
MSC 754 Computational Geometry
Lecture 2 Convex Hulls in the plane

Convex Hull intuitive definition
Given a point set P in mathbbR2 imaginesnapping
a rubber band around thepoints

conv P
P

Uses
shapeapproximation for intersectiontesting
first step in other algorithms
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rwidth

diamBwidB

GeometricBasics
Affine Geometry Thegeometry of flats
Concepts
Scalars Realnumbers 3 17 pi sqrt2
Points representpositions op 8

Free vectors direction magnitude
not anchored to theorigin

V
J



Operations S scalar V vector underlineP point
ScdotVrightarrowV
VVrightarrowV
PPrightarrowV

PVrightarrowP pointvector addition

scalarvector mult
vector addition subtraction

point subtraction result is vect

negthetaq2overlineu7 1overrightharpoonuoverrightharpoonvoverrightarrowu1Ego
rflooroverrightarrowuoverrightarrowv p0 qpoverrightharpoonu

L overrightharpoonV70PoverrightharpoonV
Vectors are not
attached to origin P0

Note PP is not allowed
canbe
negativeAffine Combinations

Givenpoints p qand scalars α β where
alphabeta1

Def
afleftpqalphabetarightpbetaleftqpright

Equivalent to pbetaqbetap
left1betarightpbetaq
alphapbetaqweighted sum

of ptg



qExamples
0p1qq

frac12pfrac12q midpoint
P

1cdotp0cdotqp
frac32pfrac12q

line overleftrightarrowpqleftafleftpqrightforallalphabetaalphabeta1right
Convex Combination

Special case when 0leqalphabetaleq1
segment overlinepq
alphapbetaqalphabeta1
and 0leqalphabetaleq1

qfrac23pfrac13q
P

Affine convex combinationsgeneralize
to multiple points sum_ialphaipi sit sum_ialphai1 affine

0leqalphaileq1 convex

Affineclosureof
pqr in

mathbbR3 isthe
planethrough
these points

p qZ
ry

X

p qZ Convex closure is
thetriangle Δpqr

ry
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but Affinegeometry is limited
no means for defining lengths or angles

Euclidean Geometry rectifiesthis by adding
Inner product A linear operator that

maps two vectors to a scalar
leftlangleVVrightranglerightarrowS

Manyvarieties but most common is
Dot product Given overrightharpoonuoverrightharpoonvinmathbbRdoverrightharpoonuleftu1ldotsudright
overrightharpoonucdotoverrightharpoonvu1v1ldotsudvd

sum_i1duivi
Inner product allows us to define

overrightharpoonv

Vector length leftoverrightharpoonvrightsqrtoverrightharpoonvcdotoverrightharpoonv
v11 1

1overrightharpoonvNormalization to unit length
hatVoverrightharpoonVleftvright for overrightharpoonvneq0 hatV1

1

circq
Distance Givenpoints pq

distleftpqrightleftqpright
P0

dist leftpqright q
r

symmetric dist leftpqrightdist leftqpright
Triangle inequality dis Lleftprrightleq dist leftpqrightdist leftqrright

P



overrightarrowu1backslashthetaAngles overrightharpoonuoverrightharpoonvneq0

angleftoverrightharpoonuoverrightharpoonvrightcos1lefthatucdothatvright overrightharpoonv

Perpendicularity Parallelity overrightharpoonuoverrightharpoonvneq0
overrightharpoonuwedge

overrightharpoonu

ubotvLeftrightarrowoverrightharpoonucdotoverrightharpoonv0uvLeftrightarrowhatucdothatv1
overrightarrowv

neg overrightharpoonv

Flats lines hyperplanes
Given vector overrightarrowuneq0 scalar propto define flat

hleftoverrightharpoonualpharightleftppcdotoverrightharpoonualpharight
ltimes
line inmathbbR2 hyperplane inmathbbRd

Picture
whenHull

overrightharpoonu neg htleftualpharighthleftoverrightharpoonualpharightpropto

bigtriangleup

leftharpoonup

overrightarrowu1
Halfspace Theregion on one sideof
a hyperplane hleftoverrightarrowualpharightleftppcdotoverrightarrowugeqalpharight

Convex Apoint set KsubseteqmathbbRd is convex if forallpqinK
all convex combinations of p q liewithin Krlceil

convex
beginmatrix7wedgeendmatrix

JV



not
convex

beginmatrixldotsddotsvdotsddotsxxldotsldotsldots8endmatrix
Intersection of convexsets is always convex
Union of convexsets need not be convex

Means
Boundary
of kSupporting Hyperplane

Given a convex K andany point pinpartialtK
hyperplane h passingthrough P with h
K lying in one of h's closed halfspacesP partialK

K

Convex Hull
Given a point set rho in

mathbbRd the convexhull
conv leftPright is thesmallest convexset containing

nsupseteq

Equiv set of all convex combinations of P
Intersection of all halfspaces
containing

nsupseteq



General Position
Geometric algorithms are often complicated

by rare geometric degeneracies
points having the same coordinate8
3 collinearpoints
geq4 cocircularpoints

To simplify our algorithms we assume inputs
are perturbed infitessimally to avoid these

Wesaysuch inputs are in general position

Planar ConvexHull problem Given n points
Pleftp1ldotspnrightsubseteqmathbbR2 where pileftxiyiright compute

convex hull of P conv P

Output Cyclic sequence of vertices on thehull
P4 P4 output

leftlangle437981rightranglebeginmatrixp3p2p5p5endmatrix P3
p2 p5p1

Note 6not
included Not
avertex

P7 P7

Pq Pqp6 P8 p6 P8

Py
P3

Pr Ps PAlternativeoutput
Upper hull Lowerhull

leftlangle7341rightrangleleftlangle79681rightrangle
P7

Pq Pb Po



Grahams Scan An O n login algorithm
Computes upper lower hulls separately
Upperhull

Sort pointsby x coords
Addeach to upperhull
Remove points no longer on hull

Lowerhull symmetrical How

Observations
The rightmost point is always on thehull
Reading right to left consecutivetriples
make left hand turns Ps

f Pz
p1

Incremental approach
Store vertices ofcurrent upper hull onstack int
For each new point pi left to right
While langlepi S top S top 1 do not
make left turn pop S

Push pi
l
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p6 Pio
p1 P7 pushipop

pq

But how to test for left turn

Orientation Test For p qinmathbbR we haveeither
Order Orientsign

qp0
qp0
qp0

o pqpq
0

pqequivpqpq

apq

How to define order in mathbbR2
Ans Order orientation is a property

of a sequenceof 3 points
r

8rr q1qPleftlanglepqrrightrangle L 0 p
supsetq rflooralpharp pcdot

clockwise collinearOrientation counter
clockwise

tsign



How to compute
pxpy
qxqy
1rxry

Note Cyclic orderofpoints is critical

orient leftpqrrightsign deL

Higher dimensions Orientation in
mathbbRd is

a propertyof a sequence of d1 points

Grahams Scan upper hull only
sort points by increasing x coords leftlanglep1ldotspnrightrangle
Push pit pronto S
for i 3 to n

while orient piSlefttoprightS top 1leq0
Rightturning
or straight

pop S
push p

backslash

Correctness

Lemma Afterprocessing pi S'contains upper
hull of leftp1ldotspiright



Proof By induction on i
Basis i12 Trivial
Step For igeq3 let ui denoteverticesof

upper hull of leftp1ldotspiright
By induction ui1 is correct up to pi1
Let pj be vertex prior to pi on ui
line loverleftrightarrowpjpi is a supporting linefor ui

pi

l
p1 Need toshowthat

these andonly
these will be popped

p1ui1
Let VSlefttopright VSlefttop1right

pi
pj Vl

V

p1

By convexity sorting
all ptsof ui1 lie below l
all pts of ui1 from pj to are above l



All pointsof frompj to V lie in Deltapj up i
pi

pj Vl
V

p1
angle pivv leqL pivp leqpi
orient leftpiVVright orient leftpiSlefttoprightSlefttop1rightright

leq0

V is popped off stack

The popping repeats until vpj
Final stack Sleftlanglep1ldotspjpirightrangleui

Running Time
Sort by x coords o nlogn
Popping time

Outer loop i 3ton
Inner loop
Couldpop up to i 2 points

Total

leqsum_i3ni2Oleftn2right



Why isthis wrong
Eachpoint can bepopped only once
Let din0 _of points poppedwhen

pi is processed

sum_idileqn
Total inner loop time

sum_i3n1dileqsum_i3ndileftn2rightleqOleftnright
Total time oc nlogn OleftnrightOleftright nlyon

summart
Affine Euclidean Geometry
Affine Convex combinations
Geometricoperations

innerproduct
orientationtest

Convexity convexhulls
Graham'sAlgorithm


