby introducinganew categorial combinatorå•ùZæ , anelementof whichcanbeanalyzedas
an å with a æ missingsomewherewithin it. Theappropriatederivationrulescanbeaddedto theLambek
calculus.

Chapter7, Quanti�ers and Scope, studiesthecontribution of quanti�ed nounphrasesto themeaning
of phrasesin whichthey occur. Suchgeneralizedquanti�ers,suchaseverykid, or sometoy, aretraditionally
problematicbecausethey take semanticscopearoundanarbitraryamountof material.For instance,every
kid playedwith sometoyhastwo readings,dependingonthescopeof thequanti�erseveryandsome(is there
asingletoy with whicheverykid plays,or doeseverykid playwith apossiblydifferenttoy?) Accountingfor
suchreadingsis theaimof this chapter. Two historicallysigni�cant approachesto quanti�ersaresurveyed:
Montague's quantifyingin approach,andCooper's storagemechanism.Then,the type-logicalsolutionof
Moortgat is described.The ideais to introducea new category æûú|å of expressionsthat act locally as

æ 's but take their semanticscopeover anembeddingexpressionof category å . Generalizedquanti�ersare
given category �$èªú½� , sincethey act like a nounphrase(category �$è ) in situ, but scopesemanticallyto
an embeddingsentence(category � ). The Lambekcalculusis extendedwith appropriatederivation rules.
The issuesof quanti�er coordination,quanti�ers within quanti�ers, andthe interactionwith negationare
discussed.Other topics relatedto quanti�ers and determinersin general,suchas de�nite descriptions,
possessives(everykid's toy), inde�nites (somestudent), generics(italians), comparatives(as tall as), and
expletives(it, there) areanalyzedwithin thatcontext.

Chapter8, Plurals, providesatype-logicalaccountof plurality. First, thenotionof groupis addedto the
syntaxandsemantics.Thetype üBýgONþ1÷ is consideredto beasubtypeof thetype TWV�X andthusthedomainof

üBý;ONþ1÷ is asubsetof thedomainof TWV�X . A relationlinking agroupto thepropertythatde�nesmembership
in thegroupis de�ned, andrestrictionsareimposedto ensurethatevery grouphasa uniquepropertythat
de�nes membershipof that group. With this interpretation,categoriesfor plural nounphrasesandplural
nounsarestudied. The notionsof distributors (to view a groupasa setof individuals)andcollectors(to
view asetof individualsasagroup)arede�ned, to handle,for example,verbsthatapplyonly to individuals
or only to groups.Theissuesof coordinationandnegationareexaminedin thecontext of plurals. Further
topicsexaminedincludeplural quanti�cativesand,moregenerally, partitives(each, all, most, or numerical
partitivessuchasthreeof, etc.),nonbooleancoordinationwith and, comitative (the useof with in Tarzan
climbedthetreewith Cheetah), andmasstermssuchassnowandwater.

Chapter9, Pronounsand Dependency, analysestheuseof non-indexical pronounssuchashim, she,
itself, especiallythe dependentuseof suchpronouns. Dependentpronounsare characterizedas having
their interpretationdependon the interpretationof someotherexpression(the antecedent).For example,
he in Jody believeshe will be famous. A popularinterpretationof pronounsin type-logicalframeworks
is asvariables,althoughthe treatmentis subtle,at leastfor non-re�exive pronounssuchasthe he above.
(Admittedly, this topic is an outstandingproblemfor type-logicalgrammars.)Re�exive pronouns,such
ashimself in Everyonelikeshimself, canbehandledasquanti�ers. Topicsrelatedto pronomialformsare
examined,suchasreciprocals(theeach other in Thethreekids like each other), piedpiping (thewhich in
the table the leg of which Jodybroke), ambiguousverb-phrasesellipses(Jody likeshimselfandBrett does
too), andinterrogatives.

The �nal part, the last threechapters,extendthe framework with modalitiesto accountfor intensional
aspectsof naturallanguages.

Chapter10, Modal Logic, introducesthe logical tools requiredto dealwith intensionality, tenseand
aspect.Thekey conceptis thatof amodallogic, whereoperatorsareusedto qualify thetruthof astatement.
Thechapterpresentsbothamodeltheory(Kripkeframes)andaprooftheoryfor S5,aparticularmodallogic
of necessity. A brief discussionof how the techniquesof modal logic canbe usedto model indexicality
precedesthepresentationof ageneralmodalmodel.First-ordertenselogics,whichextend�rst orderlogics
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with modal operatorsaboutthe truth of statementsin the pastand future, are presentedin somedepth,
as they areable to provide a modelof tensesin naturallanguage.Time canbe regardedasa collection
of moments,or asa collectionof possiblyoverlappingintervals. Higherorderlogic is extendedto include
modaloperatorsby takingthedomainsof worldsandtimeto bebasictypes,onthesamelevel asthedomains
of individualsandtruthvalues,yielding a framework referredto asintensionallogic. This approachavoids
a numberof problemsassociatedwith simply abstractingthe model for higherorder logic over possible
worlds.

Chapter11, Intensionality, usesmodallogic to extendthetype-logicalframework to cover intensional
constructions.In particular, ÿfONý5R X is addedas a new basictype, and the assignmentof typesto basic
categoriesis modi�ed, replacingMPOQO�R with ÿfONý5R X™`±MZO�O[R , i.e. truth valuesmaybedifferentat different
worlds. This changefacilitatesthe inclusionof many constructs,suchas propositionalattitudes(Frank
believesBrookecheated), modaladverbs(possibly), modalauxiliaries(should, might), andso-calledcontrol
verbs(persuaded, promised), althoughsomeconstructsremainproblematic. The “individual concepts”
approachis considered,wherethetypeof a nounphraseis ÿfONý5R X/`�TWV'X insteadof TWV�X , i.e. thereferent
of a nounphrasemaydiffer from world to world. Otherapproachesto intensionality, which do not involve
possibleworlds,areexplainedbrie�y . Finally, thelastsectionreturnsto theissueof giving acategorization
of controlverbs,andgivessomeproblematicexamplesshowing theneedfor morework in thisarea.

Chapter12, Tenseand Aspect, extendsthegrammarandsemanticswith a theoryof tense.It presents
Reichenbach's approachto simple and perfecttenses,how this appliesto discourse,and Vendler's verb
classes—asemanticclassi�cationof verbsthatis correlatedwith theirsyntacticuse.TheapproachCarpenter
adoptsfor tenseandaspectis basedon insightsderived from theseworks,andon further developmentof
theseworksby otherauthors.To extendthegrammar, verbsaresubcategorizedby classifyingthembased
onwhetherthey are�nite or non-�nite, andwhetherthey involvesimpleor perfecttense,resultingin several
differentcategoriesfor sentences.A new basictypeis introduced,representingtime periods,andall of the
sentencecategoriesareassignedthesametype: functionsfrom time periodsto truth values.Thetemporal
argumentalways correspondsto the time of the event being reported. (This is essentiallysimilar to the
intensionalapproachof the previous chapter, but herewe distinguishtime periodsfrom possibleworlds.)
Fromthisbeginning,thegrammaris developedto encompassmany of theEnglishconstructsinvolving tense
andaspect.Many of theseconstructsarevery complex in theirusageandgenerallytheredo notseemto be
simpleandcompletesolutionsto incorporatingtheminto thegrammar.

8 Opinion

Therearesometypos(potentiallyconfusing,asthey sometimesoccurin the typesfor functions),aswell
assomeglossingover centraltopics (suchas the discussionof groupsin Chapter8). Carpenterdoesn't
generallydelve into syntacticexplanations,thatis, explainingwhy thetheoryof syntaxhedevelopsdoesor
doesnot permitcertainsentences.Moreover, for linguists,it maybeimportantto notethatCarpenterdoes
notdevelopa theoryof morphology(thestructureof wordsat thelevel of morphemes).

This book �lls a sorelyvoid niche in the �eld of semanticsof naturallanguagesvia type-logicalap-
proaches.Therearesomebooksonthesubject,but themostaccessibleareseverelylimited in theirdevelop-
ment[13], while theothersaretypically highly mathematicalandfocusonthemetatheoryof thetype-logical
approach[10].

Carpenter's book is a reasonableblendof mathematicaltheory and linguistic applications. Its great
strengthis anexcellentsurvey of type-logicalapproachesappliedto agreatvarietyof linguisticphenomena.
On the other hand, the preliminary chapterspresentingthe underlyingmathematicaltheory are slightly
confusing—notnecessarilysurprisingconsideringthe amountof formalismneededto accountfor all the
linguisticphenomenastudied.A backgroundor at leastexposureto ideasfrom bothlogic andprogramming
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languagesemanticsis extremelyhelpful. In this sense,this bookseemsslightly moresuited,at leastasan
introductorybook, to mathematiciansandcomputerscientistsinterestedin linguistic applications,thanto
linguistsinterestedin learningaboutapplicability of type-logicalapproaches.(Although this book could
nicelyfollow abooksuchas[13], or any otherintroductorytext ontype-logicalgrammarsthatfocusesmore
on the “big picture” thanon the underlyingmathematicalformalisms.) Peoplethat arenot linguistswill
mostlikely �nd chapters9 andon hardto follow, asthey assumemoreandmoreknowledgeof linguistic
phenomena.

This book pointsto interestingareasof ongoingresearch.In particular, the later sectionsof thebook
on aspectsof intensionalityhighlight areaswherethe semanticsof naturallanguagesarenot clear. (This
is hardlya surprise,asintensionalconceptshave alwaysbeenproblematic,leadingphilosophersto develop
many �a vors of modal logics to attemptto explain suchconcepts.) Another avenueof researchthat is
worth pointingout, althoughnot discussedin this book,is thecurrentattemptto basesemanticsof natural
languagesnot on higher-order logic aspresentedin this book,but ratheron Martin-Löf constructive type
theory, via categorial techniques[11].
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9 Intr oduction

With the rise of computernetworks in the pastdecades,the spreadof distributedapplicationswith com-
ponentsacrossmultiple machines,andwith new notionssuchasmobile code,therehasbeena needfor
formalmethodsto modelandreasonaboutconcurrency andmobility. Thestudyof sequentialcomputations
hasbeenbasedon notionssuchas Turing machines,recursive functions, the � -calculus,all equivalent
formalismscapturingthe essenceof sequentialcomputations. Unfortunately, for concurrentprograms,
theoriesfor sequentialcomputationarenot enough.Many programsarenot simply programsthatcompute
a resultandreturnit to the user, but ratherinteractwith otherprograms,andeven move from machineto
machine.

Processcalculi areanattemptat gettinga formal foundationbasedon suchideas.They emergedfrom
thework of Hoare[4] andMilner [6] on modelsof concurrency. Thesecalculi aremeantto modelsystems
madeup of processescommunicatingby exchangingvaluesacrosschannels.They allow for thedynamic
creationandremoval of processes,allowing themodellingof dynamicsystems.A typical processcalculus
in thatvein is CCS[6, 7]. The � -calculusextendsCCSwith theability to createandremovecommunication
links betweenprocesses,a new form of dynamicbehaviour. By allowing links to becreatedanddeleted,it
is possibleto modela form of mobility, by identifying thepositionof aprocessby its communicationlinks.

Thisbook,“The � -calculus:A Theoryof Mobile Processes”,by DavideSangiorgi andDavid Walker, is
a in-depthstudyof thepropertiesof the � -calculusandits variants.In a sense,it is thelogical followup to
therecentintroductionto concurrency andthe � -calculusby Milner [8], reviewedin SIGACT News,31(4),
December2000.

Whatfollowsisawhirlwind introductionto CCSandthe � -calculus.It ismeantasawayto introducethe
notionsdiscussedin muchmoredepthby thebookunderreview. Let usstartwith thebasics.CCSprovides
a syntaxfor writing processes.Thesyntaxis minimalist,in thegrandtraditionof foundationalcalculi such
asthe � -calculus.Processesperformactions,which canbeof threeforms: thesendingof a messageover
channel& (written & ), the receiving of a messageover channel& (written & ), andinternalactions(written

b ), thedetailsof whichareunobservable.Sendandreceiveactionsarecalledsynchronizationactions,since
communicationoccurswhenthecorrespondingprocessessynchronize.Let v standfor actions,including
theinternalaction b , while wereserve �� 

�

 Î(Î(Î( for synchronizationactions.5 Processesarewrittenusingthe
following syntax:

Ï š š•I åA²�&�É� Î(Î(Î(Q ;&��N´¦˜

� �

ž��

v

�

()Ï

�

˜QÏ=É[˜ Ï"Êt˜	�$&�()Ï

We write 
 for theemptysummation(when �¼I
� ). The ideabehindprocessexpressionsis simple. The
process
 representstheprocessthatdoesnothingandsimply terminates.A processof theform ��()Ï awaits
to synchronizewith a processof the form �0()ä , after which the processescontinueasprocessÏ and ä

respectively. A generalizationof suchprocessesis �

�

ž��

v

�

()Ï

�

, which nondeterministicallysynchronizes
via oneof its v

�

only. We will write �

�

ž��

v

�

()Ï

�

as v

É�()Ï7É����������

v�ð

()Ï

ð whenthe set � is K��[ Î(Î(Î(� ;�‘Y .
5In theliterature,theactionsof CCSareoftengivena muchmoreabstractinterpretation,assimply namesandco-names.The

send/receive interpretationis usefulwhenonemovesto the � -calculus.
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To combineprocesses,the parallel compositionÏBÉ[˜ Ï�Ê is used. Note the differencebetweensummation
andparallelcomposition:a summationoffersa choice,soonly oneof thesummandscansynchronizeand
proceed,while a parallelcompositionallows all its componentprocessesto proceed.(This will be made
clearwhenwe get to thetransitionrulesdescribinghow processesexecute.)Theprocessexpression�$&"()Ï

de�nes a local channelname & to be usedwithin processÏ . This nameis guaranteedto be uniqueto Ï

(possiblythroughconsistentrenaming).Finally, we allow processde�nitions, wherewe assumethatevery
identi�er å is associatedwith a processde�nition of the form å”��&=É� Î(Î(Î(1 ;&��[#yI»Ï

í where &0ÉQ Î(Î(Î(� ;&�� are
freein Ï

í . To instantiatetheprocesså to values­�ÉÎ Î(Î(Î(1 ;­�� , youwrite åA²�­$É� Î(Î(Î(Q ;­��N´ .
As anexample,considertheprocess��&�(Ô­'(�
�� &"(��,(�
Ü#�˜ &‘(�
'˜ ­'(�
 . Intuitively, it consistsof threeprocesses

runningin parallel: the �rst offersof choiceof eitherreceiving over channel& , or sendingover channel& ,
thesecondsendsover channel& , andthethird sendsover channel­ . Dependingon which choicethe �rst
processperforms(aswewill see,thisdependsontheactionstheotherprocesscanperform),it cancontinue
in oneof two ways: if it choosesto receive on channel& (i.e., the &�(Ô­'(�
 summandis chosen),it canthen
receiveonchannel­ , while if it choosesto sendon & (i.e., the &0(���(�
 summandis chosen),it canthenreceive
on channel� .

To representtheexecutionof a processexpression,we de�ne thenotionof a transition.Intuitively, the
transitionrelationtells ushow to performonestepof executionof theprocess.Notethatsincetherecanbe
many waysin whichaprocessexecutes,thetransitionis fundamentallynondeterministic.Thetransitionof a
processÏ into aprocessä by performinganaction v is indicatedÏ �¤�`ëä . Theaction v is theobservation
of thetransition.(We will sometimessimply use ¤'` whentheobservation is unimportant.)Thetransition
relationis de�ned by thefollowing inferencerules:

�

�

ž��

v

�

()Ï

�

�	 

¤'`ëÏ"!

for Ûãd#�

Ï $¤�`ëÏ&% ä $¤�`>ä'%

Ï{˜ ä

m

¤'`ëÏ&%S˜ ä'%

Ï �¤'`ëÏ&%

�$&"()Ï

�

¤'`(�$&"()Ï&%

if v

®d9KQ&" &�Y

Ï �¤'`ëÏ'%

Ï†˜ ä

�

¤'`ëÏ'%u˜ ä

K*) ­

Õ

)&0Y�Ï

í

�¤'`ëÏ&%

å³²+) ­,´

�

¤�` Ï&%

if å”�,) &�#7IjÏ

í

ä �¤'`ëä�%

Ï†˜ ä

�

¤'`ëÏ†˜ ä'%

For example,considerthetransitionsof theexampleprocessabove, ��&�(Ô­'(�
-� &"(��,(�
Ü#�˜ &‘(�
'˜ ­'(�
 . A possible
�rst transition(the�rst stepof theexecution,if youwish),canbederivedasfollows:

&�(Ô­'(�
.� &"(��,(�


¿

¤'`c­'(�
 &"(�


¿

¤'`/


��&"(Ô­�(�
0� &�(��,(�
Ü#�˜ &‘(�


m

¤*`c­�(�
'˜ 


��&�(Ô­'(�
0� &�(���(�
Ü#�˜ &.(�
'˜ ­*(�


m

¤*`c­�(�
'˜ 
'˜ ­*(�


That is, the processreducesto ­'(�
'˜ 
'˜ ­*(�
 in one stepthat doesnot provide outsideinformation, sinceit
appearsasan internalaction. Note that the 
 canbe removed from the resultingprocess,as it doesnot
contribute further to theexecutionof theprocess.Theresultingprocess­�(�
'˜ ­*(�
 canthenperforma further
transition,derivedasfollows:

­�(�
21 ¤*`/
 ­'(�
 1¤'`/


­'(�
'˜ ­*(�


m

¤�`3
'˜ 


In summary, apossiblesequenceof transitionsfor theoriginalprocessis thetwo-stepsequence

��&�(Ô­'(�
.� &"(��,(�
Ü#�˜ &‘(�
'˜ ­*(�


m

¤'`c­'(�
'˜ ­'(�


m

¤�`3
,(
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A centralconceptin thestudyof processesis thatof equivalenceof processes.Wehave in factimplicitly
usedanotionof equivalencein theexampleabove,whenweremovedprocessesof theform 
 from parallel
processes.Many notionsof equivalencecan be de�ned, capturingthe variousintuitions that lead us to
think of two processesasequivalent. A standardnotion of equivalenceis strongbisimulation. A strong
bisimulationis arelation 4 suchthatwhenever Ï&4†ä , if Ï �¤�` Ï&% , thenthereexists ä5% suchthat ä �¤'`ëä'%

and Ï % 4†ä % , andif ä �¤�` ä % , thenthereexists Ï % suchthat Ï �¤*`�Ï % and Ï % 4{ä % . We say Ï and ä are
stronglybisimilar if thereexists a strongbisimulation 4 suchthat Ï&4†ä . In otherwords,if Ï and ä are
stronglybisimilar, thenwhatever transitionÏ cantake, ä canmatchit with oneof its own thatretainsall of

Ï 's options,andviceversa.
Strongbisimulationis a very �ne equivalencerelation—notmany processesendup beingequivalent.

Moreworryingly, strongbisimulationdoesnothandleinternalactionsverywell. Intuitively, processequiv-
alenceshouldreally only involve observable actions. Two processesthat only perform internal actions
shouldbe consideredequivalent. For instance,the processesb�( b�(�
 and b�(�
 shouldreally be considered
equivalent,asthey reallydonothingafterperformingsomeinternal(andhencereallyunobservable)actions.
Unfortunately, it is easyto checkthatthesetwo processesarenotstronglybisimilar. To capturethisintuition,
wede�ne aweaker notionof equivalence,aptlycalledweakbisimulation.

Let Ï¹I0�hä denotethat Ï cantake any numberof transitionsbeforeturning into ä . In otherwords,
Ï–I0�‡ä holdsif Ï»¤'`6������¤*` ä , i.e., I0� is there�exive transitive closureof ¤'` . We write Ï

�
I0�‡ä

if Ï I�� Ï&%(� ¤�` ä�%eI0� ä , i.e., if Ï cantake any numberof transitionsbeforeandafter doing an v -
transition.A weakbisimulationis a relation 4 suchthatwhenever Ï&4†ä , if Ï

m

¤'` Ï
% thenthereexists ä

%

suchthat ä¨I0�‚ä�% , while if Ï
$

¤�` Ï&% thenthereexists ä5% suchthat ä
$

I0�‡ä'% , andvice versafor ä . We
saythat Ï and ä areweaklybisimilar if thereexistsa weakbisimulation 4 suchthat Ï&4{ä . If Ï and ä

areweaklybisimilar, aninternaltransitionby Ï canbematchedby zeroor moretransitionsby ä , while an
v -transitionby Ï canbematchedby oneor moretransitionby ä aslongasonesuchis an v -transition,and
viceversa.Onecancheckthatastrongbisimulationis aweakbisimulation,but theconversedoesnothold:
weakbisimilarity is acoarserequivalencerelation.

In the framework above, we cannotcommunicateany valueat synchronizationtime. It is not dif�cult
to extend the calculusto allow for the exchangeof valuessuchas integers over the channelduring a
synchronization.Doingsodoesnot fundamentallychangethecharacterof thecalculus.A variationon this,
however, doeschangethe calculusin a highly nontrivial way, andthat is to allow for the communication
of channelnamesduringsynchronization.This yieldsthe � -calculus.To seewhy suchanextensionmight
be useful, considerthe following scenario. It shows that passingchannelnamesaroundcan be usedto
model processmobility. Intuitively, a processis characterizedby the channelsit exposesto the world,
that canbe usedto communicatewith it. Thesechannelsact asan interfaceto the process.Hence,the
processÏ›I–��&"(Ô­�(�
'˜ &.(��,(�
Ü# providesthechannel& asaninterface.A processthatsends& to anotherprocess
in somesensesendsthe capability to accessÏ to that process.This capturesthe mobility of processÏ ,
althoughmoreaccuratelyit capturesthemobility of thecapabilityto accessÏ . It wasSangiorgi's original
contribution to thetheoryof the � -calculusto show thatcapabilitymobility couldindeedexpressin aprecise
senseprocessmobility [9]. (Thisparticulartopic is coveredin PartV of thebook.)

The necessarymodi�cations to the calculusthat capturethe above intuition arestraightforward. Syn-
tactically, we needto changethe kind of guardsthat canappearin summands.Sendsnow mustcarry a
value,andreceivesmustacceptanidenti�er to beboundto thereceivedvalue.Theonly valuesthatcanbe
exchangedarechannelnames.Wede�ne apre�x � to beof thefollowing form:

�

š š•I &.²�­,´e˜5&.��­$#e˜Wb

Here, & and ­ arechannelnames,and b is the internalaction. Processesaredescribedby the following
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syntax,wheretheonly differencefrom CCSis in thesummations:

Ï š š•I å³²�&0É� Î(Î(Î(� ;&��[´e˜

� �

ž��

�

�

()Ï

�

˜QÏ7É[˜ Ï�Êt˜	�$&"()Ï

Theintuition behindthenew pre�xesshouldberatherclear:asbefore,a processof theform b�()Ï performs
aninternalaction b beforebecomingÏ ; a processof theform &‘²�­$´W()Ï is readyto sendthechannelname­

ontochannel& , andwhenthisprocesssynchronizesit behavesas Ï ; aprocessof theform &"��­,#W()Ï is readyto
receiveachannelnamefrom channel& , andwhenthisprocesssynchronizes,it bindsthereceivedchannelto
theidenti�er ­ in Ï beforecontinuingasthe(modi�ed) Ï . Notethatthecalculusin Sangiorgi andWalker's
bookis slightly differentthantheonepresentedhere,whichhasbeenkeptsimplefor reasonsof exposition.

As an exampleof a processin the � -calculus,considerthe process&.��­$#W( ­�²7�Ü´W(�
'˜ &7²98J´ . Intuitively, the
secondprocesssendschannelname8 via channel& to the �rst process,who bindsit to name­ . The �rst
processthensendschannelname � over this channel.Hence,the above process“reduces”to the process

8A²7�Ü´ . Althoughthe intuition underlyingpassingchannelnamesover channelsshouldbeclear, it turnsout
thatformalizingthis in anicewayis dif�cult. Alreadydescribingthetransitionrelation(in theform wegave
above) is complicatedby thefactthatwe cannotsimply considerchannelnames,but alsoneedto take into
accounttheinformationexchangedat synchronizationtime. Similarly, describingtheappropriatenotionof
bisimulationin suchasettingneedsto accountfor theinformationexchanged.Ratherthandescribingthese,
I will deferto Sangiorgi andWalker's book,sincein asensethis is exactlywherethebookpicksup.

10 The book

The book splits into seven parts. Eachpartscomprisesbetweentwo andthreechapters,anddealswith a
particularaspectof the � -calculus.

Part I, The � -calculus, is madeup of two chapters.Chapter1 introducesthe basicconceptsof the
� -calculus,startingfrom the syntax,andde�nes two notion of systembehaviour. The �rst notion,called
reduction,canbe understoodasa simpli�ed accountof what we describedabove. Essentially, reduction
tellsyouhow atermrewritesuponexecution,withoutkeepingtrackof theactionsperformedby theprocess.
This notionof behaviour hastheadvantageof beingsimpleandintuitive. Thesecondnotionof behaviour,
in termsof labelledtransition,follows theaccountI gave in theintroduction.Therelationshipbetweenthese
two notionsis madeexplicit.

Behavioural equivalenceof processesoccupiesa centralpart in the theory, andan initial take on the
problemis given in Chapter2. Many notion of equivalencecan be de�ned for the � -calculus,and the
fundamentalonesarestudiedin this chapter. Themainform of equivalence,barbedcongruence,is de�ned
naturallyby specifyingthat no differencebetweenequivalentprocessescanbe observed by placingthem
into an arbitrary � -calculuscontext. This naturalnotion of equivalenceturnsout to be awkward to work
with, andde�nitions basedon ideassimilar to bisimilarity givenabove canbeintroduced.It turnsout that
strongbisimilarity de�ned in the mostnaturalway is equivalent to barbedcongruencefor the � -calculus.
(This equivalencehowever fails whenextensionsto the � -calculusareconsideredin PartsIV andV, where
barbedcongruenceremainsthenaturalnotionof equivalence.)

Part II, Variations of the � -calculus, is madeup of threechapters.Chapter3 studiesvarioussimple
modi�cations to thebasic � -calculusframework given in Part I. A variantof the � -calculus,the polyadic

� -calculus,is introduced,wheretuplesof namescanbe passedat synchronizationtime. Adding tuplesin
sucha way forcesthe introductionof sorts,which intuitively ensurethat synchronizingtermsagreeasto
the numberof namesthat arebeingexchanged.This canbe viewed asa primitive form of typing for the

� -calculus. The secondvariationconsidersthe additionof recursive de�nitions to the � -calculus. These
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variationsareminor in the sensethat they do not addexpressive power: anything that canbe expressed
usingtuplesor recursive de�nitions canalreadybeexpressedin thebasic� -calculusof Part I.

Chapter4 returnsto behavioural equivalence.New notionsof equivalencearede�ned, suchasground,
late, andopenbisimilarity. Roughlyspeaking,thesenew bisimilarity de�nitions easethe demandon the
processesto mimic one another's input actions. The main advantageof theseequivalencesis that they
areeasierto establishthanthemorenaturalnotionsof equivalence,a recurringconcern,especiallyin the
context of automatictools for reasoningaboutprocesses.After studyingthesenew equivalencerelations,
thequestionof axiomatizingtheseequivalencesis addressed.An axiomatizationfor anequivalencerelation
on processesis a setof equationalaxiomon processexpressionsthat,togetherwith therulesof equational
reasoning(i.e., re�exivity, transitivity, etc.),suf�ce for proving exactly thevalid equationsbetweenprocess
expressions,with respectto theequivalenceunderconsideration.

While the variantsof the � -calculusexaminedin Chapter3 are extensionsthat do not changethe
expressive power of thecalculus,Chapter5 studiesrestrictionsto thecalculusthatlendinsightinto various
phenomenaof interactionandmobility. The asynchronous� -calculusrestrictstermsthat performa send
actionto beof theform &.²�­,´W(�
 , thatis, to becomethenull processaftersynchronization.Thiscanbeusedto
capturea form of asynchrony, andtheresultingcalculusis provably lessexpressive thanthefull � -calculus.
Thelocalized� -calculushasessentiallytherestrictionthata namereceivedby a processcannotbeusedas
aninput channel—itmustbeeitherusedfor sending,or sentto anotherprocess.Hence,all input channels
arelocalizedin theprocessin which they arede�ned. Finally, theprivate � -calculusimposestherestriction
onthe � -calculusthatlocalnamescannotbeexported,thatis, they cannotbesentto aprocessoutsideof the
scopeof the � wherethechannelis de�ned. For all thesesubcalculi,notionsof equivalencesarestudied.

Part III, Typed � -calculi, exploresthe issueof assigningtypesto � -calculusexpressions.This part is
mostly concernedwith de�ning type systemsto detecterrorsstatically, or to enforcepropertiesstatically.
(Thefollowing part focuseson typesasanaid for reasoningaboutthebehaviour of processes.)In Chapter
6, thefoundationsof typesystemsfor the � -calculusarelaid. TheBase-� calculusis introduced,essentially
CCSextendedwith thecapabilityof passingvaluesat synchronizationtime. Thetypesareassociatedwith
thosevalues.Channelsarealsogivena type,statingthetypeof valuethey carry. Processesthemselvesare
alsogivena type,all processesgettingthesametype. Thesimply-typed� -calculusis obtainedby adding
channelnamesto thevaluesthatcanbeexchanged,andmodifying thetypesystemaccordingly.

Chapter7 extendsthe basictype systemof the simply-typed� -calculuswith the notion of subtyping.
In order for this to be nontrivial, the calculusis re�ned to differentiate,in the type of channels,whether
or not the channelis an input channel(usedfor receiving values)or an outputchannel(usedfor sending
values).Wecanthenre�ne thetypesystemto accountfor subtyping:if wehave anoutputchannelthatcan
sendvaluesof type : , thenclearlywe canalsousethechannelto sendvaluesof any subtypeof : . Various
propertiesof subtypingareexamined.

The type systemsdescribedabove arefairly standard.In Chapter8, moreadvancedtype systemsare
investigated.Thesearemeantto capturevariouspropertiesof processesthatwe maywant to enforce.For
instance,it is possibleto dealwith linearityconstraintsin thetypesystem,for example,thatagivenchannel
namecanonly be usedoncefor input or output. Anotherpropertyis that of receptiveness,that is, that
a given channelnameis alwaysreadyto processsomeinput, or equivalently that sendinga valueon that
channelwill never deadlock.Anotherpropertyis polymorphism,namelythefactthatsomeprocessesdon't
really careabouttheactualtypeof thevaluethey process.An exampleof sucha processis onethatsimply
forwardsa value from onechannelto another. Type systemsto capturethesepropertiesarede�ned and
studied.

Part IV, Reasoningabout processesusing types, exploresanotheradvantageof typesystemsbeyond
staticenforcement,thatof helpingreasoningaboutbehavioural propertiesof processes.Thethreechapters
in this partmirror thoseof Part III. Speci�cally, Chapter9 discusseshow typescanhelpin reasoning.The
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exampleexaminedin thechapteris thatof asecurityproperty, speci�cally thatagivennamealwaysremains
private to a given process.Behavioural equivalenceson typedprocessesareinvestigated.In Chapter10,
reasoningabouttypedprocessesin thecontext of subtypingwith input andoutputchannels(asintroduced
in Chapter7) is investigated,with anapplicationtowardstheasynchronous� -calculus.Processequivalence
in thepresenceof input andoutputchanneltypesis thenstudied.In Chapter11, a similar developmentis
donefor typesystemscapturinglinearity, responsiveness,andpolymorphism.

PartV, The higher-order paradigm, providesanin-depthstudyof thenotionof mobility. As wesaw in
the introduction,mobility in the � -calculusis modeledby allowing channelnamesto besentandreceived
via channels.This is alsocalledname-passing(or �rst-order). A moreconcreteapproachto mobility is
to allow theability for processesto sendandreceive entireprocesses,anapproachcalledprocess-passing
(or higher-order).Mathematically, name-passingis muchsimplerthanprocess-passing.On theotherhand,
process-passingis a moreintuitive way to modelmobility. It turnsout thatallowing process-passingdoes
not add to the expressive power of the � -calculus,that is, anything expressibleusingprocess-passingis
alreadyexpressibleusingname-passing.To make this formal, Chapter12 introducesa higher-ordertyped

� -calculus,HO� , anddevelopsits basictheory. The ideais to de�ne the notion of a processabstraction
that can be communicatedacrosschannels. In Chapter13, it is shown how to translateHO� into the

� -calculusin a satisfactory way. Intuitively, the communicationof a processabstractiontranslatesinto
the communicationof accessto that abstraction.The translationis suchthat it re�ects andpreserves the
equivalenceof processes:two termsin thehigher-orderlanguageareequivalentif andonly their respective
translationsareequivalent,usingtheappropriatenotionsof equivalence.

The last two partsof the book addressthe relevanceof the � -calculusto the theoryof programming
languages. Part VI, Functions as processes, explores the relation betweenthe � -calculus,a standard
calculusfor modelingsequentialcomputations,andthe � -calculus.It turnsout that it is possibleto encode
the � -calculusin the � -calculus,essentiallyturningthefunctionsof the � -calculusinto processesthataccept
a valueon a preselectedinput channel(theparameterchannel),andreturnsa valueon a preselectedoutput
channel(theresultchannel).In Chapter14, therelevant theoryof the � -calculusis reviewed. Thereaderis
expectedto havehadprior exposureto thistopic,asthetreatmentis fast.In Chapter15,thebasicencodingis
presented,which essentiallyamountsto a transformationof � -termsinto continuation-passing style,where
eachfunctiontakesanextra functionalargument(thecontinuation)to which theresultof thefunctioncall
is passed.Differentencodingscanbe given, correspondingto the differentreductionsstrategiespossible
for the � -calculus(call-by-name,call-by-value,etc...).Chapter16 doesthesamefor thetyped � -calculus.
Chapters17and18explorepropertiesof aparticularencoding,thatof theuntypedcall-by-name� -calculus.
Thepropertyof interestis thatof theequalityrelationinducedon � -termswhentheir respective encodings
arebehaviourally equivalentasprocesses(accordingto differentnotionsof processequivalences,but mostly
barbedcongruence).

PartVII, Objectsand � -calculus, developstherelationshipbetweenthe � -calculusandobject-oriented
programming.Theintuitive similaritiesbetweenthesemaynotbecompletelyclearat �rst glance,until one
describesobject-orientedsystemsasmadeup of objectsthat interactby invoking eachother's methods,a
procedureakin to sendingmessages.In Chapter19, this is mademanifestby introducinga simpleobject-
orientedprogramminglanguage,OOL, andby showing how to give it a semanticsby translationto the

� -calculus.In Chapter20, someformal propertiesof OOL areexamined,illustratingtheuseof � -calculus
techniquesin reasoningaboutobjects. For example,one can checkthe correctnessof certainprogram
transformations,or theimplementationof objectsby separatingcodesharedbetweeninstancesof anobject
anddataprivateto eachinstance.
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11 Opinion

ThebasicrecommendationI have is thatanyonewith a technicalinterestin the � -calculusneedsthisbook.
It bringstogethermuchof what is know aboutthecalculus,informationthat for themostpartcanonly be
foundin technicalresearcharticles.As such,it shouldremainthedefactoreferencework on the � -calculus
for a greatmany yearsto come. I will even go asfar aspredictingthat it will play the samerole for the

� -calculusthatBarendregt's seminalbook[1] playsfor the � -calculus.
It shouldbeemphasized,however, thatthis is a referencebook,not a textbook. It requiresa goodlevel

of mathematicalmaturity, andfurthermore,it requiresprior exposureto theproblemsintrinsic to modeling
concurrentsystems,aswell asthemotivationunderlyingtheprocesscalculi approachesto thoseproblems.
Becauseof this, prior to readingthebook,theneophyteshouldreally �rst readMilner's own introduction
to the � -calculus(in fact, to processcalculi in general,andCCSin particular). Milner's original bookon
concurrency [7] is alsosuitableasanintroductionto thematerial.

Theneedfor a goodreferencefor thebasictheoryof the � -calculusis clearwhenonelooksat current
work basedon processcalculi. Systemsbasedon or inspiredby the � -calculusarebeingusedto studyvari-
ousaspectsof security, for instance.TheAmbientCalculusof CardelliandGordon[2] aimsatmodelingand
reasoningaboutthenotionof alocalein whichcomputationsexecute,andin andoutof whichcomputations
canmove; theSpi-calculusof GordonandAbadi [3] aimsat modelingandreasoningaboutcryptographic
protocols;thetypesystemfor processesdevelopedby Hondaetal. [5] aimsat restrictingstaticallythekind
of information�o wing from processesdeemedhigh-securityto processesdeemedlow-security.
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