CMSC 784 - Computational Geometry
Lecture 3: Convex Hulls (Ouctput sensitivity )

Recap:
- Given 8 point set ?‘:{F\ >-~~>?n‘3 T e
conv (B, the wonvex hull of B )
-~ Output: CUOI;L sequence of ;
hull vertices Y

- que\hemi Seon - O(m\gg Y\) a(\gov‘it\qm

This Lecbure:
- Can we beast OCV\\gg n) time ?
= Q-am/isfc Mafbl‘\ OCQ\Y\) ) ﬁ"‘nm \r\u“ vecbices
- 2(n \ggl\) lower bownd
- Chans &Clgorijclnm - G(n Igyéx) - oP‘t{ma\ ]

How \mewa_ vertices do ut wpu,t on Lm“?

- points uniform in sgueve
—> Expect O(\g n) —7

-\ Po\nts oniform w disk y
—> Expect oln’) ’\




Jarviss Mardh- An Oln-h) a(lgwctl\m
Tdea: — Vi& any one verley of hul
- for 1e 2,3 ...
Vi &« nat vertoy of hull
i (Vi= V) retun {vgy Ve . )v;_‘>

Detsls |
Vi€ poiv\t \,Jiﬂr\ Min )/—(,ooré “@v\
Vi &'Fin& tl'\e po’m‘t d\ef Wminimizes |
the turm avgle wrt. th . ‘ @ »
prior Ywo vertices f:\\ﬂu
L Ve
Nz

Cen ompute
pt. wth min
tum évglt un;eg
oritntation testy

Add sentinel point
Vo to Scfc stavted

Correctpess: (Exercise )

RUnv\i\gg'time,:
- Compute vy On) Reptat fh times
- Computc v Oln) 3 O(-ﬂ,n) ']'Dtél



Lover Bound for Convex Hulls
CONY ¢ (Given a seC P o{ N poiv\tJ n IR’L
wmpu‘te, tL\c Ve,v‘tic,cs o‘( oon\/(f)

0 uocli C order

‘Tkeomm: In the alé’claraic, ClcciJiovx-tfee MoJC])
conV has  wovst-case wmplb,dfg of (2(n l%f n)

A‘Sebraig Decision Tree. Mode|: All the a(lgoritl\mls
deci&iom ove loasee) on sgns o'lﬁ ‘ﬁxeé—c\gree

?Oliav\om\als.
- Allows for orientstion tests {\o\)d«—t sort
- Pisallowas 'm'tgev‘- based methads like b\i‘il‘i‘fc‘g

Proot: We will use the foct that so\r{:ivg has
a lower '/JDUV\Q! b{ Q(h‘gﬂq) in tL\e 6ckfcl>rei(
decision-tree model.

e ll reduce. SORT to CoNV in On) time.
Given o et {x.,m,an € R to Jor't,gemerefc
pofnt et P-s {Lx\,x:'),... )C’Xn)‘x:’\ )3 = R



Reéuo‘h’ oNn:

Oln)
N P4
Convex hull: Ps
Pi Ps
(onV P+
€g. <6,24,2,51>  (Gyelic order con
stort at Shyy \lutfoﬂ)
>’
Reo\f‘éu‘ 3 <Z.)S,J > 6)3)j> Ry lower bownd
On) on Jof’ti\ef

i
Total time: Tw)+ cww 1 On) = _Q.(V\leg n)
= (oN\ 2 Jl(nlgg ") ]

—n‘\ié F&'iej on 'Féc:t tl\at ou'tpu,‘t D'F CONV s orc]«cfccl.
Tf wot 7 | ower bound still holds. (Horder PFDD{D

Theorem: A&Jum{vg egebreic, Jecismh-'tme m0c\c|,
detérm‘m‘wg whether wmf(f) '/\as 6\ vertice
wl‘usui\l‘es 2 (n lcog 4\) time.




Proof: (See lotex V\ote,s)

Tke ultimeil a(lgorit‘/\m ﬁ)f wnyeX Lm“s 3 G(V\ |2§L)
- Solved lo\& Kirkpatrfck \—\Sdée,l in 1986
- Quite ww\p\icafcé
- Chens aégoritlmm (I‘ﬂé\ = MUcL J'nmp\e,r!

- Clever combinstion olc Grohsm «Tavvis

Chawfs Aégoﬂ‘tll\m - OCY\ Igg 6\) time

- (hicken « %‘ (lgor‘i‘d/\m rer()uires k""“" ¢
0{ I , lout {\ is wot known ountil ené(!g 5’

— Solves this Lta P]AL@U‘QS’ S de\/cwgumirg geme.

— Utility. lemma ; vall need |ater

Tavgcnt lemma : C-nvev\ Q onvgx Iool\agoy\
Q (as C@clic sequence of w Vertices)) and
‘P é( Q, en c,omPu'te vertices {ﬂ— %- st.
‘p_t@" + 419_{‘ af'e JUPPW't\'Y(\g lines m O(lcgm) time

qt



Proof: Exercise in\JolvivC\g orientation tests
< \)inama search. O

Elements of Chans Alporithm:

- Need to keep lgg factors to ng e\
- Guess valve of & - call it &F
- Pd»/‘t'\t\‘o\r\ E wmto groups of 5;26 e\*

2 Rusults in K2 n/pr Lrovps
- Run GV‘SL\SYV\:; Scan on Ceoln(group

- Results in “mini halls H,,.., By

- Time: kO \gg’ ) = () U(&*\g%*)

= OCV\lggﬁ)
~ Good, ASCuming |c(>§r 6 = o(l%f h)
-E(.SJ. (< S (for constant )
=2 ligg{\* < I%Or h = c l%vt\ = OG@’&)@

- Run Jowvis merdh on mini hulls

-~ Trest each mini hull like 5 ot point“

- By Tég(mt Lemme , con compute each

turn a?gle in Time O(\gﬂx*)
- C,ompu'te, all turn Ayglu in time k-O(lg l’\*)
- Repcat for eadn hull vertex
> 00k log )= Oln (") log 1)
T A< D Olnlog h) ©



Exaw\ple,: n:ZO, ‘6\*:5 , k:[zo/s'\:q

Partition Mini Hulls Final Rull

] o
Foe®
o
I b
l

.....
..........

Detoils - Megiv(\g the Mind Hulls |

- &3 the -Teé\gent Lemma ,

Le cn compute both
Juypo\/‘tw(\g lines in O(Ioa m ) /
time ((We onl\O need ov\z)
-m < \?\ 2 O(lgg ‘/\*3
- C,ow\putb ‘t.-}é),dcnt lines
Sov a\l X muni hulls &
take the smallest tun
- Ok o of \”A*
- OL % «t \<§ 6 )




- Process terminates 6‘thv‘
b \Lerations P

- Totel: O(&%‘ \%g 6*)

—IWC oy gueg 6\* is “doje”’
hs < hS (= constent)

totsl time is:
Geahem Phate : O(k-6 1o 6\—)6)
= O(("x) h* [gg )
= O( " l"(% ﬂ\*)
€ O(n logh™) = O(C“.l(g{\)
= Olnlgh) ©)
Torvis Phase: OCh: K- los 7 )
= OUh- Olgg )
S (n (%/4;36) o {/\*)
OCn log 4 gine he ey

= Oln ug@\) ©)
(ov\éitiov\é\ Agori-l;hm:
- Given our (g’uess 6\*, we run the ahove
%gwitkm
- T€ we see >6\* hull pomt& in Jovvis
p‘v\axc — STOP + report failure (6¥ oo mall)

n



How to pl ay, the Cwesm(\g Game 7
— Overestimstion 15 ‘Fete\ SO
start small + increase uanl Juuess
- Acithmetic Progression: '6\*“ 2,3,4,5,6,...,\
~Too slow = O(n. b \gg L\) \_.Exefcue]
- pronewt.a\ pmwessnon 6\ 2,4,8 6.
— Retter but stnﬂ too slow
= On log® t\) Lexerise|
(O 2
- Dovble gponential : 4= 2, 4,16 256, 2
- Pecfoct!
= O(n logh)  Lwell prove this]
- You m{glnt ﬂ\ink y SNY, Ju‘(ﬁcicv\ﬂg‘f;{t
sories will work | bt not true
Triple eponential: e\ = 2_
Too slow = Jln. e\) LExercise]
Finel Algorithm:
Chan Hul\ C\.))
Ne2
rcpcat 5 .
6\**(&*3 7 h =
(statur, V) « conditiona] Hull (1’, )
vati| Cstotus = success )
return 'V—




Correctness: Alrceé\& wplained
Time:
- 'Runmvg time pur itecstion = O(nlg A)
Uhere @::= Zz‘ .
- Stops Cwith suecess) when hi 7
2226 > 12 et
- Total time Cup to constents )
lglo s .kl

lg 2% = n- ‘
FZ\‘Y\&Z ngz \

£ Z‘V\'Zgge\ C(zcomctr{c \g&riu)
= Zn\cgt\ = O(.nlczgg\)

Suwnmevgt
-TJarviss Mardh- O(n &)
- Computing convex. hull veguies
2(nlog n) time (ot case)
- Laot pvwo:rx Gounting no. U€
full vertices Yequires 2w |8 6\) time
- (J\/@V\’J a(\gorit\fwh
- U(—V‘\gg £1) - optimel
~ Combination o{ Groham Neavvis,

¥ (gue.g‘wc\g 5’6\«&







