CMSC 754 - Computestional Geometnry
Lecture S : ?°\‘6‘8°“ Tn'avebduhﬁovs

Pol)zgon—l_rievguktiom Given o simple polygon T,
G’J\e't S, e J\'w\p\e,, dost polg(gonal c\r\eih)

[

simple pol\ggon ot simple

Subdivide Ps interior into c!is\')oint trienglu \)Jivg
Vertices drawn €ram s vertices

"f(gwey\ Qs c.nc,lk. Se,c()uewce. 0'( it verlices

- Vertices P+ Py e visible ;(: the open .
Jegme\f\t TTPQ) les within it ™ ..

-If Piv Py ere \/iJ]Ue) 't}\e, Jegmemt
PPs s celled o Qlicgone‘\ of T




Lemme: For any n-vertor simple POl\%on (n22):
- Atrispgulelion gists
- /-\V\g.tf‘ievagulét'\vv\ "\és n-3 éic‘dﬁOv\e\J

- Ame tﬂev\gu\at'\on has n-2 tr"\ergglu

’P{‘Do'(ll (Sketch):
E\Q mduction on W, A
Rasis (W=3): Al 3 deims are triv'\a\lv& true
Step (n=z4):

C\e'\m: E\ICX‘V().J'\VWPIL pol%gov\ Q\‘L‘L V\3‘-'
vertices hes at least one c\,'\e(gné\
Proof : (Exercise)
AA&ivcxg this c:)'\acgone\.SP[otJ T into
P°l&§°‘f‘*‘ P~T. with N, + Ny verties |

where NEn=n+2Z |, sn . < n

Ap\o\aivg mduction e heve:

Diigonels: M, 3 (n=D+ L m=7
=0t Nnem2)-3=n-3 vV
Tr'\evgles : (V\‘—Z)*-(v\-,; )

=Qn\+v\1-1)-1 =n-2 vV
Y\z:b



—n\'\s al\ Jeems f'é't'/\(’,f‘ o\ov'\ou\s... Twa_ to see
. a . 3 0 wow wca)fﬁ
- But bt ell fols R i N one!
- T&t!‘ake&re'ia&tion My wot exist
Cuithout aéc\weg eéé\ﬁov\e\ \Iex'ticﬁs)
- Difforont tetrahedvelizstions have
diferot vumber of tetrahedva.

Dual Groph: A‘tnegmletion defines o g\fepl\ structuve
Vertices +— Tr\exegla
Eclgu n— Adjacent tr'\ev(\gles

P P

T\ne. due\ (grepl\ o‘( 3} Polggm\ t‘("\aguléﬁe)n
connected + ecnclic (wknn = a tree

\-\istowé\ o]( ?°l‘Q§°“ T{‘ievgule‘h‘oﬂ
O - Basy.- Find any. A\%govxe\ m On) + fewrse
Olwleg )~ Based on plane sveep
Olw) - Chezelle (A0 - Very complicated !!
(Hol'& Gral o comp.gam\.—f‘mé a
simp\c a\goﬂ‘t\nm 3



Qur 2-Step Approach:
'_.DCLOVV\P"Sﬁ P wto Jimple.\(' (X-W\ovsotohe) Piecu
O(v\\egn) time
—-T{‘]av(\gule‘tc Ceclr\ Wlov\otov\( piu& . O(h) time

Ou‘tp,«t f‘cpre,scv\teii om? A (gCV\ev‘al (greplz\ ﬁmc‘tum
'FOV‘ plener Jul)éivisiom -’Dou\b\le: (,ormecitﬁcl
Edge List (DCEL) - (see tect for details)

_.Defl A Pﬂlagon f Is X-monotont fF amg \Ic\ftice\ li ne
'm'bomcds P in ot gv\os't one J%gmeht : -

“ §

- monotone nwot x-monotone  °

Monotone Dcwvv\pw\ti on— Add non-intem&tirg
d'\e(gonols SO ‘tlaat rcmlti»g piw Qre e" 'x-vwonotone



Stgo 2 Tf"\a\/\\g’ulétfvg an %-Monotone ?Ol%gO“:

Genera| pasition asiomption- No duplicate X - oS

Termn olzga
Reflocvortex: A verter whoe internel evgle >W
Reflex dhain = A sequence o of (0o moce) vefley vertices

.

Pl

R

2in

Ap\oroedn : ?lav\c suetp Cleft o (gl\t ) « tr'\avgu‘ai‘e
Qs man & LC 2w erjcl on \iw{\tul know‘ee\(gﬁ)

bxavnple

WWW

Kc\é to worreddt ness - Get the len't loop inverient



Lemma: For i22, let v, be the net verter to process.
The untriav(\gu,\lafccl Ctoion to the \ell,t of v consis ts
o'F two x-monotone oL\aim, both stev‘tirgg from o
common \/extw W;
- one s e _sivgle dgc
— the other is o vefley drain (F 21 c,lga)

Picture:

“ vy ) g\nt Le
on Q,[tll\ e

$19¢
Trocessing:

T‘/\(_.sc eﬂs’u
W\w@ wn Lcél
triznguleted pockeis

Vi W\exa 192
- reflex or not
O

Case 1 (N lies on the Ji\QgIQ u{ge siéc\

Claim: ANl vertices on the efloy dhain are visible o v;

-Add é'\t‘cgov»e\J betveen v+ ol dhain verti ces

Vi Vi

V- R
- Now, ue v, + Y‘Cﬂo,c L\/\ein \$

the Jivgk edge U Vi



Cose 2 Vi |'|cj elovc\g tll\e re,{"lo,c clqa'm
Sobease 2(): Vi 1S ref lex
- Extend ’L\l’\e C«‘/\eiv\ \')»a 2ddin Vi-

Subcasc ()¢ Vi-, 1S V\on—f‘c(lv)‘
- Walk beckiards elog the chein (as in Grahawm’
algorithm) eiéivg d'\e{gom\J from vi untal
'Fim‘,ivg e vortey Vj o{ ta\gem\a

Correctness:

Claim: The main invevient (From previous lemmes) holds
aftor every vertor io 2dded. The last vertex
satisfies Cese 1 (? Ever\at\nivag i ‘Eﬁe\gu\la‘tcc!.)

Ruvm'wg Tiv\nc,'- TiW\L per Stc,]o ~ |+ no. of new dié\g’one\s
= N+ Ln—f&) = O(Y\)



5"’%’6 1: Monatone Dwowpm'lﬁon
Scen reﬂ@c vortex - A vef lex vertex (evgl¢>ﬂ’ )
where Lut\n edges are on same side of =)
vertica| line Ut\roség‘« the verte.
Ta,rur
: Megje, verto
(u!d'c,s covwe\ge.)

N Lcé(g'e.s c'ivcgc)

Plan: AM 5 sct of c!(s\')oin‘t c\i%rone\; , to the
f\'g‘/\t of each mepe ond left of each JP!}t

S /< !

Main I\&Soes:
= When ve see o mefge verte, ue crndt see >_g
the futore to know wl\wc to connek the chégona\
= (,JWV\ we §ee Jpl;t \Ibftv,é ’ V\‘&eé '(:o w\/\nect ? :
to some Pﬁo« Jvertug — UL\\'C\’\ OY\C?

- (A)»‘CJ“ Le See &Y\U, \IC\/‘tW) we YV‘Q‘6\ e\e\)(/ 2 >>/
¢

PGV\J\‘Qg merge Verter, uaih'vg to wnnect . |
- How &0 we W\an%ge él\\ ’d\b e,fﬁ(,icy\tl\a?



- (Ne nw& to save some euxi“\e\rv& '\V\ﬁ) to \/\e,\p
]dcm'tiﬂé A\egov\e,\s-

Channel - The region of wt(®@)

|3,g betieen tuo consecutive P/ e,

e,é(gc,s on Slucep linc ’ -
(4

"
DT IRP es

Each chonnel is esaciated \uith s upper c%gc.

Helper -
C{i\ILV\ Q (Jl\evme,\ Lait.\r\ uﬁocr dgc e cle'('mc
f\&\pc\r‘ (e )= rg'r\tmos‘t vortee n the drennel

(0hy the helper helps?

— When ve See & spl{t s/e,wtw , We crecte @

diggone\ Soing "loec,k 1o the l\c\locw



elper(e.) >‘\+5P|t helpec (e,) ?‘\
\‘(wren‘t

= (When the L\clper 18 2 morge verter, e
&M/ S &ic‘gm\el to tlf\e V\cxt \Ibfto)é "N J/\enncl

SuwP\inc Al@ord:‘i\m €o«‘ Monctone Subdivision :
Events: 'Pol%on vertices (sorted L'@ x)
Sweep-line statos:

- EA&&; urossiv&g’ the Sweep [ine
- Hd?ev“ \/e\ucs 'fov‘ Céb‘l\ upper cAge

Util}’(\a_ function: Given vorty v + (’Ag& e, above U

Jix-up (v,¢) — e
iF C‘e\b\pcr ()ise merge chtqa) >v::::?\elpa (e)
odd &i%;’ona\ betueen 'e\blpcr (6)4— v //\

’mes(veg Cases - 'De,pev\&s on t«\/ﬂ,e o vertey .

< > <>

Spht Mepge  Start End  Upper  Lower




«ﬂ\&lpw (c)___.: &

Split Vertex (V- > ........ v )
P - e« c%gc 6'00\/c Vo SWeep line <€
- add Aiegov\a\ from @\elpor () toy

= insert the two eégcs incident to v ivito SweLp line

- \eitivg ¢ dencte the lower o these , sek exe\p(f(g’)e\/

/"\081& Vertey (v):
- Consider the two a!cgres wmddent to v
Let ¢ be the lower one ﬂ\clpe\(‘(e) >

- Delete Ioo't‘/\ al(gu ﬁ‘om Sweep line 7

- lel e be eéec aloc)\/(, Vv N fweep line
l .......
- 'fi?c*up (v)c) [ ﬁ"‘UP(V)c') J\epw*(e) Z

Start Veetey (V- e
- let ea & loe. Vpper [owor CAS'CJ V<

madeit To v, respectively
- Tt both wito naeep line
= adpev- (e) —V
End \/wtcx (V\i
- let e e e VppOr v lovwer eé(gu

medeit o v, respectively  helpor (&)
- Pedete both from Jweep line
- Jix-up (v,e)




Upper Verter (v): W
-Let eve be vs la‘t+n8|/\t edges, tesp. s ol

fot-up (v, el
\Xeupy, & kc\pef(_e')
- Replece e with ¢/ in Jweep line (mow @\elpwu, ))
T @\blpw‘ (6/)4— v
€
Lower Ver t(oé (\/)5 %Clwte)

- Let e bhe o%gc asbove v i sweep line > -
- ‘F\x-up (v, e’ 5 €

- let e/ +e” be V’J lt{t ¥ rgk‘t erg'e,S) resp.

- Re.pleoe, e wth ¢’ in Jueep line

Correctness:
- As wit\'\ any p|aV\chap tl\u \$ & (tLJiouJ)
wdoction prbof JLowivg tl'\e“: invariants are meih'téine‘i‘
— Sweep lne ststus ontsing all aé)pu o‘f i uwivg
t,‘/\C« Suicep line

- Reper values for ol upper edges arc rropwla

yvsaivvte\ncc\

- Al Merge Vertices have d’uegmel added to o
visible vm’gl\'owhg vertee (fix-up v helper properties)
Al Jpllt vortices have d\egonal added o 5
visible nei (g\'\‘oomég vortey (el per Proport\u)




- Aééeé A'\%gonsll are Ql\{)oint (C\QIPW P«opex‘tiu)

Runwivcx,g Time:
- 0 Votices = W events
- No need for Priorittﬂ_ %ucuc)\‘ujt sort
vortices |eft to V‘igl'\'t —> O(Mgg w)
- EeA/\ olent PCM‘FOY‘WU o0 did:ioncﬂa
opevctions (nsect, delete 5 find, pred )Jua—)
—> O(-lggn) por event = O(v\\ggn) totel

= ‘F:ta\ ‘t\m{ = O(V\ lgg n) :g
$ o

Summary :
- Simple pol&gom ¥ 't\r’\evguleﬁow
— Size + yistence
—Tr\angu\e'theg an %-monotone Po\'&gon - Oln)
- Monotone Julocli\/ijiov\ - O(n\zg n)
- Both based on plane sweep.

i QO&S‘tiDV\:
-1f .1? \S v\o‘t JiW\plC (ﬁF iv\tc\rjectivg),
vhen (€ ever ) will this be discovered 7







