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In this columnwe review thefollowing books.

1. Algorithms Sequential& Parallel: A Uni�ed Approach by R. Miller & L. Boxer. Reviewedby by
Anthony Widjaja. This bookis a textbookfor a senioror gradcoursein algorithmswith anemphasis
on parallelalgorithms.

2. Algorithmics for Hard Problems: Intr oduction to Combinatorial Optimization, Randomization,
Approximation, and Heuristics by Juraj Hromkovi �c. Reviewed by HassanMasum. This book
examinesavarietyof practicalwaysto solve NP-completeproblemsin practice.

3. Modal and Temporal Propertiesof Processesby Colin Stirling. Review by Vicky Weissman.This
bookis aboutmodellingaprocessby modallogics. It is agoodintroductionto processalgebras.

4. Modal Logic by Patrick Blackburn, Maartende Rijke, and Yde Venema. Reviewd by P. Daniel
Hestand.Thisbookis acomprehensive treatementof Modallogic. It includesCompletenesstheorems
andalsoa discussionof thecomplexity of someof theproblemsin the�eld.
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If youwantaFREEcopy of oneof thesebooksin exchangefor areview, thenemailmeatgasarchcs.umd.edu
Reviews needto bein LaTeX, LaTeX2e,or Plaintext.

Bookson Algorithms, Combinatorics, and RelatedFields

1. GenomicPerl: FromBioinformaticsBasicsto WorkingCodeby Rex Dwyer.

2. DiophantineEquationsandPowerIntegral Basesby Gaal.

3. SolvingPolynomialEquationSystemsI: TheKronecker-Duval Philosophyby TeoMora.

4. ComputationalLineGeometryby PottmannandWallner.

5. LinearOptimizationandExtensions:ProblemsandSolutionsby AlevrasandPadberg.

Bookson Cryptography, Complexity, and Learning

1. Cryptanalysisof NumberTheoretic Ciphers by Wagstaff.

2. Learningwith Kernels(SupportVectorMachines,Regularization,Optimization,andBeyond)Bernard
Scholkopf andAlexanderSmola.

3. LearningKernelClassi�ers by Herbrich.

4. BooleanFunctionsandComputationModelsby CloteandKranakis.
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Review of Algorithms Sequential& Parallel: A Uni�ed Approach 2

Authors of Book: R. Miller & L. Boxer
PrenticeHall 2000,330pages,$68.00

Reviewedby Anthony Widjaja <twidjaja@acm.or g> Melbourne University

1 Intr oduction

Nowadays,the studyof parallelalgorithmshasbecomea mainstreamtopic in computersciencepartially
becauseof the dif�cult problemsin �elds suchascomputationalbiology andcomputationalgeometry, to
namea few. Therehave beenseveral differentapproachesto teachingthis topic at university level with
which computerscienceeducatorsaroundthe world have comeup. The authorsof this book, Miller &
Boxer, took a novel approachto thedesignandanalysisof algorithmsby unifying thoseof sequentialand
parallelalgorithms.More importantly, theauthorssuggestthatseveralcoursesbasedon thisbookhasbeen
taughtsuccessfullyatbothundergraduateandgraduatelevelsattheStateUniversityof New York atBuffalo.

Prerequisites(suggestedby theauthors):

� basicknowledgeon datastructures(e.g. stacks,queues,lists, trees)with which the readerwho has
takenaCS2coursemustbefamiliar.

� fundamentaldiscretemathsandcalculus,especiallysummations,integrals,andlimits.

Prerequisites(suggestedby thereviewer):

� knowledgeon fundamentalalgorithms(e.g.sortingandsearchingalgorithms).

2 Summary of Contents

Chapters1,2& 3 containthemathematicalpreliminariesrequiredin laterchapters.In particular, Miller &
Boxer review somefundamentalsof asymptoticanalysisin chapter1. Thereafter, in chapter2, theauthors
revisit conceptsof mathematicalinductionand recursion. As an aside,I was quite surprisedto seethe
proof of the principle of mathematicalinduction in this chapteras I had initially thoughtthat it was an
axiom,which we cannotprove. In chapter3, themastermethod,a cookbook-typeof systemfor evaluating
recurrencerelations,is presented.Theproofof themastertheorem,uponwhichthemastermethodis based,
is alsopresentedin gorydetail.

Chapter4 concentrateson combinatorialcircuits andsortingnetworks. Thischapteris usedto motivate
the studyof parallelalgorithmsin later chapters.In particular, the bitonic sort, which is an exampleof
parallelsortingalgorithms,is presentedin fair amountof detail. In chapter5, Miller & Boxer introduce
basicmodelsof sequentialandparallelcomputation. Initially, the authorsintroducethe RAM (Random
AccessMachine)modelasa modelof sequentialcomputation,andthe PRAM (Parallel RandomAccess
Machine)modelasa modelof parallelcomputation.Later in the chaptersomeotherparallelmodelsof
computationincluding themesh,tree,pyramid,mesh-of-trees,andhypercubearediscussedin a thorough
manner.

Oneubiquitousexampleof parallelalgorithmsis theoperationof matrix multiplication. In chapter6,
theauthorsbegin to draw thereader's attentionto the�eld of scienti�c computing,in whichmany complex
problemsreside.In particular, thereaderwill seesequentialandparallelalgorithmsfor carryingout matrix
multiplicationandGaussianelimination.
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In chapter7, the readerwill learn the conceptof parallel pre�x , a powerful operation(especiallyin
parallelcomputers),andef�cient algorithmsfor performingthis operation.Somebasicapplicationsof this
operationarestipulatedin thischapter, while somemoreadvancedonesin laterchapters.

Chapter8 presentsan implementationof linked lists for parallelarchitecture,thePRAM in particular.
An interestingfeatureof this implementationis that it allows the computerto performa pointer-jumping
algorithm, whichcanspeedupa linked-listtraversalfrom theheadto thelastitemof thelist up to �������
	���
 .
After that,thelinked-list implementationof parallelpre�x, whosearrayimplementationwasintroducedin
thepreviouschapter, is presented.

In chapter9, thereaderwill exploremoreinto thedesignandanalysisof divide-and-conqueralgorithms
usingbothsequentialandparallelapproaches.Somealgorithmsthereaderwill �nd areincludingmergeSort,
quickSortandhyperQuickSort(a parallelimplementationof quickSort).

Chapter10, 11,12, & 13 area selectionof (moreadvanced)topicsin which thetechniquesintroduced
in previouschaptersareextensively used.In speci�c, chapter10 concernswith problemsandsolutionsin
the�eld of computationalgeometry. In chapter11,Miller & Boxerdelve into the�eld of imageprocessing.
Chapter12 & 13 cover, respectively, topicsof graphalgorithmsandnumericalproblems.All thesetopics
arepresentedin .

3 Opinions

First of all, I'm happy to reportthat the “story” told by this book is easyto follow. In addition,this book
is self-containedin the sensethat every theorempresentedin this book is proved. Also, a fair number
of examplesare worked out in greatdetail using a variety of different methods. That is, for example,
given a problem,the authors�rst presenta solution with a sequentialalgorithm and, in turn, introduce
the parallel counterpartwhich often can solve the problem in a shorteramountof time. Finally, it is
importantto note the secondprinting of the book (which I have) hasundergonequite a big changebe-
causeof the relatively large numberof small (mostly typographyical)errors found in the �rst printing.
The websitewhich containserrata,corrections,andsupplementarymaterialsfor this book is availableat
<http://www.pre nhal l. com/mil le rb ox> andupdatedregularly.

This book canserve asa prescribedtextbook for an advancedalgorithmscourse,which focuson the
designandanalysisof sequentialandparallelalgorithms. If this is the case,somesuggestionsas to the
structureof thecoursecanbefoundon thecompanionwebsite.Also, I think thisbookis suitableto beread
cover-to-cover sincealmostalwaysthecontentsof subsequentchaptersarebasedon thoseof theprevious
ones.Somechapters,though,I think aremoreimportantthanothers.For example,chapter4 to 9 cover the
essenceof thedesignandanalysisof sequential& parallelalgorithms,while chapter10 to 13provide some
applicationsof them.

However, this book is not aboutparallelprogrammingsuchas“cluster computingin Linux”. In fact,
theauthorsemphasizedthatmostof theparallelmodelsof computationintroducedin this bookarenot yet
physicallyrealizabledueto currenttechnologicallimitations in connectingprocessorsandmemory[p.82].
Furthermore,theauthorsusepseudocodeswhenpresentingalgorithms,which make thingsslightly worse
for thoseonly interestedin the practicalside of parallel algorithms. Nevertheless,this book shouldbe
appropriatefor everyonewith atheoreticaltasteof computerscience,whois new to andinterestedin parallel
algorithms.
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Review of Algorithmics for Hard Problems: 3

Intr oduction to Combinatorial Optimization, Randomization,Approximation, and Heuristics
Juraj Hr omkovi �c

Publisher: Springer, 2001
ISBN: 3-540-66860-8

Review by:

HassanMasum
Carleton University, Ottawa, Canada

hmasum.com

1 Overview

Algorithmicsfor Hard Problemsis anintriguing new bookthatattemptsto �ll anunderservedniche:prac-
tical methodsfor attackingthosepesky problemsthatareNP-hardbut mustneverthelessbedealtwith.

On thewhole,thebookis well-writtenandformsa usefulintroductionto a wide varietyof algorithmic
methods.Many readersof this columnmay�nd it ahandycollection,collectingimportantideasthatmight
otherwisebescatteredacrossa varietyof sources.While not anadvancedtext or comprehensive reference,
it mayprove ahandyrefresherevenfor thosewho alreadyknow mostof thedesignmethods.

2 Book Featuresand Contents

Sincethechaptersarerelatively self-contained,I will interspersechapter-speci�c commentswith achapter-
by-chaptercontentslisting of thebook:

1) Intr oduction. Settingthestage via previewing thetopicscovered in therestof thebookanddiscussing
motivationandaims.

Thereis anamusing”input-constraints-cost-objective” formulationof thegoalsof thebook.Mostof the
goalsareachieved,with somecaveats.In theintroductorynotes,a targetaudienceof seniorundergraduate
and graduatestudentsis mentionedfor the rough versionsof the book; however, the relevancefor the
classroomcouldbeimprovedby includingmoreexercises(andsomesolutions).

2) BasicConcepts.Fundamentalsof math(linear algebra, combinatorics,Booleanfunctions,numberthe-
ory, probability)andalgorithms(languages,problemspeci�cation,complexity theory, designparadigms).

132 of 460 non-index pagesare devoted to backgroundmathematicsand complexity theory. While
largely super�uousfor readersof this column,this could be helpful for studentsandapplication-oriented
userswithouta strongtheorybackground.Althoughthesectionis well-written, it doesseemlike anexces-
sive amountof spaceto devote to elementaryknowledge. I would suggestthat the authorneedsto focus
on his targetaudiencea little better– if it is students,moreexercisesanda broaderselectionof proofsare
needed,while if it is practitionersandtheorists,theintroductorysectioncouldbeskippedandmorematerial
addedon heuristicmethods,statisticalmethods(very importantfor empirically characterizingtruly hard
problems),andsoforth.

3) Deterministic Approaches. Pseudo-polynomial-timealgorithms,parameterizedcomplexity, branch-
and-bound,reducingexponentialconstants,local search, andrelaxationto linear programming.

A varietyof practicalmethodsareconciselyexplained,with attentionin eachcaseto boththefundamen-
tal ideaandthepotentialutility. In section3.6, it would beniceto seea descriptionof thekindsof spaces
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andproblemsthatadmitgoodlocal searchsolutions,andmorediscussionof theconnectionwith matroids
andgreedyalgorithms.Thereis perhapstoomuchfocuson theslightly pathologicalTSP-nonlocalityproof
– thisproof couldhave beencondensedor simply referenced.

4) Approximation Algorithms. Fundamentals(conceptsandclassi�cation,stability, dual approximation
algorithms),designmethods(applied to several problemsincluding cover problems,maxcut, knapsack,
TSP, andbin-packing),andinapproximability.

The authordoesa goodjob in covering many differentapproachescomprehensibly, going far beyond
the classicTSP reductionto Hamiltoniancycle. Section4.3.5 has an interestingillustrationsof TSP-
approximationandstability...thediscussiondoeshowever seemtoo TSP-speci�c,andI would have liked
links to whereelsethesemethodshave beenor couldbeused.

5) RandomizedAlgorithms. Fundamentalsandclassi�cation,designmethods,derandomization.
Clearexplanationof the basicsof randomizedalgorithms. I particularly liked 5.3.6on a ”portfolio”

approachcombiningrandomsamplingandrelaxationto linear programmingfor MAX-SAT; it is a good
exampleto clarify thebasicconcepts.

6) Heuristics. Simulatedannealingandgeneticalgorithms.
It is nice to seethis sectionincludedwith the othermethods,andthe authormadethe right choicein

sticking to theoreticalresults(sincean empirical studywould have beenmuch too long). However, the
sectionis verysmallrelative to theimportanceof heuristicmethods– especiallyconsideringthatsection7.2
mentionsthatheuristicsareoftenthemostpracticalsolutionmethod.Also, theSchemaTheoremresultin
6.3hasbeenextensively criticized,andI would suggesttheauthorlook at morerecenttheoreticalwork on
evolutionarycomputation(andupdatesomereferences).

Perhapsthis sectioncouldbeexpandedto includeothertheoreticalresultson theseandotherheuristic
methods,alongwith morediscussionof wherethey areuseful. Two speci�c methodsto discusswould
bei) supportvectormachinesandrelatedheuristics,which areintuitive, mathematicallysophisticated,and
powerful in practice;ii) simulationin combinationwith statisticalanalysis,sinceit' sakey methodfor really
complex problems(andsincewe almostalwaysget intuition abouta problemfrom ”trying it out”). Both
have asolidbodyof theoryto draw from.

7) A Guide to SolvingHard Problems.Economics,combiningandcomparingapproaches,parallelization,
future technologies,glossary.

Section7.2 is a humorousyetaccuratepage-and-a-halfon thecostequationfor actuallyusingalgorith-
mics,notingthat thesimpleandeasilyapplicablemethodsaremostoftenuseddueto lower economicand
cognitive costs.I' d like to seethis expandedasit' s extremelyimportantin practice.It' s niceto geta brief
descriptionin 7.6of DNA andquantumcomputing,thataccuratelystatestheir potentialandlimitations. In
7.6.3,perhapstheauthormeant”quantuminterference”insteadof ”quantuminference”.

References
Thereis anextensive setof referencesto mostof thematerial,includingmany recentimportantbooks

and papers. However, I notedthat the referencesare too old in somefast-moving �elds like molecular
biology;somealsohave incorrectyears,e.g.1979insteadof 1997.

3 Opinion

SomeprosandconsthatI cameawaywith after�nishing thebook:
Pros:Theintroductorymaterialis well writtenandgivesagoodsenseof whatis in thebook.Similarly,

eachchapterhasanintroductionwhich accuratelypresagesthematerialin therestof thechapter. — Each
sectionhasa shortreview at the endwhich brie�y describesthemain conceptsintroducedin the section.
Termsintroducedarealsoreviewed. — A readernew to the materialbut with someperseverancewould
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comeawaywell-equippedto delvefurtherinto many differentareasof algorithmics(whichsometimesseem
tobealittle scatteredin practice).— At theendof eachchapterisahistoricalandbibliographicaldiscussion.
Theglossary(with links to thesectionwhereeachtermis discussed)is alsoausefultouch.

Cons: The selectionof someof the proofs seemsslightly unbalanced,with many pagessometimes
devotedto aperhapsnotentirelycentralresult(althoughthischoiceis partlyamatterof personaltaste).For
someof themorespecializedproofs,a condensedversioncouldbegiven. (On thepositive side,theauthor
doesoftenhave someinformal discussionof thegoalbehinda proof.) — A summarychartof complexity
classesandsolutionmethodswould beuseful. — TheEnglishis sometimesa little idiomaticallyunusual;
while this usuallyjust makesfor anoccasionallyoffbeatandperhapsinterestingwriting style,therewerea
coupleof spotswheretheintentof astatementwasnotentirelyclear.

This book is a worthwhile �rst stepfor thoseinterestedin ”the theory of practicalalgorithms”. To
really get into depth,a readerwould needto addsupplementaryreading,perhapsonetext perchapter(e.g.
Complexity andApproximationfor Chapter4, Howto SolveIt: ModernHeuristicsfor Chapter6). However,
this is a goodbookfor a �rst look atseveralareas.

Algorithmicsfor Hard Problemswill bevaluableto many learners.I look forwardto seeingmorebooks
thatgive abalancedoverview of ”algorithmsfor hardproblems”!

Review of Modal and Temporal Propertiesof Processes4

Author of Book: Colin Stirling
Springer Verlag, Hardcover, 250pages,2001

Review by Vicky Weissman,Dept of CS,Cornell University

Overview

At a very high level, this bookpresentslanguagesfor describingprocessesandpropertiesof processes.It
thendiscussestechniquesfor checkingif aprocess,or family of processes,hasagivenproperty.

What is a process?In essence,a processis somethingthatcanperformactions.By doingactions,pro-
cessesmaychange.Examplesof processesincludea clock thatcantick anda counterwith valuezerothat
cando an incrementactionto becomea counterwith valueone. The following syntaxis usedto describe
processeswhere� , possiblysubscripted,is a process,both � and � areactions,and � is anindexing set.

����������������� � �"!
�$#%��& ')(+*��

'

A processof theform �,��� cando action � to becomeprocess� . A processof theform � � �"!
�$# is identical
to the process� , exceptthat every occurrenceof action � is replacedby action � . A processof the form

-

')(.*

�

'

refersto someprocess�0/ where1�23� .
We would like to extendthe languageto describeinteractionsbetweenprocesses,but �rst we needto

explain whatwe meanby processinteraction.Two processesinteractwhenonesendsinformationandthe
otherreceivesit. We formalizethis notion,by creatingpairsof actions.Eachpair consistsof two actions
with thesamename,exceptthatonehasanoverheadbarandis associatedwith out-goingcommunication,
while theotherdoesnothaveabarandis associatedwith in-comingcommunication.For example,aprocess

�54 maytell aprocess�76 thatit' s idle by doinganaction � . �86 receivesthis informationby doingtheaction
� . Wesaythat � is theco-actionof 9� andvice-versa.

To captureinteractionsbetweenprocesses,we addthe syntax �:4+� �;6 and �=<?> to the languagewhere
�54 , �;6 , and � are processesand > is a set of actions. A processof the form �:4+� �;6 is the concurrent
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compositionof processes�@4 and �A6 . In otherwords,if �B4 cando anaction � to become�=C

4

and �A6 cando
theco-action9� to become� C

6

, then �D4
� �;6 cando � to become� C

4

� �;6 , cando 9� to become�B4+� � C

6

, andcan
do theinternalaction E to become�FC

4

� �DC

6

. (Wealwaysusethesymbol E to referto aninternalaction,which
is oneprocessdoinganactionandanotherprocessdoingtheco-action.Thesetof actionsmaynot include

9E .) Therestrictionoperator< is usedto synchronizeprocesses,by forbiddingactionsto beperformedunless
theco-actionis alsodone.Morespeci�cally, aprocessof theform �F<?> is identicalto theprocess� except
that it cannotdo any actionthat is in > andit cannotdo any actionwhoseco-actionis in > . For example,

���54
� �A6G
H<.� synchronizesprocesses�@4 and �A6 with respectto action � , by forbiddingtheprocessesto do �

or 9� . If oneof theprocessesdoes� (or 9� ), thenit cannotdo anotheractionuntil theotherprocesshasdone
9� (or � ) and,thus, ��� 4 � � 6 
H<.� hasdoneE insteadof � or 9� .

Wewrite �D4JI

K

�A6 tosaythatprocess�B4 candoaction� to becomeprocess�86 . Forexample,�,��� I

K

�

is alwaystrueand
-

')(.*

�

'

I

KML is true if thereis some1N2J� suchthat � /OI

KML . We usethesymbol P

to discussobservableactionswhereanobservableactionis any actionotherthan E . If � is anobservable
action,then �B4QI P �A6 meansthat process�B4 canbecomeprocess�76 by doing a sequenceof actionsin
which the only observable action is � . The notationcan be extendedin a straightforward way to allow

an actionsequencein placeof a singleaction. For example,if � and � areactions,then �,���R���
I$S

K

� is
alwaystrueand,if T is theemptysequence,then �F4VU PW�;6 is trueif �D4 canbecome�A6 without doingany
observableactions.

Givenaprocess,we would like to know if it hascertainproperties.For example,wemaywantto know
if the processis deadlocked or if it could becomedeadlocked without doing any observable action. To
discover if apropertyholdsfor aprocess,weneedalanguagefor propertiesandweneedaformalde�nition
of whatit meansfor aprocessto have aproperty. Thesyntaxfor asimplepropertylanguageis givenbelow
where X , possiblywith a subscript,is a propertyand Y is a setof actions.As anaside,we refer to theset
of all actionsexceptthosein anactionset Y astheset Z;Y . Similarly, thesetof all actionsis Z (for ZA[ ).

X������]\ \0�G^�^_�GXA4%`NX06D�aXA4%bNXc65�d� Y_#eXf�?g)YihHX

\ \ standsfor true;it is thepropertythateveryprocesshas.Similarly, ^�^ standsfor false;it is thepropertythat
noprocesshas.Conjunctionanddisjunctionhavetheirstandardmeanings.A processhastheproperty � Y_#eX

if, after doingany actionin Y , it becomesa processthat hasthe property X . A processhasthe property
g)YihHX if, after doing someaction in Y , it canbecomea processthat hasthe property X . Formally, we
de�ne thefollowing satis�ability relationwhere�j� �fX meansthatprocess� has(satis�es)propertyX and

�lk � �fX meansthatit doesnot.

�

�j� �m\n\ and �lk � �f^o^

�

�j� �fXA4%`NXc6 if f �p� �VXA4 and �q� �VX06

�

�j� �fXA4%bNXc6 if f �p� �VXA4 or �j� �fX06

�

�j� ��� Yr#eX if f s

L

2ita�
C

�
�uI

K

�
C and �v2_Yxwy�

L

� �fX

�

�j� �Qg)YihHX if f z

L

2ita�BCo�y�{I

K

�DC and ��2_Yxwy�

L

� �fX

In this language,a process� is deadlocked if it hasthe property �|Z}#e^�^ . Unfortunately, it may not
be clearif � hasthis propertywhen � containsthe restrictionoperator< , the concurrency operator � , or
renaming.To simplify ouranalysis,wenotethatformulaswritten in our language(properties)adhereto the
following:

� If �~! 23Y then �����j� ��� Yr#eX and �,���lk � �Qg)YihHX .
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� If �v23Y then �����j� ��� Yr#eX if f �����p� �•g)Y~hHX if f �j� �fX .

�•€

ta�

'

�
‚ƒ23�„w:� ��� …†#eX if f for all 1‡23�,���ˆ/:� ��� …†#eX .

�•€

ta�

'

�
‚ƒ23�„w:� �Qg‰…"hHX if f for some1�2N�„���ˆ/‡� �Qg‰…"hHX .

Thesefactscanbeusedto show that �=<?>Š� ��X if f �‹� ��X;<?> where X}<?> is obtainedeasilyfrom X . The
concurrency operatorandrenamingcanbehandledsimilarly, althoughthesolutionfor concurrency is not
entirelysatisfactory.

While the above propertylanguageis suf�ciently expressive for the �rst deadlockexample,it cannot
capturethe secondone,namelya processmay becomedeadlocked after somesequenceof unobservable
actions. To write suchproperties,we extend the logic to includethe syntax � � # #eX and g�g‰h�hHX where X is a
property. If aprocesshastheproperty � � # #eX , thendoingany internalactionsequenceresultsin aprocessthat
hastheproperty X . (Formally, �Œ� �•� � # #eX if f s

L

2•ta� C �"� UPŽ� C wy�

L

� �QX .) If a processhastheproperty
g�g‰h�hHX , thendoingsomeinternalactionsequence,possiblytheemptysequence,resultsin a processthathas
theproperty X . (Formally, �•� �Œg�g‰h�hHX if f z

L

2]ta� C �o� UP•� C wy�

L

� �qX .) Using theextendedlogic, the
ability to evolve silently into adeadlockedprocesscanbewrittenas g�g‰h�hG�|Z}#e^�^ .

We may want to extendthe logic further to handleconvergenceanddivergence.A processconverges
( ‘ ) if it cannotperforminternalactionsinde�nitely, otherwiseit diverges( ’ ). We write � �|‘�# #eX to saythat
theprocessconvergesandhastheproperty � � # #eX . We write g�g“’Rh�hHX to saythat theprocesseitherdivergesor
hastheproperty g�g‰h�hHX . For example,thepropertythatanaction � must(andwill) happennext is written as

� �|‘�# #“g�g“Z7h�h“\ \”`•� �|Z;�?# #e^�^ where � � # #–� Yr#–� � # #eX is abbreviatedas � � Yr# #eX and g�g‰h�h�g)Yih�g�g‰h�hHX is abbreviatedas g�g)Y~h�hHX for
any actionset Y .

In thetext, thesimplestlanguageconsistingof \ \˜—$^�^�—$`0—$b0—.� Yr#eX8— andg)Y~hHX is called ™ for modallogic.
The languageconsistingof \ \š—$^�^�—$`c—$b0—.� � Yr# #eX8—.� � # #eX8—Gg�g)Yih�hHX8— and g�g‰h�hHX is called ™Q› for observable modal
logic. Finally, ™

› with � �|‘�# #eX and g�g“’Rh�hHX is thelanguage™
›�œ .

When shouldwe considertwo processesto be equivalent? A popularde�nition is to say that two
processes� and L areequivalentif for any action � ,

� if �

I

K

�
C , then L

I

K•L

C for someL

C suchthat �
C and L

C areequivalent.

� if L

I

K•L

C , then �
I

K

�BC for some�BC suchthat �BC and L

C areequivalent.

Two processesthatmeettheabove criteriaaresaidto bebisimilar. A binaryrelation ž is a bisimulationif
for any processpair ���v—

L


 in ž , theprocesses� and L arebisimilar.
If � and L arebisimilar processes,thenfor any processŸ , for any setof actions Y , for any action

� , andfor any renamingfunction   , the following hold where ¡£¢¥¤ meansthatprocesses¡ and ¤ are
bisimilar.

1. �����O¢]�,�

L

2. �]¦•Ÿf¢

L

¦•Ÿ

3. �N� ŸŠ¢

L

� Ÿ

4. �N�  R#§¢

L

�  .#

5. �F<.Y¨¢

L

<.Y

Becauseof this,bisimilarprocessescanreplaceoneanotherin processdescriptions.Furthermore,bisimilar
processeseitherbothhave or bothfail to have any propertythatis expressiblein ™

›�œ .
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Two processesthat sharethe same™Q›�œ propertiesmay or may not be bisimilar. To characterizethe
classthatare,let aprocess� beimmediatelyimage-�nite if for all actions� theset ta� C �
�uI

K

� C w is �nite.
A processis image-�nite if it canonly becomean immediatelyimage-�nite process,regardlessof which
actionsequenceit does.Two image-�nite processesthathave thesame™ ›�œ propertiesarebisimilar.

We candemonstratethattwo processesarebisimilar by constructinga bisimulationthatcontainsthem.
Alternatively, we canwrite a proof that usesalgebraicandsemi-algebraictheorems(suchas ���,��©§
H<.Y{¢

���ª��©�
H<.Y if ta��—�9 �,w0«¬Y­��[ ) to show theequivalence.
The de�nitions for bisimulationandimage-�nite processescanbe modi�ed in a straightforward way

to handleobservableactions.Therelationshipbetweenbisimulationsand ™ ›�œ occursbetweenobservable
bisimulationsand ™ › . Many otherpropertieshold for bothbisimulationsandobservablebisimulations.

Thepropertylanguage™ ›�œ is suf�ciently expressive to distinguishoneimage-�nite processfrom an-
other, provided that the two processesarenot bisimilar. This doesnot mean,however, thatall interesting
propertiescanbewrittenin ™®›§œ . An exampleof aninexpressiblepropertyis `theprocesscanneverbecome
deadlocked'. More generally, ™ ›�œ lackstheexpressive power to statelong termproperties,suchassafety
properties(somethingnever happens),livenessproperties(somethingeventuallyhappens),andrepeating
properties(somethinghappensagainandagain,forever).

We candiscusstheseevents,by addingpropositionalvariablesto ™ . (As we shallsee,™
›�œ is equiv-

alentto a fragmentof this logic.) To complementthe new syntax,valuationsareaddedto the semantics.
Thevaluation ¯ assignseachvariable ° to asetof processes̄v�‰°?
 . If aprocessis in ¯��‰°†
 , thenit is saidto
satisfytheformula ° relative to thevaluation ¯ .

We useformulasin the extendedlogic to assignvariablesto setsof processes.More speci�cally, we
write °±�­X if the variable ° is assignedto the setof processesthat satisfy formula X . For example,if

° �­�|Z}#e^�^ , then ° is thesetof processesthataredeadlocked. If thevariableis assignedto a formula that
containsit (e.g. °¬�l�|Z;#²° ), thentheremaybea numberof processsetsthatsatisfytheequation.Roughly
speaking,thesmallestsetis the least�x ed point, written ³´°µ��X , andthe largestis thegreatest�x ed point,

¶

°"��X .
Leastandgreatest�x edpointsarefoundthroughaniterative process.Thenumberof iterationsneeded,

in general,is anopenproblem.However, if thevariablesdo not occurunderanalternationof �x edpoints,
thenthenumberof iterationsis, atmost, …5·¸� where… is thenumberof �x edpointsand � is thenumberof
processes.

Theextendedlogic is calledModal Mu-Calculus(or ³´™ ) andits syntaxis:

X�������\ \0�G^�^r�GXA4%`NX068�GXA4”bNXc68�†� Yr#eXf�?g)Y~hHXf��³´°"��X]�

¶

°µ��X

where X , X74 , and Xc6 are formulas, Y is a set of actions,and ° is a variable. The meaningsof \ \ , ^�^ ,
XA4ˆ`xX06 , XA4ˆb±Xc6 , � Yr#eX , and g)YihHX aresimilar to the onesfor the modal logic ™ ; the only difference
is that thevaluationmustbeconsidered.For example,a processhasthe ³´™ property X=4ƒ`¹X06 relative to
a valuation ¯ , if it hasthe property XD4 relative to ¯ andthe property X;6 relative to ¯ . The meaningof
�x edpointsis givenbelow wherethenotation ¯¬� º�!+°+# refersto thevaluationthat is identicalto ¯ , except
that variable ° is assignedto the processset º . (Formally, ¯N� º´!+°+#»�‰°?
v�Œº andfor all variables¼Šk �Œ° ,

¯ � º´!+°+#»��¼"
¸�f¯v��¼½
 .)

�

�¾� �5¿À³´°"��X if f for all setsof processesº , if �Mk 2Vº thenthereexists a processL

k2Vº suchthat
L

� �

¿ÂÁ Ã.Ä–Å–Æ

X

�

�j� �5¿

¶

°"��X if f thereexistsasetof processesº thatcontains� andfor all L

2¹ºÂ—

L

� �

¿ÂÁ Ã.Ä–Å–Æ

X .

³´™ is very expressive. It cancaptureany ™Q›�œ formula. In particular, assumingthevariable ° is not
in X , g�g‰h�hHX•�q³´°"��X•b•geE,h–° , � � # #eX•�

¶

°µ��X•`•� E"#²° , g�g“’Rh�hHX��

¶

°"��X•b•geE,h–° , and � �|‘�# #eX•��³´°"��X•`Ç� E"#²° . Also,
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many safety, liveness,andrepeatingpropertiesthat areinexpressiblein ™�›�œ canbe written in ³´™ . For
example, ¶

°"�)� Yr#e^�^:`È�|Z}#²° saysthatno actionin Y ever happens,³´°"�²g“Z7h“\ \�`J�|Z;Yr#²° saysthatsomeaction
in Y eventuallyhappens,and ¶

°"�²g)Yih–° saysthatactionsin Y canbedoneover-and-over again,forever.
Despitethegreaterexpressive power, the relationshipbetween³´™ andbisimulationis similar to that

between™ andbisimulation. Speci�cally, two bisimilar processessharethe same³´™ propertiesanda
weakenedversionof image-�nitenessis neededfor processesthat sharethe same ³´™ propertiesto be
bisimilar.

A disadvantageof using ³´™ is thatthesatis�ability problemfor it is undecidable.In general,wecannot
determineif a processsatis�esa ³´™ formularelative to a valuation.For theothermodallogics( ™ , ™ › ,
and ™ ›§œ ), we cangrind throughthesatis�ability de�nition in astraightforwardmanner, but handling�x ed
pointsin ³´™ is morechallenging.Oneapproachis to view answeringa satis�ability questionin termsof
playinga game.

We want to play a gamewhoseoutcomewill tell us if a process� satis�es a ³´™ formula X rela-
tive to a valuation ¯ . The gamehastwo players,a veri�er ¯ who wantsto show that the formula is
satis�ed anda refuter É who wantsto show that it is not. A play of the gameis a sequenceof the form

���;Ê
—$XcÊ�
������.���

'

—$X

'


������ whereeachsubscripted� is aprocessandeachsubscriptedX is a formulain ³´™ .
Therulesof thegameare:

� assumingwe wantto know if � satis�es X , �5Ê is � and XcÊ is X .

� if X

'

�pX
/

`~X0Ë thenplayer É choosesoneof the conjunctsto be the formula in the next pair. In
otherwords, �

'ªÌ

4 is � and É decidesif X

'ªÌ

4 is XÍ/ or X0Ë .

� if X

'

�fXÍ/�bNX0Ë then �

'ªÌ

4 is � and ¯ decidesif X

'ªÌ

4 is XÍ/ or XcË .

� if X

'

�•� …†#eÎ , thenplayer É choosesa transition �

'

I

K

��/ where �32È… . Thenext process,�
'ªÌ

4 , is
�ˆ/ andthenext formula, X

'ªÌ

4 , is Î .

� if X

'

�jg …HhHÎ , thenplayer ¯ choosesa transition �

'

I

K

�ˆ/ where �r2J… . Thenext process,�
'ªÌ

4 , is
�ˆ/ andthenext formula, X

'ªÌ

4 , is Î .

� if X

'

�®Ï´°µ��Î where ÏÇ2Ðta³Í—

¶

w , then �

'ªÌ

4 is �

'

and X

'ªÌ

4 is Î . Whenever ° is encounteredin the
future, it will be replacedby Î . For example,if X

'

�j³´°"�²g \n‚“Ñ˜…Hh–° then X

'ªÌ

4
�Òg \n‚»Ñ�…Hh–° , X

'�Ì

6
�j° ,

and X

'�Ì§Ó

�¨g \–‚»Ñ�…Hh–° . (For simplicity, we're assumingthat each�x ed point in X

'

boundsa different
variableandnoneof theboundvariablesarefreeelsewherein theformula.)

Player É wins thegameif theplay containsa pair ���

'

—$X

'


 suchthat �

'

� �5¿•X

'

is clearlyfalse.Similarly,
player ¯ wins the gameif the play containsa pair ���

'

—$X

'


 suchthat �

'

� �5¿qX

'

is clearly true. If the
play doesn't containsucha pair, thentheremustbe somevariablesthat arereplacedaccordingto the last
rule in�nitely often. If theoutermostvariableis boundto a least�x edpoint operator, thenplayer É wins.
Otherwise,player ¯ wins.

If player É canalwayswin thegame,regardlessof player ¯ 'smoves,then � doesnotsatisfy X relative
to ¯ . Otherwise,player ¯ mustbeableto win thegame,regardlessof player É 's moves,and � satis�es X

relative to ¯ .
Variationsof thisgamehavebeendevelopedto improveef�ciency, particularlyfor fragmentsof ³´™ . To

prove thatevery processin a setsatis�essomeformula,we canplay oneof thesegamesmultiple (possibly
in�nitely-many) times.Alternatively, we canconstructaproof tree,accordingto rulesthatarebasedon the
satis�ability relation.
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Contents

Thebookhassevenchaptersandis 181pages.Thechaptersummariesaregivenbelow:
Chapter1,Processes, introducesthenotionof processesandgivesalanguagein whichto describethem.
Chapter2, Modalities and Capabilities, presentsthemodallogics ™ , ™ › , and ™ ›�œ for discussing

thepropertiesof processes.
Chapter3, Bisimulations, givesa formalde�nition for whentwo processesshouldbeconsideredequiv-

alent,arguesthat this choicematchesour intuition, andexaminestherelationshipbetweenequivalentpro-
cessesandthosethatareindistinguishableusingthemodallogicspresentedin Chapter2.

Chapter4,TemporalProperties, showsthatthemodallogicscannotbeusedto write safetyandliveness
properties.A variantof CTL is proposedasa moreexpressive logic. Fixedpointsarethenintroduced.

Chapter5,Modal Mu-Calculus, de�nestheModalMu-Calculus( ³´™ ) andgivesalgorithmsfor �nding
�x edpointsusingiterative methods.

Chapter6, Verifying Temporal Properties, usesgametheoryto addressthesatis�ability problemfor
³´™ andthevariantof CTL givenin Chapter4.

Chapter7, Exposing Structure, usesproof treesto addressthe satis�ability problemfor setsof pro-
cesses.

Opinion

I recommendthisbookasagoodintroductionto processalgebra,althoughanadditionaltext will beneeded
for a solid understanding.Many examplesaregiven throughoutthe text andexercisesareprovidedat the
endof eachsection.Theexamplescomplementthetext very well andtheexercisesaregivenin increasing
dif�culty . This allows readersto testtheir generalunderstanding�rst andthentry to challengethemselves.
Thebookalsousesgametheoryasawayof presentingthesamematerialfrom differentperspectiveswithout
beingoverly redundant.I foundthisapproachto bebotheffectiveandfun. Finally, thebookdoesnotassume
much(if any) prior knowledgeof the�eld.

I have only two negative comments.First, Chapters4 and5, while still good,arenot aswell written
asthe restof thebook. Second,theauthoroccasionallyrefersto examplesandde�nitions without telling
thereaderwheretheideasareintroduced.As a result,I hadto �ip throughthebooklooking for text that I
rememberedreading,but whosedetailsI couldn't recall.Thissituationmaybehelpedby addingaglossary
to futureeditions.

Review of
Modal Logic 5

Cambridge Tracts in Theoretical Computer Science#53
Patrick Blackburn, Maarten deRijk e,and Yde Venema

Cambridge University Press,2001

Reviewer: P. DanielHestand

1 Overview

Most people,uponhearingthephrase“modal logic,” envision the logic of possibilitiesor contingenttruth.
The phrasealso brings to mind the notion of truth in all “possibleworlds” and even the typical modal
operators,Ô and Õ . Theseviews, while correct,aresomewhat limited in scope.This bookattempts(and

5 c
�

IONA Technologies,PLC,2003

11



succeeds,in my opinion)to updatethatview. Thetopic of thebook,while obviousfrom thetitle, goesfar
beyondmerelytalking about“possibility” and“necessity.” Instead,theauthorspresentuswith thenotion
that modal logics aretools for exploring andexploiting relationalstructuresin waysthat provide insight
into areasother than logic. Framesandmodelsaredistinguishedasdiffering structuresuponwhich we
caninvestigatevariousaspectsof truth. Methodsfor extendingthe modal languagesalsogive us insight
into the limits of thesestructuresandpossiblewaysto circumvent someof theselimitations. In the end,
we areleft with theimpressionthatmodallogic usedasananalysistool providesrich resultsbeyondmere
contingencies.This is thesubjectof thebook,“Modal Logic.”

2 Summary of Contents

Thebookis organizedverynicely. Eachchapterstartswith ashorttransitionsectionconnectingtheprevious
chapterwith thecurrent,followedby achapterguidewhich indicateswhichsectionsof thechapterareon a
basictrackandwhichareonanadvancedtrack.Presumablytheconceptsin thebasictrackareindispensable
for anunderstandingof modallogicwhile thoseontheadvancedtrackarefor gainingadeeperunderstanding
of thoseconceptsintroducedin theadvancedtrack. Following thechapterguide,thechaptercontentsare
launchedinto. Eachsectionis endedby a setof exercisesandtheendof eachchapterconcludeswith notes
thatgenerallycontainhistoricalperspective aswell asnamesof notein the �eld. Thenotesareextremely
usefulbecausethey arelinkedto thebibliographyandprovide a nice jumpingoff placefor readingfurther
work on a particularaspectof the conceptsin the chapter. What follows is a summingup of eachof the
chapters.

� Preface— the prefaceis importantbecauseit lays out very explicitly, the assumptionsusedby the
authorsin preparingthetext. Three“slogans”areintroducedthatareto beusedasguidingprinciples
in understandingmodallogic. They are(directly from thebook)

– Modal languagesaresimpleyetexpressive languagesfor talkingaboutrelationalstructures.

– Modal languagesprovide aninternal,local perspective on relationalstructures.

– Modal languagesarenot isolatedformalsystems.

� BasicConcepts— thischapterintroducesthosetoolsandtechniquesthatareto beusedin subsequent
chapters.In particular, sincemodallanguagescanbeusedfor discussingrelationalstructures,those
structuresareintroducedalongwith thenotionof modallanguage.To connectthe two, modelsand
framesareintroducedasdifferent levels for understandingrelationalstructuresandthe conceptsof
satisfactionandvalidity areintroducedwith respectto modelsandframes.Following thisdiscussion,
theauthorsintroducegeneralframeswhichprovideanintermediatelevel for understandingrelational
structures.After we understandthe structures,languages,and interpretationsthat we canuse,the
authorsthenraiseandanswerthe questionof what consequencerelationsare importantfor modal
languages.Up to this point, thediscussionhasbeensemantic,but now theauthorsintendto demon-
stratethat therearesyntacticde�nitions thatareusefulsincewith themwe candiscussproof theory
andreasoningin modallogic. Thechaptercloseswith a lengthyhistoricalreview of modallogic with
respectto thetopicscoveredin thechapter.

� Models— this chapteropenswith a discussionof threewaysof constructingnew modelsfrom old
ones: disjoint unions,generatedsubmodels,and boundedmorphisms. All of theseare important
becausethe new modelsthey generatepreserve theoriesassociatedwith statesin the old models.
The next sectionthendiscussesbisimulationandshows that the threemodelconstructionmethods
previously introducedare only specialcasesof bisimulation. The next sectionshows how modal
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languageshave the �nite modelproperty, that is, if we cansatisfya formulaon an arbitrarymodel,
thenwe canalsosatisfyit on a �nite model.However, we mustbeableto choosethe“correct” �nite
model and this sectionalso presentsmethodsfor doing so in the form of a selectionmethodand
a �ltration method. The next sectionintroducesthe standardtranslationwhich is the link between
modallanguagesand�rst-order languages.Two questionsareraisedherethatshow thelimitationsof
thestandardtranslation:

1. Whatpartof �rst-order logic doesmodallogic correspondto?

2. Whichpropertiesof modelsarede�nableby modalmeans?

Thenext sectionthenintroducesultra�lter extensionsasameansof notonly constructingnew models,
but alsoasa part of theanswerto the two questionsabove. The next sectionis an in-depthlook at
thetwo majorresultsof thewholechapter, namelyvanBenthem's CorrespondenceTheoremandthe
connectionbetweenmodallyde�nableclassesof modelsandbisimulationandultraproducts.The�nal
sectionis anadvancedtracksectiondiscussinginvarianceundersimulationand�rst-order de�nable
operationsrespectingbisimilarity.

� Frames— the chapteropenswith a discussionof frame de�nability, frameshaving alreadybeen
introducedin chapterone.To aid in illustratingde�nability, severalexamplesareprovided. Thenext
sectiondiscussesframede�nability andits connectionto second-orderlogic andin particularanswers
thequestionof why framede�nability mustbesecond-order. Following theformatin chaptertwo on
models,theauthorsproceedto demonstrateconstructiontechniqueson framesthatpreserve validity
(namelydisjoint unions,generatedsubframes,and boundmorphic images)and show further that
underultra�lter extensionvalidity is not preserved. Themajorresultof this sectionif theGoldblatt-
ThomasonTheoremwhichde�nestheconditionsunderwhichaclassof framesis modallyde�nable.
Thenext sectionthenintroduces�nite framesanddiscussesa �nite framepropertyconnectingit to
the �nit modelpropertythroughnormalmodallogic. Thenext sectionthendiscussesthe�rst-order
correspondencetheoremapplicableto frames— theSahlqvistCorrespondenceTheoremandhow it
is possibleto eliminatesecond-orderquanti�ers from a formulavia theuseof positive andnegative
formulae. The next sectionthen proceedsto prove the SahlqvistCorrespondenceTheorem(basic
track) andthe following sectionexploresthe limitations of the SahlqvistCorrespondenceTheorem
and introducesKracht's Theorem. The �nal sectionprovides a proof of the Goldblatt-Thomason
Theorem.

� Completeness— this chapteris completelydevotedto developingtechniquesfor proving complete-
nessandsoundness(to a lesserdegree). The openingsectionde�nes soundnessandcompleteness
in the context of normalmodal logics. The next sectionintroducescanonicalmodelsand frames,
that is modelsthat arebuilt from a maximalconsistentsetof formulaewith a canonicalbinary re-
lation É7Ö§×;Ø de�ned suchthat if ÙÇ2_Ø then Ú?ÙÇ23× anda naturalor canonicalvaluationde�ned
by ¯

Ö
�ÜÛ§
ƒ�Àta×Š2rÝ

Ö
�ÞÛN2_×Dw . Themajor resultof this sectionis theCanonicalModel Theorem

which relatescompletenessof a normalmodal logic andits canonicalmodel. The next sectionex-
plorescanonicityandmakesuseof theimplicationsof theCanonicalModel Theoremto prove com-
pletenessresultsfor several modalandtemporallogics. The next sectionthendiscusseslimitations
to the useof canonicalmodelsby showing that therearenormal logics that arenot canonicaland
thatsomenormallogicscannotbecharacterizedby aclassof frames.Thenext two sectionsdealwith
whatto dowhenthereexist propertiesfor whichnocanonicalformulaexists.Themethodsintroduced
allow usto transformthecanonicalmodelwith thefailureinto onewithout a failureby transforming
themodelor by inductively building up a modelwith very speci�c properties.Thenext sectionthen
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shows how certainproof rulesallow usto constructcanonicalmodelscontainingsubmodelsthatex-
pressunde�nableproperties.The�nal two sectionsdealwith �nitary models(�nite canonicalmodels)
and�ltrations andhow they canbeusedto prove weakcompletenessresultsfor non-compactlogics
(for example,propositionaldynamiclogic).

� AlgebrasandGeneralFrames— this chapterdealswith how to expressmodallogicswith algrebras
versususingthemodelsandframesof thepreviouschapters.Thebasictenethereis thatalgebraspro-
videarichersetof toolsfor dealingwith modallogic problems.The�rst sectionintroducesalgebraic
logic by exploring how propositionallogic andbooleanalgebrasarerelated. The next sectionthen
usesthis foundationto begin to algebraizemodallogic. This is doneby introducingbooleanalgebras
with operators.Thebooleanalgebraswill capturetheunderlyingpropositionallogic andtheopera-
torswill beusedto capturethemodalities.Two approachesareused:a semanticapproachin which
complex algebrasareusedanda syntacticapproachin which Lindenbaum-Tarski algebrasareused
to obtainBAOsfrom normalmodallogics. Thenext sectionprovidesa proof of theJónsson-Tarski
Theoremwhich is thebasisfor approachingmodalcompletenesstheoryalgebraically. Thenext two
sectionsproceedto duality theorywheretheconnectionbetweenthe frameconstructionmethodsis
madeto constructionmethodsin algebras,namelyhomomorphisms,subalgebras,anddirectproducts.
A majorresultin the�rst of thetwo sectionsis analgebraicproof of theGoldblatt-ThomasonTheo-
rem.Thesecondof thetwo focusesontheuseof generalframes.The�nal sectionintroducesanotion
calledpersistencewhich is generalizationof thecanonicityconceptandtheusesthis notionto prove
theSahlqvistCompletenessTheorem.

� ComputabilityandComplexity — this next chapterprovidesa connectionof modallogic to the�eld
of computerscienceby examiningthecomputabilityandcomplexity issuessurroundingsatis�ability
andvalidity problemsin normalmodallogics. The �rst sectionintroducessatis�ability andvalidity
problemsin modal logic and how to expresstheir computationusing Turing machines. The next
sectionthen looks at decidabilityandshows how decidabilitymay be proved using �nite models.
Threetheoremsaregivenandproven that relateddecidabilityto the �nite modelpropertyandthese
resultsarethenusedto show thatmostof thelogicsintroducedasexamplesin chapter4 areactually
decidable.Thenext sectionintroducesinterpretationin otherdecidabletheoriesasameansof showing
decidabilityfor logicswithout the �nite modelproperty. Thenext sectiondiscusseshow to arrive at
decidabilityusingquasi-models(a framewith distinguishedpointsanda labelingfunctionmapping
statesin the frameto subsetsof the closureof themodalformulaunderdiscussion)andmosaics(a
collectionof pairsof Hintikka setsthat canbe usedin a step-wisefashionto constructa satis�able
model). The next sectiondetoursinto a discussionof undecidabilityresultsandshows how easyit
is to createundecidablemodal logics. The major resultof this sectionis the introductionof tiling
argumentsas a proof methodfor determiningundecidability. The remainingsectionsdiscussthe
varioustypesof complexity classesto which modal languagesbelong. The �rst of thesesections
discussesNP, the secondshows that PSPACE is a key complexity classandshows that a groupof
normallogicsbetweenK andS4arePSPACE-hard,andthe�nal sectionshows thatthesatis�ability
problemfor propositionaldynamiclogic is EXPTIME-complete.

� ExtendedModal Logic — this chaptershows how modal logics may be extended.The authorsin-
dicatethat the topicsdiscussedin thechapterconstitutesix of their favorite topics. The �rst section
introduceslogical modalities,in particulartheglobalmodality (rememberthatmodallanguagesare
inherentlylocal, so we needa way to stepbackand look at the biggerpicture)andthe difference
operator(an operatorthat scansthe whole model looking for differentstatesto satisfya particular
formula). The next sectionthen introducesthe sinceanduntil operatorsthat areusedin temporal
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logic. Theseoperatorsarethenusedto arriveatexpressive completenessandthen�nally to deductive
completeness.Thenext sectiondiscusseshybrid logic which have termsthatcanbeusedto refer to
worlds.Thebasichybridlanguageis givenandthehybridlogiccompletenesstheoryis discussed.The
next sectionexploresfurther theconceptof theguardedfragmentwhich is theresultof generalizing
the notion that modaloperatorsarea form of guardedquanti�cation over statesin �rst-order logic.
Thenext sectiondiscussesmulti-dimensionalmodallogicwhichtreatsassignmentsaspossibleworlds
andquanti�ersasdiamondoperators.Thebeautyof this extensionis thatwecannow approach�rst-
orderlogic asamodallanguage.The�nal sectionintroducesaLindström Theoremfor ModalLogic.
The sectionshows that thereis a modal logic equivalent to Lindström's Theoremwhich statesthat
�rst-order logic is thestrongestlogic possessingcompactnessandLöwenheim-Skolemproperties.

� Appendices— — theappendicesprovide “toolkits” to assistthereaderin understandingthefounda-
tional conceptsappliedto thestudyof modallogic.

– Appendix A — this appendixis concernedwith logical conceptsincluding �rst-order logic,
model-theoreticapproaches,ultraproducts,and�rst-order logic extensions.An importantresult
of thisappendixis � ös's Theorem.

– AppendixB — this appendixdealswith algebraicconceptssuchasuniversalalgebra,homo-
morphisms,congruences,algebraicmodeltheory, andequationallogic.

– AppendixC— thisappendixdealswith computabilitynotionssuchasTuringmachines,Church's
thesis,complexity theory(thecomplexity classes),andbig-Onotation.

3 Opinion

Thisbookhasfoundapermanenthomein my library. I �nd myselfrepeatedlygoingbackto asectionhereor
thereandrereading.Theauthorshavemadeafantasticeffort atexploringmodallogic in all of its aspectsand
make it interestingwith detaileddiscussionof results,numeroussimpleexamples,andnumerousextended
examples.Thebookis well-organizedandclearlydistinguishesbetweenthosesectionsthata newcomerto
thetopic shouldexploreandthosesectionswhich will provide a little moremeatfor themoreexperienced
readerto explore. As a textbook, it would bedif�cult to cover all of thematerialin a singlesemester, but
a survey coursecouldhit thehigh pointsusingthebasictrackmaterialandfollow up in a secondsemester
with a moreadvancedapproach.I recommendthis book for anyonewho hasany interestat all in modal
logic. It certainlyexpandedmy view of justwhatmodallogic canbe.
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