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Inference

* We now have compact representations of probability
distributions: Bayesian Networks

« Network describes a unique probability distribution £
* How do we answer queries about P?

* We use inference as a name for the process of
computing answers to such queries

Queries: Likelihood

e There are many types of queries we might ask.

e Most of these involve evidence

— Evidence eis an assignment of values to a set £ variables in
the domain

— Without loss of generality £={ X,.,, .., X, }
« Simplest query: compute probability of evidence

Pe)= D ... D P(X.... X €)

e This is often referred to as computing the likelihood
of the evidence

Queries

* There are many types of queries we might ask.

e Most of these involve evidence

— Evidence eis an assignment of values to a set £ variables in
the domain

— Without loss of generality £ = { X.,, ... X, }

Queries: Conditional Probability

« Often we are interested in the conditional probability of a
variable given the evidence P(X,e)

P(X|e)= Py

e This is the a posteriori belief in X, given evidence e
= A related task is computing the term A(X, e)

— i.e., the likelihood of eand X = x for values of X

— we can recover the a posteriori belief by

P(X =x,e)

P(X=X|e)=m

A posteriori belief

This query is useful in many cases:

* Prediction: what is the probability of an outcome given
the starting condition
— Target is a descendent of the evidence

« Diagnosis: what is the probability of disease/fault given
symptoms
— Target is an ancestor of the evidence

« As we shall see, the direction between variables does not
restrict the directions of the queries

— Probabilistic inference can combine evidence form all parts of the
network




Queries: Most Probable Assignment

« In this query we want to find the most probable
joint assignment for some variables of interest

« Two flavors:
— MPE — most probable explanation

MPE(X |e) =argmax, P(x,e)

— MAP - maximum a posterior query (combination of
conditional probability and MPE)

MAP(Y |e) =argmax, Y P(y,z|e)

Queries: MPA

We can use MAP for:
« Classification
— find most likely label, given the evidence
* Explanation
— What is the most likely scenario, given the evidence

Queries: MPA

Cautionary note:

* The MPA depends on the set of variables
e Example:

— MPA of X

— MPA of (X, ¥)

X ¥y PCey)
o o o035
o 7 oos
7 o 0.3
7 7 0.3

Complexity of Inference

Thm:
Computing P(X = x) in a Bayesian network is NP-hard

Not surprising, since we can simulate Boolean gates.

Hardness

e Hardness does not mean we cannot solve inference

— It implies that we cannot find a general procedure that
works efficiently for all networks

— For particular families of networks, we can have provably
efficient procedures

Approaches to inference

» Exact inference
— Inference in Simple Chains
— Variable elimination
— Clustering / join tree algorithms
« Approximate inference
— Stochastic simulation / sampling methods
— Markov chain Monte Carlo methods
— Variational Methods




Inference in Simple Chains

GO~

How do we compute P(X,)?

P(x,) = P(x,%,) =Y P(x)P(x, | x)

X it

Inference in Simple Chains (cont.)

CO—CeD—CD

How do we compute P(X;)?

P(x;) = P(xy, %) = D P(x,)P(x; | x,)

X2 X2

= we already know how to compute APX})..

P(x,) =D P(x,.%,) = D P(x)P(x, | x,)

Inference in Simple Chains (cont.)

CO—Ceo—C

How do we compute P(X),
» Compute P(X}), P(X2), P(X3), ...
* We compute each term by using the previous one

P(x,4) = ZP(X/)P(XM [ x;)

Complexity:
» Each step costs O(/Val(X;)/*/Val(X,,)/) operations

« Compare to naive evaluation, that requires summing
over joint values of n-7 variables

Elimination in Chains

* We now try to understand the simple chain example
using first-order principles

OO @

« Using definition of probability, we have

P)=>3>> Plab,cd.e)

Elimination in Chains

OO @O—@

« By chain decomposition, we get

Pe)=>.3>>Plab,cd,e)
= XXX X A@A1 (e )P [)Pe| D)

Elimination in Chains
OO

= Rearranging terms ...

P(e)=2"3>" > Pla)P(b| a)P(c| b)P(d | c)P(e]| d)

=YY Y P(c|bP(d | c)Pe| )Y P(a)P(b| a)




Elimination in Chains

o> OO @&>@

* Now we can perform innermost summation
Pe)=2.2"D Plc| b)P(d | c)P(e| d)) Pla)P(b] a)
=YY Y Ale| bYP( | e)Ple| d)p(b)

e This summation, is exactly the first step in the
forward iteration we describe before

Elimination in Chains

PP O @©>@

* Rearranging and then summing again, we get

Ple)=22 > Plel b;/’(d | )P(e | d)p(b)

=22 P c)Plel d)y P(c| b)p(b)
=2 2P| c)Plel d)plc)

» Let's move to more complex BNs....

Variable Elimination

General idea:
« Write query in the form

P(X,e)=Y > >T]Px | pa)

X3 Xp
« lteratively
— Move all irrelevant terms outside of innermost sum
— Perform innermost sum, getting a new term
— Insert the new term into the product

A More Complex Example

e “Asia” network:

Visit to
Asia

« We want to compute A(d) D D

« Need to eliminate: v,s,x,7./ab ) D

Initial factors D)
@ O

PWP(s)P(t |v)P(/ | s)P(b | s)P(alt,/)P(x | a)P(d | a,b)




* We want to compute A(d) D S

* Need to eliminate: v,s,x,t,/a,b D D

Initial factors D D)
@ O

MP(S)P()" [V)P(/ | s)P(b| s)P(alt,)P(x|a)P(d]|a,b)

Eliminate: v

Compute: L) =Y PW)P(tv)

= L(H)P(SIP(/ | s)P(b| s)P(alt,/)P(x | a)P(d | a,b)

Note: 7(7) = A1)
In general, result of elimination is not necessarily a probability
term

« We want to compute AP(d) D >
< Need to eliminate: s,x,%,/a,b € D

« Initial factors D D)

@ O
PWP(s)P(t|v)P(/| s)P(b | s)P(alt,/)P(x | a)P(d | a,b)
= f(NP(SIPU | s)P(b| 5)P(al t./)P(x | a)P(d | a,b)
Eliminate: s
Compute: f(b.1)=Y P(s)P(b|s)P(/ | 5)

= £(HEb,)P(al f,/)P(XSI a)P(d | a,b)

Summing on s'results in a factor with two arguments 7(b,/)
In general, result of elimination may be a function of several
variables

* We want to compute A(d) D S

* Need to eliminate: x,7./a,b D D)
< Initial factors C4 D)

®» @
PWP(s)P(H V)P | )P(b| 5)P(al t,)P(x | a)P(d | a,b)
= £(HP(s)P( | 5)P(b| s)P(alt,)P(x | a)P(d | a,b)
= L(Eb.NPalt,)P(x | a)P(d | a,b)

Eliminate: x
Compute: f(a)=Y Plx|a)

= LML (B.N(a)Plal./)P(d | a,b)

Note: £,(a) = 1for all values of a /

- We want to compute P(d) D O

« Need to eliminate: t,/a,b D D)

« Initial factors D D)
> O

PWP(s)P(H|v)P(/| s)P(b| s)P(al|t,/)P(x | a)P(d | a,b)
= £(1)P(S)P(/ | s)P(b| s)P(alt,/)P(x | a)P(d | a,b)

= £F(OEBL,)P(alt,)P(x | a)P(d | a,b)

= LB (a)P(alt,/)P(d | a,b)

Eliminate: #

Compute: fi(al)= ny(f)/’(a [#./)

= (b)) (a)f(a,)P(d | a,b)

« We want to compute A(d) D S

« Need to eliminate: /a,b D) D

« Initial factors D)
@ @

PW)P(s)P(t |v)P(/| s)P(b| s)P(alt,)P(x|a)P(d|a,b)
= £(HP(S)P( | s)P(b | s)P(al #,1)P(x | a)P(d | a,b)

= LA b.N)P(al +,/)P(x | a)P(d | a,b)

= £ (b, (a)P(alt,/)P(d | a,b)

= £(b.))f(a)(a./)P(d | a.b)

Eliminate: /

Compute: f(a,b) =Y f.(b.))f(a,])

= fa,b (P ab)

« We want to compute A(d) D D

« Need to eliminate: 6 @ D)

- Initial factors D)
@ O

PWP(s)P(H V)P | s)P(b| s)P(alt,/)P(x | a)P(d | a,b)
= £(HP(S)P( | s)P(b | s)P(al t.1)P(x | a)P(d | a,b)

= L(L(b,)P(al +,/)P(x | a)P(d | a,b)

= (OB (a)P(alt,))P(d | a,b)

= £,(b,/),(a)f,(a./)P(d | a,b)

= f(a,b) (a)P(d | a.b) = £(b.d) = £,(d)

Eliminate: a,b6

Compute:
f(b.d) =3 f(a.b) . (a)p(d | a,b) £ (d) =2 £ (b.d)




Variable Elimination

* We now understand variable elimination as a
sequence of rewriting operations

e Actual computation is done in elimination step

« Exactly the same computation procedure applies to
Markov networks

e Computation depends on order of elimination

& €5
@ W
@D @

= Suppose get evidence V=1 S=F D=1t €
e We wanttocompute AL, V=1t 5= D=1)

Dealing with evidence

* How do we deal with evidence?

& €
@@ O
@O @

@ @
PWP(S)P(H | V)P | $)P(b| 5)Pla | +.1)P(x | a)P(d | a,b)
« Since we know that V= #, we don’t need to eliminate V'
Instead, we can replace the factors A(V) and A(T/V) with

ﬁ’(l/) =P(V:f) f<7—|,/)(7'):/’(7'|l/:7")

P

Dealing with Evidence

* We start by writing the factors:

.

.

These “select” the appropriate parts of the original factors given
the evidence

Note that pr is a constant, and thus does not appear in
elimination of other variables

Dealing with Evidence

D)
e Givenevidence V=1, S=f D=t
e Compute AL, V=t 5=FD=t) D O,

< Initial factors, after setting evidence:

@ &
Fot oo oion Do DV piunsy(IPLa | 1.1)P(x | ) (0. 6)

Dealing with Evidence
) _ @ OO
e Givenevidence V=t S=f D=+
e Compute PL, V=t 5=FD=t) @) )
< Initial factors, after setting evidence: 0 3

fp(v)ﬂ(s)fpmv)(f)ﬂ(/u)(/)ﬂ(ms)(b)’p(a|f'/)’a Xla ﬂ(d\a,b)(alb)
« Eliminating x, we get

T ois iy PV oins) o (IP(a | #.1)E (@) 1 (a.0)

Dealing with Evidence
) ) @ O
e Givenevidence V=t S=f£ D=t
e Compute PL, V=t S=FD=t) @) O,
« [Initial factors, after setting evidence: 0 3

Bt oo oion o pisy (0IPLa | 1,1 )ﬂ7.|£)ﬁ<d|a,b)(al b)

« Eliminating x, we get

Toifois ooy Voo Vi1 (0IP(@ | 1.1)F (@), 4. B)

« Eliminating #, we ge

OB N QAP OV ACKY AC) AP CED)




Dealing with Evidence

* Givenevidence V=1 5= D=t
e Compute AL, V=t 5=fD=t) D) D)
< Initial factors, after setting evidence:

®» &

fP(v)fP(s)ﬁ’(r\v)(f)ﬁ’(/ls)(/)ﬁ’(bls)(b)'p(a | f'/)ﬂ7-u>ﬁ’(da,b)(a' b)

« Eliminating x, we get
Tt ot oty PV o) Vo) (BIP(a | .1 (@)1, 4, 6)

* Eliminating #, we get

To oo foo) (Do (0 (@, ) (@) 1, 1) (0. 6)

« Eliminating a, we get

fP(V)fP(S)ﬁ’(/\s) (/)ﬁ’(b\S) (b)é CX

Dealing with Evidence 2

D)
« Givenevidence V=1 S5=F D=1
-« Compute AL, V=1t 5=F£,D=t) D Q)
= |nitial factors, after setting evidence:
®» &

. %vﬁmﬁgw@é‘@m)(/ Voasy(OIP(alt.) )ﬂ7_|£)ﬁ,(dla,b)(a, b)

* BB iy (Vs (BIP(a | 1.1 (@)F, 1, 50 (a. B)

« Eliminating a, we get

ﬂ(v)ﬂ(;)ﬂ(/\;)(/)ﬂ(b\s)(b LTI P(dla.b) P 7
« Flimjnating 56, we get
énémfili,%ﬂ?b;?tbm(b,/)

TotyToisTounsy (1)

Complexity of variable elimination

* Suppose in one elimination step we compute

AR AED WM CH PN

m

f‘x (lell“'lyk) = Hﬁ(X:YLL --4:)/1,/,)
This requires =1
* m-|Val(X)|-[]|Val(¥)| multiplications

— For each value for x, y, ..., y;, we do m multiplications

. [Val(x)|- H‘Vﬂl(y,)‘ additions

— For each value of y,, ..., y;, we do /Val(X)/ additions

Complexity is exponential in number of variables in the intermediate
factor

Understanding Variable Elimination

* We want to select “good” elimination orderings that
reduce complexity

* We start by attempting to understand variable
elimination via the graph we are working with

« This will reduce the problem of finding good ordering
to graph-theoretic operation that is well-understood

Undirected graph representation

At each stage of the procedure, we have an algebraic
term that we need to evaluate

In general this term is of the form:
Plx,..x) =Y. Y [1£(Z)

2] 2
where Z; are sets of variables

We now plot a graph where there is undirected edge
X--Y if X, Y are arguments of some factor
— thatis, if X, Yare in some Z;

Note: this is the Markov network that describes the
probability on the variables we did not eliminate yet

Chordal Graphs

« elimination ordering = undirected chordal graph

@ &
@@ O

@D @
@ @

Graph:

* Maximal cliques are factors in elimination

« Factors in elimination are cliques in the graph

. Comﬂlexity is exponential in size of the largest clique in
grap




Induced Width

e The size of the largest clique in the induced graph is
thus an indicator for the complexity of variable
elimination

« This quantity is called the induced width of a graph
according to the specified ordering

* Finding a good ordering for a graph is equivalent to
finding the minimal induced width of the graph

General Networks

e From graph theory:
Thm:

e Finding an ordering that minimizes the induced width
is NP-Hard

However,

« There are reasonable heuristic for finding “relatively”
good ordering

* There are provable approximations to the best
induced width

« If the graph has a small induced width, there are
algorithms that find it in polynomial time

Elimination on Trees

« Formally, for any tree, there is an elimination
ordering with induced width = 1

Thm
e Inference on trees is linear in number of variables

PolyTrees

* A polytree is a network where there is at most one
path from one variable to another

@ G
@
Thm:
= Inference in a polytree is linear in the @) D
representation size of the network G

— This assumes tabular CPT representation

Approaches to inference

» Exact inference
— Inference in Simple Chains
— Variable elimination
— Clustering / join tree algorithms
= Approximate inference
— Stochastic simulation / sampling methods
— Markov chain Monte Carlo methods
— Mean field theory

Stochastic simulation

* Suppose you are given values for some subset of the
variables, G, and want to infer values for unknown
variables, U

« Randomly generate a very large number of
instantiations from the BN

— Generate instantiations for all variables — start at root
variables and work your way “forward”

« Only keep those instantiations that are consistent with
the values for G

» Use the frequency of values for U to get estimated
probabilities

» Accuracy of the results depends on the size of the
sample (asymptotically approaches exact results)




Markov chain Monte Carlo methods

» So called because
— Markov chain — each instance generated in the sample is
dependent on the previous instance
— Monte Carlo — statistical sampling method
e Perform a random walk through variable assignment
space, collecting statistics as you go
— Start with a random instantiation, consistent with evidence
variables
— At each step, for some nonevidence variable, randomly
sample its value, consistent with the other current
assignments
« Given enough samples, MCMC gives an accurate
estimate of the true distribution of values




