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Abstract

Recentresearchhasshown thereare two typesof un-
certainty that can be expressedin �rst-order logic—
propositionalandstatisticaluncertainty—andthatboth
typescanberepresentedin termsof probabilityspaces.
However, theseefforts have fallenshortof providing a
generalaccountof how to designprobabilitymeasures
for thesespaces;asa result,we lack a crucial compo-
nentof any systemthatreasonsunderthesetypesof un-
certainty. In this paper, we describean automaticpro-
cedurefor de�ning suchmeasuresin termsof a prob-
abilistic knowledgebase.In particular, we employ the
principle of maximumentropy to selectmeasuresthat
are consistentwith our knowledgeand that make the
fewestassumptionsin doing so. This approachyields
modelsof �rst-order uncertaintythatareprincipled,in-
tuitive,andeconomicalin their representation.

Intr oduction
Integrating representationsof uncertaintywith the expres-
sive semanticsof �rst-order logic is the themeof muchre-
searchin Arti�cial Intelligence.Recentwork hasshown that
therearetwo typesof uncertaintythat canbe expressedin
�rst-order logic: propositionaluncertainty, wherewe are
uncertainof thetruthof logicalsentences,andstatisticalun-
certainty, whereweareuncertainof thedistributionof prop-
ertiesacrossobjects(Bacchus1990).This work alsoshows
thatbothtypesof uncertaintycanberepresentedin termsof
probability spaces(Halpern1990). However, theseefforts
have fallen shortof providing a generalaccountof how to
designandrepresentprobabilitymeasuresfor thesespaces;
asa result,we lack a crucialcomponentof any systemthat
reasonsunderpropositionalandstatisticaluncertainty.

In this paper, we describean automaticprocedurefor
de�ning thesemeasuresin termsof a probabilisticknowl-
edge basethat containscertain and uncertain �rst-order
knowledge. In general,our knowledgewill be insuf�cient
to determinethe measuresuniquely, and so we adopt the
following strategy: we view the probabilistic knowledge
baseasa setof constraints,andof themeasuresthatsatisfy
the constraints,we choosethe onewith maximumentropy
(Jaynes1979).We show that this choiceleadsto modelsof
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propositionalandstatisticaluncertaintythat areprincipled,
intuitive,andeconomicalin their representation.

We begin by reviewing the basic conceptsunderlying
propositionaluncertaintyandthendiscussits connectionto
theprincipleof maximumentropy. Next, we show how re-
centalgorithmicadvances,which provide general-purpose
machineryto implementthe maximum entropy principle,
may be appliedto yield principledandcompactrepresen-
tationsof propositionaluncertainty. We thenextendtheap-
proachto includestatisticaluncertainty, andshow how un-
certainknowledgeof eachtypemaybeusedto inform infer-
encesof theother. We concludewith a discussionof some
importantissuesandasummaryof relatedwork.

Degreesof Belief and Random Worlds
Nilsson (1986) was amongthe �rst to considerthe prob-
lem of representingpropositionaluncertainty, i.e., uncer-
tainty regardingthe truth of logical sentences.For exam-
ple,anagentmaybeunsureof thetruthof suchsentencesas
�ies � Tweety� or ����� bird �����
	 �ies ������� , andmayascribea
degreeof belief(or probabilityof truth) to each.In this sec-
tion, we describeoneapproach,which hasbecomeknown
astherandomworldsformulation.

Thetruthof logicalsentencesis de�ned in termsof possi-
ble worlds. Let � bea �nite �rst-order logic language(i.e.,
acollectionof �nitely many relation,function,andconstant
symbols,along with the usual variable symbols,connec-
tives, quanti�ers, and the equality symbol); let 
�� be the
setof sentencesof � .1 A possibleworld (or structure) �

for � consistsof: a setof objects��� (calledthedomainof
� ); a setof relationsover the domain,eachcorresponding
to a relationsymbol in � ; and,a setof functionsover the
domain,eachcorrespondingto a functionsymbolin � . (As
usual,constantsymbolscanbetreatedasfunctionsymbols
of zeroarity.) Theuniverseof � , denoted��� , is thesetof
all possibleworldsfor � .

We canrepresentthe semanticsof �rst-order logic by a
deterministicvaluationfunction ����


���
�

�
	�� T � F � : a

sentenceis eithertrue(T) or false(F) in eachpossibleworld.
Thus,if our agentknew which of thepossibleworlds is the
actual world, then it could apply the valuationfunction to

1While we focuson �rst-order logic languages,theframework
trivially admitspropositionallogic languagesasa specialcase.



infer thetruth or falsehoodof everysentencewith certainty.
Wecanthereforeinterpretits uncertaintyregardingthetruth
of sentencesasderivative of an underlyinguncertaintyre-
gardingwhichof thepossibleworldsis theactualworld.

Theprobabilisticway to modelthis uncertaintyis with a
randomworld � , i.e., a randomvariablethat rangesover
thepossibleworlds in ��� ; � is governedby a distribution
(or measure) "! , calleda world model. An agent's world
modelexpressesits degreeof belief thatany possibleworld
is theactualworld, andcanbe usedto computethedegree
of belief (sentenceprobability) of asentence# as:
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Random Worlds and Maximum Entropy
Given a probabilistic knowledge basethat expressesour
propositionaluncertainty, wewould like to computedegrees
of belief for new sentences.Speci�cally, we will assume
a probabilisticknowledgebaseconsistingof a setof facts

P

(

�$#BQ/�SRARSRT�U#WVX� anda setof beliefs Y

(

�$?ZQ$�ARSRSRA��?�[�� ;
eachfact #�\ is a sentencethat is known to betruewith cer-
tainty, and eachbelief ?�\ is a sentenceaccompaniedby a
correspondingdegreeof belief  

!

�$?
\

� (thatis not0 or 1).
Therandomworldsformulationallowsusto reasonunder

propositionaluncertainty, given a world model. Thus,we
view the taskof reasoningfrom a probabilisticknowledge
baseasessentiallythatof building this measure.However,
we areimmediatelyfacedwith a problemof identi�ability:
in general,ourprobabilisticknowledgebasecanbecompat-
ible with in�nitely many possibleworld models.We canei-
theracceptthisindeterminacy (andperhapscomputebounds
ondegreesof belief),or introduceanadditionalcriterionthat
eliminatesit. We pursuethelatterapproach.

The principle of maximumentropy (Jaynes1979)repre-
sentsone methodof selectinga uniquemeasure. In this
framework, we view our knowledgebaseas a set of con-
straintsthat mustbe satis�ed by the world model: it must
assignzeroprobabilityto worldsinconsistentwith thefacts,
andit mustagreewith thesentenceprobabilityof eachbe-
lief. Of all suchmeasures,we selecttheonewith maximum
entropy; in information-theoreticterms,this correspondsto
selectingthe measurethat makes the fewest assumptions
necessaryto beconsistentwith our knowledgebase.

Themaximumentropy principleis ageneraltechniquefor
selectinga uniquemeasurein underdeterminedproblems,
but wecangiveit furtherjusti�cation in thecontext of mod-
eling randomworlds. Paris (1999)andothershave shown
notonly thatmaximumentropy world modelsareconsistent

with several commonsensereasoningprinciples—suchas
insensitivity to renaming,indifferenceto irrelevantinforma-
tion, andtheassumptionof independencein theabsenceof
explicit informationto thecontrary—but thatthey aredeter-
minedby them;that is, any processthat translatesa proba-
bilistic knowledgebaseinto aworld modelandis consistent
with thesecommonsensereasoningprinciplesmustyield a
maximumentropy world model.

The Automatic Construction of
Maximum Entropy World Models

While the maximum entropy approachwas suggestedin
Nilsson's original paper, no generalpurposealgorithm to
implementit wasprovided.2 Recenttheoreticalandalgorith-
mic advancesin the StatisticsandMachineLearningcom-
munitiesprovide uswith thenecessarytools to give a gen-
eralsolution.We �rst giveabrief introductionto theframe-
work, andthenshow how it maybeappliedto theproblem
of constructingmaximumentropy world models.

Maximum Entr opy Probability Models
Supposewe wish to modela randomvariable ] thatranges
over some�nite setof values^ . We have accessto a ref-
erencedistribution  "_ (for example,anempiricaldistribu-
tion),andwewishto summarizethisdistributionby another,
simplerdistribution `

_ thatmodels] in termsof anumber
of features. In particular, we selecta set of featurefunc-
tions a

(

�cb
Q
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� , whereeachfeaturefunction
bc\f�g^h	ji mapspossiblevaluesof ] to real numbers;
intuitively, a featurefunction's output indicatesthe degree
to which thecorrespondingfeatureis present.

We cansummarizethe referencedistribution  X_ by ap-
plying theprincipleof maximumentropy, andde�ning `

_

asthesolutionto thefollowing optimizationproblem:
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is the entropy of the distribution `†_ . That is, we seeka
distributionthatagreeswith thereferencedistributiononthe
expectationsof thefeaturefunctionsandthathasmaximum
entropy. If the referenceexpectationsn

tup
q bc\

r
areour only

knowledgeof  "_ , thenthe resultof this optimizationis a
distribution that agreeswith our knowledgeandmakesthe
fewestassumptionsin doingso.

The maximum entropy optimization (2) must be per-
formedover all possibledistributions `†_ , which seemsa
dauntingtask. Considera simplermethodof summarizing

 
_ , in whichweperformmaximumlikelihoodoptimization

over theGibbs(or log-linear)distribution
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2Although an algorithm had beendevelopedin the Statistics
community(Darroch& Ratcliff 1972),it seemsNilssonwasonly
awareof asomewhatlessgeneralformulation(Cheeseman1983).
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is a normalizationfactor. A surprisingresult proves not
only thatthesolutionsto theseoptimizationsareunique,but
thatthey areidentical(DellaPietra,DellaPietra,& Lafferty
1997). Thus,we cancalculatethe maximumentropy dis-
tribution underexpectationconstraintsby solvingthemaxi-
mumlikelihoodproblemfor Gibbsdistributions.

Moreover, the maximum likelihood optimization for
Gibbsdistributionshasseveralniceproperties.First,theref-
erenceexpectationsaresuf�cient statistics,andso the ref-
erencedistribution itself is not necessaryto carry out the
optimization. Second,maximumlikelihoodfor Gibbsdis-
tributions is a convex optimizationproblem,and therefore
canbe solvedby hill-climbing algorithmslike Generalized
IterativeScaling(Darroch& Ratcliff 1972),ImprovedItera-
tiveScaling(DellaPietra,Della Pietra,& Lafferty 1997),or
a numberof moregenericconvex optimizationalgorithms.

Maximum Entr opy World Models
Theframework above hasa naturalapplicationto theprob-
lem of modelingrandomworlds,but we faceanimmediate
obstacle:it requiresthemodeledvariable'srangeto be�nite,
but the numberof possibleworlds canbe in�nite (because
possibleworlds canhave arbitrarily many objects).3A sim-
plewayto sidestepthisdif�culty is to imposeaboundonthe
numberof objectsin eachpossibleworld; for a �x ed,�nite
language,the set of suchpossibleworlds is always �nite.
Thus,wewill assumethatoneof thefactsin ourknowledge
baseis a sentencethatenforcesthis constraint.4

As statedabove, we seeka world model `

!

with three
properties: (1) it shouldgive positive probability only to
worlds consistentwith the facts

P

; (2) it shouldbe consis-
tent with the sentenceprobability  

!

�A?�\”� of eachbelief
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5•Y ; and(3) of all world modelswith theseproperties,
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shouldhavemaximumentropy.
To obtain `

!

, we apply the maximumentropy frame-
work describedabove. First, we choosethe rangeof the
randomworld to be ��–

�

, the setof worlds consistentwith
thefacts;thisensuresthe�rst property. Next, wechoosethe
appropriatesetof features;for eachbelief ?�\ we includea
featurefunction b/—c˜8�$�G–
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Recallthat theresultof themaximumentropy optimization
is a distribution `

!

that agreeswith  

!

on the feature

3Therequirementthatthevariable's rangebe�nite stemsfrom
the fact that every valueis assigneda probability that is bounded
awayfrom zero,yieldinga �nite sumonly whentherangeis �nite.

4Weview thisrestrictionlargelyasatechnicality, sincein many
domains,the numberof objectswe wish to reasonaboutcan be
bounded.However, it doeslimit representationpower: thereare
�rst-order knowledgebasesthatareinconsistentin all worldswith
�nite domains,but areconsistentin worldswith in�nite domains.

expectations.Givenourchoiceof featurefunctions,wehave
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Therefore,we canview themaximumentropy optimization
(2) assolvingthefollowing problem:
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Thus, applying the maximumentropy framework ensures
the secondandthird properties.The resultof this process
is amaximumentropyworld modelof theform
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where
‡

�’ˆg� is thenormalizationconstant.

A SimpleExample
We illustratetheapproachwith thefollowing example.Let
our languagehave four constants(Alice, Bob, Chris and
David), a unaryrelationsymbol(male), anda binary rela-
tion symbol (married). Then our probabilisticknowledge
basecouldcontainthefollowing facts:

#
Q
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#WeG�¯���W��~Z� married��~��Ÿ���%° married���u�Ÿ~•���
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Given this probabilisticknowledgebase,we would like to
constructaworldmodelsothatwecancomputenew degrees
of belief. First,we boundthenumberof objectswe wish to
reasonabout;in this examplewe assumeAlice, Bob, Chris
andDavid refer to four distinctobjects.Next, we build the
correspondingmaximumentropy world model `

!

; its pa-
rametersare
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C}C . Finally, usingthis
world model,wecancomputenew degreesof belief; for ex-
ample,we �nd that `
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� married� Alice� Chris�d�
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Statistical Uncertainty and Random Objects
So far, we have restrictedour attentionto representingand
reasoningunderpropositionaluncertainty. However, asBac-
chus(1990)andothershave noted,thereis anothertypeof
uncertaintythat can be expressedin �rst-order logic lan-
guages.Comparethefollowing two statements:

With 90%probability, all birds�y . (4)
90%of all birds�y . (5)

Statement(4) expressespropositionaluncertainty:a proba-
bility is ascribedto theproposition���W� bird �<����	 �ies �����Ÿ� ;
thepropositionis eithertrueor false,andtheprobabilityrep-
resentsour degreeof belief that the propositionis true. In



contrast,the truth of statement(5) is not in doubt; rather,
uncertaintyis expressedregardinghow propertiesare dis-
tributedacrossobjectsin thedomain.In particular, (5) states
thatwerewe to “sample”objectsfrom thedomain, Ä}D•Å of
thosesatisfyingbird ����� wouldalsosatisfy�ies �<��� . Thissort
of uncertaintyis calledstatisticaluncertainty.

We have shown that representingpropositionaluncer-
tainty can be reducedto representinguncertaintyabout
which of the possibleworlds is the actualworld. In con-
trast,whenrepresentingstatisticaluncertainty, we will (ini-
tially) assumewe know which of thepossibleworlds is the
actualworld. We considera processin which we sample
objectsrandomlyfrom the actualworld and representun-
certaintyregardingthesortsof propertiessuchobjectswill
have. As with degreeof belief, this notion of randomness
canbeformalizedin termsof a probabilityspace;we begin
by introducingsomehelpfulnotation.

We will view a formula with Æ free variablesasa Æ -ary
predicate. Let Ç be a Æ -ary formula with free variables

� Q �SRARSRT�Ÿ��È and let � be a possibleworld; then we de�ne
thesupportof Ç in � as
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thateachvariablesymbol �
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the correspondingobject Ì

\ . In otherwords, �
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. Becausean Ü -ary formula can trivially
be considereda Æ -ary formula for ÜEMÝÆ , this de�nition
extendsto thecasewheresomeformulasin

Ø

haveanatural
arity lessthan

Ø

.
As mentionedabove,statisticaluncertaintyis basedupon

anotionof samplingobjectsfromthedomain.Letusassume
that � is theactualworld. Wede�ne arandomobjectof � to
bea randomvariable Þ rangingover �'� , thedomainof � ;

Þ is governedby a distribution  

�ß calledan objectmodel
for � . We will alsorequirea notion of samplingtuplesof
objectsfrom thedomain;to dothis,wecanextendanobject
model to ascribeprobability to Æ -tuplesof objectsvia the
productconstruction:

 

�

ß

�

ËmÌ

Q
�

Ì

e…�SRARSRT�

Ì

È•Í��›&

(

È

à

\)Ž
Q

 

�

ß

�

Ì

\x�

This re�ects an assumptionthat objectsaresampledinde-
pendentlyandidenticallydistributedfrom thedomain.5

Of course,we arenot really interestedin samplingpar-
ticular objects. Rather, we are interestedin the properties
they possessin theworld; thesepropertiesareexpressedus-
ing formulas. For a �x ed world � , we can view a Æ -ary
formula Ç as denoting �

É

�

, the set of Æ -tuplesof domain
objectsfor which Ç is satis�ed. This leadsus to de�ne the
formulaprobabilityof Ç in � as
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5This choiceis not motivatedpurely by simplicity; thereare
moresubtlereasonsaswell (Bacchus1990,89–90).

That is, the formula probability of Ç in a world � is the
probabilityof drawing an instantiationof Ç 's freevariables
from thedomainof � sothat Ç is truein � . We canextend
thisnotationto setsof formulas,allowing usto expresscon-
ditional formulaprobabilities:if

Ø

and æ aresetsof Æ -ary
formulas(with  

�ß

�cæ"�Îç

D ), then  
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�•æ"� is theconditionalprobability
Ø

holdsgiven æ

holds (under  

�ß ). Thus, the quantity referredto in state-
ment(5) is exactly  

�ß

� �ies �����uK bird �����d� .
Formalizing statement(5) in thesetermshighlights the

fact that an agent's conceptof the actualworld andits ob-
ject model representindependentexplanationsfor the sta-
tistical predicationsit makes. The speaker reportsthe fact
that  

�ß

� �ies �<���1K bird �����d�

(êD

R

Ä ; this may be a resultof
thecompositionof theactualworld � , theway in which the
agentsamplesthe world, or somemixture of the two. For
example,it may be that thereis only one�ightless bird in
theactualworld, but theagentsamplesit CAD¥Å of the time.
To rule out this indeterminacy, we will assumeuniformob-
ject models—eachobjectis equallylikely to bedrawn from
a world. This assumptionis valid if theagentmakesobjec-
tive observations,but canalsobe justi�ed if our goal is to
modelthe agent's statisticalknowledgeof the world rather
thanits truecomposition(Bacchus1990,114–117).

ReasoningWith Statistical Uncertainty
Under Maximum Entropy

Propositionalandstatisticaluncertaintyarecomplementary,
andtherearetwo waysin whichwecanincorporatestatisti-
cal uncertaintyinto the framework we have developedthus
far. In the�rst, we canusedegreesof belief to generatesta-
tistical knowledge;in the secondcombination,we canuse
statisticalknowledgeto alterour degreesof belief. We treat
eachof thesecombinationsin turn.

From Degreesof Belief to Statistical Knowledge

In the �rst combination,we allow our statisticalestimates
to be in�uenced by our beliefs regardingthe truth of sen-
tences. For example,if an agentis mostly certainthat all
birds �y (a proposition),it shouldalso think it likely that
a randomly-sampledbird would �y . Thusfar, we have as-
sumedknowledgeof the actualworld � whenperforming
statisticalinference;thenaturalway to effect this combina-
tion is to replacethe actualworld � with a randomworld

� , governedby a world model  

!

(Halpern1990).
Let  
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be a world model,andfor eachpossibleworld
� let ë

�ß be a uniform objectmodelfor � . We de�ne the
probabilityof a formula Ç (overall worlds)to be
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We can de�ne joint and conditional formula probabilities
similarly. Thus,we canrepresentuncertaintyregardingthe
objectsof a �x edpossibleworld usinganobjectmodel  

�ß ;
but givenaworld model  

!

andtheassumptionof uniform
objectmodels,we canexpressstatisticalinformationabout



the propertiesof objectsacrossmany possibledomains.6

Returningto ourexample:anagentthatstronglybelievesall
birds �y hasa world modelin which worldswith �ightless
birdsareimprobable;whenthis agentsamplesa bird object
from the mixture of theseworlds, the resultwill probably
comefrom aworld in whichall birds�y .

From Statistical Knowledgeto Degreesof Belief
In the secondcombination,we would like to inform our
degrees of belief with statistical knowledge. For ex-
ample, an agent that knows most birds �y (a statistical
fact) shouldassignzeroprobability to all worlds in which
this is not true. Doing so will raise its degree of be-
lief  

!

� �ies � Tweety�uK bird � Tweety�d� , sincethemajorityof
bird objectsthat the constantsymbolTweetycould refer to
will also �y . Thus, this compositionallows us to perform
direct inference, i.e., to reasonfrom statisticalknowledge
aboutpopulationsto beliefsaboutindividuals.

To make this possible,we follow Bacchus(1990)in ex-
tendingthe syntaxof �rst-order logic so that we canmake
statisticalpredications, i.e., logical sentencesthat are true
whenever certainstatisticalpropertieshold. We begin by
including a new unit of syntaxwhich is distinct from for-
mulasandterms,calleda proportionexpression.7 Rational
numbersareproportionexpressions,asarestatisticalquan-
ti�cations of theform
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whereÇ andï areformulas.Suchexpressionsarecalledsta-
tistical quanti�cationsbecausethe variables�1Q•���
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areboundwithin Ç and ï . Proportionexpressionsareclosed
underarithmetic,andmaybecombinedwith relationalop-
erators(e.g., ð , ( , etc.) to form statisticalpredications.

We augmentthe semanticsof the logic by interpreting
thearithmeticandrelationaloperatorsin theusualway. Fi-
nally, we de�ne the interpretationof qUÇ

rmí

Ð

½
Ó

Ð

Á
Ó¼Ô¼Ô¼Ô Ó

Ð/ÕSî

in the
possibleworld � to be ë

�
ß

�/Çu� , the fraction of instantia-
tionsof �

Q
����e}�ARSRSRS����È thatmake Ç truein � . Similarly, we

de�ne the interpretationof qUÇXKžï
r

í

Ð

½UÓ

Ð

ÁšÓ¼Ô¼Ô¼Ô Ó

Ð/ÕTî

in � to be
ë

�ß

�/Ç£K”ïñ� (or zeroif ë

�ß

�/Ç£K”ïò� is unde�ned).
Returningto our �rst example,statement(5) canbe en-

codedby thefollowing statisticalpredication:

q �ies �<���1K bird �����
r’í

Ð/î

(ÂD

R

Ä

In mostworlds � , ë

�ß

� �ies �����uK bird �����d� will notbeexactly
D

R

Ä , in which casethis sentenceis false. (In fact, this can
only betrue in worldswherethenumberof objectssatisfy-
ing bird ����� is amultipleof 10.) Thestatementcanbeweak-
enedby using an interval, e.g., q �ies �����1K bird �<���

rxí

Ðcî

5

q

D

R ¸…¹��

D

R

Ä

¹
r .

6Interestingly, sentenceprobabilities (Equation (1)) may be
seenasaspecialcaseof formulaprobabilities(Equation(6)), since
sentencesarezero-arityformulas.Let ó beasentenceand ô apos-
sibleworld. If õ'ösó�÷xô‰øuù T, then úñû

ü

ùLýcþ<ÿ�� is thesetcontaining
theemptytuple;if õ'ösó�÷xô‰ø1ù F, then ú

û

ü

ù�� .
7Unlike Bacchus(1990)andHalpern(1990),whode�ne logics

of probability, we do not treatproportionexpressionsas�rst-class
objects;they aresimplya new typeof groundterm.

Extendingthe logical languageto admit statisticalpred-
icationsgivesus two waysto inform our degreesof belief
with statisticalknowledge.In the�rst, we conditionon sta-
tistical predicationswhencalculatingdegreesof belief; for
example,we cancompute

 

!

� �ies � Tweety�uK bird � Tweety�š�

q �ies �<���1K bird ����� r’í

Ð/î

ç

D

R

Ä

�¥�

theprobability thatTweety�ies givenheis a bird andover
Ä}D¥Å of birds�y . In thesecond,we includestatisticalpredi-
cationsin theprobabilisticknowledgebaseusedto construct
the world model; they can be includedas factsor as be-
liefs,allowing usto leveragecertainanduncertainstatistical
knowledgein theconstructionof our world model.

Extending the Example
Letusaddaunarypredicatedemto our“marriage”language
to indicatewhethera personis a democrator not. We now
addthefollowing factandbeliefsto our knowledgebase:

#���� q dem�����%° dem�<~•�1K married�<�u�Ÿ~��
r<í

Ð

Ó

{

î

�

D

R ¹

?�±��· 

!

� dem� Chris�d�

( D

R¼»

?
µ

�· 

!

�¥q male�����1K dem�����
r’í

Ð/î

�

D

R ¹��

( D

R

Ä

That is: ¹

D•Å or moremarriagespair peoplewith thesame
partyaf�liation; with »

D•Å probabilityChris is a democrat;
and,with Ä…D¥Å probability, ¹

D•Å or moredemocratsaremale.
Thisextendedknowledgebaseyieldsamaximumentropy

world modelwith theparameters
•

—}½

( C

R

¾

» ,
•

—/Á

( C

R

D

¹ ,

•

—��

( ¾

R 	¥¹ and
•

—�


( À

R

À

¹ . Using it, we can calcu-
late our new degreeof belief `

!

� married� Alice� Chris�š�

to be D

R

À . (Chris is probablya democrat,which increases
his chancesof being male and thereforeof being married
to Alice.) We can also calculatethe statistical quantity

`

ß

�cº•~Z� married���W��~•���uK dem�����š� (the probability a demo-
cratis married)to be D

R ¹¥» .

Discussion
Our proposalraisesa numberof interestingand important
issues,whichwe now brie�y discuss.

Applying the principle of maximumentropy to random
worldsprovidesseveralnice inferentialproperties,but also
givesriseto somesubtleissues.For example,encodingthe
sameproblemdomainwith differentlanguagescanleadto
divergentpredictions(Halpern& Koller 1995). Also, cer-
tain kinds of knowledgemustbe encodedwith careto ob-
tain the desiredsemantics,e.g.,causalknowledge(Hunter
1989). Finally, evidenceandknowledgebehave differently
undermaximumentropy; i.e.,conditioningona sentenceas
evidenceandincludingit asafactin theknowledgebasecan
yield differentdegreesof belief.8 It is thereforeimportantto

8(I thank Andrew Ng for pointing this out.) As an exam-
ple, let � be a propositionallanguagewith two symbolsp and
q, and let our probabilisticknowledgebaseconsistof the belief
that 
��fý p � q �4ù���� � . Then we �nd ���fý p � q �4ù������ un-
derthecorrespondingmaximumentropy world model ��� . How-
ever, if we includeq asa fact in this knowledgebase,we then�nd

� �

�

ý p �gù!�"� � .



distinguishbetweensentencesthatareobservedto betruein
aparticularcontext, andthosewhicharetruein all contexts.

Anotherimportantissueis thatof knowledgeacquisition:
we have have madeno mention of how the probabilistic
knowledgebasewe have assumedis to beobtained.In par-
ticular, the issueof obtainingstatisticalpredicationscanbe
troublesome;we refer the readerto (Bacchuset al. 1996,
Section7.3) for agooddiscussion.

Finally, our proposalsolvesa knowledgerepresentation
problem,but we are left with a formidablecomputational
problem: in general,it is intractableto computesentence
and formula probabilities. In fact, for just a propositional
language,exactinferencein thismodelis #�$ -completeand
approximateinferenceis NP-hard(Roth1996). In practice,
this intractabilitystemsfrom theenormoussizeof thesam-
ple space� � ; it is exponentialin the sizeof the language,
anddoubly-exponentialin themaximumdomainsize.

Thesituationhereis muchlike thatof probabilisticinfer-
encein graphicalmodels:while inferencein arbitrarygraph-
ical modelsis intractable,exact (or approximate)inference
becomestractablein modelswith sparse(or weak)depen-
dencestructure.As we have discussed,maximumentropy
world modelsassumeindependencein the absenceof ex-
plicit informationto thecontrary, andthereforecanexhibit
signi�cant independencestructure.In currentwork, we are
examininghow thisindependencestructurecanbeleveraged
to speedexactandapproximateinference.

RelatedWork
Grove, Halpern,& Koller (1994) were the �rst to present
a computationalapproachto reasoningfrom a knowledge
baseof statisticalinformation;in thespecialcasewherethe
languageconsistsonly of unarypredicates,they show that
degreesof beliefcanbeapproximatedby maximumentropy
computations.Bacchusetal. (1994)extendtheir framework
so that the knowledgebasemay includebeliefsaswell as
statisticalpredications.Bacchuset al. (1996)discussthe
problemof direct inference,andshow that their framework
exhibits several nice properties(many of which areshared
by thecurrentproposal).However, theformalismcannotbe
usedwith arbitrary�rst-order logic languages,asourscan.

Therearenow severalworks that extendlogic programs
to representpropositionaluncertainty. ProbabilisticLogic
Programs(Lukasiewicz 1998)representonesuchapproach,
and have been extendedto make use of maximum en-
tropy techniqueswhentheworld modelis underdetermined
(Lukasiewicz & Kern-Isberner1999). Sato & Kameya
(2001)presentanotherextensionof logic programsthatex-
pressesuncertaintyregarding facts (but not rules) in the
knowledge base, and whose parameterscan be learned.
StochasticLogic Programs(Muggleton2002) also extend
logic programsto representpropositionaluncertainty, but
theunderlyingmeasureis constructedoverresolutionproofs
ratherthanpossibleworlds.
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