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Propositional Logic

Constants refer to atomic proptasns.

raining snowing wet

Compound sentences aagt relationshipgmong propositions.

raining LIsnowing] wet



Relational Logic

Constants refer to objects and relationships.
joe mary loves happy
Simple sentenceexpress relationghs among objects.
loves(oe,mary)
Compound sentences aagt relationshipsamong relations.
lovegx,y) U lovegy,x)

lovegx,y) Ulovegy,x) [0 happyX)



Plan of Action

Relational Logic Syntax and lofmal Semantics
Formal Smantics

Herbrand Method

Relational Proo$

Unif ication

Relational Resolution
Applications
Strategies

Model Elimination
Epilog
Equality



Words

Variablesbegin with cheacters fromthe end of the alphabet
(fromu throughz).

uVv,w, XYV, ~Z

Constantdegin with digits or lettersdm the beginning othe
alphabet (froma throught).

a, b, c, arthur, betty cathy 1, 2, ...



Constants

Object constastrefer to objects in the universe osdourse.
Function onstantsdenote functions.
father, mother age plus times
Relaton constantsefer to relations.
person happy parent loves
There iIs no syntactic distinction beeweobject agnstants,

function constants, and relation constants. The tygach
such verd is deterrmed fromcontext



Arity

Thearity of a function constant orr@lation constant is the
number ofarguments it takes.

Unary Function constant&ther;, mother
Binary Function constantplus,, times,
Ternary Function constanisrice,

Unary Relation constantperson, happy
Binary Relation constantparent, loves
Ternary Relation constantsetwea,

Thearity of a function constant orr@lation constant is
optionally notatedas a subscript on the condta



Terms

A termis either a vaable, an objetconstant, or
a functional term.

Terms reer to items In the universe dfscourse.

Terms are analogous to noun phrases in natural language.



Functional Terms

A functional €&rmis an expressionokmed fom ann-ary
function constantral n terms enclosed in parentheses and
separated byommas.

father,(joe)
age(joe)
plus,(x,2)

Functional terms are terms and, as sweam be nged.

plus,(age (father(joe)),age (mothek(joe)))



Sentences

There are theetypes ofsentence

Relational sentences - analogous tosthple sentences
In natural language

Logical sentences - dongous to the compound sentences
In natural language

Quantified sentences - sentesdahat expss the sigrilcance
of variables
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Relational Sentences

A relational senteceis an expressn formed fom ann-ary
relation constant amiterms enclosed in parentheses and
separated byommas.

happy(art)
loves(art,cathy)

Relational sentences aretterms anagannotbe nested in
terms or relational sentences.

happy(person(joe))

happy(joe)
person(joe)
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Logical Sentences

Logical sentences in Relational Logic arelagaus to those
In Propostional Logic.

- lovegart,cathy)

(lovegart,betty Lllovegbety,art))
(lovegart,betty [llovegart,cathy)
(lovegx,y) U lovegy,x))

(lovegx,y) U lovegy,x))
(lovegxy) = loves(y,x))

Parenthesization rules are the sam®aPropositionalogic.
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Quantified Sentences

Quantified sentences can bested whin other sentences.

[Ix.applgx) U LX.pear(x))
[Ix.0y.loves(x,y)
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Syntax Test

Object Constantart, betty cathy 1, 2, ...

Function Constantdathe ,, mothey age, plus, times

Relation Constantgierson, happy, reflexie,,
parent, loves, It,

lt(father(art),mothe(betty))

plugfather(art),betty)

happypersoricathy))

lovegx,y) L lovegy,x)

reflexve(z) z(x,X
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Reminder

Functional terms and relational sentences looklaim
However, they are not theame.

Functional termsnaybe used whin other functional terms.
Functional termsnaybe used whin relational sentences.

Relational sentences magtbe used intdinctional terms.
Relational sentences magt be used in relational sentences.
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Infix Syntax for Functions

plug2,3)
minug2,3)
timeg2,3)
guotien(2,3)
expt2,3)

union(s,t)
Intersectiolfs,t)

2+3
2—-3
2% 3
2+3
213

st
SNt
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Infix Syntax for Relations

eq2,3)
ng(2,3)
t(2,3)
gt(2,3)
leq(2,3)
geq2,3)

membe(s, t)
subsefs,t)
subsete(p,t)

>

2=3
2%3
2<3
2>3
2<3
223

st
St
St
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Operator Precedence

—#<><L2
o oot
- U0
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Mushrooms

Unary relation constantsiushroompurple, poisonous

Purple mushrooms a&rpoisonous.

If a thing Is a purple mushroom, thensifagoisonous.

If a thing Is mushroom and it is purple, thérsipoisonous.
[IX.(mushroon(x) L purple(xX) L] poisonou$x))

No purple mushroom is poisonous

There is no thing thas ia mushoom and purple and poisonous.

- [k.(mushroonix) O purplg(x) O poisonou$x))
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More Mushrooms

Unary relation constantsiushroompurple, poisonous

A mushroom is poisonowsly f it is purple.
If a thing Is a mushroom, it is poisonous only i ipurple.
If a thing Is a mushroom and it iIs poisonous, thes purple.

[Ix.(mushroon(x) L1 poisonouéx) L1 purplex))
A mushroom is not poisonous unless it is purple.
If a thing Is a mushroom, it is not poisonous i$ mot purple.

If a thing Is a mushroom and it is poisonous, thes purple.

[Ix.(mushroon(x) L1poisonouéx) L purple(x))
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Interpersonal Relations

Object constas: mike maureen
Binary relation constanloves

Everybodydves Maureen.
[Ix.lovegx,mauree

Maureen loves evyone who lovgeher.
[Ix.(lovegx,maureen [ lovegmaureerx))

Nobody loves M
- [ X.lovegx,mike

Nobody who loves Maureemvks Mike.
[IX.(lovegx,maureen 1 —~lovegx,mike)
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More Interpersonal Relations

Object constas: mike maureen
Binary relation constanloves

Everybodydves somebody.
[Ix.Ly.loves(x,y)

There is somebody whom everybodgsov
[y.[Ix.loves(Xx,y)
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Abelian Groups

Associativty Axiom
(X+y)+z=Xx+(y+2)

Commutativity Axiom

X+y=y+X
ldentity Axioms
O+y=y
y+0=y
Inverse AXoms X +inv(x) = 0

Inv(x) +x=0
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Non-reflexivity

Asymmetry

Transitivity

Open Partial Orders

X <X

X<y [ =y<x

X<y y<z [J x<z
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Binary Trees

Representah as a term:

pair(pair(a,b),
pair(c,d))

Membership axams:
IN(X,X)
In(x,pair(y,2) U in(xy) Uin(x,2)
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Variable Length Lists

Example
[a,b,c,d] al 4+ b| 4+~ c| -] d

Representain as Term
conga,congb,congc,congd,nil))))

Language
Objconst:nil
Funconstcons
Relconstmember

Membership axoms:

membefx,congx,y))
membefx,congy,z)) LI membefx,z)
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Special Cases of Relational Logic

Ground Logic
no variablesno functions, no quantiérs

Universal Logic
no functions, no quantiérs
free variables imptitly universaly quantified

Existental Logic
no functions

FunctionallLogic
no quantifers
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Limitations of Ground Logic

Everybodydves somebody.

loves(joe, mary) or lowgjoe,sally) or ...
loves(mary, joe) or lowgmary,bill) or ...

The sum of two natural numbers Is greater than ernbeber.
1+1>1

1+2>1
1+2>2

Wha about facts about the femimbers?
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Limitations of Universal Logic

For every number, there a number that is larger than it.

Universal Logc

Xy nol!
xa no!

Existential Logic
LIX.Ly.x<y

Functional Logic
X<f(X)
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Existential and Universal Quantifiers

[X.p(X) Is true.
if f p(x) istruefor somex.
iff =p(X) is falsefor somex.
iff =p(X) is nottrue for somex.
iff it nottruethat-p(x) istruefor all x.
if f Ox.~p(X) is nottrue.
iff Ox.—p(X) isfalse
iff = x.~p(X) istrue.

In general,[L.¢ Is equivaent b - [u.~¢.
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Need for Explicit Quantifiers

Sincd D.¢(v) Is equivalent te-[Ju.~ ¢ (L) andp(v) in
universal bgic is equivalent talv.¢(v), why ca wenot say
existential thingsn Universal Logic by negating?

Example: How do & say thasomebody dbves Mike?
hategx,y) = - lovegx,y)
- hategx,mike

Wha is intendd: - [Ix.hategx,mikg)
Wha we get:.LIx.~ hate$x,mike)

This says that no one tes Mike, Le. Everyone loves Mike.
Point: In UniversalLogic quantifiers are notxlicit and so
they cannobe negat
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Existential Quantifiers and Functions

Functions Replaced by Existential Quaieti§:

lovegx,a(x)) = Ly.lovegx,y)

Existential Quantifers Replaced by Functions:

[iy.lovegx,y) = lovegxa(x))

Theorem: A existential sentence satisfiable iff
the correspondinguinctional sentenas satisfiable.
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