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‘"Use of the quadtree data structure in representlng spatial data
s reviewed. The focus is on its properties that make it approorlate
or applications. in 1mage processing. A number of operations in which
the quadtree finds use are discussed.

INTRODUCT ION

The quadtree.is a term used to describe a class of hierarchical
data Structures whose common property is that they are based on the
rinciple of regular decomposition. Such data structures are becoming
xncreasingly important as representations in the fields of image pro-
:cessing, computer graphics, and geographic information systems [1].
'The numerous variants of quadtrees can be.differentiated on the basis
of the type of data that they are used to represent, and on the-prin-

fveiple guiding the decomposition process. Presently, gquadtrees are

#used for point data, regions, curves, and volumes. The decomposition
may be into equal-sized parts (tefmed a regular decomposition), or it
"may be governed by the input. 1In this chapter we focus on guadtree

"~ representations of two-dimensional binary regions and to a minor ex-
“tent on point and curvilinear data. The chapters by Freeman and
Rosenfeld discuss the related octree and pyramld representations
respectlvely.

_ ‘In order to illustrate the quadtree data structure, consider the
region shown in Figure la which is represented by a 2**3 by 2%*3

ﬂblnary array in Figure 1b. 1's correspond to picture elements (termed
.pixels) whieh are in the region and 0's correspond. to picture elements
that are outside the region. Quadtrees represent regions by succes-
sively subdividing their array representation. into four equal-size

quadrants. When the array does not consist entirely of 1's or 0's
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{d) Quadtree representation of the blocks in (e).

Fiqure 1. A region, its binary array, its maximal blocks,
and_the corresponding quadtree.

(i.e., the region does not cover the entire array), we subdivide it
further into guadrants, subguadrants, ... until we obtaln blocks
(possibly single pixels) that consist of 1's or 0's; i.e., they ‘are
entirely contained in the region or éntirely disjoint from it. For
example, the'resulting blocks for the binary array of Figure 1lb are
‘shown in Figure lc. This process is represented by a tree bf out
degree 4 (i.e., each non-leaf node has four sons) in which the root
node corresponds to the entire arrav. The four sons of the root node
. represent the guadrants (labeled in order NW, NE, SW, SE), and the
leaf nodes correspond to those blocks for which no further -subdivision
is necessary. Leaf nodes are said to be BLACK or WHITE depending on




whether their corresponding blocks are entirely within or outside of
the region respectively. 2All non-leaf nodes are said to be GRAY.
‘The quadtree representation for Figure lc is shown in Figure 1d,

As described above, the region quadtree is a partition of space
into a set of squares whose sides are all a power -of two long. This
formulation is due to Klinger [2,3] whe used the term Q-tree whereas
Hunter [4] was the first to use the term quadtree in such a context.

A similar partition of space into rectangular gquadrants, also termed
a guadtree, is dﬁe to Finkel and Bentley {5]. It is an adaptation
of the binary search tree [6] to two dimensions (and can be easily
extended to an arbitrary number of dimensions}. It is'primarily of
use fer representing multidimensional point data and we refer to it
as a point quadtree. As an example, consider the tree in Figure 2
which is built for the sequence Chicago, Moblle, Toronto, Buffalo,
Denver, Omaha, Atlanta, and Miami. Note that its shape is highly
dependent on the order in which the points are added to the tree.
For an 1mprovement on the point guadtree see the k-d tree of Bentley
[7]. The survey of Bentley and Friedman [8] describes related data
structures.

The principle of recursive decomposition has been frequently used.
Warnock [9] implemented a hidden surface elimination  algorithm u51ng
a recursive decomposition of the picture area. It is repeatedly sub~
divided into successively smaller rectangles while searching for areas
Sufflclently simple to be output. Other early uses include robotics
[T0]1, space planning in an architectural context [11], and edge detec-
.tion [12]. Related developments in the image processing domain in-
¢lude the recognition cone [13], the preprocessing cone.f14],'and the

pyramid- [157.

2. MAXIMAL'BLOCK REPRESENTATIONS

A number of region representations are characterized as being a
collectlon of maximal blocks that are contained ln a given region.
The 51mplest such representation is the run length where the blocks
are 1 by m rectangles [16]. A more general representation treats the
reglon a8 a union of maximal square bhlocks (or blocks::fany desired
shape) that it contains. The region is determined by specifying the
centers and radii of these blocks. This representation is called the
medial. axis transformation (MAT) {17,18]. The guadtree is a variant

on the maximal block representation where the blocks are diejoint,
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square, and have standard sizes (i.e., sides of lengths that are
powers of two) and positions,
It should be clear that the quadtree is not a unique image rep-

resentation, Representations based on triangular and hexagonal tes-

#ezllations are also appropriate. In general, a planar decomposition
ﬂhould be an infinitely repetitive pattern and also should be infi-
nitely decomposable into increasingly finer patterns [19]. The latter
requirement is not satisfied by the hexagonai tessellation since a
hexagon cannot be decomposed into smaller hexagons although hexagon-
based systeﬁs do exist [201. The choice between square and triangle
quadtrees depends on the grid (i.e., the result of a sampling process},

Our discussion is limited to the square quadtree.

3. NEIGHBOR FINDING TECHNIQUES

Most of the operations that we wish to perform on quadtrees are
implemented'aé tree traversals. The difference between them is in
the nature of the computation that is performed at the node. Often,
these computations involve the examination of some nodes that are ad-
jacent to the node being processed {i.e., the blocks corresponding
to the nodes are touching along a common side). We call such nodes,
corresponding to blocks of greater than or equal size, neighbors (the
neighbor may be GRAY). In order for the operations to be performed
in the most general manner, we must be able to locate neighbors in a
way that is independent of both position (i.e., the coordinates) and
size of the node. We also do not want to use any additional links to
adjacent ncdes. In other words, we only use the structure of the tree
and ne pointers in excess of the four links from a node to its four
song and one link to its father for a non-root node. This is in con-
‘trast with the methods of Klinger and Rhodes [21] which make use of
size and position information, and those of Hunter and Steiglitz [4,
22,23] which locate neighbors through fhe use of explicit links
{termed ropes and nets).

' It is guite easy to locate adjacent neighbors in the horizontal
or vertical directions. The basic idea is to ascend the tree until a
.common ancestor is located, and then descend back down the tree in
search of the neighboring néde. For example, suppose we wish to find

the western neighbor of node W in Figure 1. The nearest common ances-

tor is the'first‘ancestof node which is reached via its NE or SE son
(i.e., the first ancestor node of which N is not a western descendant),

Next, we retrace the path used to locate the commen ancestor, except
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that we make mirror image moves about an axls formed by the common
boundary between the nodes. In the case of a western'neighbor, the
mirror images of NW and 8W are NE and SE respectively. Therefore,
the western neighbor of node N in Figure 1 is node K. It is located
by ascending the tree until the nearest common ancestor, A, has been
located. This‘requires going through a NW link to reach node E, and
a SE link to reach node A. Node K is subsequently located by back-
tracking along the previous path with the appropriate mirror image
moves (i.e., following a SW link to reach node D, and a NE link to
reach node.K).

It should be clear that neighbors need not be ¢of the same size.
If the neighbor is larger, then only part of the path from the common
ancestor is retraced. Note that similar techniques_cén be used to
locate diagonal néighbors {i.e., nedes corresponding to blocks that
touch a given hode's block at a corner). For example, node 57 in -

Figure 1 is the SE neighbor of node 40. For more details see [24].:

4. CONVERSION

The guadtree is a useful representation for binary images because
its hierarchical nature facilitates the performance of a large number
of operations. NeVertheless, images are traditionally represented

using binary arrays, rasters (i.e., run lengths), chain codes (i.e.,

borders), or polygons (vectors). Some of these representations are
chosen due to hardware reasons (e.g., run lengths are particularly usc
ful for raster-like devices such as  television). Thus we need tech-

nigues to efficiently switch between these various representations.

The most common image repfesentation is the binary array. There
are a number of ways of constructing a guadtree from a binary array.
The simplest approach is one that converts the array to a complete
quadtree (i.e., for a 2**n by 2%*n image, a tree of height n with
one node per pixel). The resulting guadtree is subsequently reduced
in size by repeatedly attempting to merge groups of four pixels or
four blocks of a uniform color that are appropriately aligned, This
appreoach is simple but is extremely wasteful of storage since many
nodes may ke hneedlessly created. in fact, it is not inconceivable to
exhaust available memory when an algorithm employing this approach i
used while the resulting tree fits in the available memory.

We can avoid the needless creation of nodes by visiting the ele-
ments of the binary array in the order defined by the labels on the
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Figure 3. Binary array representation of the region
in Figure la.

Larray in Figure 3 which corresponds to the image of Figure 1. Using
such a method we never create a leaf node until it is known to be

- maximal. Eguivalently, we never need to merge four leaves of the same
¢olor and change the color of their parent from GRAY to BLACK or WHITE
as is appropriate. For example, we note that since pixels 25,26,27,
and 28 are all BLACK, no quadtree nodes were created for them - i.e.,
node H corresponds to the part of the image spanned by them. This
algorithm is shown in [25] to have an execution time proportional to
the number of pixels in the image. ‘ _
When a raster representation is used, we have to scan the array

in a row by row manner as we build the guadtree. Such an algorithm,
having an execution time proportional to the number of pixels in the
image, is described in [26]. The reverse prdcess ié alsc useful since
output is usually done on a raster device. The most obvioué method
.is to genérate an array corresponding to the quadtree. However, this
method may require more memory than is available and we do not con-
sider it further. In [27] a number of guadtree to raster algorithms
are described. BAll of the algorithms traverse the quadtree by rows
and visit each quadtree node once for each row that intersects it.
These algorithms have execution times that only erend on the number
of blocks in the image (irrespective of their color) and not on their
particular configuration.

Another very common representation used in cartographic.applica-
tions is the chain code (also known.as a boundary code). It can

be specified, relative to a given starting point,

as a sequence of unit vectors (i.e., one pixel long) in the principal
directions. We can repfesent the directions by numbers, e.g., let i,
an integer quantity ranging from 0 to 3, représent'aiﬁnit vector hav-
ing a direction of 90%i degrees. For example, the chain code for the

boundary of the region in Figure 1, moving clockwise_starting from the



4 2 1,1.1.,3. 3 1 1 l 2

0? 23l %ottty

3

codes to quadtrees is given 1n;[3" o _

Use of the chaln code corresponds.to approx1mat1ng a polygcn by
unlt vectors. It is also ccmmcn' o represent polygonal data by a set
of vertlces,_cr even a point and, a sequence of vectors consrstlng of
(magnltude, dlrectlcn) pairs. Hunter and Stelglltz [4,22,23] addres
‘the problem of representlng Slmple polygons (i.e., polygons with no
1ntersect1ng edges) using quadtrees. A polygon is represented by a
three—color varlant of-the giiadtree. 'In essence, there are threEj

.of nodes: - 1nter10r, boundary, and exterlor. A node iz ‘said to be
type boundary if an edge of ‘the polygon passes through ity "Bounda_
nodes are not sub]ect to merging.’ Interlor and exterior nodes:- co

_ spond to areas w1th1n, and outSLde of respectlvelyg therpolygon

Tﬁcen be’ merged to’ yleld larger® hodes. Figure 4 illustrates: 'a sampl

 'pc1ygcn:end'itS-quadtree correspbnding'tO'the definition:of [221%
_disedvantage\of-such a representation for polygonal lines'is-tﬁat
width #i's associated with.'them whereas in a purely technical: sensé
lined Hawve a width of zero: ’ Elgorithms for building’e~quadtreef:

a: polygon are presented in’' [4,22].

5. . SET OPERATIONS

Perhaps the most useful appllcatlon of the quadtree 1s the pe

mance of set operatlons such as unlon (1 e.,_overlay) and 1ntersec

. Figure g:b Hunter and StElglltZ s quadtree
' T representation of a polygon.
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«ral images. This is described in greater detail in [4,22,31].
mple, to obtain the quadtree correspondihg to the union of S
wis merely traverse the two. trees in parallel while construcﬁing
sulting tree, say U.  If either of the two nodes is BLACK,
rhe corresponding node in U is BLACK. If one node is WHITE, say
«n the corresponding node in U_is set to the other node, i.e.,
hoth nodes ére GRAY, then U is set to GRAY and the algorithm
lied reéursively to the sons of 8 and T. However, when both
are GRAY, once the sons have been processed, we must check if
- 31 is to take place since all four sons could be BLACK. Com-
.+ the intersection of two quadtrees is analogous to computing
.gion with the roles of BLACK and WHITE interchanged.

TRANSFORMAT IONS

‘e impetus for the development of the guadiree concept was a
1 to provide an efficient data structure for computer gréphics.
ook [9] used recursive decomposition as the basis for the hidden
~uny elimination élgorithm. Hunter's Ph.D. thesis [4] was a sig-
wint extension of the gquadtree conce?t from both a theoretical
practical standpoint. Hunter's goal was to provide a framework'
;wrforming computer animation efficiently. 1In order to do this,
iability is necessary to perform a number of basic transforma-
i, Scaling by a power of two is trivial when using quadtrees
it corresponds to a reduction in resolution. Rotation by mul-
15 of 90 degrees is equally simple - i.e., a recursive rotation
+ing at each level of the tree. The transformation of one guadtree
- another by apnlylng a linear operator is also feasible [22].
e linear transformatlon algorithm, and the scallng and rotation
1ations have a common shortcoming.. With the exception of scaling
translations by a power of two and transformations involving ro-

“ions in multiples of 90 degrees, the results are approximations.

aight lines are not necessarily transformed into gstraight lines.
.+ shortcoming is often mistakenly attributed to the -gquadtree rep-—
.ntation where in fact it is a direct result of the underlying
ilization process. It should be clear that it manifests itself
mitter what underlying repregsentation is used when doing raster
iphics. For a guadtree-based representation that is free of such
Joblem see the PM guadtree [32]. '

Ouadtrees have also been used for image processing operatlons

;h involve gray-scale images rather than binary images. Some



examples “include :i.':L':griag__e'."'-'sé..gme'ﬁ'taii'i-éﬁ -~1331, “edge : enhanceme
- smoothing :[35], -and :thréshold: selection .[36].

7. . 'GEOMETRIC PROPERTIES

Areas and moments for 1mages represented by quadtree _
compute. To flnd the area we only need to traverse: the quadtree

postorder and accumulate the 51zes of the BLACK blocks,

the: BLACK blocks.3 The 9051tlon of
tain because we know the path that
wé start processing at the root of the tree. With know edge'“

area ‘and the first moments, we can compute the coordin

4310
.”'_'One ‘of - the:bBagic operations—in vanyiinage processi
'Qnected component dlabeling. : In graphetheoretlcal ternsy
_.gous ko finding the-connected components of a graph. ]
s;;mage;or_Flgure.Swhas twoacomponentsr -Given.a binary:a
tationf_the;traditional-method-ofzperformlnq'thlsuope:
themimage row by row from left:to right-and-assign thax
adjacent BLACK pixels. that are:found to the right:and
directionlpiDuringathis~§rocess-pairs of equivalences’mdy
5tand“tnue*two-moreﬁsteps are needed. The first merges ‘th
}and the: :second- updates the . labels assoc1ated with the AT,
to: reflect the" merger of the equlvalences. e
_ When an 1mage-1s represented by-a quadtree,.we:pe' o}
gous ‘three-step process -[37].. The first step is a post
versal ‘where for - each-BLACK”nbde”that'is encountered,, s
all adjacent ‘BLACK nodes: on the southern and eastern sides
_ a851gn them: the 'same label as A._ Adjacency exploratlon g
“the néighbor: flndlng technlques descrlbed in: [24] : Atxtlme
:jwmmrm@ImyaMQMyhmeb%n" ; hic
*fnote the ‘equivalerice. " The second"step merges all the eq
}palrs +hit ‘were denerated during- step one 7 The third:st
ﬂanother ‘traversal of thé quadtree and. updates the. labtw

¥o -reflect; the equlvalences generated by the first two s

.3a1gor1thm
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regular decomposition in two dimensions as reported by Hunter and
Steiglitz [22], Shnéier [59], Martin [60], and Samet and Webber
[32,61].

The edge quadtree of Shneier [59] is an example of a gquadtree-

based boundary representation. It is an attempt to store linear fea-
ture information (e.g., curves) for an image {binary and gray-scale)
in a manner analogous td that used for storing region information.
-A region containing a linear feature or part thereof is subdivided
into four squares repeatedly until a sqguare is obtained that contains
a single curve that can be approximated by a'single straight line.
Each leaf node contains the following information about the edge pas-
-8ing. through it: magnitude (i.e., 1 in the case of a binary image or
the intensity in case it is a gray-scale image), direction, intercept,
ﬁnd a directional error term (i.e., the error induced by approximating
the curve by a straight line using a measure such as least squares).
If an edge terminates within a node,. then a Special flag ig set and
the intercept denotes the point at which the edge terminates. Apply~
ing this process leads to guadtrees in which long edges are represented
by large leaves or a sequence of large leaves. However, small leaves
are required in the vicinity of cofners or intersecting edges. Of
course, many leaves will contain no edge information at all. Note that
the edge quadtree is pixel-based and thus the accuracy of the resulting
approximation is constrained, in part; by the resolution of the data

being represented.. For a representation that does not suffer from this
problem, see the PM quadtree [32]. As an exampie of the decomposition
that is imposed by the edge quadtree, consider Figure 6 which is the
edge.quadtree corresponding to the polygon of.Figure 4 when representad
on a 2**%*4 by 2**4 grid. What is desired is a regular decomposition

'f‘

e
N

TN T

. Figure 6. The edge guadtree Corre--
' sponding to the polygon
of Figure 4. '
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atrip tree or variant thereof.

CONCIUDING REMARKS

In thischapter, we have attempted to review the use of the qﬁadtree
Jala structure for representing spatial data. We have seen that the '
adtree is a representation that can be applied in many traditional
imige processing operations. Its value is not merely in the saving

T space but more importantly in the speeding up of the execution times

oot these‘operations. As timé passes, alternative representations
‘.. the pointer-based quadtree will undoubtedly be developed (e.g.,
in2]). However, conceptually speaking, the principle of recursive
decomposition, of which the guadtree is an embodimenﬁ, will continue

te be of utility.
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