10/1/02 CMSC 631 - Abstract Interpretation

¢ D: concrete domain

* P(D): powerset of concrete domain

* A: abstract domain

* w: Exp -> D: meaning of expressions

* o: Exp -> A: abstract meaning of expressions
* y: A ->P(D): concretization function

* o: P(D) -> A: abstraction function

e id=<sy-a
e id=a-y
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Abstract interpretation

* Consider a tiny language with only integers
and multiplication
— u: Exp -> D: meaning of expressions

—e:=ile*e
—u) =i

= uley *ey) = uley) * wie,y)
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An abstraction

e Compute only the sign of the result
— o: Exp -> A: abstract meaning of expressions

* |

+ ifi >0
0 ifi=0
- ifi <0

ale, *e,)=0(e,yo(e,) -1-

o(i) =

o +
o + |+

S © o<
|
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Soundness

e Associate with each abstract value the set of
concrete values it represents
—v: A ->P(D): concretization function
—y#)={ili>0}

~¥(0)={0}
YO ={ili<0} Exp}—o—~ A |
H Y
* ue) Ex(o(e)) ] ,
€ _.[P(D)

Abstract interpretation

e Computation in an abstract domain
— In this case, {+, 0, —}

e The abstract semantics is sound
— approximates the actual semantics

¢ The concretization function establishes the
connection between the domains
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Adding plus

e Can’t limit ourselves to +, O or -

o 4+ |+

<+ o+ |+

o + |o
~0

* Add V (top) to represent any integer
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With Top
+]+ 0 -V 4 0 -V
+/+ + V V +/+ 0 -V
0|+ 0 -V 0/0 00 0
-V - -V -|l-0 + vV
V|VVVYV v 0V Vv
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Finding the right abstractions is a
key design problem

* Want things to be as accurate as possible
— while still allowing the analysis to be feasible
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What about integer division

e Whatis +/0?

* Use L (bottom) to represent the empty set of
answers

— in this case, all operations are strict in bottom

|+ 0 -V 1 /l+ 0 -V 1
+|+ + V. V 1L +|+ 1L - V L
0|+ 0 - V L 0|0 L 0 0 L
-V - -V 1 -|/- 1 + VvV 1
ViV Vv VvV 1L v 1L vV Vv 1l
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The abstract domain is a lattice

* A partial order, with a top and a bottom
e Forallx andy in A
— x <y implies y(x) C y(y)
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The abstraction function

* o maps a set of concrete values into an
abstract value
— a: P(D) -> A: abstraction function

¢ The abstraction function o divides the
concrete domain into subsets (not disjoint)

* o maps a subset of the domain into the
smallest containing abstract value
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Galois insertion

¢ ¥V xin P(D), x Cy(a(Xx))
— equivalently, id Cy-

e YainA, a=a(y(a))
— equivalently, id = -y
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Conditions for correctness

e a and y form a Galois insertion
-idCy-a
—id=a-y
* o and y are monotonic
—x C y implies a(x) < a(y)
 Abstract operations are locally correct
—op(y(a)), v(ay), ..., v(a,)) Sv(op(ay, a,, ..., a,))
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Correctness proof

* Proof by induction on e: w(e) € y(o(e))
u(e; op e,)
= u(e,) op u(ey)
€ v(o(e)) op y(a(ey)
C y(o(e)) op 0(e,))
=y(o(e, op e,))
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Correctness using
abstraction function
* u(e) Ey(ole)) = a({we)}) < ole)
Proof u(e) €y(o(e)) = a{we)}) < ole)

- u(e) Ey(o(e)
- a({we)}) =a(y(co(e)))  monotonicity
- a({w@}) = o(e) id=a-y
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Correctness using
abstraction function

* u(e) Ey(o(e)) = a({we)}) < ole)
* Proof a({u(e)}) = o(e) = u(e) Evy(o(e))

- a({w(®)}) = ofe)
—y(a({we)})) =y(o(e))  monotonicity
- ue) Ev(a{u@e©?}) idCv-a

- ue) € y(o(e)
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Language with input

So far, just constant expressions
* Add free variable x

e e :=iletele*el...Ix
e u: Exp ->Int -> Int
-w( =i
-u() =]

- Mel*eZ(j) = Mel(j) * Me2(j)
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Abstract semantics

e oExp>A->A
- w(j) = a{i})
-w()=]
= Uerxe2(§) = et () * Uea())
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Correctness

o Vi, u () €y(o(a({i}) )

.MCSYOGCOQ

Abstract Abstract
° <
ae Me - Ge o a Inputs o "| Results
& [0
A .\‘
Concrete Concrete
L —
Inputs w Results
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If Then Else

e e:=..lifel thene2elseell ...

° Mifel then e2 else e3 (1)
= Me}(i) if Mel(i) =0
= U,(i) otherwise

° 0—ifel then e2 else e3 (1)
= least upper bound(o,(i), 0(1))
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Recusion

¢ Add recursive function definitions
— of a single function, for simplicity

e program :=def f(x) =e

e e:=...11f(e)

e w: Exp ->Int -> Int,

e w': Exp->(Int ->Int,) -> Int -> Int,
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2

u
* Wi @0) = g(w (2)()))

W, (20 =]
* Wener (©0) = W (2)0) + W (2)()
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Meaning of recursive functions

e w: Exp ->Int ->Int,

e w': Exp -> (Int->Int,) -> Int -> Int,

* Consider a program def f =e

* Define an ascending chain f, f,, ... in Int -> Int
- fy=hx.L
—fin=w.®

e Define p ;- = U, f;

171
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