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Relational Logic Semantics
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Propositional.ogic Semantics

A Propostionallogic interpretaton is an assoation betvwen
the propositonal constants in aropositonallanguage and the
truth values T or F.



Relational Logic Semantics

Thebig questionwhatis a relational dgic interpretation?
There are n@ropositionalconstants, just objeconstants,
function constants, and relation constants. To dindtey
refer?
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Objects

An object is an entity presumed or hypothesipegkist in the
world we araliscussng.

Primitive: a quark
Composte: an enginethis class

Real:Sun Mike
Imaginary:a unicorn Sherlock Holmes

Physical:Earth, Moon Sun
Abstract:Justice
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Relations

An n-ary relationis a property that holds afarious
combinations of objects.

clear - true ofa block iff it has no blocks above it.
table- true of a blockfi it is resting on the table.

on - true of 2 bbcks iff one is imnediately on the othe
above- true of2 blocks iff one is anyWwere above thather.
below- true of2 blocks iff one is anyWwere belowhe other.

stack- true of3 blocks iff they forma stack of 3 blocks.



Functions

An n-ary function is a relation associating each combination of
n objects in a universe of skourse (called thergument$ with
a single object (called thalug.

Numerical Exampas:
Unary:sqrt, log
Binary: +, -, *, /

People Examples:
Unary: mother father
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Functions

Functions aréotal andsingle-valued one andxactly one
value for each embination ofarguments.

Partial - not dahed for some comiation of argurents
Multivalued- more than one value foose argument

combination

NB: W& ignore partiabnd multi-valud functions.
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Ingredients for a Model

Universe of Discoursea set of object constanbne for each
object undediscusson.

FunctionalBasis Set a set of unction constantone for each
function under discussn.

Relatonal Basis Seta set of radtion constamst one for each
relation under discussn.

Note that, in some cases, we need morecobnstars than
we can formfrom 26 letters and 10 digita/Necan solve this
problem by extending our alphabet. However, this wos't
necessary in this course.
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Data

A datumis a groundatomic sentence inhwch all arguments
are objetconstants.

on(a,b)

Intuitively, a datum is true i&nd only ifthe relation holds ofhe
arguments. tlcan &o be vewed as an instanoé a relation.
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Models

A modelis an arbitrary set adata.

{clear(a),clear(d),tablgc),tableg(d),
on(a,b),on(b,c),on(d,e),stack a,b,c)}

Intuitively, a model $ the set oéll data thaare true in the

world being conglered. Ifa datum iwotincluded in a nodel, it
IS assuned to be fale in that model.
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Atomic Sentences

A ground atomicsentence is true in a moddl (written
[(=-¢)if and only if ¢ is a member of .
Model:

{clear(a),clear(d),tablgc),tableg(d),
on(a,b),on(b,c),on(d,e),stack a,b,c)}

True: Not True:
clear(a) clear(b)
clear(d) clear(c)

clearn(e)
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Logical Sentences

A negationis true if and only ifits targets false.
A conjunctionis true ifand only if every conjuntis true.
A disjunctionis true if and only if some disjunct is true.

An implicationis true ifand only ifthe anteedent is &lse
or the consequert true.

A reductionis true if and only ifthe anteedent is &lse or
the consequem true.

An equivalene s true if and only ifthe aguments are
either both fals or both true
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Instances

An instanceof a sentenceelative to a model Is a sentence
obtained by consistently substituting an object comsta
from the model’s unverse of dscourse br eacHree
variablein the sentence

p(X!y) N Q(X,b,z’ - p(a’a) N C{(a,b,b

Note that w donot substitute ér boundvariables (until
later).

[y.Ozp(xy,2 - 0Oy.Ozp(ay,z2)
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Quantified Sentences

A universally quanfied sentence is true if and gnf
every instance of the scope is true. é&astentlly

guantifiel sentence is true @nd only ifsome nstance of
the scope is true.

Model:
{clear(a),clear(d),tablgc),tableg(d),
on(a,b),on(b,c),on(d,e),stack a,b,c)}
True: Not True:

[Ix.(on(x,y) OO = on(y,X)) [I1x.on(X,y)
[X.cleaKx) [X.(table(x) U clear(x))
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Open Sentences

The preceding defiitions appV to closed senteas, lLe.those
with no free variables.

An opensentence is true in a modeland only ifit satisfies
every instance of the sentenclatige to the model.

True: Not True:
on(x,y) U —on(y,X) on(x,y)

This just formalizes the notion that free variables are
universally quantified.
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Functions and Models

A functional relation can beotaedthe same as any othe
relation.

{ bosgart,art),bosgjoe,art)}

However, to make expligithe functional charaatef
functional relationsyve often wite as equations.

{ bosgart)=art,bosgjoe)=art}
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Instances Again

An Instance ofa sentererelative to a model I1s a sentence
obtained by (1) consistently substituting an object
constant fronthe model br eachHreevariablein the

sentence (2) pdacing allgroundfunctonal termsby their
values in the model.

Model:
{ bosgart)=art,bosgjoe)=art}

Example:
p(x,boséx)) —» p(joebosgjoe)) — p(joeart)
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Note

The deftnition of semantics gien heras notthe same as that
given in the notes or in standard logic textbooks.

Howeer, it isequivalat to these Nefinitions In terms of
Its results.

9
Moreover, it s signficantly simplerthan thee-other
definitions and ismore intuitie for people interested In
building computer systems.
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Definitions

A sentence isalid if and only ifeverymodel sati§es it. A
sentence isinsatisfiabé if and only if no model satisies it. A
sentence isontngentif and only there is someadel that
makes it true and some model that makeald.

A set of premised) logicaly entaik a contusion ¢ (written
A= ¢) if and only if every model that satigfs the premises
also satistes the conclusion @..= A impliest = ¢, for allT").
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Blocks World
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Different Models

There is ony one vorld, so howcan thee be more than one
model?

Different peoplean have diferent bieefs.
Different models correspond tofdifent times.

Different models correspond tofaéfent place
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Ontological Promiscuity

Blocks:
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Interpretation

Universe ofDiscourse:
{ab,c,d,e}

Relational Basis &:
{on,red,,green,blue}

Model:
{on(a,b), on(b,c), on(d,e),
red(a),red(d),blue(b),greer(c),greerie)}
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on(a,b)
on(b,c)
on(d,e)

red(a)
red(d)
blueg(b)
green(c)
greene)

Relfication

on(a,b)
on(b,c)
on(d,e)

,  color(a,red)
color(d,red)
color(b,blue)
color(c,green
color(e,green
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Universal Relation

on(a,b)
on(b,c)
on(d,e)
color(a,red)
color(d,red)
color(b,blue)
color(c,green
color(egreen

property(on a,b)
property(on,b,c)
property(ond,e)
propertycolor,a,red)
propertycolor,d,red)
propertycolor,b, blue)
property(color,c,green
property(color,e green

31



Role of Logic

Incomplete Information
Blockais on bbckb or it is on blockc.
Blocka is not on blockb.

Integrity
A block may not ben itself.
A block may ben only one block at a time.

Definiti ons
One block isinderanother if the second isn the first.
A block isclearif f thereis no block onit.
A block ison thetableiff there is no blockinderit.
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