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Computational Geometry Notes Introduction

1 Introduction to Computational Geometry

What is Computational Geometry? Computational geometry is a term claimed by a number of different
groups. The term was coined perhaps first by Marvin Minsky in his BBekceptrons”, which was
about pattern recognition, and it has also been used often to descrdséghaits for manipulating
curves and surfaces in solid modeling. Its most widely recognized usevieg, is to describe the
subfield of algorithm theory that involves the design and analysis of effialgorithms for problems
involving geometric input and output.

The field of computational geometry developed rapidly in the late 70’s andghrtine 80's and 90's,
and it still continues to develop. Historically, computational geometry devdlape generalization
of the study of algorithms for sorting and searching in 1-dimensional sfgapsoblems involving
multi-dimensional inputs. Because of its history, the field of computational geprhas focused
mostly on problems in 2-dimensional space and to a lesser extent in 3-dimaEng@ce. When
problems are considered in multi-dimensional spaces, it is usually assunéuketidamension of the
space is a small constant (say, 10 or lower). Nonetheless, recekimibiis area has considered a
limited set of problems in very high dimensional spaces.

Because the field was developed by researchers whose training wesratelalgorithms (as opposed
to numerical analysis) the field has also focused more on the discrete naggemetric problems,
as opposed to continuous issues. The field primarily deals with straight objéts (lines, line seg-
ments, polygons, planes, and polyhedra) or simple curved objects seittlas. This is in contrast,
say, to fields such as solid modeling, which focus on issues involving €ave surfaces and their
representations.

A Typical Problem in Computational Geometry: Here is an example of a typical problem, called the
shortest path problenGiven a set polygonal obstacles in the plane, find the shortest obataxiténg
path from some given start point to a given goal point. Although it is ptessibreduce this to a
shortest path problem on a graph (calledwisbility graph which we will discuss later this semester),
and then apply a nongeometric algorithm such as Dijkstra’s algorithm, it seambyttsolving the
problem in its geometric domain it should be possible to devise more efficientos@uThis is one
of the main reasons for the growth of interest in geometric algorithms.
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Figure 1.1: Shortest path problem.

The measure of the quality of an algorithm in computational geometry has tradijideen its
asymptotic worst-case running timérhus, an algorithm running i (n) time is better than one
running inO(n log n) time which is better than one running@(»?) time. (This particular problem
can be solved il®(n? log n) time by a fairly simple algorithm, i©(n log n) by a relatively complex
algorithm, and it can be approximated quite well by an algorithm whose rutiniegs O (n logn).)

In some caseaverage caseunning time is considered instead. However, for many types of geometric
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inputs (this one for example) it is difficult to define input distributions thatleoth easy to analyze
and representative of typical inputs.

There are many fields of computer science that deal with solving problemgebmetric nature.
These include computer graphics, computer vision and image processugics, computer-aided
design and manufacturing, computational fluid-dynamics, and geogragbication systems, to
name a few. One of the goals of computational geometry is to provide the leasietyic tools needed
from which application areas can then build their programs. There hassigg@ficant progress made
towards this goal, but it is still far from being fully realized.

Strengths Computational Geometry:

Development of Geometric Tools:Prior to computational geometry, there were mandyhocsolu-
tions to geometric computational problems, some efficient, some inefficient,oamel Smply
incorrect. Because of its emphasis of mathematical rigor, computational ggdmas made
great strides in establishing correct, provably efficient algorithmic solsitiormany of these
problems.

Emphasis on Provable Efficiency: Prior to the development of computational geometry little was
understood about the computational complexity of many geometric computdfimnsxample,
given an encoding of all the zip code regions in the USA, and given a laténd longitude from
a GPS device, how long should it take to compute the zip code associated witbatien? How
should the computation time depend on the amount of preprocessing time aedaspdable?
Computational geometry put such questions on the firm grounding of astinpbonplexity,
and in some cases it has been possible to prove that algorithms discovifrisdinea are optimal
solutions.

Emphasis on Correctness/RobustnessPrior to the development of computational geometry, many

of the software systems that were developed were troubled by buggdrimin the confluence

of the continuous nature of geometry and the discrete nature of computadioexample, given
two line segments in the plane, do they intersect? This problem is remarkably tiicolve
since two line segments may arise from many different configurations: lyingpecallel lines,
lying on the same line, touching end-to-end, touching as in a T-junction. & tikat is based
on discrete decisions involving millions of such intersection tests may very aikif &ny one

of these tests is computed erroneously. Computational geometry resaanstithhe robust and
correct computing of geometric primitives on a solid mathematical foundations.

Linkage to Discrete Combinatorial Geometry: The study of new solutions to computational prob-
lems has given rise to many new problems in the mathematical field of discrete etantzih
geometry. For example, consider a polygon bounded Bides in the plane. Such a polygon
might be thought of as the top-down view of the walls in an art gallery. Asnatfon of n,
how many “guarding points” suffice so that every point within the polygan be seen by at
least one of these guards. Such combinatorial questions can havemmamplications on the
complexity of algorithms.

Limitations of Computational Geometry:

Emphasis on discrete geometry:There are some fairly natural reasons why computational geom-
etry may never fully address the needs of all these applications arehshese limitations
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should be understood before undertaking this course. One is thetdisateire of computa-
tional geometry. There are many applications in which objects are of a vatinaous nature:
computational physics, computational fluid dynamics, motion planning.

Emphasis on flat objects: Another limitation is the fact that computational geometry deals primarily
with straight or flat objects. To a large extent, this is a consequence @r€Bterest in discrete
geometric complexity, as opposed to continuous mathematics. Another issuast psaving
the correctness and efficiency of an algorithm is only possible when atidimputations are
well defined. Many computations on continuous objects (e.g., solving eliffied and integral
equations) cannot guarantee that their results are correct nor tlyatdheerge in specified
amount of time. Note that it is possible to approximate curved objects with piecg@hlaaar
polygons or polyhedra. This assumption has freed computational geotoedisal with the
combinatorial elements of most of the problems, as opposed to dealing withinahmsues.

Emphasis on low-dimensional spacesOne more limitation is that computational geometry has fo-
cused primarily on 2-dimensional problems, and 3-dimensional problems to adimitent.
The nice thing about 2-dimensional problems is that they are easy to visaalizeasy to un-
derstand. But many of the daunting applications problems reside in 3-dimahsiod higher
dimensional spaces. Furthermore, issues related to topology are muobrdie®- and 3-
dimensional spaces than in higher dimensional spaces.

Overview of the Semester:Here are some of the topics that we will discuss this semester.

Convex Hulls: Convexity is a very important geometric property. A geometric sebrsvexif for
every two points in the set, the line segment joining them is also in the set. One fifsthe
problems identified in the field of computational geometry is that of computing théestna
convex shape, called tlewnvex hull that encloses a set of points.

Convex hull Polygon triangulation
Figure 1.2: Convex hulls and polygon triangulation.

Intersections: One of the most basic geometric problems is that of determining when two sets of
objects intersect one another. Determining whether complex objects intefsatreduces to
determining which individual pairs of primitive entities (e.g., line segments) iaterdVe will
discuss efficient algorithms for computing the intersections of a set of lgraesets.

Triangulation and Partitioning: Triangulation is a catchword for the more general problem of sub-
dividing a complex domain into a disjoint collection of “simple” objects. The simpiegion
into which one can decompose a planar object is a triangieti@hedronin 3-d andsimplexin
general). We will discuss how to subdivide a polygon into triangles and ilatibre semester
discuss more general subdivisions into trapezoids.
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Low-dimensional Linear Programming: Many optimization problems in computational geometry
can be stated in the form of a linear programming problem, namely, find therexpeints (e.qg.
highest or lowest) that satisfies a collection of linear inequalities. Linearanoming is an
important problem in the combinatorial optimization, and people often need te sobh prob-
lems in hundred to perhaps thousand dimensional spaces. Howeveatbenany interesting
problems (e.g. find the smallest disc enclosing a set of points) that carsbd ps low dimen-
sional linear programming problems. In low-dimensional spaces, very sgffaeent solutions
exist.

Voronoi Diagrams and Delaunay Triangulations: Given a sefS of points in space, one of the most
important problems is the nearest neighbor problem. Given a point thatiis Sothich point
of S is closest to it? One of the techniques used for solving this problem is tovsdibdipace
into regions, according to which point is closest. This gives rise to a geigrpattition of space
called avoronoi diagram This geometric structure arises in many applications of geometry. The
dual structure, called Belaunay triangulatioralso has many interesting properties.

Figure 1.3: Voronoi diagram and Delaunay triangulation.

Line Arrangements and Duality: Perhaps one of the most important mathematical structures in
computational geometry is that of an arrangement of lines (or generallyrthegament of
curves and surfaces). Givenlines in the plane, an arrangement is just the graph formed by
considering the intersection points as vertices and line segments joining trezigess We will
show that such a structure can be constructed(in?) time.

Figure 1.4: An arrangement of lines in the plane.

The reason that this structure is so important is that many problems involvings pan be
transformed into problems involving lines by a method of duality. For examppncse that
you want to determine whether any three points of a planar point set bireaa This could

be determines ifD(n3) time by brute-force checking of each triple. However, if the points
are dualized into lines, then (as we will see later this semester) this reducesdoestion of
whether there is a vertex of degree greater than 4 in the arrangement.

1-4 Copyright 2010, David M. Mount



Computational Geometry Notes Introduction

Search: Geometric search problems are of the following general form. Given ssdafae.g. points,
lines, polygons) which will not change, preprocess this data set inttasstfacture so that some
type of query can be answered as efficiently as possible. For exanmaarest neighbosearch
query is: determine the point of the data set that is closest to a given poiety A range query
is: determine the set of points (or count the number of points) from the dathat lie within a
given region. The region may be a rectangle, disc, or polygonal shiepa triangle.

Approximation: In many real-world applications geometric inputs are subject to measuremamt e
In such cases it may not be necessary to compute results exactly, sinnpuhdata itself is
not exact. Often the ability to produce an approximately correct solutios leaghuch simpler
and faster algorithmic solutions. Consider for example the problem of congpilendiameter
(that is, the maximum pairwise distance) among a set@dints in space. In the plane efficient
solutions are known for this problem. In higher dimensions it is quite hardve slois problem
exactly in much less than the brute-force time(fn?). It is easy to construct input instances
in which many pairs of points are very close to the diametrical distance. Sepmwever that
you are willing to settle for an approximation, say a pair of points at distaneast{1 — <) A,
whereA is the diameter and > 0 is an approximation parameter set by the user. There exist
algorithms whose running time is nearly linearinassuming that is a fixed constant. As
approaches zero, the running time increases.
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2 Geometric Basics

This material will not be covered in lecture, but is presented here jussaygau are interested in refreshing
your knowledge on how basic geometric entities are represented and fasetipu

Geometry Basics: As we go through the semester, we will introduce much of the geometric faattsoam-
putational primitives that we will be needing. For the most part, we will assuateatly geometric
primitive involving a constant number of elements of constant complexity caoiputed inO(1)
time, and we will not concern ourselves with how this computation is done efonple, given three
non-collinear points in the plane, compute the unique circle passing throegé floints.) Nonethe-
less, for a bit of completeness, let us begin with a quick review of the bbsiteats of affine and
Euclidean geometry.

There are a number of different geometric systems that can be usedés&geometric algorithms:
affine geometry, Euclidean geometry, and projective geometry, for deaiipis semester we will be
working almost exclusively with affine and Euclidean geometry. Befottinggto Euclidean geometry
we will first define a somewhat more basic geometry called affine geomedtgr ive will add one

operation, called an inner product, which extends affine geometry to Eacligeometry.

Affine Geometry: An affine geometry consists of a setsifalars(the real numbers), a set pbints and
a set offree vectorgor simply vector3. Points are used to specify position. Free vectors are used
to specify direction and magnitude, but have no fixed position in spacés @ contrast to linear
algebra where there is no real distinction between points and vectorsevdpwhis distinction is
useful, since the two are conceptually quite different.)

The following are the operations that can be performed on scalars, paidtsectors. Vector opera-
tions are just the familiar ones from linear algebra. It is possible to sulhvagioints. The difference

p — q of two points results in a free vector directed frgnto p. It is also possible to add a point to
a vector. In point-vector addition + v results in the point which is translated byfrom p. Letting

S denote an generic scaldr, a generic vector an@ a generic point, the following are the legal
operations in affine geometry:

SV =V scalar-vector multiplication
V+V =V vector addition
P-P — V point subtraction
rP+V — P point-vector addition

utv q
u p+v
v P ,/p—q p./

vector addition point subtraction  point-vector addition

Figure 2.1: Affine operations.
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A number of operations can be derived from these. For example, waetiae the subtraction of two
vectorsi — v asu + (—1) - 0 or scalar-vector divisionr/a as(1/«) - ¢ provideda # 0. There is one
special vector, called theero vectoy0, which has no magnitude, such that 0 = 7.

Note that it isnot possible to multiply a point times a scalar or to add two points together. However
there is a special operation that combines these two elements, califftharcombinationGiven two
pointspy andp; and two scalarsy andaq, such thatyy + a; = 1, we define the affine combination

aff (po, p1; 0, 1) = aopo + ip1 = po + a1(p1 — po).

Note that the middle term of the above equation is not legal given our listexatipns. But this is
how the affine combination is typically expressed, namely as the weighteab@vef two points. The
right-hand side (which is easily seen to be algebraically equivalent) is legamportant observation
is that, if py # p1, then the pointff (po, p1; o, 1) lies on the line joiningyy andp;. As a; varies
from —oco to +o0 it traces out all the points on this line.

aff(p,q; 3/2, -1/2)

aff(p,q; 1, 0)

aff(p,q; 1/2,1/2)
aff(p,q; 0, 1,

q

Figure 2.2: Affine combination.

In the special case whefe < «ag,a; < 1, aff(po, p1; 0, 1) is a point that subdivides the line
segmentpgpr into two subsegments of relative sizes to ag. The resulting operation is called a
convex combinatigrand the set of all convex combinations traces out the line segrent

It is easy to extend both types of combinations to more than two points, by attidirmgndition that
the sumog + a1 + an = 1.

aff (po, p1,p2; v, 1, a2) = appo + cup1 + aep2 = po + a1(p1 — po) + az2(p2 — po)-

The set of all affine combinations of three (non-collinear) points géeer@ plane. The set of all
convex combinations of three points generates all the points of the trianfijredidy the points.
These shapes are called #féine sparor affine closureandconvex closuref the points, respectively.

Euclidean Geometry: In affine geometry we have provided no way to talk about angles or destariw-
clidean geometry is an extension of affine geometry which includes one additiperation, called
theinner product which maps two real vectors (not points) into a nonnegative real. Onertambo
example of an inner product is tlu®t product defined as follows. Suppose that thelimensional
vectorsi and ¢ are represented by the (nonhomogeneous) coordinate véators,, . . ., uy) and
(v1,v2,...,vq). Define

d
U-U= Z Ui VG,
=1
The dot product is useful in computing the following entities.

Length: of a vectort is defined to bé|v|| = v - ©.

<
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Normalization: Given any nonzero vectar, define thenormalizationto be a vector of unit length
that points in the same direction @sWe will denote this byo:

. 0l
V=57
Distance between points:Denoted either digp, ¢) or ||pg|| is the length of the vector between them,
lp —4qll-
Angle: between two nonzero vectoisandv (ranging from O tor) is

- -

u-v o —1/A A
H6H|WH>_COS (@-9).

ang(i, ¥) = cos ! (
This is easy to derive from the law of cosines.

Orientation of Points: In order to make discrete decisions, we would like a geometric operationghat o
erates on points in a manner that is analogous to the relational opergtioas >) with numbers.
There does not seem to be any natural intrinsic way to compare two poittdimensional space,
but there is a natural relation between ordef@d- 1)-tuples of points ini-space, which extends the
notion of binary relations in 1-space, calledentation

Given an ordered triple of pointg, ¢, r) in the plane, we say that they hgvesitive orientatiorif they
define a counterclockwise oriented trianglegative orientationf they define a clockwise oriented
triangle, andzero orientationf they are collinear (which includes as well the case where two or more
of the points are identical). Note that orientation depends on the order ifmWi@goints are given.

q q
od A e

E ¥
3 3 ol L3

positive negative zero zero
Figure 2.3: Orientations of the ordered trigfe g, r).

Orientation is formally defined as the sign of the determinant of the points givenmogeneous
coordinates, that is, by prepending a 1 to each coordinate. For examle plane, we define

1 ps Dy
Orientp,q,r) =det| 1 ¢, ¢
1 ry my

Observe that in the 1-dimensional case, Ofignt) is justq — p. Hence it is positive ip < ¢, zero if

p = ¢, and negative ip > ¢. Thus orientation generalizes =, > in 1-dimensional space. Also note
that the sign of the orientation of an ordered triple is unchanged if the poatsaaslated, rotated, or
scaled (by a positive scale factor). A reflection transformation, ¢(g.,y) = (—=z,y), reverses the
sign of the orientation. In general, applying any affine transformation tpdirg alters the sign of
the orientation according to the sign of the matrix used in the transformation.

This generalizes readily to higher dimensions. For example, given amnedrdetuple points in 3-
space, we can define their orientation as being either positive (formingteh@mded screw), negative
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(a left-handed screw), or zero (coplanar). It can be computed asigheof the determinant of an
appropriatet x 4 generalization of the above determinant. This can be generalized to aeneadrd
(d + 1)-tuple of points ind-space.

Areas and Angles: The orientation determinant, together with the Euclidean norm can be usechpotm®
angles in the plane. This determinant Ori{gny, ) is equal to twice the signed area of the triangle
Apgr (positive if CCW and negative otherwise). Thus the area of the trianglebeadetermined
by dividing this quantity by 2. In general in dimensidrthe area of the simplex spanned &y 1
points can be determined by taking this determinant and dividing byd - (d — 1)---2- 1. Given
the capability to compute the area of any triangle (or simplex in higher dimensibis)yossible
to compute the volume of any polygon (or polyhedron), given an apjatepsubdivision into these
basic elements. (Such a subdivision does not need to be disjoint. The simplbeds that | know
of use a subdivision into overlapping positively and negatively orienteges, such that the signed
contribution of the volumes of regions outside the object cancel eachaihgr

Recall that the dot product returns the cosine of an angle. Howeigis thot helpful for distinguish-
ing positive from negative angles. The sine of the afgle Zpqr (the signed angled from vector
p — g to vectorr — ¢) can be computed as

_ Orient(q,p,r)
lp—all-lIr —al

sin

(Notice the order of the parameters.) By knowing both the sine and cosareafgle we can unam-
biguously determine the angle.
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3 Convex Hulls

Reading: Chapter 1 in the 4M’s (de Berg, van Kreveld, Overmars, Schwarzkadpie divide-and-conquer
and Jarvis march algorithms are given in Joseph O’Rourke’s, “Compugiigeometry in C.” O’'Rourke’s
book is also a good source for information about orientations and somegeibeetric primitives.

Convexity: Next, we consider a fundamental structure in computational geometry, tadlednvex hull
We will give a more formal definition later, but the convex hull can be defintuitively by surround-
ing a collection of points with a rubber band and then letting the rubber baragh*sightly around
the points.

Figure 3.1: A point set and its convex hull.

There are a number of reasons that the convex hull of a point set is @ntanpgeometric structure.
One is that it is one of the simplest shape approximations for a set of pdiiteer(examples include
minimum area enclosing rectangles, circles, and ellipses.) It can alsod&usg@proximating more
complex shapes. For example, the convex hull of a polygon in the plan@ydrguiron in 3-space is
the convex hull of its vertices.

Also many algorithms compute the convex hull as an initial stage in their executitanfitter out
irrelevant points. For example, tlieameterof a point set is the maximum distance between any two
points of the set. It can be shown that the pair of points determining the diaaretboth vertices

of the convex hull. Also observe that minimum enclosing convex shapek égithe minimum area
rectangle, circle, and ellipse) depend only on the points of the convex hull.

Convexity: A setS is convexf given any points, ¢ € S any convex combination gfandg isin S,
or equivalently, the line segmepg C S.

Convex hull: The convex hullof any setS' is the intersection of all convex sets that conta$hsor
more intuitively, the smallest convex set that conteindVe will denote thisconv(.S).

Recall from the lecture on geometric basics that given two pgiatsdg, aconvex combinatiois any
point that can be expressed(as- o) p+«q, for any scalary, where) < o < 1. More generally, given
any finite subset of point§py, po, . . ., p } @ convex combination is any point that can be expressed
as a weighted suh_;" | a;p;, where0 < o; < 1 and} ", o; = 1. An equivalent definition of
convex hull is the set of points that can be expressed as convex cdiob@af the points inS. (A
proof can be found in any book on convexity theory.)

Some Terminology: Although we will not discuss topology with any degree of formalism, we willchee
to use some terminology from topology. These terms deserve formal defsitabwe are going
to cheat and rely on intuitive definitions, which will suffice for the simple, vielhaved geometric
objects that we will be dealing with. Beware that these definitions are notdalhgral, and you are
referred to a good text on topology for formal definitions.
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For our purposes, for > 0, define ther-neighborhoodof a pointp to be the set of points whose
distance t is strictly less tham, that is, it is the set of points lying within an open ball of radius
centered aboyt. Given a sef, a pointp is aninterior pointof S if for some radius- the neighborhood
aboutp of radiusr is contained withinS. A point is anexterior pointif it lies in the interior of the
complement ofS. A points that is neither interior nor exterior idsaundary point A set isopenif it
contains none of its boundary points acldsedif its complement is open. If is in S but is not an
interior point, we will call it aboundary point

We say that a geometric setisundedf it can be enclosed in a ball of finite radius. A set@mpact
if it is both closed and bounded.

In general, convex sets may have either straight or curved boundariemay be bounded or un-
bounded. Convex sets may be topologically open or closed. Some examgkwwn in the figure
below. The convex hull of a finite set of points in the plane is a boundeddl@®nvex polygon.

‘Neighborhood Open Closed Unbounded‘ Nonconvex

I
Convex

Figure 3.2: Terminology.

Convex Hull Problem: The (planar)onvex hull problenis, given a set of: points P in the plane, output
a representation af’s convex hull. The convex hull is a closed convex polygon, the simpégser
sentation is a counterclockwise enumeration of the vertices of the conlleideally, the hull should
consist only ofextreme pointsin the sense that if three points lie on an edge of the boundary of the
convex hull, then the middle point should not be output as part of the hdillvg(lassume that the
points are in general position, and in particular no three are collinearthieeis not an issue.)

There is a simpl&(n?) convex hull algorithm, which operates by considering each orderedpair
points(p, ¢), and the determining whether all the remaining points of the set lie within the laalép
lying to the right of the directed line fromto ¢. (Observe that this can be tested using the orientation
test.) The question is, can we do better?

Graham’s scan: We will present arO(n log n) algorithm for convex hulls. It is a simple variation of a
famous algorithm for convex hulls, callégraham’s scan This algorithm dates back to the early
70’s. The algorithm is loosely based on a common approach for buildingefeic structures called
incremental constructianin such a algorithm object (points here) are added one at a time, and the
structure (convex hull here) is updated with each new insertion.

An important issue with incremental algorithms is the order of insertion. If weweadd points in

some arbitrary order, we would need some method of testing whether the adsldyl point is inside
the existing hull. 1t will simplify matters to add points in some appropriately sortddrpm our case,

in increasing order af-coordinate. This guarantees that each newly added point is outsidertbatc

hull. (Note that Graham’s original algorithm sorted points in a different wefpund the lowest point

in the data set and then sorted points cyclically around this point. Sortingdmprdinate seems to
be a bit easier to implement, however.)
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Since we are working from left to right, it would be convenient if the corlvell vertices were also
ordered from left to right. The convex hull is a cyclically ordered setgcliCally ordered sets are
somewhat messier to work with than simple linearly ordered sets, so we wik tiredull into two
hulls, anupper hullandlower hull. (See Fig[Z313(a).) Thbreak pointscommon to both hulls will
be the leftmost and rightmost vertices of the convex hull. After building bothfwlo hulls can be
concatenated into a single cyclic counterclockwise list.

upper hull

lower hull i i
processing pli] after adding pl[i]

@ (b) © ()
Figure 3.3: Convex hulls and Graham’s scan.

As is common throughout the semester, we will make the assumption that poimsgaresral posi-
tion, which in this case means that no two points have the sagwordinates and no three points are
collinear. (You might consider what changes would need to be made to tritlaig to handle these
special cases.)

Here is a brief presentation of the algorithm for computing the upper hull. Westore the hull
vertices in a stack{, where the top of the stack corresponds to the most recently added peint. L
H first and H.second denote the top and second element from the tdp, oéspectively. Observe
that as we read the stack elements from top to bottom (that is, from right todefecutive triples of
points of the upper hull will make a (strict) left-hand turn, that is, they shbaige a positive (that is,
counterclockwise) orientation. (See Hig.13.3(b).)

Graham'’s scan works as follows. Lgtdenote the next point to be added in the left-to-right ordering
of the points. If the triple(p;, H first, H.secondl is positively oriented, then we can simply push
onto the stack (see Fif_3.3(c)). Otherwise, we can infer that the middlé qfoihe triple H first
cannot be on the upper hull, and so we pop it off the stack. We repeairttiiseaching a positively
oriented triple (see Fi§._3.3(d)), or there are fewer than two elements aitettie

Our algorithm makes use of the following orientation primitive, which was dsedisn the course

introduction.
>0 if (p, q,r) is oriented counterclockwise
Orient(p,q,r7) ¢ =0 if (p, q,r) are collinear
<0 if (p,q,r) is oriented clockwise

Why is the algorithm correct? We can show inductively that the content$ af any stage of the
algorithm constitute the upper hull of the points that have been procesdad d-or the induction
basis = {pi1,p2}) this is trivially true. For the induction step, observe thais the rightmost
point among the points processed so far, and therefore it must lie on piee bpll. Letp; be the
neighboring vertex te; on the upper hull of the firstpoints. (See Fid._313(c).) It is easy to see that
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Graham’s Scan

(1) Sort the points according to increasing order of thetoordinates, denoteg, po, ..., pn).
(2) Pushp; and therp, onto H.
(3) fori =3ton do:

(a) while (sizé H) > 2 and Orientp;, H first, H.second < 0) pop H.
(b) Pushp; onto H.

pj must be inf prior to the addition op;. Each poin;, in H that lies betweep; andp; lies beneath
the edgep;p;, and sy, should not be part of the upper hull aftgris added. For each such pointitis
easy to see that Origipt;, p,, pj) < 0. Thus, as each of these poipisis tested within the while loop,
it will be deleted. Finally, whem; reaches the top of the stack either find that= p;, and hence
there are less than two elements on the stack, or we find that we finally hatrgptbehat satisfies
the orientation test. In either case, the loop terminateparsdpushed on the stack, as desired.

The lower hull can be computed by an essentially symmetric algorithm, but vgpfilkim right to left

instead. Once the two hulls are computed, we simply concatenate the two hullssintgeacircular
list.

Analysis: Let us prove the main result about the running time of Graham’s scan.

Theorem: Graham'’s scan runs i?(n log n) time.

Proof: Sorting the points according te-coordinates can be done by any efficient sorting algorithm
in O(nlogn) time. Letd; denote the number of points that are popped (deleted) on processing
p;. Because each orientation test taked ) time, the amount of time spent processings
O(d; + 1). (The extra+1 is for the last point tested, which is not deleted.) Thus, the total
running time is proportional to

n

Z(dz + 1) = 7’L—|—idi.
=1

i=1

To bound) , d;, observe that each of thepoints is pushed onto the stack once. Once a point
is deleted it can never be deleted again. Since eachpdints can be deleted at most once,
>, di < n. Thus after sorting, the total running time@¥n). Since this is true for the lower
hull as well, the total time i©(2n) = O(n).

Convex Hull by Divide-and-Conquer: As with sorting, there are many different approaches to solving the
convex hull problem for a planar point sBt Next we will consider anothed(n logn) algorithm,
which is based on the divide-and-conquer design technique. It caieWwed as a generalization of
the famous MergeSort sorting algorithm (see any standard algorithmskHxg.is an outline of the
algorithm. It begins by sorting the points by theicoordinate, irO(n log n) time. The remainder of
the algorithm is shown in the code section below.

The asymptotic running time of the algorithm can be expressed by a recerr&iven an input of
sizen, consider the time needed to perform all the parts of the procedure,rigniie recursive
calls. This includes the time to partition the point set, compute the two tangentstand the final

result. Clearly the first and third of these steps can be performédsin time, assuming a linked list
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Divide-and-Conquer Convex Hull
(1) If |P| < 3, then compute the convex hull by brute forcell) time and return.

(2) Otherwise, partition the point sét into two setsA and B, where A consists of half the points with the lowest
x-coordinates an@ consists of half of the points with the highastoordinates.

(3) Recursively computél 4, = conv(A) andHp = conv(B).

(4) Merge the two hulls into a common convex hul, by computing the upper and lower tangentsity and H g
and discarding all the points lying between these two tarsgen

upper tangent—~

lower tangent

@

Figure 3.4: Computing the lower tangent.

representation of the hull vertices. Below we will show that the tangentbeammputed irO(n)
time. Thus, ignoring constant factors, we can describe the running timesbgltbwing recurrence.

T(n) = 1 if n<3
n= n+2T(n/2) otherwise.

This is the same recurrence that arises in Mergesort. It is easy to show $slotves to7'(n) €
O(nlogn) (see any standard algorithms text). All that remains is showing how to compute/¢h
tangents.

One thing that simplifies the process of computing the tangents is that the twspiAtand B are
separated from each other by a vertical line (assuming no duplieed@rdinates). Let’s concentrate

on the lower tangent, since the upper tangent is symmetric. The algorithratepday a simple
“walking” procedure. We initialize: to be the rightmost point off 4 andb is the leftmost point of

Hp. (These can be found in linear time.) Lower tangency is a condition thateaasked locally

by an orientation test involving the two vertices and neighboring verticeseohul. We iterate the
following two loops, which marcla andb down, until they reach the points lower tangency. Given a
pointa on the hull, leta.succ anda.pred denote its successor and predecessor in CCW order about
the hull.

The condition b is not the lower tangent off 4” can be implemented with the orientation test
Orient(b, a, a.pred) > 0, and the other test fof, is analogous. Proving the correctness of this
procedure is a little tricky, but not too hard. (The issue is proving that tbanner while loops never
go beyond the lower tangent points.) See O’Rourke’s book out forefudgoroof. The important
thing is that each vertex on each hull can be visited at most once by tleth saad hence its running
time isO(m), wherem = |Hy4| + |Hp| < |A| + |B|. This is exactly what we needed to get the
overallO(nlog n) running time.

QuickHull: If the divide-and-conquer algorithm can be viewed as a sort of génation of MergeSort,
one might ask whether there is corresponding generalization of ottigrgsalgorithm for computing
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Finding the Lower Tangent

LowerTangent(H, Hp) :
(1) Leta be the rightmost point off 4.
(2) Letb be the leftmost point off 5.
(3) While (ab is not a lower tangent fol 4 and H g) do
(@) While (@b is not a lower tangent tél 4) do a <+ a.pred (movea clockwise).
(b) While (ab is not a lower tangent té/g) do b < b.succ (moveb counterclockwise).
(4) Returnab.

convex hulls. In particular, the next algorithm that we will consider cathbaght of as a generaliza-
tion of the QuickSort sorting procedure. The resulting algorithm is calledkBiwll.

Like QuickSort, this algorithm runs i (nlogn) time for favorable inputs but can take as long as
O(n2) time for unfavorable inputs. However, unlike QuickSort, there is no ols/eay to convert it
into a randomized algorithm wit®(n log n) expected running time. Nonetheless, QuickHull tends
to perform very well in practice.

The intuition is that in many applications most of the points lie in the interior of the hallekample,
if the points are uniformly distributed in a unit square, then it can be showité@xpected number
of points on the convex hull i©(log n).

The idea behind QuickHull is to discard points that are not on the hull a&lguis possible. Quick-
Hull begins by computing the points with the maximum and minimurgndy-coordinates. Clearly
these points must be on the hull. Horizontal and vertical lines passing tintbege points are support
lines for the hull, and so define a bounding rectangle, within which the hwhtamed. Furthermore,
the convex quadrilateral defined by these four points lies within the camwiéxso the points lying
within this quadrilateral can be eliminated from further consideration. Allisf¢an be done i (n)
time.

discard these

Figure 3.5: QuickHull's initial quadrilateral.

To continue the algorithm, we classify the remaining points into the four coriaegtes that remain.

In general, as this algorithm executes, we will have an inner convex polyga associated with each
edge we have a set of points that lie “outside” of that edge. (More forntaéige points are witnesses
to the fact that this edge is not on the convex hull, because they lie outsitialti@ane defined by
this edge.) When this set of points is empty, the edge is a final edge of the bakidér some edge
ab. Assume that the points that lie “outside” of this hull edge have been placadircket that is
associated witlub. Our job is to find a point among these points that lies on the hull, discard the
points in the trianglebc, and split the remaining points into two subsets, those that lie ouigidad
those than lie outside @b. We can classify each point by making two orientation tests.
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. G e

. LI : b . b
LI " discard these

a a

Figure 3.6: QuickHull elimination procedure.

How shouldc be selected? There are a number of possible selection criteria that onethirdht

of. The method that is most often proposed is taclbe the point that maximizes the perpendicular
distance from the linab. (For example, another possible choice might be the point that maximizes
the anglecba or cab. It turns out that these can be are very poor choices because tliey f@roduce
imbalanced partitions of the remaining points.) We replace the eldgéth the two edgesc andcb,

and classify the points as lying in one of three groups: those that lie in thgl&iab:, which are
discarded, those that lie outsidecaf, and those that lie outside ef. We put these points in buckets
for these edges, and recurse. (We claim that it is not hard to classifypeantp, by computing the
orientations of the triplescp andcbp.)

The running time of QuickHull, as with QuickSort, depends on how evenlydh@pare split at each
stage. Letl'(n) denote the running time on the algorithm assuming thpbints remain outside of
some edge. ID(n) time we can select a candidate splitting pairdnd classify the points in the
bucket inO(n) time. Letn; andny denote the number of remaining points, wheie+ ny < n.
Then the running time is given by the recurrence:

T(n) = 1 ifn=1
n= T(m) + T(ng) wheren, + no < n.

In order to solve this recurrence, it would be necessary to determingghsdhable” values fot;
andna. If we assume that the points are “evenly” distributed, in the sensexthwatn,, ny) < an for
some constant < 1, then by applying the same analysis as that used in QuickSort (see adgrstan
algorithms text) the running time will solve ©0(n log n), where the constant factor dependscan
On the other hand, if the splits are not balanced, then the running time dgnirea®ase taD (n?).

Does QuickHull outperform Graham'’s scan? This depends to a greatten the distribution of the
point set. There are variations of QuickHull that are designed forifsp@oint distributions (e.qg.
points uniformly distributed in a square) and their authors claim that they redonadiminate almost
all of the points in a matter of only a few iterations.

Gift-Wrapping and Jarvis's March: The next algorithm that we will consider is a variant on@Mm?)
sorting algorithm called SelectionSort. For sorting, this algorithm repeatettly the next element
to add to the sorted order from the remaining items. The correspondingxcdmd algorithm is
calledJarvis's march which builds the hull inD(nh) time by a process called “gift-wrapping”. The
algorithm operates by considering any one point that is on the hull, sagwiest point. We then find
the “next” edge on the hull in counterclockwise order. Assuming phandp,_, were the last two
points added to the hull, compute the pajrthat maximizes the anglép;_1prq. Thus, we can find
the pointg in O(n) time. After repeating thié times, we will return back to the starting point and we
are done. Thus, the overall running timeld¢énh). Note that ifh is o(log n) (asymptotically smaller
thanlog n) then this is a better method than Graham’s algorithm.
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One technical detail is that when we to find an edge from which to start. &yeveay to do this is to
let p; be the point with the lowesj-coordinate, and let, be the point—oo, 0), which is infinitely
far to the right. The poinp, is only used for computing the initial angles, after which it is discarded.

Figure 3.7: Jarvis’'s march.
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4 Line Segment Intersection
Reading: Chapter 2 in the 4M’s.

Geometric intersections: One of the most basic problems in computational geometry is that of computing
intersections. Intersection computation in 2- and 3-space is basic to magnedifapplication areas.

¢ In solid modeling people often build up complex shapes by applying varioale&o opera-
tions (intersection, union, and difference) to simple primitive shapes. Tdeegs in called
constructive solid geomet(fCSG). In order to perform these operations, the most basic step is
determining the points where the boundaries of the two objects intersect.

¢ In robotics and motion planning it is important to know when two objects intefeecbllision
detectionandcollision avoidance

e In geographic information systems it is often usefubt@rlaytwo subdivisions (e.g. a road net-
work and county boundaries to determine where road maintenance risjigslie). Since
these networks are formed from collections of line segments, this genarpteblem of deter-
mining intersections of line segments.

e In computer graphicsay shootings an important method for rendering scenes. The computa-
tionally most intensive part of ray shooting is determining the intersection abtheith other
objects.

Most complex intersection problems are broken down to successively siamalsimpler intersection
problems. Today, we will discuss the most basic algorithm, upon which mowgtlea algorithms are
based.

Line segment intersection: The problem that we will consider is, giverline segments in the plane, report
all points where a pair of line segments intersect. We assume that each linergeg represented by
giving the coordinates of its two endpoints.

Observe that line segments can intersect in as few as 0 and as mafi§) as O(n?) different inter-
section points. We could settle for @n?) algorithm, claiming that it is worst-case asymptotically
optimal, but it would not be very useful in practice, since in many instantiegersection problems
intersections may be rare. Therefore it seems reasonable to look fartpmt sensitive algorithm
that is, one whose running time should be efficient both with respect to amgLibutput size.

Let I denote the number of intersections. We will assume that the line segments areeinalgosi-

tion, and so we will not be concerned with the issue of whether three orlmesantersect in a single
point. However, generalizing the algorithm to handle such degenerdtimsrely is an interesting

exercise. See our book for more discussion of this.

Complexity: We claim that best worst-case running time that one might hope Of/islogn + I) time
algorithm. Clearly we nee@(I) time to output the intersection points. What is not so obvious is that
O(nlogn) time is needed. This results from the fact that the following problem is knowedwoire
Q(nlogn) time in the algebraic decision tree model of computation.

Element uniqueness:Given a list ofn real numbers, are all of these numbers distinct? (That is, are
there no duplicates.)
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We will reduce the element uniqueness problem to intersection reportifgrin time. This means
thatif we could solve intersection reportingdfv log n) time then wecouldsolve element uniqueness
in o(nlogn) time, which would contradict the know(n log n) lower bound.

Here is the reduction. Given a list efnumbers x;, z2, ..., z,), iIn O(n) time we can construct a
set ofn horizontal line segments, all having the sagreoordinates. (E.g., map; to the horizontal
segmentp;q; wherep; = (0,z;) andg; = (1,x;). Observe that if the numbers are distinct, then
there are no intersections between these segments. On the other handoiifrh@oe numbers are
equal, then the corresponding segments will be equal and hence theleastane intersection. (It
might bother you that we have created a degenerate configurationnéeegy However, by applying
a small perturbation to each segment, say by rotating about its midpoint by mitegifnally small
amount, this can be remedied.)

Note that this lower-bound result assumesdlgebraic decision tree modef computation, in which
all decisions are made by comparisons made based on exact algebraiionget-, —, *, /) applied

to numeric inputs. Although this encompasses most of what one would coftside “normal” ge-
ometric computations, there are alternative models of computation. For exdmdieking mods,
floors, or ceilings, you would be able to implement hashing. With hashing itssipe to solve
the element uniqueness in expecte(h) time. Unfortunately, even in this more powerful computa-
tional model, no one know how to determine whether any two line segments titardaster than
O(nlogn + I) time in the worst case.

We will present a (not quite optimaf) (n log n + I logn) time algorithm for the line segment inter-
section problem. A natural question is whether this is optimal. Later in the semesteill discuss
an optimal randomize®(n log n + I') time algorithm for this problem.

Line segment intersection: Like many geometric primitives, computing the point at which two line seg-
ments intersect can be reduced to solving a linear system of equationab aatlcd be two line
segments, given by their endpoints. First observe that it is possible torite¢evhetherthese line
segments intersect, simply by applying an appropriate combination of orientiesisn (We will leave
this as an exercise.)

One way to determine the point at which the segments intersect is to use anlofdaimccomputer
graphics. We represent the segments usipgrametric representatiorRecall that any point on the
line segmentb can be written as a convex combination involving a real parameter

p(s) = (1 —s)a+ sb for0 <s <1.
Similarly for cd we may introduce a parameter
qit)= (1 —t)c+td foro<t<1.

An intersection occurs if and only if we can firdandt¢ in the desired ranges such thdt) = ¢(t).
Thus we obtain the two equations:

(1 =5)ay +sby = (1—1t)cy +tdy
(1—s)ay+sb, = (1—1t)e,+tdy.

The coordinates of the points are all known, so it is just a simple exerciseeiar lalgebra to solve
for s andt¢. The computation of andt¢ will involve a division. If the divisor is 0, this means that the
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line segments are either parallel or collinear. These special cases $leodéhlt with carefully. If
the divisor is nonzero, then we get values §andt¢ as rational numbers (the ratio of two integers).
We can approximate them as floating point numbers, or if we want to pedratt computations it
is possible to simulate rational number algebra exactly using high-precisigeiateéand multiplying
through by least common multiples). Once the valuesaridt have been computed all that is needed
is to check that both are in the interyal 1.

Plane Sweep Algorithm: Let S = {s1, s9, ..., s, } denote the line segments whose intersections we wish
to compute. The method is callglane sweep Here are the main elements of any plane sweep
algorithm, and how we will apply them to this problem:

Sweep line: We will simulate the sweeping of a vertical lirfe called thesweep linefrom left to
right. (Our text uses a horizontal line, but there is obviously no signifidederence.) We will
maintain the line segments that intersect the sweep line in sorted order (setpfréo bottom).
Note that we cannot efficiently store the actual coordinates at which tjmeesds intersect the
sweep, since this would require too many updates. Instead we just stoirger pvhich provides
us with access to the line segment’s equation. Given the curreabrdinate of the sweep line,
we can compute thg-coordinate of the intersection point as needed.

Events: Although we might think of the sweep line as moving continuously, we only neagdate
data structures at points of some significant change in the sweep-linentsyrtalledevent
points
Different applications of plane sweep will have different notions of teent points are. For
this application, event paoints will correspond to the following:

Endpoint events: where the sweep line encounters an endpoint of a line segment, and
Intersection events: where the sweep line encounters an intersection point of two line seg-
ments.
Note that endpoint events can be presorted before the sweep rurt@nthast, intersection
events will be discovered as the sweep executes. For example, in treelfiglowv, some of the
intersection points lying to the right of the sweep line have not yet beend\désed” as events.
However, we will show that every intersection point will be discoveredragvent before the
sweep line arrives here.

Event updates: When an event is encountered, we must update the data structurestassadth
the event. It is a good idea to be careful in specifying exactly what invarigou intend to
maintain. For example, when we encounter an intersection point, we mushimeeethe order
of the intersecting line segments along the sweep line.

There are a great number of nasty special cases that complicate thighadgamd obscure the main
points. We will make a number of simplifying assumptions. They can be overtommegh a more
careful handling of these cases.

(1) No line segment is vertical.

(2) If two segments intersect, then they intersect in a single point (that ysatkenot collinear).

(3) No three line segments intersect in a common point.
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-
\ ! { future event points

T ° intersections detectec

Figure 4.1: Plane sweep.

Detecting intersections: We mentioned that endpoint events are all known in advance. But howedo w
detect intersection events. It is important that each event be detectwe bed actual event occurs.
Our strategy will be as follows. Whenever two line segments become adjoagtthe sweep line,
we will check whether they have an intersection occurring to the right afvlesp line. If so, we will
add this new event (assuming that it has not already been added).

A natural question is whether this is sufficient. In particular, if two line sege@a intersect, is there
necessarily some prior placement of the sweep line such that they areradjalappily, this is the
case, but it requires a proof.

Lemma: Given two segments; ands;, which intersect in a single poipt(and assuming no other
line segment passes through this point) there is a placement of the sweeidirte fhis event,
such thats; ands; are adjacent along the sweep line (and hence will be tested for intergection

Proof: From our general position assumption it follows that no three lines interseccommon
point. Therefore if we consider a placement of the sweep line that is infmidg to the left of
the intersection point, lines; ands; will be adjacent along this sweepline. Consider the event
point ¢ with the largestz-coordinate that is strictly less than. The order of lines along the
sweep-line after processingwill be identical the order of the lines along the sweep line just
prior p, and hence; ands; will be adjacent at this point.

Figure 4.2: Correctness of plane sweep.

Data structures: In order to perform the sweep we will need two data structures.

Event queue: This holds the set of future events, sorted according to increasoaprdinate. Each
event contains the auxiliary information of what type of event this is (segempoint or in-
tersection) and which segment(s) are involved. The operations that thistdacture should
support are inserting an event (if it is not already present in the Quewkeextracting the mini-
mum event.
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It seems like a heap data structure would be ideal for this, since it suppggttions and extract-
min in O(log M) time, where)M is the number of entries in the queue. (See any standard algo-
rithms text for details). However, a heap cannot support the operdtidmecking for duplicate
events.

There are two ways to handle this. One is to use a more sophisticated datiarstreigch as an
ordered dictionary (for example, a balanced binary tree or skip-lisis ddds a small constant
factor, but can check that there are no duplicates easily. The seagsaltise heap and accept the
fact that there may be duplicate events present. Some mechanism will nezdiplemented

to detect and ignore these duplicate events. (Our book recommends thegfwiion.)

If events have the samecoordinate, then we can handle this by sorting points lexicographi-
cally by (z,y). (This results in events be processed from bottom to top along the sweep line
and has the same geometric effect as imagining that the sweep line is rotatadsinfially
counterclockwise.)

Sweep line status:To store the sweep line status, we maintain an ordered dictionary (e.g., adzhlan
binary tree or skip-list) whose entries are pointers to the line segmentg] Btanereasing order
of y-coordinate along the current sweep line.
Normally when storing items in a tree, the key values are constants. Sincedhbp Bae varies,
we need “variable” keys. To do this, let us assume that each line segm@putes a line
equationy = mx + b as part of its representation. The “key” value in each node of the tree is a
pointer to a line segment. To compute theoordinate of some segment at the location of the
current sweep line, we simply take the currentoordinate of the sweep line, plug it into the
line equation for this line, and use the resultipgoordinate in our comparisons.
The operations that we need to support are those of deleting a line segmerting a line seg-
ment, swapping the position of two line segments, and determining the immediateqesatec
and successor of any item. Assuming any balanced binary tree or a skifgig, operations can
be performed irO(log n) time each.

This event is not added at this time.
(Do you see why?)

Left endpoint Right endpoint Intersection
S3 S3 ‘ S3 LS5

S~ [add event %~ [addevent

(s0,s1,s2,s3) — (s0,s1,s2,54,583) ——— = (s0,52,54,33) (s0,s2,s3,54)

Figure 4.3: Plane-sweep algorithm events.

The complete plane-sweep algorithm is presented below. Our algorithniemthe creation of new
events, but ignores the issue of duplicate events. See our text for ecarefal implementation. The
various cases are illustrated in the following figure.

Analysis: The work done by the algorithm is dominated by the time spent updating the val&ba struc-
tures (since otherwise we spend only constant time per sweep eventleatfeaancount two things:
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Plane-Sweep Algorithm for Line Segment Intersection
(1) Insert all of the endpoints of the line segmentsanto the event queue. The initial sweep status is empty.

(2) While the event queue is nonempty, extract the next ewvethiei queue. There are three cases, depending on the
type of event:

Segment left endpoint: Insert this line segment into the sweep line status, basatieon-coordinate of this
endpoint and thg-coordinates of the other segments currently along theglige. Test for intersections
with the segment immediately above and below.

Segment right endpoint: Delete this line segment from the sweep line status. For tiiees immediately
preceding and succeeding this entry, test them for intéosec

Intersection point: Swap the two line segments in order along the sweep line.Heaneéw upper segment, test
it against its predecessor for an intersection. For the oewed segment, test it against its successor for an
intersection.

the number of operations applied to each data structure and the amount oé&detrto process each
operation.

For the sweep line status, there are at mostements intersecting the sweep line at any time, and
therefore the time needed to perform any single operatiohisg n), from standard results on bal-
anced binary trees.

Since we do not allow duplicate events to exist in the event queue, the tatakenwf elements in the
gueue at any time is at mo3t 4+ I. Since we use a balanced binary tree to store the event queue,
each operation takes time at most logarithmic in the size of the queue, widkhis(2n + I)). Since

I < n?, thisis at mosO(log n?) = O(2logn) = O(logn) time.

Each event involves a constant number of accesses or operationsdwdbp status or the event
queue, and since each such operation ték@sg n) time from the previous paragraph, it follows that
the total time spent processing all the events from the sweep line is

O((2n+I)logn) =O((n+ I)logn) = O(nlogn + I'logn).

Thus, this is the total running time of the plane sweep algorithm.
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5 Planar Graphs, Polygons and Art Galleries
Reading: Chapter 3 in the 4M’s.

Topological Information: In many applications of segment intersection problems, we are not intemested
just a listing of the segment intersections, but want to know how the segmerdsranected together.
Typically, the plane has been subdivided into regions, and we want ®tb&se regions in a way that
allows us to reason about their properties efficiently.

This leads to the concept ofdanar straight line grap{(PSLG) orplanar subdivisior{or what might

be called acell complexin topology). A PSLG is a graph embedded in the plane with straight-line
edges so that no two edges intersect, except possibly at their endp@iiis. condition that the
edges be straight line segments may be relaxed to allow curved segmemnts Wilt assume line
segments here.) Such a graph naturally subdivides the plane into regimn8-dimensionalertices
1-dimensionaédgesand 2-dimensiondaces We consider these three types of objects to be disjoint,
implying each edge is topologically open (it does not include it endpoints) aedch face is open
(it does not include its boundary). There is always one unbounded tiaat stretches to infinity. Note
that the underlying planar graph need not be a connected graphtibufs, faces may contain holes
(and these holes may contain other holes. A subdivision is calbemex subdivisioii all the faces

are convex.

vertex

face

convex subdivision

Figure 5.1: Planar straight-line subdivision.

Planar subdivisions form the basic objects of many different structhed¢sve will discuss later this
semester (triangulations and Voronoi diagrams in particular) so this is atgoedo consider them
in greater detail. The first question is how should we represent sudtsts so that they are easy to
manipulate and reason about. For example, at a minimum we would like to be ablethe kxiges
that bound each face of the subdivision in cyclic order, and we woulddike able to list the edges
that surround each vertex.

Planar graphs: There are a number of important facts about planar graphs that wilstiscuss. Gener-
ally speaking, an (undirectedjaphis just a finite set of vertices, and collection of unordered pairs of
distinct vertices calleédges A graph isplanar if it can be drawn in the plane (the edges need not be
straight lines) so that no two distinct edges cross each otheemtreddingf a planar graph is any
such drawing. In fact, in specifying an embedding it is sufficient just exigp the counterclockwise
cyclic list of the edges that are incident to each vertex. Since we arestedr geometric graphs,
our embeddings will contain complete geometric information (coordinates téegiin particular).

There is an important relationship between the number of vertices, edgefsces in a planar graph
(or more generally an embedding of any graph on a topological 2-manijotdye will stick to the
plane). LetV denote the number of verticeg, the number of edged; the number of faces in a
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connected planar graph. Euler’'s formula states that
V—-_E+F=2.

The quantityy — E'+ F'is called theEuler characteristicand is an invariant of the plane. In general,
given a orientable topological 2-manifold wighhandles (called thgenu3 we have

V-E+F=2-2g.

Returning to planar graphs, if we allow the graph to be disconnected, efiddenote the number of
connected components, then we have the somewhat more general formula

V-FE+F-C=1.

In our example above we havé = 13, £ = 12, F' = 4 andC = 4, which clearly satisfies this
formula. An important fact about planar graphs follows from this.

Theorem: A planar graph with” vertices has at mos{V — 2) edges and at mog{V" — 2) faces.

Proof: We assume (as is typical for graphs) that there are no multiple edges hétveesame pair
of vertices and no self-loop edges.
We begin bytriangulatingthe graph. For each face that is bounded by more than three edges (or
whose boundary is not connected) we repeatedly insert new edtiesveny face in the graph
is bounded by exactly three edges. (Note that this is not a “straight lineaptgraph, but itis a
planar graph, nonetheless.) An example is shown in the figure below in waariginal graph
edges are shown as solid lines.

Figure 5.2: Triangulating a planar graph.

Let £’ > E andF’ > F denote the number edges and faces in the modified graph. The resulting
graph has the property that it has one connected component, everig facunded by exactly
three edges, and each edge has a different face on either side dfetlaSt claim may involve

a little thought.)

If we count the number of faces and multiply by 3, then every edge will hmtea exactly
twice, once by the face on either side of the edge. ThES= 2F’, thatisE’ = 3F” /2. Euler’s
formula states that + £’ — F' = 2, and hence

3F’

V-Io4F=2 5 FF=3V-2)
and using the face th#’ = 2E’/3 we have
2F'
V—E’+7:2 = E<E =3V -2).

This completes the proof.
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The fact that the numbers of vertices, edges, and faces are relatemh$tant factors seems to hold
only in 2-dimensional space. For example, a polyhedral subdivisiordah&nsional space that has
vertices can have as many@én?) edges. (As a challenging exercise, you might try to create one.) In
general, there are formulas, called ehn-Sommerville equatiotisat relate the maximum numbers
of vertices, edges, and faces of various dimensions.

There are a number of reasonable representations that for storingsP3lhe most widely used on

is thewinged-edge data structurdJnfortunately, it is probably also the messiest. There is another
called thequad-edge data structunehich is quite elegant, and has the nice property of being self-
dual. (We will discuss duality later in the semester.) We will not discuss anyesettbut see our text
for a presentation of théoubly-connected edge ligir DCEL) structure.

Simple Polygons: Now, let us change directions, and consider some interesting problentgimgvpoly-
gons in the plane. We begin study of the problem of triangulating polygoasnifdduce this problem
by way of a cute example in the field of combinatorial geometry.

We begin with some definitions. polygonal curvas a finite sequence of line segments, caéieldes
joined end-to-end. The endpoints of the edgesvartices For example, letyg, vo, . .., v, denote
the set ofn + 1 vertices, and lety, es, . . ., e, denote a sequence nfedges, where; = v; _1v;. A
polygonal curve iglosedif the last endpoint equals the firgy = v,,. A polygonal curve isimple

if it is not self-intersecting. More precisely this means that each egddees not intersect any other
edge, except for the endpoints it shares with its adjacent edges.

Vg V,

Vo
V3
v
FRY;
4 Vg

polygonal curve closed but not simple simple polygon
Figure 5.3: Polygonal curves

The famouslordan curve theoreratates that every simple closed plane curve divides the plane into
two regions (thdnterior and theexterior). (Although the theorem seems intuitively obvious, it is
quite difficult to prove.) We define polygonto be the region of the plane bounded by a simple,
closed polygonal curve. The tersimple polygoris also often used to emphasize the simplicity of
the polygonal curve. We will assume that the vertices are listed in countkvdgte order around the
boundary of the polygon.

Art Gallery Problem: We say that two points andy in a simple polygon caseeeach other (or: andy
arevisible) if the open line segmenty lies entirely within the interior of?. (Note that such a line
segment can start and end on the boundary of the polygon, but ittgaas®through any vertices or
edges.)

If we think of a polygon as the floor plan of an art gallery, consider tlublem of where to place
“guards”, and how many guards to place, so that every point of thergabe be seen by some guard.
Victor Klee posed the following question: Suppose we have an art galleogevfloor plan can be
modeled as a polygon with vertices. As a function of,, what is the minimum number of guards
that suffice to guard such a gallery? Observe that are you are told thiequolygon is the number of
sides, not its actual structure. We want to know the fewest number odgtizat suffice to guardll
polygons withn sides.
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WU

A guarding set A polygon requiring n/3 guards

Figure 5.4: Guarding sets.

Before getting into a solution, let’s consider some basic facts. Could thegyelypgons for which no
finite number of guards suffice? It turns out that the answer is no, bypribof is not immediately
obvious. You might consider placing a guard at each of the vertices. &sehof guards will suffice
in the plane. But to show how counterintuitive geometry can be, it is interesiimgt that there
are simple nonconvex polyhedra in 3-space, such that even if you lgicard at every vertex there
would still be points in the polygon that are not visible to any guard. (As Herlge, try to come up
with one with the fewest number of vertices.)

An interesting question in combinatorial geometry is how does the number afgneeded to guard
any simple polygon with: sides grow as a function ef? If you play around with the problem for
a while (trying polygons withh = 3,4,5,6. .. sides, for example) you will eventually come to the
conclusion thatn /3] is the right value. The figure above shows a worst-case example, Whése
guards are required. A cute result from combinatorial geometry is thahdmder always suffices.
The proof is based on three concepts: polygon triangulation, duahsgjramd graph coloring. The
remarkably clever and simple proof was discovered by Fisk.

Theorem: (The Art-Gallery Theorem) Given a simple polygon wittvertices, there exists a guard-
ing set with at mostn /3] guards.

Before giving the proof, we explore some aspects of polygon triangakatie begin by introducing

a triangulation ofP. A triangulationof a simple polygon is a planar subdivision of (the interior of)
P whose vertices are the vertices Bfand whose faces are all triangles. An important concept in
polygon triangulation is the notion ofdiagonal that is, a line segment between two verticeg of
that are visible to one another. A triangulation can be viewed as the uniom efddpes ofP and a
maximal set of noncrossing diagonals.

Lemma: Every simple polygon with vertices has a triangulation consistingof- 3 diagonals and
n — 2 triangles.

(We leave the proof as an exercise.) The proof is based on the facfithatanyn-vertex polygon,
with n > 4 it has a diagonal. (This may seem utterly trivial, but actually takes a little bit sk wo
to prove. In fact it fails to hold for polyhedra in 3-space.) The additiothefdiagonal breaks the
polygon into two polygons, of say.; andms vertices, such that, + ms = n + 2 (since both share
the vertices of the diagonal). Thus by induction, there(ate— 2) + (my —2) =n+2—-4=n—2
triangles total. A similar argument holds for the case of diagonals.

It is a well known fact from graph theory that any planar graph candbered with 4 colors. (The
famous4-color theoren) This means that we can assign a color to each of the vertices of the graph,
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from a collection of 4 different colors, so that no two adjacent vertiea® the same color. However
we can do even better for the graph we have just described.

Figure 5.5: Polygon triangulation and a 3-coloring.

Lemma: Let T be the triangulation graph of a triangulation of a simple polygon. Thes 3-
colorable.

Proof: For every planar grapy there is another planar grag called itsdual The dualG* is the

graph whose vertices are the faceg:hfand two vertices ofs* are connected by an edge if the
two corresponding faces 6f share a common edge.
Since a triangulation is a planar graph, it has a dual, shown in the figuree.b&le do not
include the external face in the dual.) Because each diagonal of theulaéiog splits the
polygon into two, it follows that each edge of the dual graph =uaedge meaning that its
deletion would disconnect the graph. As a result it is easy to see thatdhgrdph is dree tree
(that is, a connected, acyclic graph), and its maximum degree is 3. (Thig wot be true if the
polygon had holes.)

Figure 5.6: Dual graph of triangulation.

The coloring will be performed inductively. If the polygon consists of gkgrriangle, then just
assign any 3 colors to its vertices. An important fact about any free ttbati# has at least one
leaf (in fact it has at least two). Remove this leaf from the tree. This spords to removing a
triangle that is connected to the rest triangulation by a single edge. (Suehglédris called an
ear.) By induction 3-color the remaining triangulation. When you add back theatkteangle,
two of its vertices have already been colored, and the remaining vertejateatito only these
two vertices. Give it the remaining color. In this way the entire triangulation \eilB&colored.

We can now give the simple proof of the guarding theorem.

Proof: (of the Art-Gallery Theorem:) Consider any 3-coloring of the vertices efgghlygon. At
least one color occurs at magt/3| time. (Otherwise we immediately get there are more than
n vertices, a contradiction.) Place a guard at each vertex with this colors&/atumostn /3|
guards. Observe that every triangle has at least one vertex of edehtoee colors (since you
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cannot use the same color twice on a triangle). Thus, every point in themdéthis triangle

is guarded, implying that the interior &t is guarded. A somewhat messy detail is whether you
allow guards placed at a vertex to see along the wall. However, it is ndieuttimatter to push
each guard infinitesimally out from his vertex, and so guard the entire polyg
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6 Polygon Triangulation
Reading: Chapter 3 in the 4M’s.

The Polygon Triangulation Problem: Triangulation is the general problem of subdividing a spatial do-
main into simplices, which in the plane means triangles. In its simplest form, a simplgomoiy
given (that is, a planar region that is defined by a closed, simple polygonga), and the objective
is to subdivide the polygon into triangles. Triangulating simple polygons is impidida many rea-
sons. This operation useful, for example, whenever it is needed tongese a complex shapes a
set of disjoint simpler shapes. Note that in some applications it is desirabledaqa “fat” (nearly
equilateral) triangles, but we will not worry about this issue.

Simple polygon A triangulation
Figure 6.1: Polygon triangulation.

This simple problem has been the focus of a remarkably large number efspgpcomputational
geometry spanning a number of years. There is a simple naive polynomialiiovétan for the
planar case (as opposed to possibly nonconvex polyhedra in highensions). We say that two
points on the boundary of the polygon aisibleif the interior of the line segment lies entirely within
the interior of the polygon. Definediagonalof the polygon to be the line segment joining any pair
of visible vertices. Observe that the addition of a diagonal splits the polygoriwo polygons of
smaller size. This naive algorithm operates by repeatedly adding diagéhsisorrectness is based
on the observation that every non-triangular planar polygon has atleasliagonal.) Unfortunately,
this algorithm is not very efficient (unless the polygon has special piepefor example, convexity)
because of the complexity of the visibility test.

There are very simpl@(n log n) algorithms for this problem that have been known for many years. A
longstanding open problem was whether there exist3(ar) time algorithm. (Observe that the input
polygon is presented as a cyclic list of vertices, and hence the data is inssse “pre-sorted”,
which precludes af2(nlogn) lower bound.) The problem of a linear time polygon triangulation
was solved by Bernard Chazelle in 1991, but the algorithm is so amazinglyaietrit could never
compete with the practical but asymptotically slow¥m log n) algorithms. In fact, there is no known
algorithm that runs in less thai(n log n) time, that is really practical enough to replace the standard
O(nlogn) algorithms.

We will present one of many know®(n log n) algorithms. The approach we present today is a two-
step process (although with a little cleverness, both steps can be combinedénatgorithm). The
firstis to consider the special case of triangulatimganotone polyganAfter this we consider how to
convert an arbitrary polygon into a collection of disjoint monotone polygdhen we will apply the
first algorithm to each of the monotone pieces. The former algorithm ru@gqin time. The latter
algorithm runs inD(n log n) time, for a total ofO(n logn) time.
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Monotone Polygons: A polygonal chainC' is said to bestrictly monotonewith respect to a given liné,
if any line that is orthogonal td. intersectsC' in at most one point. A chaif’ is monotonewith
respect tal if each line that is orthogonal tb intersects” in a single connected component. Thus
it may intersect, not at all, at a single point, or along a single line segment. Aqol is said to
bemonotonevith respect to a lind. if its boundary, (sometimes denoted fJ or 0 P), can be split
into two chains, each of which is monotone with respedt to

e
N

Xx—monotone polygon Splitting diagonals Monotone decomposition

Figure 6.2: Monotonicity.

Henceforth, let us consider monotonicity with respect to thaxis. We will call these polygons
horizontally monotonelt is easy to test whether a polygon is horizontally monotone. How?

(a) Find the leftmost and rightmost vertices (min and macoordinate) inO(n) time.

(b) These vertices split the polygon’s boundary into two chainsioer chainand alower chain
Walk from left to right along each chain, verifying that thecoordinates are nondecreasing.
This takesO(n) time.

As a challenge, consider the problem of determining whether a polygon istor@in any (unspeci-
fied) direction. This can be done @(n) time, but is quite a bit harder.

Triangulation of Monotone Polygons: We can triangulate a monotone polygon by a simple variation of
the plane-sweep method. We begin with the assumption that the vertices oflyjerpbave been
sorted in increasing order of theircoordinates. (For simplicity we assume no duplicat®ordinates.
Otherwise, break ties between the upper and lower chains arbitrarilyyiéimid a chain break ties so
that the chain order is preserved.) Observe that this does not reqctiregs We can simply extract
the upper and lower chain, and merge them (as done in MergeSaityintime.

The idea behind the triangulation algorithm is quite simple: Try to triangulate #éegyyou can to
the left of the current vertex by adding diagonals, and then remove thguiteted region from further
consideration.

In the example, there is obviously nothing to do until we have at least 3 \&rtitéth vertex 3, it
is possible to add the diagonal to vertex 2, and so we do this. In adding vertee can add the
diagonal to vertex 2. However, vertices 5 and 6 are not visible to any ptmadjacent vertices so no
new diagonals can be added. When we get to vertex 7, it can be cotitedtes, and 6. The process
continues until reaching the final vertex.

The important thing that makes the algorithm efficient is the fact that whenrrive at a vertex

the untriangulated regiorthat lies to the left of this vertex always has a very simple structure. This
structure allows us to determine égonstant timevhether it is possible to add another diagonal. And
in general we can add each additional diagonal in constant time. Sindeiamyulation consists of

n — 3 diagonals, the process runs(t{n) total time. This structure is described in the lemma below.
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Figure 6.3: Triangulating a monotone polygon.

Lemma: (Main Invarianf) Fori > 2, letv; be the vertex just processed by the triangulation algorithm.
The untriangulated region lying to the left@fconsists of twa:-monotone chains, a lower chain
and an upper chain each containing at least one edge. If the chainftom has two or more
edges, then these edges form a reflex chain (that is, a sequenaticds/ith interior angles
all at least 180 degrees). The other chain consists of a single edge \gibendpoint is. and
whose right endpoint lies to the right of.

We will prove the invariant by induction. As the basis case, consider seaa,. Hereu = v, and
one chain consists of the single edge; and the other chain consists of the other edge adjacent to
V1.

To prove the main invariant, we will give a case analysis of how to handledkieavent, involving
v;, assuming that the invariant holdseat . and see that the invariant is satisfied after each event has
been processed. There are the following cases that the algorithmtoeszid with.

Case 1: v; lies on the opposite chain from_1:
In this case we add diagonals joiningto all the vertices on the reflex chain, fram_; back to
(but not including)u. Note that all of these vertices are visible fram Certainlyw is visible
to v;. Because the chain is reflexsmonotone, and lies to the left of it follows that the chain
itself cannot block the visibility fromy; to some other vertex on the chain. Finally, the fact that
the polygon isz-monotone implies that the unprocessed portion of the polygon (lying to the
right of v;) cannot “sneak back” and block visibility to the chain.
After doing this, we set, = v; 1. The invariant holds, and the reflex chain is trivial, consisting
of the single edge;v;_1.

Case 2: v is on the same chain as_:

We walk back along the reflex chain adding diagonals joimirtg prior vertices until we find the
first that is not visible ta;. As can be seen in the figure, this may involve connectjrig one
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Vier

Initial invariant

Vier Viep

Case 1 Case 2a ‘ Case 2b Vi‘

Figure 6.4: Triangulation cases.

or more vertices (2a) or it may involve connectingto no additional vertices (2b), depending
on whether the first angle is less or greater than 180 degrees. In eifesthe vertices that were
cut off by diagonals are no longer in the chain, andecomes the new endpoint to the chain.
Again, by z-monotonicity it follows that the unprocessed portion of the polygon cahloak
visibility of v; to the chain.

Note that when we are done the remaining chain frgnto « is a reflex chain. (Note the
similarity between this step and the main iteration in Graham’s scan.)

How is this implemented? The vertices on the reflex chain can be stored in a $adkeep a flag
indicating whether the stack is on the upper chain or lower chain, and agbaineith each new
vertex we know which chain of the polygon it is on. Note that decisions tabisibility can be based
simply on orientation tests involving and the top two entries on the stack. When we conngloy
a diagonal, we just pop the stack.

Analysis: We claim that this algorithm runs i®(n) time. As we mentioned earlier, the sorted list of
vertices can be constructed@(n) time through merging. The reflex chain is stored on a stack. In
O(1) time per diagonal, we can perform an orientation test to determine whethed tbeadiagonal
and (assuming a DCEL) the diagonal can be added in constant time. Simuatber of diagonals is
n — 3, the total time igD(n).

Monotone Subdivision: In order to run the above triangulation algorithm, we first need to subdasde
arbitrary simple polygorP into monotone polygons. This is also done by a plane-sweep approach.
We will add a set of nonintersecting diagonals that partition the polygon int@topa pieces.

Observe that the absence :ofmonotonicity occurs only at vertices in which the interior angle is
greater than 180 degrees and both edges lie either to the left of the vetath ¢o the right. Following
our book’s notation, we call the first typenaerge verteXsince as the sweep passes over this vertex
the edges seem to be merging) and the latter tyg@itivertex

Let’s discuss the case of a split vertex first (both edges lie to the righteofdttex). When a split
vertexv is encountered in the sweep, there will be an eggef the polygon lying above and an edge
ep lying below. We might consider attaching the split vertex to left endpoint efafithese two edges,
but it might be that neither endpoint is visible to the split vertex. We need to nramtaertex that
is visible to any split vertex that may arise betwegrande;,. To do this, imagine a fluorescent light
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shining down from every point og, (these are the white vertices in the figure below, left). Note that
eq left endpoint is considered in this set as well. We say that these verteesréically visible below

eq. Among all the vertices that are illuminated by these vertical light raysy le¢ the rightmost.
We claim thatu is visible to every point along the sweep line betwegrande;. This suggests the
following concept, which is defined for each edggthat intersects the sweep line, such that the
polygon’s interior lies locally below,.

W,,helper(el)

] .. i G
sweep line helper(e5)

Figure 6.5: Split vertices, merge vertices, and helpers.

helper(e,) : Let e, be the edge of the polygon lying just belew on the sweep line. The helper is
the rightmost vertically visible vertex below; on the polygonal chain betweep ande,,.

We join each split vertex thelper(e, ), wheree, is the edge of? immediately above the split vertex.
Note that it is possible that the helper is the left endpoint,0fAlso note thahelper(e,) is defined
with respect to the current location of the sweep line. As the sweep line mitveslue changes.
Also, it is only defined for those edges intersected by the sweep line.

Events: The endpoints of the edges of the polygon. These are sorted by imgyeasler of x-
coordinates. Since no new events are generated, the events may derstosimple sorted list
(i.e., no priority queue is needed).

Sweep status: The sweep line status consists of the list of edges that intersect the sweeglited
from top to bottom. Our book notes that we actually only need to store edgbstisat the
polygon lies just below this edge (since these are the only edges that watetlper() from).
These edges are stored in a dictionary (e.g., a balanced binary trebgt $be operations of
insert, delete, find, predecessor and successor can be evalua@dgm) time each.

Event processing: There are six event types based on a case analysis of the local sratadges
around each vertex. Letbe the current vertex encountered by the sweep.

Split vertex: Search the sweep line status to find the edfjgng immediately above.. Add
a diagonal connecting to helper(e). Add the two edges incident toin the sweep line
status, and makethe helper of the lower of these two edges and mattee new helper of
€.

Merge vertex: Find the two edges incident to this vertex in the sweep line status (they must be
adjacent). Delete them both. Lebe the edge lying immediately above them. Makibe
new helper ok.

Start vertex: (Both edges lie to the right af, but the interior angle is less than 180 degrees.)
Insert this vertex’s edges into the sweep line status. Set the helper gifieeedge ta.
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End vertex: (Both edges lie to the left of, but the interior angle is less than 180 degrees.)
Delete both edges from the sweep line status.

Upper-chain vertex: (One edge is to the left, and one to the right, and the polygon interior is
below.) Replace the left edge with the right edge in the sweep line status.Ma&éelper
of the new edge.

Lower-chain vertex: (One edge is to the left, and one to the right, and the polygon interior is
above.) Replace the left edge with the right edge in the sweep line statusbé¢he edge
lying above here. Make the helper ot.

Finally, in the cases of a End, Upper-chain or Lower-chain vertexgichiether the helper is a
Merge vertex. If so, add a diagonal to it.

- e - e . e
). \‘/< >.V V< >, v e

Split Merge Start End Upper Lower

Figure 6.6: Plane sweep cases.

There are many special cases (what a pain!), but each one is faght@deal with, so the algorithm
is quite efficient. As with previous plane sweep algorithms, it is not hard ta shat the running
time isO(logn) times the number of events. In this case there is one event per vertex, tetaihe
time isO(nlogn). This gives us a®(n log n) algorithm for polygon triangulation.
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7 Halfplane Intersection
Reading: Chapter 4 in the 4M’s, with some elements from Sections 8.2 and 11.4.

Halfplane Intersection: Today we begin studying another very fundamental topic in geometric congputin
and along the way we will show a rather surprising connection between flisdad the topic of
convex hulls, which we discussed earlier. Any line in the plane splits the pfandwo regions,
called halfplane one lying on either side of the line. We may refer to a halfplane as being either
closedor opendepending on whether it contains the line itself. For this lecture we will be stete
in closed halfplanes.

How do we represent lines and halfplanes? For the cleanest and mesalgenderstanding of rep-
resenting lines, it is good to study projective geometry and homogeneordirates. However, for
the sake of time, we will skip this. Typically, it will suffice to represent lines ie ftane using the
following equation:

Yy =ax — b,

wherea denotes the slope arbddenotes the negation of theintercept. (We will see later why this
representation is convenient.) Unfortunately, it is not fully general, strm@nnot represent vertical
lines. A more general line representation will generally involve three paeameas in:

ax + by = c.

In this case, it is easy to see that the line has slepén and hence is perpendicular to the vector
(a,b). The equation is unchanged by an scalar multiplication, andse-if) (the line does not pass
through the origin) we could express this more succinctly/as+ 'y = 1, wherea’ = a/c and

b =1b/c.

To represent a closed halfplane, we convert either representaticanimequality:
y<axr-—b>b or ar + by < c.

In the former case, this represents the halfplane lying below the line. Therkgitesentation is more
general, since we can represent halfplanes on either side of the lindy siynmultiplying all the
coefficients by—1.

Halfplane intersection problem: Thehalfplane intersection probleis, given a set of. closed halfplanes,
H = {hy, ho,...,h,} compute their intersection. A halfplane (closed or open) is a convex gkt, an
hence the intersection of any number of halfplanes is also a convex sdike e convex hull
problem, the intersection of halfplanes may generally be empty or even unbounded. A reasonable
output representation might be to list the lines bounding the intersection inerolatkwise order,
perhaps along with some annotation as to whether the final figure is boandadounded.

How many sides can bound the intersectionnohalfplanes in the worst case? Observe that by
convexity, each of the halfplanes can appear only once as a sidegand the maximum number
of sides isn. How fast can we compute the intersection of halfspaces? As with the xdmNie
problem, it can be shown through a suitable reduction from sorting thatrtidepn has a lower
bound ofQ2(n logn).
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Figure 7.1: Halfplane intersection.

Who cares about this problem? Our book discusses an application in thefarasting. Halfplane

intersection and halfspace intersection in higher dimensions are also ugatkirating convex shape
approximations. In computer graphics for example, a bounding box is ofied to approximate a
complex multi-sided polyhedral shape. Testing predicates (visibility or inteose for example) may

be much easier and faster with the bounding box than with the original objectawgeneralize this
to produce more accurate bounding objects by considering halfspatesd¢mot only axis-aligned,
but those that are aligned along some fixed number of pre-chosen digectio

Solving the halfspace intersection problem in higher dimensions is quite a Btechallenging than
in the plane. For example, the boundary of the intersection of halfspad@sémsiond is a(d — 1)-
dimensional cell complex, and would require an appropriate data strdotusring such objects.

We will discuss two algorithms for the halfplane intersection problem. Theidigitven in the text,
and involves an interesting combination of two techniques we have disdiasgggbmetric problems,
geometric divide-and-conquer and plane sweep. For the other, weonBider somewhat simpler
problem of computing something called tf@mver envelopeof a set of lines, and show that it is
closely related to the convex hull problem.

Divide-and-Conquer Algorithm: We begin by sketching a divide-and-conquer algorithm for computing
the intersection of halfplanes. The basic approach is very simple:

(1) If n =1, then just return this halfplane as the answer.
(2) Split then halfplanes off into subsetd?; and H; of sizes|n/2| and[n/2], respectively.

(3) Compute the intersection éf; and H,, each by calling this procedure recursively. k&t and
K5 be the results.

(4) Intersect the convex polygoris; and K5 (which might be unbounded) into a single convex
polygon K, and returnik’.

The running time of the resulting algorithm is most easily described usimgwarence that is, a
recursively defined equation. If we ignore constant factors, asdnas for simplicity that: is a
power of 2, then the running time can be described as:

1 if n =1,
T(n) = { AW(n/2)+ Mn)  ifn>1,

whereM (n) is the time required to merge the two results, that is, to compute the intersection of two
convex polygons whose total complexityrnis We will show below thatV/(n) = O(n), and so it
follows by standard results in recurrences that the overall runningZitmg is O(nlogn). (See any
standard algorithms textbook.)
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Intersecting Two Convex Polygons: The only nontrivial part of the process is implementing an algorithm
that intersects two convex polygons; and K, into a single convex polygon. Note that these are
somewhat special convex polygons because they may be empty or ueldound

We know that it is possible to compute the intersection of line segmen@X(n + I)logn) time,
wherel is the number of intersecting pairs. Two convex polygons cannot intérsemre than/ =
O(n) pairs. (This follows from the observation that each edge of one polggarintersect at most
two edges of the other polygon by convexity.) This would gig&m log n) algorithm for computing
the intersection. This is too slow, however, and would result in an overall ainde(n log2 n) for
T(n).

There are two common approaches for intersecting convex polygoris.eBsentially involve merg-
ing the two boundaries. One works by a plane-sweep approach. Téeiotblves a simultaneous
counterclockwise sweep around the two boundaries. The latter algoritthesdsibed in O’'Rourke’s
book. We'll discuss the plane-sweep algorithm.

We perform a left-to-right plane sweep to compute the intersection. We bgdireaking the bound-
aries of the convex polygons into their upper and lower chains. By edgyvthe sweep line intersects
each convex polygoik; in at most two points, and hence, there are at most four points in the sweep
line status at any time. Thus, we do not need a ordered dictionary forgtbersweep line status—a
simple 4-element list suffices. Also, our event queue need only be efarsize. At any point there

are at most 8 possible candidates for the next event, namely, the riglietsdof the four edges
stabbed by the sweep line and the (up to four) intersection points of these aipd lower edges of

K with the upper and lower edges &%. Since there are only a constant number of possible events,
and each can be handleddr{1) time, the total running time i (n).

K o potential next event

Kl —

Figure 7.2: Convex polygon intersection.

Lower Envelopes and Duality: Next we consider a slight variant of this problem, to demonstrate some
connections with convex hulls. These connections are very importantundarstanding of compu-
tational geometry, and we see more about them in the future. These tonedtave to do with a
concept calledpoint-line duality In a nutshell there is a remarkable similarity between how points
interact with each other an how lines interact with each other. Sometimes its$fhjeo® take a
problem involving points and map it to an equivalent problem involving lined\ace versa. In the
process, new insights to the problem may become apparent.

The problem to consider is called tlwver envelopg@roblem, and it is a special case of the halfplane
intersection problem. We are given a setrofines L = {¢1,4s,...,¢,} where/; is of the form
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y = a;x — b;. Think of these lines as defininghalfplanesy < a;x — b;, each lyingoelowone of the
lines. Thelower envelop®f L is the boundary of the intersection of these half planes. (There is also
an upper envelope, formed by considering the intersection of the hadfplgimg above the lines.)

Upper envelope

Lower envelope

Figure 7.3: Lower and upper envelopes.

The lower envelope problem is a restriction of the halfplane intersectidsigi but it an interesting
restriction. Notice that any halfplane intersection problem that does nait/gany vertical lines can
be rephrased as the intersection of two envelopes, a lower envelopedibfi the lower halfplanes
and an upper envelope defined by the upward halfplanes.

We will see that solving the lower envelope problem is very similar to solving piperuconvex hull
problem. In fact, they are so similar that exactly the same algorithm will solvedsotilems, without
changing even a single character of code. (!) All that changes is tiiegnwahich you view the two
inputs and the two outputs.

Duality: Earlier this semester we presented the notion of polarity. This transformatipa pmnts to
hyperplanes and vice versa, and preserves incidence relation3tipse are a number of different
ways of defining such a transformation. We consider another sucHdraraion here, which has
many of the same general properties as polarity. As with polarity, this tnanafmn can be applied
in arbitrary dimensions, but here we will consider it in the plane.

Let us begin by considering lines in the plane. Each line can be reprdsertenumber of ways, but
for now, let us assume the representatjoa ax — b, for some scalar valuesandb. (Why —b rather
than+b? The distinction is unimportant, but it will simplify some of the notation defined hg/dve
cannot represent vertical lines in this way, and for now we will just igtloeen. Later in the semester
we will fix this up.

Therefore, in order to describe a line in the plane, you need only give @sobordinatega, b). In
some sense, lines in the plane can be thought of as points in a new planelintiehaordinate axes
are labeleda, b), rather thar(z, y). Thus the liney = 7z — 4 corresponds to the poilit, 4) in this
new plane. Each point in this new plane of “lines” corresponds to a mcakline in the original
plane. We will call the originalx, y)-plane thegprimal planeand the newa, b)-plane thedual plane

What is the equation of a line in the dual plane? Since the coordinate systsm arsdb, we might
write a line in a symmetrical form, for exampgie= 3a — 5, where the value3 and5 could be replaced
by any scalar values.

Consider a particular point = (p., p,) in the primal plane, and consider the set of all nonvertical
lines passing through this point. Any such line must satisfy the equagiea ap, — b. The images
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of all these lines in the dual plane is a set of points:

£ = {(a,b)|py = ap, — b}
= {(aab)|b:pxa_py}-

Notice that this set is just the set of points that lie on a line in the @ual)-plane. (This explains
why it was convenient to negatein the line equation.) Thus, not only do lines in the primal plane
map to points in the dual plane, but points in the primal plane corresponds tanitiesdual plane.

To make this all more formal, we can define a function that maps points in the ypiama to lines in
the dual plane, and lines in the primal plane to points in the dual plane. Weedénsing a asterisk
(%) as a superscript. Thus, given point (p., p,) and linef : (y = ¢,x — ¢;) in the primal plane we
define/* andp* to be a point and line respectively in the dual plane defined by:

= (gaa gb)
p* : (b = Pz0@ _py)-
rx:(b=-2a+1)
y AL
':(_212). q*:(b:_a—l) s*:(b=a+1
eq:(-1.1) L:(0,1) 4
re2-1) s@-n- oD
p*:(b=—2a-2) ,
Primal plane Dual plane

Figure 7.4: Dual transformation.

We can define the same mapping from dual to primal as well.

Properties of Point-Line Duality: Duality has a number of interesting properties, each of which is easy to
verify by substituting the definition and a little algebra.

Self Inverse: (p*)* = p.

Order reversing: Pointp lies above/on/below liné in the primal plane if and only if ling* passes
below/on/above point® in the dual plane, respectively.

Intersection preserving: Lines ¢; and/; intersect at poinp if and only if line p* passes through
points/} and/; in the dual plane.

Collinearity/Coincidence: Three points are collinear in the primal plane if and only if their dual
lines intersect in a common point.

For example, to verify the order reversing property, observertlias abovel if and only if

Py > lape — .

Rewriting this gives
Zb > pmga — Dy
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which (in the dual plane) is equivalent to saying thaties abovep*, that is,p* passes below*. To
finish things up, we need to make the connection between the upper canlvekdset of points and
the lower envelope of a set of lines.

The polarity transformation introduced earlier and the duality transformatesepted here have both
similar and different characteristics. For example, in the polarity transtimeach point is mapped
to a line that does not pass through the origin. In contrast, with the dualitsforamation given here

it is possible to generate lines that pass through the origin, but only rimaldines are generated. In
general, the choice of duality transformation is based on the applicatiomét ha

Convex Hulls and Lower Envelopes: The following lemma demonstrates the, under the duality transfor-
mation, the convex hull problem is transformed into the lower envelope proble

Lemma: Let P be a set of points in the plane. The counterclockwise order of the poimtg Hie
upper (lower) convex hull oP, is equal to the left-to-right order of the sequence of lines on the
lower (upper) envelope of the duBl.

Proof: We will prove the result just for the upper hull and lower envelope, stheeother case is
symmetrical. For simplicity, let us assume that no three points are collinear.n@lbat a
necessary and sufficient condition for a pair of pojnjs; to form an edge on the upper convex
hullis that the line/;; that passes through both of these points has every other pdinstinctly
beneath it.

Consider the dual lineg; andp;. A necessary and sufficient condition that these lines are
adjacent on the lower envelope is that the dual point at which they iffedies beneath all of
the other dual lines i®*.

The order reversing condition of duality assures us that the primal comditicurs if and only if

the dual condition occurs. Therefore, the sequence of edges oppkeaonvex hull is identical

to the sequence of vertices along the lower envelope.

As we move counterclockwise along the upper hull observe that the stbffesedges increase
monotonically. Since the slope of a line in the primal plane isitit®ordinate of the dual point,

it follows that as we move counterclockwise along the upper hull, we visit therlenvelope
from left to right.

One rather cryptic feature of this proof is that, although the upper and lowks appear to be con-
nected, the upper and lower envelopes of a set of lines appears tetadn®o disconnected sets. To
make sense of this, we should interpret the primal and dual planes fropetseective of projective
geometry, and think of the rightmost line of the lower envelope as “wrappimgna” to the leftmost
line of the upper envelope, and vice versa.

Another interesting question is that of orientation. We know the orientatiorreé §hoints is positive
if the points have a counterclockwise orientation. What does it mean fe lines to have a positive
orientation? (The definition of line orientation is exactly the same, in terms of andietnt of the
coefficients of the lines.)
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8 Linear Programming

Reading: Chapter 4 in the 4M’s.

Linear Programming: Lasttime we considered the problem of computing the intersectiarhaffplanes,
and presented an optim@l(n log n) algorithm for this problem. In many applications it is not impor-
tant to know the entire polygon (or generally the entire polyhedron in hidineensions), but only to
find one particular point of interest.

One particularly important application is that of linear programming.linear programming(or

LP for short) we are given a set of linear inequalities,constraints which we may think of as
defining a (possibly empty, possibly unbounded) polyhedron in spatteddhefeasible regionand
we are given a lineasbjective functionwhich is to be minimized or maximized subject to the given
constraints. A typical description of&dimensional linear programming problem might be:

Maximize: cixq + coxg + - - - + cqg

Subject to: a11x1+ -+ aygrg < b1
ag 121 + -+ ag grqg < by

Ap1T1+  + Gpglg < bn
whereaq; ;, c;, andb; are given real numbers. This can be also be expressed in matrix notation:

Maximize: ¢!z,

Subjectto: Az <b.

wherec andz ared-vectorsp is ann-vector andA is ann x d matrix.

From a geometric perspective, the feasible region is the intersection sphe#fs, and hence is a
(possibly unbounded) convex polyhedrondsspace. We can think of the objective function as a
vectorc, and the problem is to find the point of the feasible region that is fartheseiditectionc,
called theoptimal vertex

- feasible =
region

Figure 8.1: 2-dimensional linear programming.

Note that the magnitude af is irrelevant, since the problem is unchanged for any positive scalar
multiple of ¢. In many of our examples, we will imagine that the vedtas pointing straight down
(that is,¢ = (0,—1)) and hence the problem is just that of finding the lowest point (miningem
coordinate) of the feasible region. This involves no loss of generalitgesins always possible to
transform the problem into one in whi¢h= (0, —1) by an appropriate rotation.

There are three possible outcomes of a given LP problem:
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Feasible: The extreme point exists (and assuming general position is unique) asr okthe feasi-
ble region.

Infeasible: The feasible region is empty and hence there is no solution.

Unbounded: The feasible region is unbounded in the direction of the objective funciioth so no
finite optimal solution exists.

As mentioned above, without the assumption of general position, it is pogsibke feasible LP
to have an infinite number of (finite) optimal solutions of equal value, becansedge or face of
the feasible region is orthogonal to the objective function vector. In sustances it is common
to break ties in some way to produce a unique solution. For example, we miglitedhat the
solution be lexicographically maximal, that is, among all optimal solutions, seleairte with the
lexicographically maximum vector.

Linear Programming in High Dimensional Spaces: Linear programming is a very important technique
used in solving large optimization problems. Typical instances may involveradado thousands of
constraints in very high dimensional space. It is without doubt one of ttst im@ortant formulations
of general optimization problems.

The principal methods used for solving high-dimensional linear programprivigjems are theim-
plex algorithmand variousnterior-point methodsThe simplex algorithm works by finding a vertex
on the feasible polyhedron, then walking edge by edge downwardsestiing a local minimum. By
convexity, the local minimum is the global minimum. It has been long known that tirerinstances
where the simplex algorithm runs in exponential time. The question of whetlear [programming
was even solvable in polynomial time was unknown until Khachiyan’s ellipdgiorizthm (late 70’s)
and Karmarkar's more practical interior-point algorithm (mid 80's).

2-dimensional LP: We will restrict ourselves to low dimensional instances of linear programniihgre
are a number of interesting optimization problems that can be posed as a lonsgima linear
programming problem, or as closely related optimization problems. One whichilivgee later is
the problem of finding a minimum radius circle that encloses a given sepofnts.

Let us consider the problem just in the plane. Here we know that there§aiog n) algorithm
based on just computing the feasible polyhedron, and finding its lowdskvétowever, since we are
only interested in one point on the polyhedron, it seems that we might hopelietter. Also, ind
dimensional space, a polytope boundedldyalfspaces may have as many(?s(sﬂd/ 2J) complexity.
We will show that 2-dimensional LP problems can be solved{m) time. This algorithm can be
applied in any dimensiod, but the constant factor hidden by the asymptotic notation grows asd
so it is not practical except for very small dimensions.

Assume that we are given a setofinear inequalities (halfplaned) = {hq, ..., h,} of the form:
hi : a;zx + a;yy < by,

and a nonzero objective function given by vedtot (c,,c,). The problem is to determine whether
the LP is feasible and bounded, and if so, to compute the feasiblepeintp,, p,) that is feasible
and (treating the poing as a vector) maximizes the dot produgp, + c,p,. Henceforth, we will
assume that = (0, —1). (Note: As we decrease thecoordinate of a point, we increase the value of
the objective function. So, bigger is not better!)

8-2 Copyright 2010, David M. Mount



Computational Geometry Notes Linear Programming

The two algorithms that we will discuss for linear programming are very simple,aae based on
a method calledncremental constructianOne method will be deterministic and the other will be
randomized. Incremental construction is among the most common design teehimgomputational
geometry, and this is another important reason for studying the lineargmnoging problem. First,
we consider the deterministic incremental algorithm.

Deterministic Incremental Construction: Let us suppose for now that the LP problem is bounded, and
furthermore we can find two halfplanes whose intersection (a cone) isdeduwith respect to the
objective function. Our book explains how to overcome these assumpti@n&idnadditional time.

Let us assume that the halfplanes are renumbered so that thésea@h,, and letv, denote this
first optimum vertex, where the two lines associated with these halfplanesdatevVe will then add
halfplanes one by onéyg, h4, . . ., and with each addition we update the current optimum vertex. Let
v; denote the optimal feasible vertex after the additiod /of, ho, ..., h;}. Our job is to update;

with each new addition. Notice that with each new constraint, the feasiblenrggiterally becomes
smaller, and hence the value of the objective function at optimum vertexntgecrease.

There are two cases that can arise wheis added (see the figure below). In the first cage; lies
within the halfplanéy;, and so it satisfies this constraint. If so, then it is easy to see that the optimum
vertex does not change, thatis= v;_1. In the second casg_; violates constraink;. In this case

we need to find a new optimum vertex. Let us consider this case in gre¢dér de

Case 1 Case 2

Figure 8.2: Incremental construction.

The important observation is that (assuming that the feasible region is nof)etmg new optimum
vertex must lie on the line that bounéls Call this line#;. Our book proves this formally, but here is
an intuitive argument. Suppose that the new optimum vertex does not fie Bnaw a line segment
from v;_; to the new optimum. Observe (1) that as you walk along this segment the vathe of
objective function is decreasing monotonically (by linearity), and (2) thatdsbgment must crogs
(because it goes from being infeasible with respedt;tm being feasible). Thus, it is maximized at
the crossing point, which lies ai3. Convexity and linearity are both very important for the proof.

So this leaves the question of how do we find the optimum vertex lying ord lifkhis turns out to be
a 1-dimensional LP problem. Simply intersect each of the halfplanes with thisHaeh intersection
will take the form of a ray that lies on the line. We can think of each ray a®septing an interval
(unbounded to either the left or to the right). All we need to do is to intersesetintervals, and find
the point that maximizes the objective function (that is, the lowest point). Congptlne intersection
of a collection of intervals, is very easy and can be solved in linear time. Wedesl to find the
smallest upper bound and the largest lower bound. We select the pdimalxanizes the objective
function. If this interval is empty, then it follows that the feasible region is emaityd we may
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terminate and report that there is no solution.

Notice that we have solved a 2-dimensional LP problem by a reduction tiradnsional LP (which
is easy to solve). This general framework can be applied to solving Ltgms in any dimension,
by repeatedly reducing to an LP problem in the next lower dimension wkette® current optimum
vertex is not feasible.

Analysis: What is the worst-case running time of this algorithm? There are roughbjifspace insertions.
In stepi, we may either find that the current optimum vertex is feasible, in which cagertitessing
time is constant. On the other hand, if the current optimum vertex is infeasibleytd must solve a
1-dimensional linear program with— 1 constraints. In the worst case, this second step occurs all the
time, and the overall running time is given by the summation:

n n—1
d(i-1) < i = ”(”2_” = 0(n?).
=3 =1

This follows from standard results on summations.

However notice that this worst-case is based on the rather pessimistic éissuthpt the current
vertex is almost always infeasible. Next we will consider whether thismagsan is reasonable, and
how to better deal with this.

Randomized Algorithm: The O(n?) time is not very encouraging (considering that we could compute
the entire feasible region i@ (n logn) time). But we presented it because it leads to a very elegant
randomized algorithm whose expected running tim@(s). (Note that the expectation is over the
random number sequences, and does not depend on any probalsBsiicions on the distribution
of the input.) The algorithm operates in exactly the same way, but we insdralimtanes in random
order, each time updating the answer based on the existing halfplaness dmisxample of a general
class of algorithms callechndomized incremental algorithm$here is only one difference between
this algorithm and the deterministic one, namely, just prior to running the incrtafagorithm, we
call a procedure that randomly permutes the initial input list. A descriptiorvengn the code block
below.

Randomized Incremental 2D Linear Programming
Input: Let H be a set of, halfplanes, and be the objective function vector.

(1) Randomly permute the halfplanes@f letting (h1, ha, . .., h,) denote the resulting sequence. We assume that
h, andhs define a bounded LP relative & (See our text for the general case.) bebe the intersection point
of the two associated lines.

(2) Fori =3ton do:
(a.) If (’Ui,1 S hz) then’l)i — Vi—1.

(b) Otherwise, projecthy, ho, ..., h;—1} onto the linel; that supports:;. Solve the resulting 1-dimensional
LP.

(i) Ifthe 1-dimensional LP is infeasible, terminate andaephat the LP is infeasible.
(i) Otherwise, letv; be the solution to the 1-dimensional LP.

(3) Returnu,, as the final solution.

Backwards Analysis: We analyze the running time in the expected case where we average ovigradt
sible permutations. Each permutation has an equal probabilityrdfof occurring, and an associated
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running time. However, presenting the analysis as suni tdrms does not lead to something that we
can easily simplify. We will apply a technique callbedckwards analysjavhich is quite useful.

To motivate how backwards analysis works, let us consider a much sim@erpde, namely the
problem of computing the minimum of a set ofdistinct numbers. We permute the numbers and
inspect them in this order. We maintain a variable that holds the minimum valuscéan If we see

a value that is smaller than the current minimum, then we update the minimum. The guestiall
consider is, on average how many times is the minimum value updated? For exarttpefollowing
sequence, the minimum is updated four times.

5 9 4

(]

6 8 0 3 1 7

Let p; denote the probability that the minimum value changes on inspectinghithmimber of the
random permutation. Thus, with probability the minimum changes (and we add 1 to the counter
for the number of changes) and with probability- p; it does not (and we add 0 to the counter for the
number of changes). The total expected number of changes is

n

Cn) = Y (pi-14+(1=p)-0) = pi
=1

i=1

It suffices to compute;. We might be tempted to reason as follows. Let us consider a randont subse
of the firsti — 1 values, and then consider all the possible choices faitthealue. However, this leads

to a complicated analysis involving conditional probabilities. Let us insteadidenan alternative
approach, in which we work backwards. In particular, let us considandom set of values, and
consider the probability the last value added to this set resulted in a chatigermnimum.

To make this more formal, le$; be an arbitrary subset éfnumbers from our initial set of. (In
theory, the probability is conditional on the fact that the elements; o&present the firstelements

to be chosen, but since the analysis will not depend on the particularechiot, it follows that the
probability that we compute will hold unconditionally.) Among dlpermutations of the elements of

S;, in how many of these does the minimum change in the transition frorti thel )-st stage to the

ith stage? The key observation is that the minimum only changes for thosensegun which the
minimum element was the lasitli) element of the sequence. Since the minimum item appears with
equal probability in each of thepositions of a random sequence, the probability that it appears last
is exactlyl/i. Thus,p; = 1/i. From this we have

n

- 1
(n) ;p ; - = lan+0(1)
This summatior) _,(1/7) is called theHarmonic seriesind the fact that it is nearly equalten is a
well known fact. (See any text on probability theory.)

This is called arbackwards analysibecause the analysis works by consider the possible random
transitions fromsS; back to.S;_;, as opposed to working forward fro$}_; to S;. Of course, the
probabilities are no different whether we consier the random sequmaevards rather than for-
wards, so this is a perfectly accurate analysis. It's just simpler and ¢asiederstand.
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Backwards Analysis for Randomized LP: Let us apply this same approach to the analysis of the running
time of the randomized incremental linear programming algorithm. This timg; tknote the prob-
ability that the insertion of théh hyperplane in the random order resulted in a change in the optimum
vertex. With probability(1 — p;) there is no change (Case 1), and it take®)($) time to determine
this. (O(d) time in general in dimensiod.) With probabilityp; we need to invoke a 1-dimensional
LP on a set of — 1 halfplanes in dimension 1, with a running time@f:). (In general, ifT’(n, d) is
the expected running time far halfspaces in dimensiafy then this cost would b&(i — 1,d — 1).)
Combining this we have a total expected running time of

n

T(n) = » ((1—=pi)-1+p;-i)) < n+y pi-i
=1

i=1

All that remains is to determing;. We will apply the same technique. L8t denote an arbitrary
subset consisting afof the original halfplanes. Among all permutations of5;, in how many does
the optimum vertex change with thith step? Let; denote the optimum vertex for theshalfplanes.
It is important to note that; only depends on the s8t and not on the order of their insertion. (If you
do not see why this is important, think about it.)

Assuming general position, there are two halfplakleand’” of S; passing through;. If neither of
these was the last to be inserted, ther= v;_1, and there is no change. If eithgror »” was the
last to be inserted, thes did not exist yet, and hence the optimum must have changed as a result of
this insertion. Thus, the optimum changes if and only if eififear 1" was the last halfplane inserted.
Since all of the; halfplanes are equally likely to be last, this happens with probalility Therefore,

To illustrate this, consider the example shown in the following figure. We haver random half-
planes that have been added, so far ane- v is the current optimum vertex and it is defined by
h4 andhg. Let’s consider which halfplane was added last. Supposeithaias the last halfplane to
be added. Consider the state of affairs with all the halfplanes, but withou®rior to thisv would
already have been the optimum vertex. Therefork; ilvas added last, it would have been added with
O(1) cost. (There was nothing special abagit The same would be true for any of the five halfplanes
other tham, andhg.)

Figure 8.3: Backwards analysis.

On the other hand, ihg was added last, then prior to its addition, we would have had a different
optimum vertex, namely’. (And the optimum would also change/if was added last.) In summary,
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in 2 out of 7 casesh; andhsg) on theith insertion we need to solve a 1-dimensional L®ifi) time
and in 5 out of 7 instance3(1) time suffices.

Returning to our analysis, singe = 2/i we have

n n .
2
T(n)§n+g pi-i:n—i—g %zn+2n=0(n).
i=1 i=1

Therefore, the expected running time is lineanin’ll leave the analysis for thé-dimensional case
as an exercise. (Note that in dimensibthe optimum vertex is defined kyhalfspaces, not 2.)

8-7 Copyright 2010, David M. Mount



Computational Geometry Notes Trapezoidal Maps

9 Planar Point Location and Trapezoidal Maps
Reading: Chapter 6 of the 4M’s.

Point Location: The point location problen(in 2-space) is: given a polygonal subdivision of the plane
(that is, a cell complex bounded by line segment edges) witbrtices, preprocess this subdivision
so that given a query poirt we can efficiently determine which face of the subdivision contains
We may assume that each face has some identifying label, which is to be det\Ml¥realso assume
that the subdivision is represented in any “reasonable” form. (We witbdis such representations in
a different lecture.) In generglmay coincide with an edge or vertex. To simplify matters, we will
assume thaj does not lie on an edge or vertex, but these special cases are théd handle.

Our goal is to develop a data structure(®fn) space that can answer querie<iflog n) time. For
many years the best methods known had an extra log factor, either in ttee @pia the query time.
Kirkpatrick achieved a breakthrough by presenting a time/space optimailthigo Kirkpatrick’s al-
gorithm has fairly high constant factors. Somewhat simpler and more @hoptmal algorithms
were discovered since then. We will present perhaps the simplest anhg@rmacitscal of the known op-
timal algorithms. The method is based on a randomized incremental constrtitdi@ame technique
used in our linear programming algorithm.

Trapezoidal Map: The algorithm is based on a structure callette@ezoidal mapwhich also goes under
many other names in the computational geometry literature. As mentioned almxermally think
of the input to a point location algorithm as being a planar polygonal sigbatiy but for this problem
we make the weaker assumption that the input is simply a set of nonverticaktineesits, denoted
S = {s1,2,...,8,}. We assume these line segments do not intersect except possibly at their en
points. In this context the answer to a point location query is the index of taesdégment of' lying
immediately below the query point (or some special value if no segment is bedogutry point).
Clearly, the original formulation of the point location problem can be easilgg&in this manner.

To define the trapezoidal map, imagine shooting a bullet vertically upwadddamnwards from each
vertex in the polygonal subdivision until it hits another segmen$ ofThe resulting “bullet paths”,
together with the initial line segments define the trapezoidal map. To avoid infilieg paths at the
top and bottom of the subdivision, we may assume that the initial subdivisiantsioed entirely
within a large bounding rectangle. (An example is shown in the figure below.)

Figure 9.1: Trapezoidal map.

In addition to assuming no vertical segments, we will make the additional dgosigaon assumption
that no two distinct endpoints have the sameoordinate. As usual, this assumption is easy to
overcome, but complicates the description of the algorithm. Although the d¢ddleis subdivision are
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trapezoidal in shape, they may bounded by an arbitrarily large numbertifas and edges resulting
from the vertices from surrounding trapezoids.

Observe that all the faces of the resulting subdivision are trapezoidsvairitical sides. The left or
right side might degenerate to a line segment of length zero, implying that shéimg trapezoid
degenerates to a triangle. We claim that the process of converting am@ripiddygonal subdivision
into a trapezoidal decomposition increases its size by at most a constant Aactually this follows
from the facts that we only increase the number of vertices by a conatdat &nd the graph is planar.
But since constant factor expansions in space are significant, it iscaidea to work this through
carefully.

Claim: Given a polygonal subdivision with segments, the resulting trapezoidal map has at most
6n + 4 vertices andn + 1 trapezoids.

Proof: To prove the bound on the number of vertices, observe that each sexs two bullet
paths, each of which will result in the creation of a new vertex. Thus edgimal vertex gives
rise to three vertices in the final map. Since each segment has two vertiseésdlies at most
6n vertices.

To bound the number of trapezoids, observe that for each trapezoie@ ifntd map, its left
side (and its right as well) is bounded by a vertex of the original polygsualadiivision. The
left endpoint of each line segment can serve as the left bounding Jertexo trapezoids (one
above the line segment and the other below) and the right endpoint of a djmeeecan serve
as the left bounding vertex for one trapezoid. Thus each segment ofitlieal subdivision
gives rise to at most three trapezoids, for a totahotrapezoids. The last trapezoid is the one
bounded by the left side of the bounding box.

An important fact to observe about each trapezoid is thatdefmed(that is, its existence is deter-
mined) by exactly four entities from the original subdivision: a segment pndacegment on the
bottom, a bounding vertex on the left, and a bounding vertex on the right. sithjse observation

will play an important role later in the analysis.

Trapezoidal decompositions, like triangulations, are interesting data sgadatutheir own right. It is
another example of the idea of converting a complex shape into a disjointtmile€ simpler objects.
The fact that the sides are vertical makes trapezoids simpler than arlgjtradyilaterals. Finally
observe that the trapezoidal decomposition is a refinement of the origilygignal subdivision, and
so once we know which face of the trapezoidal map a query point lies inyilvknow which face
of the original subdivision it lies in (either implicitly, or because we label dachk of the trapezoidal
map in this way).

Construction: We could construct the trapezoidal map easily by plane sweep. (Thisdshewan easy
exercise by this point, but think about how you would do it.) We will build thedragidal map by a
randomized incremental algorithm, because the point location algorithm id bagkis construction.
(In fact, historically, this algorithm arose as a method for computing the toégedzdecomposition
of a collection of intersecting line segments, and the point location algorithse @®an artifact that
was needed in the construction.)

The incremental algorithm starts with the initial bounding rectangle (that istrapezoid) and then
we add the segments of the polygonal subdivision one by one in randien @ks each segment is

9-2 Copyright 2010, David M. Mount



Computational Geometry Notes Trapezoidal Maps

added, we update the trapezoidal map. Egtlenote the subset consisting of the firgtandom)
segments, and I6f denote the resulting trapezoidal map.

To perform the update this we need to know which trapezoid the left endpicine segment lies in.
We will address this question later, since it will be answered by the pointitocalgorithm itself.
Then we trace the line segment from left to right, determining which trape#amdsrsects. Finally,
we go back to these trapezoids and “fix them up”. There are two thingsrinatelved in fixing.
First, the left and right endpoints of the new segment need to have bulkddriim them. Second,
one of the earlier bullet paths might hit this line segment. When that happehsltbepath must be
trimmed back. (We know which vertices are from the original subdivisiotices, so we know which
side of the bullet path to trim.) The process is illustrated in the figure below.

Locate left endpoint and Shoot new bullet paths and Newly created trapezoids
determine intersections trim intersecting rays

Figure 9.2: Incremental update.

Observe that the structure of the trapezoidal decomposition does residlep the order in which the

segments are added. This observation will be important for the probabilistigsés. The following
is also important to the analysis.

Claim: Ignoring the time spent to locate the left endpoint of an segment, the time thaed tak
insert theith segment and update the trapezoidal map(is;), wherek; is the number of newly
created trapezoids.

Proof: Consider the insertion of thigh segment, and Iét” denote the number of bullet paths that this
segment intersects. We need to shoot four bullets (two from each etdguithen trim each of
the K bullet paths, for a total o + 4 operations that need to be performed. If the new segment
did not cross any of the bullet paths, then we would get exactly four regpetioids. For each
of the K bullet paths we cross, we add one more to the number of newly createddidgeor
a total of K + 4. Thus, lettingk; = K + 4 be the number of trapezoids created, the number of
update operations is exactty. Each of these operations can be performe@ft) time given
any reasonable representation of the trapezoidal map as a planarisiobdi(For example, the
doubly connected edge ligiresented in Chapter 2 of the 4M’s).

Analysis: Let us consider the expected time to build the trapezoidal map. Later we will thlad the time
needed to determine the trapezoid containing the left endpoint of eactegevest iSO (log n) time
on average. We will show that the expected time to add each new segndefit)isSince there are
n insertions, this will lead to a total expected time complexity(gf(1 + logn)) = O(nlogn).

As always, the expectation is over the sequence of random numbersloas not depend on the
distribution of the line segements.

We know that the size of the final trapezoidal magi&:). It turns out that the total size of the
point location data structure will actually be proportional to the number of in@pezoids that are
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created with each insertion. In the worst case, when we addhhsegment, it might cut through

a large fraction of the existin@ (i) trapezoids, and this would lead to a total size proportional to
M i = ©(n?). However, the magic of the incremental construction is that this does npehap
very often on average. We will show that on average, each insersoftsen only a constant number
of trapezoids being created.

This is rather surprising at first. Clearly if the segments are short, theém ssgnent might not
intersect very many trapezoids. But if most of the segments are long, it seght that almost every
insertion cuts througl®)(n) trapezoids. What saves us is that, although a long segment might cut
through many trapezoids, it shields later segments from cutting through nagueztids.

Lemma: Consider the randomized incremental construction of a trapezoidal méyetan denote
the number of new trapezoids created whenithesegment is added. Thdri(k;) = O(1),
where the expectation is taken over all permutations of the segments.

Proof: The analysis will be based on a backwards analysis. Recall that suaeéysis is based on
analyzing the expected value assuming that the last insertion was random.
Let 7; denote the trapezoidal map after the insertion ofithesegment. Because we are aver-
aging over all permutations, among theegments that are presentjijy each one has an equal
probability 1 /i of being the last one to have been added. For each of the segmeeatwant to
count the number of trapezoids that would have been created, lheeh the last segment to be
added. Let’s say that a trapezakdepend®on an segmeny, if s would have caused to be
created, had been added last. We want to count the number of trapezoids that depeadio
segment, and then compute the average over all segments. If We\let) = 1 if segmentA
depends o, and 0 otherwise, then the expected value is

E(k;) = % > " (no. of trapezoids that depend sp = % >N s(As).
sES; seS; AeT;

The segments that the trapezoi
The trapezoids that depend on s A depends on.

Figure 9.3: Trapezoid-segment dependencies.

Some segments might have resulted in the creation of lots of trapezoids andesthiew. How
do we get a handle on this quantity? The trick is, rather than count the nuwhbapezoids
that depend on each segment, we count the number segments that eazbidralepends on.
(This is the old combinatorial trick of reversing the order of summation.) Inratioeds we can
express the above quantity as:

E(k;) = % >N s(As).

A€ET; s€S;
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This quantity is much easier to analyze. In particular, each trapezoid islbduoy at most four
sides. (The reason it is “at most” is that degenerate trapezoids ariblposhich may have
fewer sides.) The top and bottom sides are each determined by a segmgnaind clearly if
either of these was the last to be added, then this trapezoid would have doregigtence as a
result. The left and right sides are each determined by a endpoint gireeséinS;, and clearly
if either of these was the last to be added, then this trapezoid would haveicanexistence.
(There is a bit of a subtlety here. What if multiple segments share the endpbdot¢?that the
trapezoid is only dependent on the first such segment to be addedthimisethe segment that
caused the vertex to come into existence. Also note that the same segmeatrtisatte top
or bottom side might also provide the left or right endpoint. These coraides only decrease
the number of segments on which a trapezoid depends.)

In summary, each trapezoid is dependent on at most four segments, intplyihg
4. SinceT; consists oD (i) trapezoids we have

sES; 5(Aa 5) <

Ek) <~ Y 4= 1471 = LaoG) = 0(1).
1 AcT; 1 7

Since the expected number of new trapezoids created with each insert¥h)ist follows that the
total number of trapezoids that are created in the entire procesénis This fact is important in
bounding the total time needed for the randomized incremental algorithm.

The only guestion that we have not considered in the construction is howatelthe trapezoid that
contains left endpoint of each newly added segment. We will consider tieistiqn, and the more
general question of how to do point location next time.
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10 More on Planar Point Location
Reading: Chapter 6 of the 4M’s.

Point Location: Last time we presented a randomized incremental algorithm for building aztigiad
map. Today we consider how to modify this algorithm to answer point locatioriegutor the re-
sulting trapezoidal decomposition. The preprocessing time witDbelogn) in the expected case
(as was the time to construct the trapezoidal map), and the space andimeswyill be O(n) and
O(logn), respectively, in the expected case. Note that this may be applied to aml spadivision,
by treating it as a set of line segments, and then building the resulting trapkde@mbmposition and
using this data structure.

Recall that we treat the input as a set of segméhts {si,...,s,} (permuted randomly), th&;
denotes the subset consisting of the firsegments of, and7; denotes the trapezoidal map 8.
One important element of the analysis to remember from last time is that each tinae\aaaw line
segment, it may result in the creation of the collection of new trapezoids, wigod said todepend
on this line segment. We presented a backwards analysis that the numiesr thpezoids that are
created with each stage is expected t@he). This will play an important role in today’s analysis.

Point Location Data Structure: The point location data structure is based on a rooted directed acyclic
graph. Each node will either two or zero outgoing edges. Nodes withaggwing edges are called
leaves There will be one leaf for each trapezoid in the map. The other nodesaleel internal
nodes and they are used to guide the search to the leaves. This is not a biratyanever, because
subtrees may be shared.

There are two types of internal nodesnodesand y-nodes Eachz-node contains the-coordinate

x of an endpoint of one of the segments. Its two children correspond taoihesgying to the left
and to the right of the vertical line = x3. Eachy-node contains a pointer to a line segment of
the subdivision. The left and right children correspond to whether tieeycpoint is above or below
the line containing this segment, respectively. (Don't be fooled by the nayagsde comparisons
depend on both the andy values of the query point.) Note that the search will reaghn@de only

if we have already verified that thecoordinate of the query point lies within the vertical slab that
contains this segment.

Our construction of the point location data structure mirrors the incremesriatreiction of the trape-
zoidal map. In particular, if we freeze the construction just after the tiogeof any segment, the
current structure will be a point location structure for the current aigkal map. In the figure below
we show a simple example of what the data structure looks like for two line seégniEme circular
nodes are the-nodes and the hexagonal nodes arejtmedes. There is one leaf for each trapezoid.
They-nodes are shown as hexagons. For example, if the query point is @ztigd, we would first
detect that it is to the right of enpoipt (right child), then left ofg; (left child), then belows; (right
child), then right ofp, (right child), then above, (left child).

Incremental Construction: The question is how do we build this data structure incrementally? First ob-
serve that when a new line segment is added, we only need to adjusttilbe pbthe tree that involves
the trapezoids that have been deleted as a result of this new additiontr&aeboid that is deleted
will be replaced with a search structure that determines the newly cregpedaid that contains it.
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a2

Figure 10.1: Trapezoidal map point location data structure.

Suppose that we add a line segmenthis results in the replacement of an existing set of trapezoids
with a set of new trapezoids. As a consequence, we will replace theslaaseciated with each such
deleted trapezoid with a small search structure, which locates the newdigékeat contains the
guery point. There are three cases that arise, depending on how m#pyirs of the segment lie
within the current trapezoid.

Single (left or right) endpoint: A single trapezoid4 is replaced by three trapezoids, denalédy’,
and Z. Letting p denote the endpoint, we create :amode forp, and one child is a leaf node
for the trapezoidX that lies outside vertical projection of the segment. For the other child, we
create ay-node whose children are the trapezaiisnd Z lying above and below the segment,
respectively. (See the figure below left.)

No segment endpoints: This happens when the segment cuts completely through a trapezoid. A
single trapezoid is replaced by two trapezoids, one above and one be&®@gdment, denoted
Y andZ. We replace the leaf node for the original trapezoid witjtrrode whose children are
leaf nodes associated withand Z. (This case is not shown in the figure.)

Two segment endpoints: This happens when the segment lies entirely inside the trapezoid. In this
case one trapezoid is replaced by four trapezoids, X, Y, andZ. Lettingp andg denote the
left and right endpoints of the segment, we createtwwdes, one for thg and the other fog.
We create @-node for the line segment, and join everything together as shown in the figur

Figure 10.2: Line segment insertion and updates to the point location seudtbe single-endpoint case
(left) and the two-endpoint case (right). The no-endpoint case ishosirs

It is important to notice that (through sharing) each trapezoid appeacdlygxnce as a leaf in the
resulting structure. An example showing the complete transformation to thetdetaige after adding
a single segment is shown in the figure below.
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Figure 10.3: Line segment insertion.

Analysis: We claim that the size of the point location data structur@(is) and the query time i©®(logn),
both in the expected case. As usual, the expectation depends only od¢hefinsertion, not on the
line segments or the location of the query point.

To prove the space bound 6f(n), observe that the number of new nodes added to the structure with
each new segmentis proportional to the number of newly created trapekait time we showed that
with each new insertion, the expected number of trapezoids that weteatrgasO(1). Therefore,

we addO(1) new nodes with each insertion in the expected case, implying that the totalf siee o
data structure i€ (n).

Analyzing the query time is a little subtler. In a normal probabilistic analysis of stat@tures we
think of the data structure as being fixed, and then compute expectationsiodem queries. Here
the approach will be to imagine that we have exactly one query point to hahiaequery point can
be chosen arbitrarily (imagine an adversary that tries to select the wagsibpe query point) but this
choice is made without knowledge of the random choices the algorithm mé#esvill show that
given a fixed query point, the expected search path length for this @rg gaint isO(log n), where
the expectation is over all segment insertion orders. (Note that this db@apiy that the expected
maximum depth of the tree 3(log n). We will discuss this below.)

Let ¢ denote the query point. Rather than consider the search paghirfdhe final search structure,
we will consider howy moves incrementally through the structure with the addition of each new line
segment. Lef\; denote the trapezoid of the map thdies in after the insertion of the firssegments.
Observe that ifA;_; = A,, then insertion of théth segment did not affect the trapezoid thatas

in, and therefore; will stay where it is relative to the current search structure. (For exagnifple
was in trapezoid3 prior to addingss in the figure above, then the addition ©f does not incur any
additional cost to locating.) However, ifA; 1 # A;, then the insertion of th@h segment causegs
trapezoid to be deleted. As a resyltnust locate itself with respect to the newly created trapezoids
that overlapA;_;. Since there are a constant number of such trapezoids (at mosttfears will be
O(1) work needed to locate with respect to these. In particularmay fall as most three levels in
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the search tree. (The worst case occurs in the two-endpoint case,qgliey point falls into one of
the trapezoids or Y lying above or below the segment.)

Since a point can fall at most 3 levels with each change of its containingtiah¢éhe expected length
of the search path is at most 3 times the sum of probabilitiesgthhinges its trapezoid as a result
of each insertion. For < i < n, let P, denote this probability (taken over random insertion orders,
irrespective of the choice @f). Letting D(q) denote the average depthqih the final search tree, we
have

D(q) <3 z": P;.
i=1

We will show below that?; < 4/:. From this it will follow that the expected path length is at most

"4 "1
D(q) g:azg — 1225.
=1 i=1

Recall that) " , % is the Harmonic series, and for largeits value is very nearlin n. Thus we have

D(q) < 12Inn = O(logn).

To show thatP; < 4/i, we apply a backwards analysis. In particular, consider the trapezaid th
containgg aftertheith insertion. Recall from last time that this trapezoid is dependent on at mast f
segments, which define the top and bottom edges, and the left and righbséithe trapezoid. Since
each segment is equally likely to be the last segment to have been addeahiabkility that the last
insertion caused to belong to a new trapezoid is at mdgt. This completes the proof.

Guarantees on Search Time:One shortcoming with this analysis is that even though the search time is
provably small in the expected case for a given query point, it might still be#ise that once the
data structure has been constructed there is a single very long path iratbk stucture, and the
user repeatedly performs queries along this path. Hence, the analygidgs no guarantees on the
running time of all queries.

Although we will not prove it, the book presents a stronger result, nametythiealength of the
maximum search path is alg&(log n) with high probability. In particular, they prove the following.

Lemma: Given a set ofn non-crossing line segments in the plane, and a parameter 0, the
probability that the total depth of the randomized search structure exg8aéd&: + 1), is at
most2/(n + 1)An1-25-3,

For example, for\ = 20, the probability that the search path exceé@lin(n + 1) is at most2/(n +
1)!5. (The constant factors here are rather weak, but a more carefiys@leads to a better bound.)

Nonetheless, this itself is enough to lead to variant of the algorithm for wihiébg ») time is guar-
anteed. Rather than just running the algorithm once and taking what &, gistead run it repeatedly
and keep track of the structure’s depth as you go. As soon as the degbdsclogn for some
suitably chosem, then stop and start over again with a new random sequence. For desujttie
above lemma implies that such a failure will occur with at most some very smaliscasobability.
Therefore, after a constant number of trials, we will succeed in caststgua data structure of the
desired depth bound. A similar argument can be applied to the space bounds
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Theorem: Given a set o, non-crossing line segments in the plane, in expe€tédlog n) time, it
is possible to construct a point location data structure of (worst cage)éiz) that can answer
point location queries in (worst case) tiroglog n).

Line Segment Intersection Revisited:Earlier this semester we presented a plane-sweep algorithm for
computing line segment intersection. The algorithm had a running tini& @f + I) logn), where
I is the number of intersection points. It is interesting to note that the randomppedazh we dis-
cussed today can be adapted to deal with intersecting segments as welttidalgr@ whenever a
segment is added, observe that in addition to it stabbing vertical segmends;, generally cross over
one of the existing segments. When this occurs, the algorithm must determinegpeoid that is hit
on the other side of the segment, and then continue the process of walksggthent. Note that the
total size of the final decompositionds(n + I), which would suggest that the running time might be
the same as the plane-sweep algorithm. It is remarkable, therefore, tmahthieg time is actually
better. Intuitively, the reason is that tli§log ) factor in the randomized algorithm comes from the
point location queries, which are applied only to the left endpoint of edtheo, segments. With
a bit of additional work, it can be shown that the adaptation of the randdnailg®rithm to general
(intersecting) segments runs@n/ + nlogn) time, thus removing the log factor from tiidgerm.
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11 Voronoi Diagrams and Fortune’s Algorithm
Reading: Chapter 7 in the 4M’s.

Voronoi Diagrams: Voronoi diagrams are among the most important structures in computatiooral ge
etry. A Voronoi diagram encodes proximity information, that is, what iselmswhat. LetP =
{p1,p2,.-.,pn} be a set of points in the plane (or in any dimensional space), which weitssl
DefineV(p;), theVoronoi cellfor p;, to be the set of pointgin the plane that are closer to than to
any other site. That is, the Voronoi cell fpyis defined to be:

V(pi) =1{q | llpiqll < llpjall, Vi # i},

where||pq|| denotes the Euclidean distance between pgiresid . The Voronoi diagram can be
defined over any metric and in any dimension, but we will concentrate onldharp Euclidean case
here.

Another way to defin@’(p;) is in terms of the intersection of halfplanes. Given two siteandp;,
the set of points that are strictly closentpthan top; is just theopen halfplanavhose bounding line
is the perpendicular bisector betwggrandp;. Denote this halfplané(p;, p;). It is easy to see that
a pointq lies inV(p;) if and only if ¢ lies within the intersection ok(p;, p;) for all j # . In other
words,

V(pi) = Njzih(pi, ;).
Since the intersection of halfplanes is a (possibly unbounded) convegam it is easy to see that
V(p;) is a (possibly unbounded) convex polygon. Finally, define\tinoi diagramof P, denoted
Vor(P) to be what is left of the plane after we remove all the (open) Voronoi cklis.not hard to
prove (see the text) that the Voronoi diagram consists of a collection oédigments, which may be
unbounded, either at one end or both. An example is shown in the figlone. be

Figure 11.1: Voronoi diagram

Voronoi diagrams have a number of important applications. These include:

Nearest neighbor queries: One of the most important data structures problems in computational
geometry is solving nearest neighbor queries. Given a poinPsetnd given a query point
q, determine the closest point iR to q. This can be answered by first computing a Voronoi
diagram and then locating the cell of the diagram that contgair(¥Ve have already discussed
point location algorithms.)

Computational morphology and shape analysis:A useful structure in shape analysis is called the
medial axis. Thenedial axisof a shape (e.g., a simple polygon) is defined to be the union of the
center points of all locally maximal disks that are contained within the shapee generalize
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the notion of Voronoi diagram to allow sites that are both points and line sdgrtben the

medial axis of a simple polygon can be extracted easily from the Voronoratia@f these
generalized sites.

Figure 11.2: A simple polygon (left) and its medial axis (right), shown with a $amaximal disk.

Facility location: We want to open a new Blockbuster or Starbucks. It should be plactd as
possible from any existing video stores. Where should it be placedh# twt that the vertices
of the Voronoi diagram are the points that are locally at maximum distanm@sany other point
in the set, and hence they form a natural set of candidate locations.

Neighbors and Interpolation: Given a set of measured height values over some geometric terrain.
Each point hagz, y) coordinates and a height value. We would like to interpolate the height
value of some query point that is not one of our measured points. To deesajould like
to interpolate its value from neighboring measured points. One way to do #tlisd natural
neighbor interpolationis based on computing the Voronoi neighbors of the query point, assum-
ing that it has one of the original set of measured points.

Properties of the Voronoi diagram: Here are some observations about the structure of Voronoi diagrams
in the plane.

Voronoi complex: Clearly the diagram is a cell complex whose faces are (possibly unbduoole-
vex polygons. Each point on an edge of the Voronoi diagram is equidistan its two nearest

neighborg; andp;. Thus, there is a circle centered at such a point suchpttatdyp; lie on this
circle, and no other site is interior to the circle.

Figure 11.3: Properties of the Voronoi diagram.

Voronoi vertices: It follows that the vertex at which three Voronoi cel¥p;), V(p;), andV(ps)
intersect, called &oronoi vertexs equidistant from all sites. Thus it is the center of the circle
passing through these sites, and this circle contains no other sites in its interior

Degree: Generally three points in the plane define a unique circle. If we make theaj@usition

assumption that no four sites are cocircular, then the vertices of the dicd@ygram all have
degree three.
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Convex hull: A cell of the Voronoi diagram is unbounded if and only if the correspogdite lies
on the convex hull. (Observe that a site is on the convex hull if and only itfiteslosest point
from some point at infinity.) Thus, given a Voronoi diagram, it is easy tceekthe convex hull
in linear time.

Size: If n denotes the number of sites, then the Voronoi diagram is a planar graph ifiiagine all
the unbounded edges as going to a common vertex infinity) with exatges. It follows from
Euler’s formula that the number of Voronoi vertices is at nist- 5 and the number of edges
is at most3n — 6. (See the text for details. In higher dimensions the diagram’s combinatorial
complexity ranges fron®(n) up toO(n!%/21).)

Computing Voronoi Diagrams: There are a number of algorithms for computing the Voronoi diagram of
a set ofn sites in the plane. Of course, there is a na@iM@? log n) time algorithm, which operates by
computing)(p;) by intersecting the: — 1 bisector halfplanes(p;, p;), for j # i. However, there are
much more efficient ways, which run ®(n log n) time. Since the convex hull can be extracted from
the Voronoi diagram irD(n) time, it follows that this is asymptotically optimal in the worst-case.

Historically, O(n?) algorithms for computing Voronoi diagrams were known for many yearsea
on incremental constructions). When computational geometry came alongeacomaplex, but a-
symptotically superio(nlogn) algorithm was discovered. This algorithm was based on divide-
and-conquer. But it was rather complex, and somewhat difficult torsteted. Later, Steven Fortune
invented a plane sweep algorithm for the problem, which provided a sirjjleiog n) solution to

the problem. It is his algorithm that we will discuss. Somewhat later still, it wadesed that the
incremental algorithm is actually quite efficient, if it is run as a randomizedinerngal algorithm. We
will discuss this algorithm later when we talk about the dual structure, calelaaunay triangulation.

Fortune’s Algorithm: Before discussing Fortune’s algorithm, it is interesting to consider why 9 a
rithm was not invented much earlier. In fact, it is quite a bit trickier than angeptaveep algorithm
we have seen so far. The key to any plane sweep algorithm is the ability wvelisall upcoming
events in an efficient manner. For example, in the line segment intersectmitlaiywe considered
all pairs of line segments that were adjacent in the sweep-line status, angkihtheir intersection
point in the queue of upcoming events. The problem with the Voronoi diaggdhat of predicting
when and where the upcoming events will occur. Imagine that you arenitegig plane sweep al-
gorithm. Behind the sweep line you have constructed the Voronoi diagasedion the points that
have been encountered so far in the sweep. The difficulty is that a sitkethahead of the sweep
line may generate a Voronoi vertex that lies behind the sweep line. How toeiklveep algorithm
know of the existence of this vertex until it sees the site. But by the time it seesté; it is too late.
It is theseunanticipated eventhat make the design of a plane sweep algorithm challenging. (See the
figure below.)

Fortune made the clever observation of rather than computing the Vor@gradch through plane
sweep in its final form, instead to compute a “distorted” but topologically edgmt version of the

diagram. This distorted version of the diagram was based on a transfanntlagibalters the way
that distances are measured in the plane. The resulting diagram has thegalogical structure as
the Voronoi diagram, but its edges are parabolic arcs, rather thanhstliaig segments. Once this
distorted diagram is generated, it was an easy matter to “undistort”(t(ir) time to produce the

correct Voronoi diagram.
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_______ A7\ Sweepline

unan;ti;:ipated

events
Figure 11.4: Plane sweep for Voronoi diagrams. Note that the positioredftlicated vertices depends on
sites that have not yet been encountered by the sweep line, and hensg&aown to the algorithm. (Note
that the sweep line moves from top to bottom.)

Our presentation will be different from Fortune’s (and is based omextipook’s construction). Rather
than distort the diagram, we can think of this algorithm as distorting the sweepoteally, we will
think of two objects that control the sweeping process. First, there will th@rizontal sweep line,
moving from top to bottom. We will also maintain asmonotonic curve called beach line (It is
so named because it looks like waves rolling up on a beach.) The beach #ineasotone curve
formed from pieces of parabolic arcs. As the sweep line moves downtisgteach line follows just
behind. The job of the beach line is to prevent us from seeing unanticipaégds until the sweep
line encounters the corresponding site.

The Beach Line: In order to make these ideas more concrete, recall that the problem witlagrglane
sweep is that sites that lie below the sweep line may affect the diagram thdidies the sweep line.
To avoid this problem, we will maintain only the portion of the diagram that cahedffected by
anything that lies below the sweep line. To do this, we will subdivide the hakplging above the
sweep line into two regions: those points that are closer to somg aiteve the sweep line than they
are to the sweep line itself, and those points that are closer to the sweep tirenthaite above the
sweep line.

What are the geometric properties of the boundary between these twosedibe set of pointgthat

are equidistant from the sweep line to their nearest site above the sweépdaiked thebeach line
Observe that for any pointabove the beach line, we know that its closest site cannot be affected by
any site that lies below the sweep line. Hence, the portion of the Voronaiairathat lies above the
beach line is “safe” in the sense that we have all the information that weinegder to compute it
(without knowing about which sites are still to appear below the sweep line).

What does the beach line look like? Recall from high school geometry thagahof points that
are equidistant from a point (in this a site) and a line (in this case the sweésliagarabola (see
the figure below, left). Clearly the parabola’s shape changes conshuas the sweep line moves
continuously. With a little analytic geometry, it is easy to show that the parabotares “skinnier”
when the site is closer to the line and becomes “fatter” as the sweep line mabves tavay. In the
degenerate case when the line contains the site the parabola degent¢vaegeitical ray shooting
up from the site. (You should work through the distance equations to sgéwshs so.)

Thus, the beach line consists of tlsver envelopef these parabolas, one for each site. Note that
the parabola of some sites above the beach line will not touch the lower pawata hence will not
contribute to the beach line. Because the parabolas-arenotone, so is the beach line. Also observe
that the point where two arcs of the beach line intersect, which we daktakpoint is equidistant
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points equidistant

frompand L
\.p//

_________________________ sweep line

| Sweskne I ----------- 1 -----

beach line

Figure 11.5: The beach line. Notice that only the portion of the Voronoirdiaghat lies above the beach
line is computed. The sweep-line status maintains the intersection of the Valiagoam with the beach
line.

from two sites and the sweep line, and hence must lie on some Voronoi &ugearticular, if the
beach line arcs corresponding to sitgsandp; share a common breakpoint on the beach line, then
this breakpoint lies on the Voronoi edge betwgeandp,. From this we have the following important
characterization.

Lemma: The beach line is am-monotone curve made up of parabolic arcs. The breakpoints (that is,
vertices) of the beach line lie on Voronoi edges of the final diagram.

Fortune’s algorithm consists of simulating the growth of the beach line as thepsiine moves
downward, and in particular tracing the paths of the breakpoints as they &lang the edges of the
Voronoi diagram. Of course, as the sweep line moves the parabolas fpth@rbeach line change
their shapes continuously. As with all plane-sweep algorithms, we will maintsiveap-line status
and we are interested in simulating the discrete event points where theradsaificant event”, that
is, any event that changes the topological structure of the Voronaiadiagnd the beach line.

Sweep-Line Status: The algorithm maintain the current locatiap¢oordinate) of the sweep line. It
stores, in left-to-right order the sequence of sites that define the liaact{We will say more
about this later.ymportant: The algorithm does not store the parabolic arcs of the beach line.
It exists solely for conceptual purposes.

Events: There are two types of events:

Site events: When the sweep line passes over a new site a new arc will be inserted into the
beach line.

Voronoi vertex events: (What our text callgircle eventg When the length of a parabolic arc
shrinks to zero, the arc disappears and a new Voronoi vertex willdagent at this point.

The algorithm consists of processing these two types of events. As tbhadiaertices are being dis-
covered by Voronoi vertex events, it will be an easy matter to update theagiieas we go (assuming
any reasonable representation of this planar cell complex), and so to liektine diagram together.
Let us consider the two types of events that are encountered.

Site events: A site event is generated whenever the horizontal sweep line passea sitep;. As we
mentioned before, at the instant that the sweep line touches the point, it&atsd@arabolic arc will
degenerate to a vertical ray shooting up from the point to the curreohbee. As the sweep line
proceeds downwards, this ray will widen into an arc along the beach linprobess a site event we

11-5 Copyright 2010, David M. Mount



Computational Geometry Notes Voronoi Diagrams

will determine the arc of the sweep line that lies directly above the new siteufLmiake the general
position assumption that it does not fall immediately below a vertex of the beach liatp; denote
the site generating this arc. We then split this arc of the beach line in two byiimgsamew entry at
this point in the sweep-line status. (Initially this corresponds to a infinitesimallyl smtaalong the
beach line, but as the sweep line sweeps on, this arc will grow wider,, Treuentry for(..., p;,...)
on the sweep-line status is replaced by the triple, p;, p;, pj, . . .). (See the figure below.)

[---, Pi, Pi, Pi, PK, -..]
Figure 11.6: Site event.

It is important to consider whether this is the only way that new arcs can leluted into the sweep
line. In fact it is. We will not prove it, but a careful proof is given in thetteAs a consequence of
this proof, it follows that the maximum number of arcs on the beach line cahrhesi2n — 1, since
each new point can result in creating one new arc, and splitting an existinfpaa net increase of
two arcs per point (except the first). Note that a point may generallyibatgrmore than one arc to
the beach line. (As an exercise you might consider what is the maximum nwfdses a single site
can contribute.)

The nice thing about site events is that they are all known in advance, afieissorting the points
by y-coordinate, all these events are known.

Voronoi vertex events: In contrast to site events, Voronoi vertex events are generated dyadpnais the
algorithm runs. As with the line segment plane sweep algorithm, the importanisdbat each
such event is generated by objects thatreighborson the beach line. However, unlike the segment
intersection where pairs of consecutive segments generated eveatsjgies of points generate the
events.

In particular, consider any three consecutive site®;, andp;, whose arcs appear consecutively on
the beach line from left to right. (See the figure below.) Further, suph@gehe circumcircle for
these three sites lies at least partially below the current sweep line (meaatribeforonoi vertex
has not yet been generated), and that this circumcircle contains no pang®siow the sweep line
(meaning that no future point will block the creation of the vertex).

Consider the moment at which the sweep line falls to a point where it is tangéret kmvest point of
this circle. At this instant the circumcenter of the circle is equidistant from edktkites and from the
sweep line. Thus all three parabolic arcs pass through this center poihtingifhat the contribution
of the arc fromp; has disappeared from the beach line. In terms of the Voronoi diagraibiséhetors
(pi,pj) and(p;, pr) have met each other at the Voronoi vertex, and a single bis@gtgr, ) remains.
Thus, the triple of consecutive sitgs p;, p,. on the sweep-line status is replaced withp,.. (See the
figure below.)

Sweep-line algorithm: We can now present the algorithm in greater detail. The main structures ¢hat w
will maintain are the following:
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[ pi, pj, Pk, -] L., Pi, PK, ...]

Figure 11.7: Voronoi vertex event.

(Partial) Voronoi diagram: The partial Voronoi diagram that has been constructed so far will be
stored in any reasonable data structure for storing planar subdivisarexample, a doubly-
connected edge list. There is one technical difficulty caused by the &¢hthdiagram contains
unbounded edges. To handle this we will assume that the entire diagraneistimréd within a
large bounding box. (This box should be chosen large enough thdtthé &oronoi vertices fit
within the box.)

Beach line: The beach line consists of the sorted sequence of sites whose arcth&b®mach line.
It represented using a dictionary (e.g. a balanced binary tree or skipAsthentioned above,
we do notexplicitly store the parabolic arcs. They are just there for the purpdsksiging the
algorithm. Instead for each parabolic arc on the current beach line, weeth®site that gives
rise to this arc.

The key search operation is that of locating the arc of the beach line thalirezsly above a
newly discovered site. (As an exercise, before reading the nexgnagtayou might think about
how you would design a binary search to locate this arc, given that yigthawe the sites, not
the actual arcs.)

Between each consecutive pair of sitesindp;, there is a breakpoint. Although the breakpoint
moves as a function of the sweep line, observe that it is possible to compudratidocation
of the breakpoint as a function @f, p;, and the curreny-coordinate of the sweep line. In
particular, the breakpoint is the center of a circle that passes thraugh and is tangent to
the sweep line. (Thus, as with beach liness do not explicitly store breakpointsRather,
we compute them only when we need them.) Once the breakpoint is computeanviieen
determine whether a newly added site is to its left or right. Using the sortedyadé the sites,
we use this primitive comparison to drive a binary search for the arc lyingeatihe new site.

The important operations that we will have to support on the beach line are:
Search: Given the curreny-coordinate of the sweep line and a new sitedetermine the arc

of the beach line lies immediately abowg Let p; denote the site that contributes this arc.
Return a reference to this beach line entry.

Insert and split: Inserta new entry fop; within a given arg; of the beach line (thus effectively
replacing the single ar¢ . ., p;, .. .) with the triple(. .., p;, pi, pj, . . .). Return a reference
to the newly added beach line entry (for future use).

Delete: Given a reference to an entpy on the beach line, delete this entry. This replaces a
triple (..., pi, pj, Dk, - . .) with the pair(.. ., p;, pg, . . .).

It is not difficult to modify a standard dictionary data structure to perforeséhoperations in
O(log n) time each.
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Event queue: The event queue is a priority queue with the ability both to insert and delete new
events. Also the event with the largestoordinate can be extracted. For each site we store its
y-coordinate in the queue. All operations can be implemented(ing »n) time assuming that
the priority queue is stored as an ordered dictionary.

For each consecutive tripjg, p;, pr on the beach line, we compute the circumcircle of these
points. (We'll leave the messy algebraic details as an exercise, but thie cime irO (1) time.)

If the lower endpoint of the circle (the minimugacoordinate on the circle) lies below the sweep
line, then we create a Voronoi vertex event whgsmordinate is thg-coordinate of the bottom
endpoint of the circumcircle. We store this in the priority queue. Each st @ the priority
gueue has a cross link back to the triple of sites that generated it, andaesgcative triple of
sites has a cross link to the event that it generated in the priority queue.

The algorithm proceeds like any plane sweep algorithm. The algorithm sydrtsdsting the topmost
vertex into the sweep-line status. We extract an event, process it, amdtgdtte next event. Each
event may result in a modification of the Voronoi diagram and the beachdimtemay result in the
creation or deletion of existing events.

Here is how the two types of events are handled in somewhat greater detail.

Site event: Let p; be the new site. (See Flg.1IL.6 above.)

(1) Advance the sweep line so that it passes thrgygtApply the above search operation to
determine the beach line arc that lies immediately ahgve_ et p; be the corresponding
site.

(2) Applying the above insert-and-split operation, inserting a new entry;f thus replacing
<.. <5 Pjs - > with < .. 7pj7piapj7-~->-

(3) Create a new (dangling) edge in the Voronoi diagram, which lies origeetbr betweep,
andp;.

(4) Some old triples that involveg; may need to be deleted and some new triples involying
will be inserted, based on the change of neighbors on the beach line s{idightforward
details are omitted.)

Note that the newly created beach-line triplep;, p; cannot generate an event because it
only involves two distinct sites.

Voronoi vertex event: Letp;, pj, andp,, be the three sites that generated this event, from left to right.
(See Fig[11]7 above.)

(1) Using the above delete operation, delete the entry férom the beach line. (Thus elimi-
nating its arc.)

(2) Create a new vertex in the Voronoi diagram (at the circumcentép,0p;, p }) and join
the two Voronoi edges for the bisectdys, p;), (p;, px) to this vertex. (These edges were
generated during an earlier site event in Step (3) above.)

(3) Create a new (dangling) edge for the bisector betweamdyp;..

(4) Delete any events that arose from triples involving the ang;pfind generate new events
corresponding to consecutive triples involvipgand p,. (There are two of them. The
straightforward details are omitted.)
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The analysis follows a typical analysis for plane sweep. Each everives/©(1) processing time
plus a constant number operations to the various data structures. Tha figedata structures is

O(n), and each of these operations takgdogn) time. Thus the total time i€ (nlogn), and the
total space i£)(n).
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12 Delaunay Triangulations

Reading: Chapter 9 in the 4M’s.

Delaunay Triangulations: Recently we discussed the topic of Voronoi diagrams. Today we cortsider
related structure, called@elaunay triangulationDT). The Voronoi diagram of a set of sites in the
plane is a planar subdivision, that is, cell complex. @halof such subdivision is another subdivision
that is defined as follows. For each face of the Voronoi diagram, vwaegevertex (corresponding to
the site). For each edge of the Voronoi diagram lying between twossitasdp;, we create an edge
in the dual connecting these two vertices. Finally, each vertex of the ®bdimgram corresponds to

a face of the dual.

The resulting dual graph is a planar subdivision. Assuming generdigrgsthe vertices of the
Voronoi diagram have degree three, it follows that the faces of thetirgg dual graph (excluding
the exterior face) are triangles. Thus, the resulting dual graph is adtaimp of the sites, called the
Delaunay triangulation This is illustrated in the figure below.

Figure 12.1: The Delaunay triangulation of a set of points (solid lines) amd/@honoi diagram (broken
lines).

Delaunay triangulations have a number of interesting properties, thai@sequences of the structure
of the Voronoi diagram.

Convex hull: The boundary of the exterior face of the Delaunay triangulation is thedawyrof the
convex hull of the point set.

Circumcircle property: The circumcircle of any triangle in the Delaunay triangulation is empty
(contains no sites aP).

Proof: This is because the center of this circle is the correspondingv/dtmhoi vertex, and by
definition of the Voronoi diagram, the three sites defining this vertex aredi®eseneighbors.

Empty circle property: Two sitesp; andp; are connected by an edge in the Delaunay triangulation,
if and only if there is an empty circle passing throygrandp;.
Proof: If two sitesp; andp; are neighbors in the Delaunay triangulation, then their cells are
neighbors in the Voronoi diagram, and so for any point on the Vorotge doetween these sites,
a circle centered at this point passing throggtandp; cannot contain any other point (since
they must be closest). Conversely, if there is an empty circle passing thpp@emndp;, then
the centerc of this circle is a point on the edge of the Voronoi diagram betwgeand p;,
because: is equidistant from each of these sites and there is no closer site. ThusribreoV
cells of two sites are adjacent in the Voronoi diagram, implying that thereisdtythe Delaunay
triangulation.
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Closest pair property: The closest pair of sites iR are neighbors in the Delaunay triangulation.
Proof: Suppose that; andp; are the closest sites. The circle havingandp; as its diameter
cannot contain any other site, since otherwise such a site would be closee tf these two
points, violating the hypothesis that these points are the closest pairfdiegtae center of this
circle is on the Voronoi edge between these points, and so it is an empty circle

If the sites are not in general position, in the sense that four or mormeirewlar, then the Delaunay
triangulation may not be a triangulation at all, but just a planar graph (sieceditonoi vertex that

is incident to four or more Voronoi cells will induce a face whose degresgjisal to the number of
such cells). In this case the more appropriate term wouldddaunay graph However, it is common

to either assume the sites are in general position (or to enforce it through sort of symbolic

perturbation) or else to simply triangulate the faces of degree four or maaayirarbitrary way.

Henceforth we will assume that sites are in general position, so we doametth deal with these
messy situations.

Given a point sef’ with n sites where there aresites on the convex hull, it is not hard to prove by
Euler’s formula that the Delaunay triangulation 2as— 2 — h triangles, andn — 3 — h edges. The
ability to determine the number of triangles fromand/ only works in the plane. In 3-space, the
number of tetrahedra in the Delaunay triangulation can range ®@6m) up toO(n?). In dimension

n, trFe ?umber of simplices (thé-dimensional generalization of a triangle) can range as high as
O(nld/21).

Minimum Spanning Tree: The Delaunay triangulation possesses some interesting properties that are
directly related to the Voronoi diagram structure. One of these is its relatibie tminimum spanning
tree. Given a set of points in the plane, we can think of the points as definirieualidean graph
whose edges are a@) (undirected) pairs of distinct points, and edge, p;) has weight equal to
the Euclidean distance from to p;. A minimum spanning tree is a set.of— 1 edges that connect
the points (into a free tree) such that the total weight of edges is minimized.oWe compute the
MST using Kruskal’s algorithm. Recall that Kruskal's algorithm works logtfsorting the edges and
inserting them one by one. We could first compute the Euclidean graplthemgass the result on to
Kruskal’s algorithm, for a total running time 6#(n? log n).

However there is a much faster method based on Delaunay triangulaticstcdpipute the Delaunay
triangulation of the point set. We will see later that it can be dor@(inlog n) time. Then compute
the MST of the Delaunay triangulation by Kruskal's algorithm and return ¢isalt. This leads to a
total running time ofD(n log n). The reason that this works is given in the following theorem.

Theorem: The minimum spanning tree of a set of poiftgin any dimension) is a subgraph of the
Delaunay triangulation.

Proof: Let T be the MST forP, let w(7T') denote the total weight df’. Leta andb be any two
sites such thaib is an edge of . Suppose to the contrary that is not an edge in the Delaunay
triangulation. This implies that there is no empty circle passing thrawagtdd, and in particular,
the circle whose diameter is the segmeitontains a site, call it. (See the figure below.)

The removal ofab from the MST splits the tree into two subtrees. Assume without loss of
generality that lies in the same subtree asNow, remove the edgeb from the MST and add
the edgéc in its place. The result will be a spanning tfBewhose weight is

w(T") = w(T) + |bc| — |ab] < w(T).
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Figure 12.2: The Delaunay triangulation and MST.

The last inequality follows becaus# is the diameter of the circle, implying thatc| < |ab|.
This contradicts the hypothesis thais the MST, completing the proof.

By the way, this suggests another interesting question. Among all triangatienmight ask, does
the Delaunay triangulation minimize the total edge length? The answer is no @edgsha simple
four-point counterexample). However, this claim was made in a famouer paypDelaunay triangu-
lations, and you may still hear it quoted from time to time. The triangulation that minindazals
edge weight is called theinimum weight triangulationRecently it was proved that this problem is
NP-hard. (This problem has been open for many years, dating back ¢oitfinal development of the
theory of NP-completeness back in the 1970’s.)

Spanner Properties: A natural observation about Delaunay triangulations is that its edges weald to
form a resonable transporation road network between the points. Oectirgpa few examples, it
is natural to conjecture that the length of the shortest path between two poafdanar Delaunay
triangulation is not significantly longer than the straight-line distance betwese foints.

This is closely related to the theory of geometric spanners, that is, geomeipicsgwhose shortest
paths are not too long. Consider any point Beand a straight-line grap&y’ whose vertices are the
points of P. For any two point®, g € P, letds(p, q) denote the length of the shortest path frpm
to ¢ in GG, where the weight of each edge is its Euclidean length. Given any paranete, we say
thatG is at-spannerif for any two pointsp, ¢ € P, the shortest path length betweeandq in G is
at most a factot longer than the Euclidean distance between these points, that is

da(p,q) < t|pqll

Observe that whenh= 1, the graphZ must be the complete graph, consisting’9f = O(n?) edges.
Of interest is whether there exist spanners haviig) edges.

It can be proved that the edges of the Delaunay triangulation form angpawe will not prove the
following result, which is due to Keil and Gutwin.

Theorem: Given a set of pointg” in the plane, the Delaunay triangulation Bfis at-spanner for
t=4m/3/9 ~ 2.4.

In fact, it is conjectured that the Delaunay triangulation {sra2)-spanner, but this has never been
proved (and it seems to be a hard problem).

Maximizing Angles and Edge Flipping: Another interesting property of Delaunay triangulations is that
among all triangulations, the Delaunay triangulation maximizes the minimum angle pibgserty
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is important, because it implies that Delaunay triangulations tend to avoid skianglas. This is
useful for many applications where triangles are used for the purpbdgeerpolation.

In fact a much stronger statement holds as well. Among all triangulations witkatime smallest
angle, the Delaunay triangulation maximizes the second smallest angle, andlagarticular, any
triangulation can be associated with a sodadle sequencehat is, the increasing sequence of angles

(a1, a0, ..., ap,) appearing in the triangles of the triangulation. (Note that the length of thesegqu
will be the same for all triangulations of the same point set, since the numbendEpnly om and
h.)

Theorem: Among all triangulations of a given planar point set, the Delaunay triangol&is the
lexicographically largest angle sequence, and in particular, it maximizesitiigum angle.

Before getting into the proof, we should recall a few basic facts abalearirom basic geometry.
First, recall that if we consider the circumcircle of three points, then eagle af the resulting triangle
is exactly half the angle of the minor arc subtended by the opposite two pointstale circumcircle.

It follows as well that if a point is inside this circle then it will subtend a largagla and a point that
is outside will subtend a smaller angle. This in the figure part (a) below, wetha> 0, > 0s.

Figure 12.3: Angles and edge flips.

We will not give a formal proof of the theorem. (One appears in the texte mkin idea is to show
that for any triangulation that fails to satisfy the empty circle property, it isiptessto perform a local
operation, called aadge flip which increases the lexicographical sequence of angles. An edge flip
an important fundamental operation on triangulations in the plane. Giverdjaoemt triangleg\abc
and Acda, such that their union forms a convex quadrilaterald, the edge flip operation replaces
the diagonakc with bd. Note that it is only possible when the quadrilateral is convex. Suppose tha
the initial triangle pair violates the empty circle condition, in that pdities inside the circumcircle
of Aabe. (Note that this implies théi lies inside the circumcircle of\cda.) If we flip the edge it
will follow that the two circumcircles of the two resulting trianglesabd and Abed are now empty
(relative to these four points), and the observation above about canlksngles proves that the
minimum angle increases at the same time. In particular, in the figure aboveyvee h

d)ab > eab ¢bc > ebc (Z)cd > ch dea > Hda-

There are two other angles that need to be compared as well (can yohep?). It is not hard to
show that, after swapping, these other two angles cannot be smaller thaimttmeim of6,,,, 6., 04,
andd,,. (Can you see why?)

Since there are only a finite number of triangulations, this process muduatgrierminate with
the lexicographically maximum triangulation, and this triangulation must satisfy rtigtyecircle
condition, and hence is the Delaunay triangulation.
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Note that the process of edge-flipping can be generalized to simplicial ceesgle higher dimen-
sions. However, the process does not generally replace a fixed naib&angles with the same
number, as it does in the plane (replacing two old triangles with two new trigngiesexample, in
3-space, the most basic flip can replace two adjacent tetrahedra withetredeedra, and vice versa.
Although it is known that in the plane any triangulation can be converted int@m#rer through a
judicious sequence of edge flips, this is not known in higher dimensions.
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13 Delaunay Triangulations: Incremental Construction
Reading: Chapter 9 in the 4M’s.

Constructing the Delaunay Triangulation: We will present a simple randomized(n logn) expected
time algorithm for constructing Delaunay triangulations fosites in the plane. The algorithm is
remarkably similar in spirit to the randomized algorithm for trapezoidal map ighgorin that not
only builds the triangulation but also provides a point-location data structureed. We will not
discuss the point-location data structure in detail, but the details are easyrto fill

As with any randomized incremental algorithm, the idea is to insert sites in randiden one at a
time, and update the triangulation with each new addition. The issues involvetheiimalysis will
be showing that after each insertion the expected number of structarades in the diagram @&(1).

As with other incremental algorithm, we need some way of keeping track ofewt@vly inserted
sites are to be placed in the diagram. We will describe a somewhat simpler meginodhéhone we
used in the trapezoidal map. Rather than building a data structure, this orlg pingeach of the
uninserted points into a bucket according to the triangle that contains it inithent triangulation. In
this case, we will need to argue that the expected number of times that a sitedketed i) (log n).

Incircle Test: The basic issue in the design of the algorithm is how to update the triangulatemauhew
site is added. In order to do this, we first investigate the basic properteeBelaunay triangulation.
Recall that a triangleé\abc is in the Delaunay triangulation, if and only if the circumcircle of this
triangle contains no other site in its interior. (Recall that we make the genesiiom assumption
that no four sites are cocircular.) How do we test whether adiftes within the interior of the
circumcircle of Aabc? It turns out that this can be reduced to a determinant computation. Fjrst of
let us assume that the sequerieécd) defines a counterclockwise convex polygon. [WE VIOLATE
THIS ORDERING ASSUMPTION LATER IN THE ALGORITHM—FIX] (If it cbes not becausé
lies inside the triangle\abc then clearlyd lies in the circumcircle for this triangle. Otherwise, we
can always relabelbc so this is true.) Under this assumptiehlies in the circumcircle determined
by the Aabc if and only if the following determinant is positive. This is called theircle test We
will assume that this primitive is available to us.

Qg Gy ai—l—ai
by b, b§+b§
Cx Gy ci+cy
dy dy d2+d:

inCircle(a, b, c,d) = det > 0.

— =

We will not prove the correctness of this test, but we will show a somevilmgiar assertion, namely
that if the above determinant is equal to zero, then the four points areglacirThe four points are
cocircular if there exists a center point= (¢, ¢,) and a radiug such that

(az — qﬂc)2 + (ay — qy)2 =r?

and similarly for the other three points. Expanding this and collecting common teerhave

(a3 + ) — 2000 — 2qyay + (@3 + @y — 1) = 0,
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and similarly for the other three points,c, andd. If we let X, X,, X3 and X, denote the columns
of the above matrix we have

X3 — 2q$X1 — 2qu2 =+ (qi + qi — TZ)X4 = 0.

Since there is a linear combination of these vectors that sums to 0, it followghtésd vector are
linearly dependent. From standard linear algebra, we know that the celohamatrix are linearly
dependent if and only if the determinant of the matrix is zero. We will leave ¢hgpetion of the
proof (involving inside and outside) as an exercise.

Incremental update: When we add the next site,, the problem is to convert the current Delaunay tri-
angulation into a new Delaunay triangulation containing this site. This will be dgnereating a
non-Delaunay triangulation containing the new site, and then incrementailyg-fithis triangulation
to restore the Delaunay properties. The fundamental changes will badding a site to the middle
of a triangle, and creating three new edges, and (2) performimgiga flip Both of these operations
can be performed i®(1) time, assuming that the triangulation is maintained in any reasonable way,
say, as a double-connected edge list.

Figure 13.1: Basic triangulation changes.

The algorithm that we will describe has been known for many years, &sifivet analyzed by Guibas,
Knuth, and Sharir. The algorithm starts within an initial triangulation such thtteapoints lie in the
convex hull. This can be done by enclosing the points in a suitably Iargel’eﬁn@yr book suggests
an alternative, namely computing a triangle that contains all the points, bufftiiging” the incircle
test so that the vertices of this enclosing triangle “behave” as if they winééty far away.

The sites are added in random order. When a newpsgeadded, we find the triangléabc of the
current triangulation that contains this site (we will see how later), inseitéen this triangle, and

join this site to the three surrounding vertices. This creates three new tsargled, Apbc, and
Apca, each of which may or may not satisfy the empty-circle condition. How do weh&® For

each of the triangles that have been added, we check the vertex of tiggetiaat lies on the opposite
side of the edge that does not inclydgIf there is no such vertex, because this edge is on the convex
hull, then we are done.) If this vertex fails the incircle test (that is, if it is intigecircumcircle), then

we swap the edge (creating two new triangles that are adjaceit Tthis replaces one triangle that
was incident tg with two new triangles. We repeat the same test with these triangles. An example is
shown in the figure below.

The algorithm for the incremental algorithm is shown below, and an examplessmted in Fid. 13]2.
The current triangulation is kept in a global data structure. The edge® ifollowing algorithm
should be thought of as pointers to an reasonable representation ohfilieial complex.

As you can see, the algorithm is very simple. There are only two elementsatf@hbt been shown
are the implementation. The first is the update operations on the data strumtuihe simplicial

2Some care must be taken in the construction of this enclosing triangle.dt sifficient that it simply contains all the points.
It should be so large that the vertices of the triangle do not lie in the circalesiof any of the triangles of the final triangulation.

13-2 Copyright 2010, David M. Mount



Computational Geometry Notes More Delaunay Triangulations

insertp. -~~~
eheck pa flip(ab) '
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lip(db)
:check pde
\l

Figure 13.2: Point insertion.

Randomized Incremental Delaunay Triangulation Algorithm

Insertp) {
Find the triangle/\abc containingp;
Insert edge®a, pb, andpc into triangulation;
SwapTesib); /I Fix the surrounding edges
SwapTestfc);
SwapTest{a);

}

SwapTestgb) {
if (ab is an edge on the exterior face) return;
Let d be the vertex to the right of edg#;

if (inCircle(p, a, b, d) { /I d violates the incircle test
Flip edgeab for pd;
SwaptTest{d); /I Fix the new suspect edges
SwaptTest{b);

}
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complex. These can be donedi(1) time each on any reasonable representation. The other issue is
locating the triangle that contaips We will discuss this below.

Correctness: There is one major issue in establishing the correctness of the algorithm. Wérsrformed
empty-circle tests, we only tested the empty circle tests for the newly createglégaiontaining the
sitep, and then only for sites that lay on the opposite side of an edge of edchrzurgle.

This is related to an important issue in Delaunay triangulations. We say thahgutiagion islocally
Delaunayif for each triangle the vertices lying on the opposite side of each edge ¢fph®) three
neighboring triangles satisfy the empty-circle condition. But to establish ceenptarectness of
the triangulation, we need to show that the triangulatioglddally Delaunay meaning that empty-
circle condition is satisfied for all triangles, and all pointsff That is, it suffices to show that
if a triangulation is locally Delaunay, then it is globally Delaunay. This importaeotém (called
Delaunay’s Theorejnand we will sketch a proof of this theorem below for this special context.

First, to see that it suffices to consider only triangles that are incidentdbserve thap is the only
newly added site, and hence it is the only site that can cause a violation ohftg-eircle condition.

To finish the argument, it suffices to see why “locally Delaunay” implies “dlgliaelaunay.” Con-
sider a triangle\pab that containg and consider the vertekbelonging to the triangle that lies on
the opposite side of edge. We argue that it/ lies outside the circumcircle gfab, then no other
point of the point set can lie within this circumcircle. A complete proof of this sa@me effort, but
here is a simple justification. What could go wrong? It might be ¢hias outside the circumcircle,
but there is some other site, say, a ved@f a triangle adjacent t@, that lies inside the circumcircle.
(This is illustrated in the figure below). We claim that this cannot happerantoe shown that i
lies within the circumcircle of\pab, thena must lie within the circumcircle of\bde. (The argument
is a exercise in the geometry of circles.) However, this would violate the asgumtpat the initial
triangulation (before the insertion pf was a Delaunay triangulation.

Figure 13.3: Proof of sufficiency of testing neighboring sites.

Point Location: The point location can be accomplished by one of two means. Our text sésctise idea
of building a history graph point-location data structure, just as we did in #petoid map case. A
simpler approach is based on the idea of maintaining the uninserted sites of dseitets Think of
each triangle of the current triangulation dsueketthat holds the sites that lie within this triangle and
have yet to be inserted. Whenever an edge is flipped, or when a triargpétimto three triangles
through point insertion, some old triangles are destroyed and are regigice constant number of
new triangles. When this happens, we lump together all the sites in the buoketsponding to the
deleted triangles, create new buckets for the newly created triangleseasglgn each site into its
new bucket. Since there are a constant number of triangles created;dtesp require®(1) time
per site that is rebucketed.
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To analyze the expected running time of algorithm we need to bound two qusin{itiehow many
structural changes are made in the triangulation on average with the addigactonew site, and (2)
how much effort is spent in rebucketing sites. As usual, our analysis ailt khe worst-case (for any
point set) but averaged over all possible insertion orders.

Structural Changes: We argue first that the expected number of edge changes with eadiiméeO (1)
by a simple application of backwards analysis. First observe that (asgwemeral position) the
structure of the Delaunay triangulation is independent of the insertiom ofdlee sites so far. Thus,
any of the existing sites is equally likely to have been the last site to be addedstautieire. Suppose
that some sit@ was the last to have been added. How much work was needed tojfis&thserve
that the initial insertion of involved the creation of three new edges, all incident tdlso, whenever
an edge swap is performed, a new edge is added fithese are the only changes that the insertion
algorithm can make. Therefore the total number of changes made in theuteiag for the insertion
of p is proportional to the degree pfafter the insertion is complete. Thus the work needed to insert
p is proportional tg's degree after the insertion.

To perform the backwards analysis, we consider the situation after theiorsof theith site. Since
the diagram’s structure does not depend on the order of insertioly, @verof thei sites appearing in
the diagram was equally likely to be the last one added. Thus, by a batkaaalysis, the expected
time to insert theth site is equal to the average degree of a vertex in the triangulatiositets. (The
only exception are the three initial vertices at infinity, which must be the ftest 8 be inserted.)

By Euler’'s formula we know that the average degree of a vertex in amaplgraph is at most 6.
(Recall that a planar graph withvertices can have at mo3t edges, and the sum of vertex degrees
is equal to twice the number of edges, which is at ntas} Thus, irrespective of the stage number,
the expected number of edge changes is proportional to the expectex degree, which i€)(1).
Summing over alln insertions, the total number of structural change®is). Recall that each
structural change (new edges and edge flips) can be perfornded jrtime.

Rebucketing: Next we argue that the total expected time spent in rebucketing poiGt&isog n). From
this it will follow that the overall expected running time is dominated by the redtilcly process, and
s0isO(nlogn).

To do this, we will show that the expected number of times that any site is retaetkas to which
triangle it lies in) isO(log n). Again this is done by a standard application of backwards analysis. Let
us fix a siteg € P. Consider the situation just after the insertion of ttiesite. I1f ¢ has already been
inserted, then it is not involved in the rebucketing process, so let usnasthatg has not yet been
inserted. As above we make use of the fact that any of the existing sitesabyelikely to be the last

site inserted.

We assert that the probability thatvas rebucketed as a result of the last insertion is at ByastTo
see this, letA be the triangle containing after theith insertion. As observed above, after we insert
the ith site all of the newly created triangles are now incident to this new aitecould have come
into existence as a result of the last insertion if and only one of its three egrtias the last to be
added. (Think about this a moment, since it is critical') Sidcés incident to exactly three sites,
and every site is equally likely to be the last inserted, it follows that the pilitlyehat A came into
existence is3/i. (We are cheating a bit here by ignoring the three initial sites at infinity.) ,Tifes
probability thatg required rebucketing after the last insertion is at n3gst
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After stagei there aren — i points that might be subject to rebucketing, and each has probahility

of being rebucketed. Thus, the expected number of points that regbineketing as part of the last
insertion is(n — 7)3/i. By the linearity of expectation, to obtain the total number of rebucketings, we
sum these up over all stages, yielding

n

Z%(n—z’) <

n
i=1 i=1

1
-n = 3n2; = 3nlnn+ O(1),
i=1

(where as usual we have applied the bound on the Harmonic series.) thiaustal expected time
spent in rebucketing i®(n log n), as desired.

There is one place in the proof that we were sloppy. (Can you spot itAhdiged that the number of
points that required rebucketingd¥n logn), but notice that when a point is inserted, many rebuck-
eting operations may be needed (one for the initial insertion and one foraeklitional edge flip).
We will not give a careful analysis of the total number of individual iek®iing operations per point,
but it is not hard to show that the expected total number of individualaletiing operations will not
be larger by more than a constant factor. The reason is that (as aboed) each new insertion
only results in a constant number of edge flips, and hence the numbeivaflirad rebucketings per
insertion is also a constant. But a careful proof should consider thish Syroof is given in our
textbook.
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14 Line Arrangements and the Zone Theorem

Reading: Chapter 8 in the 4M’s.

Arrangements: So far we have studied a few of the most important structures in computatjeoaie-
try: convex hulls, Voronoi diagrams and Delaunay triangulations. Perithe next most important
structure is that of dine arrangement As with hulls and Voronoi diagrams, it is possible to define
arrangements (did — 1)-dimensional hyperplanes) in any dimension, but we will concentrate on the
plane. As with Voronoi diagrams, a line arrangement is a polygonal gigih of the plane. Unlike
most of the structures we have seen up to now, a line arrangement isfineidde terms of a set of
points, but rather in terms of a sktof lines. However, line arrangements are used mostly for solving
problems on point sets. The connection is that the arrangements are typaalyucted in the dual
plane. We will begin by defining arrangements, discussing their combinigbooigerties and how to
construct them, and finally discuss applications of arrangements to otit@eims in computational
geometry.

Before discussing algorithms for computing arrangements and applicatierfi;st provide defini-
tions and some important theorems that will be used in the construction. A fihiteadines in the
plane subdivides the plane into a cell complex. The result is calletrangementdenotedA(L).
(Arrangements can also be defined for curves and surfaces, ibetry is simplest and for lines and
planes.) In the plane, the arrangement defines a planar graph whtisesvare the points where two
or more lines intersect, edges are the intersection free segments (oofrdlys)lines, and faces are
(possibly unbounded) convex regions containing no line. An exampl®igrsin the figure below on
the left.

vertex

~_ /N

bounding box

Figure 14.1: Arrangement of lines.

An arrangement is said to lsmpleif no three lines intersect at a common point. We will make the
usual general position assumptions that no three lines intersect in a simgfiehis assumption can
be overcome either through a more careful implementation of special aaseewgh an appropriate
symbolic perturbation of the line coefficients.

An arrangement is not formally a planar graph, because it has unbdwtdges. We can fix this
(topologically) by imagining that a vertex is added at infinity, and all the unted edges are attached
to this vertex. A somewhat more geometric way to fix this is to imagine that there israling box
which is large enough to contain all the vertices, and we tie all the unboweuttbgss off at this box.
It is obvious that we can compute such a boxjim?) time, but anO(n) time algorithm exist. (This
is a nice exercise.) However, rather than computing the coordinates ofigstox, it is simpler to
imagine the existence of abstract“box at infinity.” Intersection computations involving this box
are performeds if its bounding sides are aty € {—oo, +00}. If you think about it a moment, you
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can convince yourself that this is equivalent to processing the lines ie siaer. (If you don’t see
this right away, think about it.)

The combinatorial complexitypf an arrangement is the total number of vertices, edges, and faces in
the arrangement. The following shows that all of these quantitie® aré).

Theorem: Give a set of lines L in the plane in general position,

(i) the number of vertices it (L) is (5),
(ii) the number of edges inl(L) is n?, and
(iii) the number of faces iA(L) is (3) + n + 1.

Proof: The fact that the number of vertices({¥) is clear from the fact that each pair of lines intersects
in a single point. To prove that the number of edges’iswe use induction. The basis case is
trivial (1 line and 1 edge). When we add a new line to an arrangement-oi lines (having
(n—1)? edges by the induction hypothesis) we split 1 existing edges, thus creating- 1 new
edges, and we addnew edges from the — 1 intersections with the new line. This gives a total
of (n—1)2+(n—1)+n = n?. The number of faces comes from Euler's formula, e + f = 2
(with the little trick that we need to create one extra vertex to attach all the udbedwedges to).

Incremental Construction: Arrangements are used for solving many problems in computational geometry.
But in order to use arrangements, we first must be able to construngameents. We will present a
simple incremental algorithm, which builds an arrangement by adding lineg arigree. Unlike most
of the other incremental algorithms we have seen so far, this amat imsndomized Its asymptotic
running time will be the same&) (n?), no matter what order we insert the lines. This is asymptotically
optimal, since this is the size of the arrangement. The algorithm will also reQiré) space, since
this is the amount of storage needed to store the final result. (Later we wdidmy the question of
whether it is possible to traverse an arrangement without actually building it.)

As usual, we will assume that the arrangement is represented in anyabésalata structure for
planar graphs (e.g., as a doubly-connected edge list)LL-et{/;, (o, ..., ¢,} denote the lines. We
will simply add lines one by one to the arrangement. (The order does not ma¥eekvill show that
thei-th line can be inserted i@ (i) time. If we sum ovet, this will give O(n?) total time.

Suppose that the first- 1 lines have already been added, and consider the effort involved imgatid
Recall our assumption that the arrangement is assumed to lie within a largéifgpbox. Since each

line intersects this box twice, the first- 1 lines have subdivided the boundary of the box o 1)
edges. We determine whefgintersects the box, and which of these edges it crosses intersects. This
will tell us which face of the arrangemefjtfirst enters.

Next we trace the line through the arrangement, from one face to the naxénéVer we enter a
face, the main question is where does the line exit the face? We answerdsioqguby a very
simple strategy. We walk along the edges of the face, say in a counterédecttinection. Recall that

any reasonable subdivision representation allows such local trhuetsae linear in the number of
elements visited. As we visit each edge we ask whethiatersects this edge. When we find the edge
through which?; exits the face, we jump to the face on the other side of this edge and continue the
trace with the neighboring face. This is illustrated in the figure below.

Once we know the points of entry and exit into each face, the last matter isittaufhe subdivision
representation by inserting edges for each entry-exit pair. This isted®ndle in constant time, on
any of the standard representations.
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The zone of | Walking the lower part
of the zone

Figure 14.2: Traversing an arrangement and zones.

Clearly the time that it takes to perform the insertion is proportional to the totabeuof edges that
have been traversed in this tracing process. A naive argument saysetencountei — 1 lines,

and hence pass througlfiaces (assuming general position). Since each face is bounded byt mo
lines, each facial traversal will tak@(i) time, and this gives a totad(i?). Hey, what went wrong?
Above we said that we would do this@(7) time. The claim is that the traversal does indeed traverse
only O(i) edges, but to understand why, we need to delve more deeply into a tofieggoneof an
arrangement.

Zone Theorem: The most important combinatorial property of arrangements (which is critictidio
efficient construction) is a rather surprising result calledzitvee theoremGiven an arrangement
of a setL of n lines, and given a liné that is not inL, the zoneof ¢ in A(¢), denotedZ 4(¢), is
the set of faces whose closure interséct$he figure above illustrates a zone for the lihd=or the
purposes of the above construction, we are only interested in the efideszmne that lie below;,
but if we bound the total complexity of the zone, then this will be an upper downthe number of
edges traversed in the above algorithm. The combinatorial complexity ofea(asrargued above) is
at mostO(n?). The Zone theorem states that the complexity is actually much smallerOgnly

Theorem: (Zone Theorem)Given an arrangemerd (L) of n lines in the plane, and given any line
¢ in the plane, the total number of edges in all the cells of the Zhn¢) is at mostn.

Proof: As with most combinatorial proofs, the key is to organize everything so teatdbnting can
be done in an easy way. Note that this is not trivial, because it is easy thatemy one line of
L might contribute many segments to the zoné.dfhe key in the proof is finding a way to add
up the edges so that each line appears to induce only a constant nuredgesfinto the zone.

The proof is based on a simple inductive argument. We will first imagine, ghrausuitable
rotation, that¢ is horizontal, and further that none of the linesiois horizontal (through an
infinitesimal rotation). We split the edges of the zone into two groups, thosddhad some
face from the left side and those that bound some face from the rightMimte formally, since
each face is convex, if we split it at its topmost and bottommost vertices, twsvgeconvex
chains of edges. THeft-bounding edgeare on the left chain and thigght-bounding edgeare
on the right chain. We will show that there are at mdstlines that bound faces from the left,
and a symmetrical argument applies to the right-bounding edges. (Notetedga of the zone
that crosse$ itself contributes only once to the complexity of the zone. In the book’s phmyf
seem to count this edge twice, and hence their bound they get a bodndraftead. We will
also ignore the edges of the bounding box.)

For the base case, when= 1, then there is exactly one left bounding edge’szone, and
1 < 3n. Assume that the hypothesis is true for any set ofl lines. Consider the rightmost line
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of the arrangement to intersectCall this/;. (Selecting this particular line is very important for
the proof.) Suppose that we consider the arrangement of thesothédrlines. By the induction
hypothesis there will be at mo3tn — 1) left-bounding edges in the zone far

Figure 14.3: Proof of the Zone Theorem.

Now let us add back; and see how many more left-bounding edges result. Consider the right-
most face of the arrangementof— 1 lines. (Shaded in the figure above.) Note that all of its
edges are left-bounding edges. Lifieintersectd within this face. By convexity/; intersects
the boundary of this face in two edges, denatg@nde;,, wheree,, is abovel ¢, is below. The
insertion of¢; creates a new left bounding edge aldngtself, and splits the left bounding edges
e, ande, into two new left bounding edges for a net increase of three edgesr@bthat(;
cannot contribute any other left-bounding edges to the zone, beamseEn@ding on slope) either
the line supporting,, or the line supporting, blocks/;’s visibility from ¢. (Note that it might
provide right-bounding edges, but we are not counting them here.}, The total number of
left-bounding edges on the zone is at m8Gt — 1) + 3 < 3n, and hence the total number of
edges is at mosin, as desired.
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15 Applications of Arrangements

Reading: Chapter 8 in the 4M’s. Some of this material is not covered in the book.

Sweeping Arrangements: Last time we showed how to construct an arrangement of lines in the plane in
O(n?) time. Since an arrangement is of si2én?), this is optimal. Usually it is not sufficient just
to build the arrangement, but necessary to traverse the arrangemeeall.a;vgome instances, any
graph traversal will suffice. For other problems it is nice to perform theetisal in some order, for
example as a plane sweep from left to right.

If an arrangement is to be built just so it can be swept, then maybe you digled to construct the
entire arrangement after all. You can just perform the plane sweep dinéseexactly as we did for
the line segment intersection algorithm. Assuming that we are sweeping froto tafht, the initial
position of the sweep line is at = —oc (computed symbolically). The sweep line status maintains
the lines in top to bottom order according to their intersection with the sweep Tihe.ifitial order is
according to increasing order of slope.) Then the sweep line proceadyeas it did in the algorithm
for determining line segment intersections, but the only events are interseggats (since there are
no endpoints). Sweeping an arrangement in this way tékeg logn) time, but onlyO(n) space
(since we need only maintain the current sweep line), and this may be artiett@ternative to
constructing the entire subdivision (assuming the computational probletmecizmmulated in terms
of sweeping).

Butis theO(log n) factor necessary? In many applications involving plane sweep it is nessaiy to
sweep in strictly left-to-right order. A variant of the classical plane gwe#nich is often applicable to
problems on planar arrangements is cattgablogical plane sweeprou can think of this as sweeping
the arrangement with a “wiggly” sweep line, which need not be strictly veértica is subject to the
constraint that it can intersect each line of the arrangement exactly ¢8ceh a sweep line will,
for example, visit the vertices along each line in left-to-right order.) Itlmaishown that this sort of
sweep can be performed (n?) time, thus saving a factor @?(log n). Note that it only works for
line arrangements—it cannot be applied to the line segment intersectionmrdbfeexample.

Topological sweep line

Figure 15.1: One possible topological ordering of the vertices of angeraent.

When is topological plane sweep applicable? Unfortunately, this is noteasyaracterize without a
more detailed investigation of this algorithm, which we do not have time for. Netesth, | will often
declare (without proof) that a certain problem either can or cannoblved by topological plane
sweep.
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Applications of Arrangements and Duality: The computational and mathematical tools that we have de-
veloped with geometric duality and arrangements allow a large number of prsltebe solved.
Here are some examples. Unless otherwise stated, all these problemssocaredénO(n?) time and
O(n?) space by constructing a line arrangement, @{n?) time andO(n) space through topological
plane sweep.

General position test: Given a set of: points in the plane, determine whether any three are collinear.

Minimum area triangle: Given a set of: points in the plane, determine the minimum area triangle
whose vertices are selected from these points.

Minimum k-corridor: Given a set ofn points, and an integéet, determine the narrowest pair of
parallel lines that enclose at ledstpoints of the set. The distance between the lines can be
defined either as the vertical distance between the lines or the perpendistdace between
the lines.

Visibility graph: Given line segments in the plane, we say that two pointsiaiieleif the interior of
the line segment joining them intersects none of the segments. Given ansebfintersecting
line segments, compute thésibility graph, whose vertices are the endpoints of the segments,
and whose edges a pairs of visible endpoints.

Maximum stabbing line: Given a set ofn line segments in the plane, compute the line that stabs
(intersects) the maximum number of these line segments.

Hidden surface removal: Given a set of, non-intersecting polygons in 3-space, imagine projecting
these polygon onto a plane (either orthogonally or using perspectiegrmine which portions
of the polygons are visible from the viewpoint under this projection.
Note that in the worst case, the complexity of the final visible scene may biglaa$O (n?),
so this is asymptotically optimal. However, since such complex scenes racelyiagractice,
this algorithm is really only of theoretical interest.

Ham Sandwich Cut: Givenn red points andn blue points, find a single line that simultaneously bi-
sects these point sets. Itis a famous fact from mathematics (calleththeSandwich Theorém
that such a line always exists. If the point sets are separated by a linghteean be done in
time: O(n + m), spaceO(n + m).

Sorting all angular sequences:Here is a natural application of duality and arrangements that turns out to
be important for the problem of computing visibility graphs. Consider a setgaints in the plane.
For each poinp in this set we want to perform an angular sweep, say in countercloclomitss,
visiting the othem — 1 points of the set. For each point, it is possible to compute the angles between
this point and the remaining — 1 points and then sort these angles. This would takelog n) time
per point, and)(n? log n) time overall.

With arrangements we can speed this upt@?) total time, getting rid of the extr@(log n) factor.
Here is how. Recall the point-line dual transformation. A pgiat (p,.,p,) and linel : (y = ax —b)
in the primal plane are mapped through to a dual p6éirend dual linep* as follows:

= (av b)

p* i (b=pra—py).

Suppose thap is the point that we want to sort around, andgetp., ..., p, be the points in final
angular order aboyt.
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Figure 15.2: Arrangements and angular sequences.

Consider the arrangement defined by the dual lpfesiow is this order revealed in the arrangement?
Consider the dual ling*, and its intersection points with each of the dual lip¢s These form a
sequence of vertices in the arrangement alghgConsider this sequence ordered from left to right.
It would be nice if this order were the desired circular order, but this isynde correct. It follows
from the definition of our dual transformation that theoordinate of each of these vertices in the
dual arrangement is the slope of some line of the fpgmin the primal plane. Thus, the sequence
in which the vertices appear on the line islape orderingof the points aboup;, not anangular
ordering

However, given this slope ordering, we can simply test which primal point®s liee left ofp (that

is, have a smalletr-coordinate in the primal plane), and separate them from the points that lie to th
right of p (having a larger:-coordinate). We partition the vertices into two sorted sequences, and then
concatenate these two sequences, with the points on the right side firgiegraints on the left side
later. The resulting is an angular sequence starting with the arfiflalegrees and proceeding up to
+270 degrees.

Thus, once the arrangement has been constructed, we can recoeattu of the angular orderings in
O(n) time, for a total ofO(n?) time.

Narrowest 3-corridor: As mentioned above, in this problem we are given afsef n points in the plane,
and an integek, 1 < k£ < n, and we wish to determine the narrowest pair of parallel lines that enclose
at leastk points of the set. In this case we will define the vertical distance between dwdthe
distance to minimize. (It is easy, but a bit tricky to adapt the algorithm forgreticular distance.)

To simplify the presentation, we assume that 3. The generalization to generklis an exercise.
We will assume that no three points Bfare collinear. This will allow us to assume that the narrowest
corridor contains exactly three points and has width strictly greater than @@bserve that if three
points were collinear, then they would correspond to three lines that iotersea common vertex in
the arrangement, which could be tested as we build the arrangement.) We avidisaisme that no
two points have the samecoordinate. The dual transformation that we consider cannot mres
vertical lines, but this assumption will imply that the solution is not a vertical line.cauld fix this

by using homogeneous coordinates, but we will not worry about it now.

If we dualize the points oP, then in dual space we have a gebf n lines, {¢1,¢2,...,¢,}. The
slope of each dual-line is thecoordinate of the corresponding point Bf and itsy-intercept is the
negation of the point'g-coordinate.

A narrowest 3-corridor in the primal plane consists of two parallel lifyeand ¢, in primal space.
Their duals?}; and/; are dual points, which have the sameoordinates (since the lines are parallel),
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and the vertical distance between these points, is the difference initttercepts of the two primal
lines. Thus the vertical width of the corridor, is the vertical length of the legeent.

In the primal plane, there are exactly three points lying in the corridor, thtiese are three points
that are both abové, and below/,. Thus, by the order reversing property, in the dual plane, there
are three dual lines that pass both below péjnand above’;;. Combining all these observations it
follows that the dual formulation of the narrowest 3-corridor problemesftiiowing:

Shortest vertical 3-stabber: Given an arrangement of lines, determine the shortest vertical seg-
ment that stabs three lines of the arrangement.

Primal Plane Dual Plane

Figure 15.3: Narrowest 3-corridor: primal and dual form.

It is easy to show (by a simple perturbation argument) that the shortestaledtstabber may be
assumed to have one of its endpoints on a vertex of the arrangement, impbiitigetiother endpoint
lies on the line of the arrangement lying immediately above or below this vertethdlprimal plane
the significance is that we can assume that the minimum 3-corridor one of taglsees through 2
of the points, and the other passes through a third point, and there acént®\pithin the interior of
the corridor. This is shown in the figure below.

We can compute the minimum 3-stabber in an arrangement, by a simple planedleeprrange-
ment (using a vertical sweep line). Whenever we encounter a vertegr afthngement, we consider
the distance to the edge of the arrangement lying immediately above this vedt¢treaadge lying
immediately below. We can solve this problem by topological plane swe€gsid) time andO(n)
space.

We can also solve this by constructing the arrangement and the computingtheafy trapezoidal
map. Each trapezoidal edge will correspond to a corridor. The shertels edge is the final answer.
This leads to ai®(n?) time and space solution.

Figure 15.4: Narrowest corridor and trapezoidal maps.
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Maximum Discrepancy: Nextwe consider a problem derived from computer graphics and sagnflup-
pose that we are given a collectionopoints S lying in a unit squard/ = [0, 1]2. We want to use
these points for random sampling purposes. In particular, the propattywéwould like these points
to have is that for any halfplarie we would like the size of the fraction of points Bfthat lie within
h should be roughly equal to the area of intersectioh wfith U. That is, if we defing.(h) to be the
area ofh N U, andugs(h) = |S N h|/|S]|, then we would likeu(h) =~ pug(h) for all h. This property
is important when point sets are used for things like sampling and Monte-Ggtration.

To this end, we define thiiscrepancyof S with respect to a halfplank to be

Ag(h) = |p(h) — ps(h)|-

For example, in the figure below (a), the areahah U is u(h) = 0.625, and there are 7 out of 13
points inh, thusps(h) = 7/13 = 0.538. Thus the discrepancy df is [0.625 — 0.538| = 0.087.
Define thehalfplane discrepancygf S to be the maximum (or more properly the supremum, or least
upper bound) of this quantity over all halfplanes:

A(S) = S%p Ag(h).

° . ‘. I
- N e B{/
. °* p
1T L

(@) (b)
Figure 15.5: Discrepancy of a point set.

Since there are an uncountably infinite humber of halfplanes, it is importatdgriee some sort of
finiteness criterioron the set of halfplanes that might produce the greatest discrepancy.

Lemma: Leth denote the halfplane that generates the maximum discrepancy with resSectno
let ¢ denote the line that bounds Then either (i)Y passes through at least two pointsSfor
(ii) ¢ passes through one point 8f and this point is the midpoint of the line segmént U.

Remark: If a line passes through one or more pointsSpfthen should this point be included in
ws(h)? For the purposes of computing the maximum discrepancy, the answer istareibde
or omit the point, whichever will generate the larger discrepancy. The pagith is that it is
possible to perturb infinitesimally so that it includes none or all of these points without altering
p(h).

Proof: If ¢ does not pass through any point$ifthen (depending on which is large(h) or pg(h))
we can move the line up or down without changjng(h) and increasing or decreasipgh) to
increase their difference. ffpasses through a poipte S, but is not the midpoint of the line
segment N U, then we claim that we can rotate this line abpaind hence increase or decrease
w(h) without alteringugs(h), to increase their difference.
To establish the claim, consider the figure above (b). Suppose that tielasses through point
p and letr; < ro denote the two lengths alorfgrom p to the sides of the square. Observe that
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if we rotate/ through a small angle, then to a first order approximation, the loss due to area of
the triangle on the left is?0/2, since this triangle can be approximated by an angular sector of
a circle of radiug-; and angle). (CHECK: Based on the figure do we mean "decrease” rather
than "gain” in the next sentence.) The gain due to the area of the triangle oigtt isr36 /2.
Thus, since; < r9 this rotation will increase the area of region lying belbwfinitesimally. A
rotation in the opposite decreases the area infinitesimally. Since the numbzntsf lpounded

by h does not change as a functionéyfthe discrepancy cannot be achieved as long as such a
rotation is possible.

(Note that this proof reveals something slightly stronge¥. dbntacts two points, the line seg-
ment between these points must contain the midpoint of thé/. Do you see why?)

Since for each point € S there are only a constant number of lile@t most two, | think) through
this point such thap is the midpoint off N U, it follows that there are at mos}(n) lines of type (i)
above, and hence the discrepancy of all of these lines can be tegbédintime.

To compute the discrepancies of the other lines, we can dualize the prolighe primal plane, a
line ¢ that passes through two points p; € S, is mapped in the dual plane to a poifitat which the
linesp; andp} intersect. This is just a vertex in the arrangement of the dual lines.f8o, if we have
computed the arrangement, then all we need to do is to visit each vertexrapdteothe discrepancy
for the corresponding primal line.

It is easy to see that the aréa U of each corresponding line in the primal plane can be computed in
O(1) time. So, all that is needed is to compute the number of pointslgihg below each such line.

In the dual plane, the corresponds to determining the number of dual letd&ethelow or above each
vertex in the arrangement. If we know the number of dual lines that lie striblyeeach vertex in
the arrangement, then it is trivial to compute the number of lines that lie belowliyastion.

We define a point to be adg¢vel k&, denoted,, in an arrangement if there are at mést 1 lines
above this point and at most— k& lines below this point. Thé-th level of an arrangement is an
x-monotone polygonal curve, as shown below. For example, the uppelope of the lines is level

1 of the arrangement, and the lower envelope is level the arrangement. Note that a vertex of the
arrangement can be on multiple levels. (Also note that our definition of lewxastly one greater
than our text’s definition.)

Ly

Figure 15.6: Examples of levels in an arrangement.

We claim that it is an easy matter to compute the level of each vertex of thgamamt (e.g. by plane
sweep). The initial levels at = —oco are determined by the slope order of the lines. As the plane
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sweep proceeds, the index of a line in the sweep line status is its level. Thusing topological
plane sweep, i (n?) time we can compute the minimum and maximum level number of each vertex
in the arrangement. From the order reversing property, for eachxvartbe dual arrangement, the
minimum level number minus one indicates the number of primal points that lie stridtw libe
corresponding primal line and the maximum level number is the number of priomakghat lie on

or below this line. Thus, given the level numbers and the fact that aaeassccomputed i (1) time,

we can compute the discrepancy(in?) time andO(n) space, through topological plane sweep.
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16 Orthogonal Range Searching and kd-Trees
Reading: Chapter 5 in the 4M’s.

Range Queries: We will shift our focus from algorithm problems to data structures for the feav lec-
tures. We will consider the following class of problems. Given a collectionbpécts, preprocess
them (storing the results in a data structure of some variety) so that qukeaieadicular form can be
answered efficiently. Generally we measure data structures in terms ofiamdities, the time needed
to answer a query and the amount of space needed by the data striafiene there is a trade-off
between these two quantities, but most of the structures that we will be tei@iasvill have either
linear or near linear space. Preprocessing time is an issue of secamgaryance, but most of the
algorithms we will consider will have either linear 6fn logn) preprocessing time.

In arange queriesve are given a seP of points and regiorR in space (e.g., a rectangle, polygon,
halfspace, or disk) and are asked list (or count or compute some alatiomdunction of) the subset
of P lying within the region. To get the best possible performance, the desitpe ofata structure is
tailored to the particular type of region, but there are some data structatesathbe used for a wide
variety of regions.

An important concept behind all geometric range searching is that thetsubat can be formed by
simple geometric ranges is much smaller than the set of possible subsets (afied/én set of P.
We can define any range search problem abstractly as follows. Gipartiaular class of ranges, a
range spaces a pair( P, R) consisting of the point® and the collectiorr of all subsets ofP that
be formed by ranges of this class. For example, the following figure sttmumnge space assuming
rectangular ranges for a set of points in the plane. In particular, ndtéhéhaets(1,4} and{1,2,4}
cannot be formed by rectangular ranges. Observe that each neletaramnge is effectively defined by
at most four points along each of its four sides, which implies that ther®@ré) distinct ranges in
this space, which is generally much smaller thanXh@ower set.

1 {2}, {3} {4},

2}, {1,3}, {2,3},{2,4}.{3,4},
2,3} {1,3,4}, {2,3,4},
2,34} }

{
!
2 {
{

e

3.

Figure 16.1: Rectangular range space.

Today we consideorthogonal rectangular range querigthat is, ranges defined by rectangles whose
sides are aligned with the coordinate axes. One of the nice things abtautgelar ranges is that they
can be decomposed into a collection of 1-dimensional searches.

Canonical Subsets:A common approach used in solving almost all range queries is to reprEsanta
collection ofcanonical subset§S;, So, ..., Sk}, eachS; C S (wherek is generally a function of.
and the type of ranges), such that any set can be formed as the digjmintaf canonical subsets.
Note that these subsets may generally overlap each other.

There are many ways to select canonical subsets, and the choids #ifespace and time complex-
ities. For example, the canonical subsets might be chosen to consisdimgleton sets, each of the

16-1 Copyright 2010, David M. Mount



Computational Geometry Notes Orthogonal Range Searching

form {p;}. This would be very space efficient, since we need @n(y) total space to store all the
canonical subsets, but in order to answer a query involkirdpjects we would neeél sets. (This
might not be bad for reporting queries, but it would be too long for cogmjueries.) At the other
extreme, we might let the canonical subsets be the power sBt dfiow, any query could be an-
swered with a single canonical subset (assuming we could determine wiaghooit we would have
2™ different canonical subsets to store. (A more realistic solution would bgetthe set of all ranges,
but this would still be quite large for most interesting range spaces.) THefaayood range data
structure is to strike a balance between the total number of canonicats(ds&ce) and the number
of canonical subsets needed to answer a query (time).

One-dimensional range queries:Before we consider how to solve general range queries, let us eonsid
how to answer 1-dimension range queriesntgrval queries Let us assume that we are given a set of
pointsP = {p1,pa,...,pn} ON the line, which we will preprocess into a data structure. Then, given
an interval|x;,, 2], the goal is to report all the points lying within the interval. Ideally we would
like to answer a query in tim@ (log n + k) time, wherek is the number of points reported (an output
sensitive result). Range counting queries can be answere@adg ») time with minor modifications.

Clearly one way to do this is to simply sort the points, and apply binary seaftidtthe first point of
P that is greater than or equaltg,, and less than or equal 19, and then list all the points between.
This works fine in dimension 1, but does not generalize readily to any hdimensions.

Let us consider a different approach, which will generalize to highmedsions. Sort the points ¢t

in increasing order and store them in the leaves of a balanced binachdseze. Each internal node
of the tree is labeled with the largest key appearing in its left child. We catiass each node of
this tree (implicitly or explicitly) with the subset of points stored in the leaves tleatlascendants of
this node. This gives rise to tl@(n) canonical subsets=or now, these canonical subsets will not be
stored explicitly as part of the data structure, but this will change later wiegalk about range trees.
This is illustrated in the figure below.

Figure 16.2: Canonical sets for interval queries.

We claim that the canonical subsets corresponding to any range casmitiiédl inO (log n) time from
this structure. Given any intervat;,, z;|, we search the tree to find the leftmost leafvhose key
is greater than or equal ta, and the rightmost leaf whose key is less than or equalig;. Clearly
all the leaves betweenandwv, together possibly withy andv, constitute the points that lie within the
range. Ifkey(u) = x;, then we include.’s canonical (single point) subset andiify(v) = xj; then
we do the same far. To form the remaining canonical subsets, we take the subsets of alktkienal
subtreedying betweenu andwv.
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Here is how to compute these subtrees. The search pathsatml v may generally share some
common subpath, starting at the root of the tree. Once the paths divenge,fallow the left path to
u, whenever the path goes to the left child of some node, we add the carssat associated with
its right child. Similarly, as we follow the right path tg whenever the path goes to the right child,
we add the canonical subset associated with its left child.

To answer a range reporting query we simply traverse these cananitedes, reporting the points of
their leaves. Each tree can be traversed in time proportional to the numleaves$ in each subtree.
To answer a range counting query we store the total number of pointshinrsebtree (as part of the
preprocessing) and then sum all of these over all the canonical ssbtre

Since the search paths are of len@fiog n), it follows that O(logn) canonical subsets suffice to
represent the answer to any query. Thus range counting querideecamswered it (logn) time.
For reporting queries, since the leaves of each subtree can be listed in ainefhoportional to the
number of leaves in the tree (a basic fact about binary trees), it follatstta total time in the search
is O(logn + k), wherek is the number of points reported.

In summary, 1-dimensional range queries can be answere@ag ») time, usingO(n) storage. This
concept of finding maximal subtrees that are contained within the rangadarental to all range
search data structures. The only question is how to organize the treeano focate the desired
sets. Let see next how can we extend this to higher dimensional rangesque

Kd-trees: The natural question is how to extend 1-dimensional range searchinger ldignensions. First
we will consider kd-trees. This data structure is easy to implement and gaitéqai and useful for
many different types of searching problems (nearest neighborrsegrior example). However it is
not the asymptotically most efficient solution for the orthogonal rangekeey, as we will see later.

Our terminology is a bit nonstandard. The data structure was designed Bedtley. In his notation,
these were calledk:d trees,” short for k-dimensional trees”. The valuewas the dimension, and
thus there are 2-d trees, 3-d trees, and so on. However, over timpgitiesvalue ofk was lost. Our
text uses the somewhat nonstandard form “kd-tree” rather thahtfee.” By the way, there are many
variants of the kd-tree concept. We will describe the most commonly useavbiwh is quite similar
to Bentley’s original design. In our trees, points will be stored only at theds. There are variants
in which points are stored at internal nodes as well.

The idea behind a kd-tree is to extend the notion of a 1-dimensional treefoBaach node we
subdivide space either by splitting alomecoordinate of the points or along thyecoordinates. Each
internal node of the kd-tree is associated with the following quantities:

t.cutDim the cutting dimension
t.cutVal the cutting value
t.size the number of points in's subtree

In dimensiond, the cutting dimension may be represented as in integer ranging fromi-0 1o If the
cutting dimension ig, then all points whoséh coordinate is less than or equalitoutValare stored
in the left subtree and the remaining points are stored in the right subteseti{&figure below.) If a
point’s coordinate is equal to the cutting value, then we may allow the point timtexion either side.
This is done to allow us to balance the number of points in the left and righeadafrthere are many
equal coordinate values. When a single point remains (or more genesafiglaconstant number of
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points), we store it in a leaf node, whose only fieldointis this point (or generally a pointer to this
point).

Subdivision Tree structure
Figure 16.3: A kd-tree and the associated spatial subdivision.

The cutting process has a geometric interpretation. Each node of the tresogated implicitly
with a rectangular region of space, calleddl. (In general these rectangles may be unbounded, but
in many applications it is common to restrict ourselves to some bounded reletaregion of space
before splitting begins, and so all these rectangles are bounded.) lH&reaested in the sense that a
child’s cell is contained within its parent’s cell. Hence, these cells defimerarchical decomposition

of space. This is illustrated in figure.

There are two key decisions in the design of the tree.

How is the cutting dimension chosen?The simplest method is to cycle through the dimensions one
by one. (This method is shown in the above figure.) Since the cutting dimenspands only
on the level of a node in the tree, one advantage of this rule is that the cuitiegsion need
not be stored explicitly in each node, instead we keep track of it while sengethe tree.

One disadvantage of this splitting rule is that, depending on the data distribtitisrsimple
cyclic rule may produce very skinny (elongated) cells, and such cells thagrsely affect query
times. Another method is to select the cutting dimension to be the one along whicairite p
have the greatesipread defined to be the difference between the largest and smallest coordi-
nates. Bentley call the resulting tree gptimized kd-tree

How is the cutting value chosen?To guarantee that the tree has heightog n), the best method
is to let the cutting value be the median coordinate along the cutting dimension.rdfdhe
an even number of points in the subtree, we may take either the upper orrnteugan, or we
may simply take the midpoint between these two points. In our example, wheratieesia odd
number of points, the median is associated with the left (or lower) subtree.

A kd-tree is a special case of a more general class of hierarchidslsp#bdivisions, calledinary
space partition treegor BSP treelin which the splitting lines (or hyperplanes in general) may be
oriented in any direction. In the case of BSP trees, the cells are coniygops.

Constructing the kd-tree: It is possible to build a kd-tree i@(n log n) time by a simple top-down recur-
sive procedure. The most costly step of the process is determining themcedialinate for splitting
purposes. One way to do this is to maintain two lists of pointers to the points, oresl 1y -
coordinate and the other containing pointers to the points sorted accordiregrtg-toordinates. (In
dimensiond, d such arrays would be maintained.) Using these two lists, it is an easy matter tiofind
median at each step in constant time. In linear time it is possible to split each ligtthizomedian
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element. For example, if = s is the cutting value, then all points wif}. < s go into one list and
those withp, > s go into the other. (In dimensiadithis generally take®(d) time per point.) This
leads to a recurrence of the foffitn) = 27'(n/2) + n, which solves t@(n log n). Since there are
leaves and each internal node has two children, it follows that the nurhbeemal nodes is — 1.
Hence the total space requirements@(e).

Theorem: A balanced kd-tree of points can be constructed®(n log n) time and ha®)(n) space.

Range Searching in kd-trees:Let us consider how to answer orthogonal range counting queriesgeRa
reporting queries are an easy extension. @&tenote the desired rangegenote the current node in
the kd-tree, and le€’ denote the rectangular cell associated witiThe search algorithm traverses
the tree recursively. If it arrives at a leaf cell, we check to see whelleeassociated point,point,
lies within @ in O(1) time, and if so we count it. Otherwise,s an internal node. If's cell C'is
disjoint from @ (which can be tested i@ (1) time since both are rectangles), then we know that no
point in the subtree rooted &is in the query range, and so there is nothing to count! i§ entirely
contained within@) (again testable i (1) time), then every point in the subtree rooted aan be
counted. (These points constitute a canonical subset.) Otherisise|l partially overlaps). In this
case we recurse ars two children and update the count accordingly.

kd-tree Range Counting Query
int rangeCount(Rang®, KDNodet, Rectangle”)

(1) if (tis aleaf)
(a) if (Q containst.point) return 1,
(b) else return 0.
(2) if (¢ is not a leaf)
(@) if (CNnQ = 0)return 0.
(b) elseif C C Q) returnt.size

(c) else, splitC alongt’s cutting dimension and cutting value, lettidgg andCs be the two rectangles. Return
(rangeCour(tQ, .left, C;) + rangeCour(iQ, t.right, Cs)).

The figure below shows an example of a range search. White nodebé&anevisited in the search.
Light shaded nodes were not visited because their cell is contained\emtitiein (). Dark shaded
nodes are not visited because their cell is disjoint figm

g .h§ Q QO \visited D contained in Q
o Oe A D disjoint of Q ® counted in the search
H on 'p ‘
L S N
o€ m,
g |e° °q i jo | I
kd-tree subdivision Nodes visited in range search

Figure 16.4: Range search in a kd-tree. (Note: This particular tree vtagemerated by the algorithm
described above.)
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Analysis of query time: How many nodes does this method visit altogether? We claim that the total num-
ber of nodes i€)(y/n) assuming a balanced kd-tree. Recall from the discussion above thdea no
is processed (both children visited) if and only if the cell overlaps thegavithout being contained
within the range. We say that such a celiabbedoy the query. To bound the total number of nodes
that are processed in the search, we first bound the number of nedesdlstabbed.

Lemma: Given a balanced kd-tree with points using the alternating splitting rule, any vertical or
horizontal line stab®(,/n) cells of the tree.

Proof: Let us consider the case of a vertical line= xy. The horizontal case is symmetrical.
Consider a processed node which has a cutting dimension alofigne vertical linex = xg
either stabs the left child or the right child but not both. If it fails to stab ohhe children,
then it cannot stab any of the cells belonging to the descendents of thisithéd & the cutting
dimension is along thg-axis (or generally any other axis in higher dimensions), then the line
x = xo Stabs both children’s cells.

Since we alternate splitting on left and right, this means that after descendingu&ls in the
tree, we may stab at most two of the possible four grandchildren of ealgh ho general each
time we descend two more levels we double the number of nodes being stalblosdwe stab

the root node, at most 2 nodes at level 2 of the tree, at most 4 nodeslat,|8 nodes at level 6,
and generally at mo€¥ nodes at levedi.

Because we have an exponentially increasing number, the total sum is dednbaits last
term. Thus is suffices to count the number of nodes stabbed at the lowedsiflehe tree. Since
the tree is balanced, it has roughgyn levels. Thus the number of leaf nodes processed at the
bottommost level ig(87)/2 = 2lsvn — | /n. This completes the proof.

We have shown that any vertical or horizontal line can stab 6tlyn) cells of the tree. Thus, if we
were to extend the four sides €finto lines, the total number of cells stabbed by all these lines is at
mostO(4y/n) = O(y/n). Thus the total number of cells stabbed by the query ran@gygn). Since

we only make recursive calls when a cell is stabbed, it follows that the totabar of nodes visited

by the search i©(y/n).

Theorem: Given a balanced kd-tree with points, orthogonal range counting queries can be an-

swered inO(/n) time and reporting queries can be answered({R/n + k) time. The data
structure uses spacn).
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17 Orthogonal Range Trees
Reading: Chapter 5 in the 4M’s.

Orthogonal Range Trees: Last time we saw that kd-trees could be used to answer orthogonalqaeges
in the plane inO(y/n + k) time. Today we consider a data structure, which is more highly tuned to
this particular problem, called arthogonal range tree

An orthogonal range tree is a data structure which, in all dimensiors?2, usesO(nlog(d‘l) n)
space, and can answer orthogonal rectangular range que@agb'g{d‘l) n + k) time, wherek is the
number of points reported. Preprocessing time is the same as the spade Dous, in the plane, we
can answer range queries in tirglog n) and spac& (nlogn). We will present the data structure
in two parts, the first is a version that can answer queri€3(ing” ) time in the plane, and then we
will show how to improve this in order to strip off a factor ol » from the query time.

Multi-level Search Trees: The data structure is based on the concept wiudti-level search treeln this
method, a complex search is decomposed into a constant number of simgjersearches. We
cascade a number of search structures for simple ranges togethewtr #ms complex range query.

In this case we will reduce @&dimensional range search to a series of 1-dimensional range searche

Suppose you have a query which can be stated as the intersection of aismiadlr of simpler queries.
For example, a rectangular range query in the plane can be stated asigeaqueeries: Find all the
points whoser-coordinates are in the rang®.x;,, Q.z5;| and all the points whosg-coordinates

are in the rangéQ.yi,, Q.yn;]. Let us consider how to do this for 2-dimensional range queries, and
then consider how to generalize the process. First, we assume that e@regvocessed the data
by building a range tree for the first range query, which in this case isajdstimensional range
tree for thex-coordinates. Recall that this is just a balanced binary tree on these poitgsl by
x-coordinates. Also recall that each node of this binary tree is implicitly &stsocwith acanonical
subsef points, that is, the points lying in the subtree rooted at this node.

Observe that the answer to any 1-dimensional range query can leseaprd as the disjoint union of
a small collection ofn = O(logn) canonical subsetq,S1, So, ..., S}, where each subset corre-
sponds to a nodein the range tree. This constitutes the first level of the search tree. Timgeithe
preprocessing, for the second level, for each nothethis z-range tree, we build aauxiliary treg

taux, €ach of which is g-coordinate range tree, which contains all the points in the canonicattsubs
associated with.

The final data structure consists of two levels:zarange tree, such that each node in this tree points
to auxiliary y-range tree. This notion of a tree of trees is basic to solving range qumrieseling.
(For example, forl-dimensional range trees, we will hasdevels of trees.)

Query Processing: Given such a 2-level tree, let us consider how to answer a rectangulge queryy.
First, we determine the nodes of the tree that satisfy:thertion of the range query. Each such node
t is associated with a canonical sgt and the disjoint union of thes@(log n) sets consistute all the
points of the data set that lie within theportion of the range. Thus to finish the query, we need to
find out which points from each canonical subset lie within the rangeanfordinates. To do this, for
each such nodg we access the auxiliary tree for this nodgy and perform a 1-dimensional range
search on thg-range of the query. This process is illustrated in the following figure.
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Figure 17.1: Orthogonal range tree search.

What is the query time for a range tree? Recall that it t&k@sg n) time to locate the nodes repre-
senting the canonical subsets for the 1-dimensional range queryaétoree invoke a 1-dimensional
range search. Thus there &@élogn) canonical sets, each invoking éflogn) range search, for a
total time of O(log? n). As before, listing the elements of these sets can be performed in additional
O(k) time by just traversing the trees. Counting queries can be answereddoyreting the subtree
sizes, and then just adding them up.

Space: The space used by the data structur@({s log n) in the plane (and(n log@—1 n) in dimension
d). The reason comes by summing the sizes of the two data structures. Tfor theer-coordinates
requires onlyO(n) storage. But we claim that the total storage in all the auxiliary tre€gislog ).
We want to count the total sizes of all these trees. The number of nodeseer & proportional
to the number of leaves, and hence the number of points stored in this trdeer @an count the
number of points in each tree separately, instead let us count the nuntbegoin which each point
appears. This will give the same total. Observe that a point appears inxiiarg trees of each of its
ancestors. Since the tree is balanced, each poir®fiag »n) ancestors, and hence each point appears
in O(log n) auxiliary trees. It follows that the total size of all the auxiliary tree®{ log n). By the
way, observe that because the auxiliary trees are just 1-dimensicgglre could just store them as
a sorted array.

We claim that it is possible to construct a 2-dimensional range tréinog n) time. Constructing

the 1-dimensional range tree for thecoordinates is easy to do@(n log n) time. However, we need

to be careful in constructing the auxiliary trees, because if we were t@aoh list ofy-coordinates
separately, the running time would b¥n log? ). Instead, the trick is to construct the auxiliary trees

in a bottom-up manner. The leaves, which contain a single point are triviatlydsorhen we simply
merge the two sorted lists for each child to form the sorted list for the parémte Sorted lists can

be merged in linear time, the set of all auxiliary trees can be constructed in titris lim@ar in their

total since, 00(nlogn). Once the lists have been sorted, then building a tree from the sorted list can
be done in linear time.

Multilevel Search and Decomposable QueriesSummarizing, here is the basic idea to this (and many
other query problems based on leveled searches).(4,e®) denote the range space, consisting of
points S and range spac®. Suppose that each range Bfcan be expressed as an intersection of
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simpler ranges® = R N Ry N ... N R., and assume that we know how to build data structures for
each of these simpler ranges.

The multilevel search structure is built by first building a range searcHdregiery R;. In this tree,

the answer to any query can be represented as the disjoint union of ebeatian {5, Sa, ..., S}
of canonical subsets, each a subsef oEach canonical set corresponds to a node of the range tree
for R;.

For each node of this range tree, we build an auxiliary range tree for the associatedicahsubset
S; for ranges of clas®,. This forms the second level. We can continue in this manner, with each
node of the range tree for the rangesbeing associated with an auxiliary range tree for ranges.

To answer a range query, we solve the first range query, resultingaleztion of canonical subsets
whose disjoint union is the answer to this query. We then invoke the seaage query problem on
each of these canonical subsets, and so on. Finally we take the unithrihaf answers to all these
queries.

Fractional Cascading: Can we improve on th&(log? n) query time? We would like to reduce the query
time to O(logn). As we descend the search thenterval tree, for each node we visit, we need
to search the correspondinginterval tree. It is this combination that leads to the squaring of the
logarithms. If we could search eaghinterval in O(1) time, then we could eliminate this second
log factor. The trick to doing this is used in a number of places in computati@mhgtry, and is
generally a nice idea to remember. We are repeatedly searching diffistenbut always with the
same key. The idea is to merge all the different lists into a single massive lishedsearch in this
list in O(logn) time, and then use the information about the location of the key to answer all the
remaining queries i (1) time each. This is a simplification of a more general search technique
calledfractional cascading

In our case, the massive list on which we will do one search is the entireiofsp sorted byy-
coordinate. In particular, rather than store these points in a balancey hige, let us assume that
they are just stored as sorted arrays. (The idea works for eitherdresasays, but the arrays are

a little easier to visualize.) Call these thaxiliary lists. We will do one (expensive) search on the
auxiliary list for the root, which take®(log n) time. However, after this, we claim that we can keep
track of the position of thg-range in each auxiliary list in constant time as we descend the tree of
x-coordinates.

Here is how we do this. Let be an arbitrary internal node in the range tree-@oordinates, and let
vr, andug be its left and right children. Led, be the sorted auxiliary list far and letA;, andAg be
the sorted auxiliary lists for its respective children. Observe thais the disjoint union of4;, and
Apg (assuming no duplicatg-coordinates). For each elementdp, we store two pointers, one to the
item of equal or larger value id;, and the other to the item of equal or larger valuedin. (If there

is no larger item, the pointer is null.) Observe that once we know the positiomitéra in A, then
we can determine its position in eithdy, or A in O(1) additional time.

Here is a quick illustration of the general idea. kedenote a node of the-tree, and let;, andvg
denote its left and right children. Suppose that (in bottom to top order)secated nodes within
this range are{p, p2, p3, p4, 5, Ps), and suppose that iry, we store the pointép, ps, ps) and invg

we store(p1, p4, ps)- (This is shown in the figure below.) For each point in the auxiliary listfore
store a pointer to the lists;, andvg, to the position this element would be inserted in the other list
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(assuming sorted by-values). That is, we store a pointer to the largest element wigafue is less
than or equal to this point.

Figure 17.2: Cascaded search in range trees.

At the root of the tree, we need to perform a binary search againsealtthlues to determine which
points lie within this interval, for all subsequent levels, once we know wtierg-interval falls with
respect to the order points here, we can drop down to the next leve{lintime. Thus (as with
fractional cascading) the running time@52 log n), rather tharO(log?n). It turns out that this trick
can only be applied to the last level of the search structure, becausballevels need the full tree
search to compute canonical sets.

Theorem: Given a set ofr points in R%, orthogonal rectangular range queries can be answered in

O(log'*Y n + k) time, from a data structure of siz&(n log!®~" n) which can be constructed
in O(nlog!®Y n) time.
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18 Geometric Approximations and WSPDs

Reading: This material is not covered in our text. My presentation is taken from lectotes by Sariel
Har-Peled (which do not appear to be online anymore). The originarmapWSPDs is “A Decomposition
of Multidimensional Point Sets with Applications ieaNearest-Neighbors andBody Potential Fields,” by
P. B. Callahan and S. Rao KosaraJuACM 42, 67-90, 1995.

Approximation Algorithms in Computational Geometry: For the next few lectures we will consider an
emerging area of computational geometry, namely geometric approximatioittaigar What is ge-
ometric approximation? Traditionally, approximation refers to approximate softwoptimization
problems. Anoptimization probleninvolve computing a discrete structure of some special type that
minimizes or maximizes a given objective function, that is, a function reptieggetine cost or profit
of the solution. A geometric example would be computing the minimum traveling sasesp@ur of
a set of points in the plane, that is, a path of minimum length path that visits ev@nyqf the set.
There are no polynomial time solutions to this problem, and the general prabR+hard. In this
context, approximation means finding a feasible solution to the problem, bthars (ideally) only
moderately larger (assuming a minimization problem) than the optimal solution witeatetgpthe
cost function.

In computational geometry, approximation can have a second meaning. Toligegscomputing a
geometric structure that approximates some desired structure. An exangpiehcd problem would
be, given a set of, points in space, output a convex polytope that is an approximation to thexonv
hull of the point set. Of course, to make this precise, we would need to nhedeevehat it means for
one shape to approximate another. (For example, we might require thastdyece from every point
of the boundary of the approximate hull be within some small distance of thediaoy of the true
convex hull.) In general, the notion of what it means to approximate a georsgtiicture depends
very much on the purposes for which the structure is being used.

When is it acceptable to produce an approximate result? Of course, theadiepn the desired
application of the algorithm’s output. Typically, the goal of approximation is fdaee exact, slow
computations with approximate, faster computations. Note that approximatioters axceptable
in geometry problem solving. One reason is that geometric inputs are ofdgrsto the limits of

accuracy of the measurement devices, and hence, our only approxisi&tibegin with. It does not
make sense to use inputs of low precision to derive answers of highipreciother reason is that
the output of a geometric algorithm may not be an end result, but merely amad&te result to
guide a larger computation, which itself has many sources of errors. Ikitag/n that the output
from one algorithm will be fed into a another program, and this secondg@mog an approximation
or a heuristic, exactness may not be needed in the first program. Thishaiens with geometric
algorithms are used as preprocessing steps in inexact or heuristic @aiédynis programs.

WSPD Motivation: We begin our discussion of approximation algorithms in geometry with a simple and
powerful example. To motivate this example, consider an application in ghiysiclving the simu-
lation of the motions of a large collection of bodies (e.g., planets or stars)cstibjineir own mutual
gravitational forces. In physics, such a simulation is often called.thedy problemExact analytical
solutions are known to exist in only extremely small special cases. Evermileiieg a good numer-
ical solution is relative costly. In order to determine the motion of a single objabe simulation,
we need to know the gravitational force induced by the other1 bodies of the system. In order to
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compute this force, it would seem that at a minimum we would r@ed) computations per point,
for a total ofO(n?) total computations. The question is whether there is a way to do this faster?

An approximate answer to this question was discovered by Greengardakdin, and forms the
basis of a technique called tli@st multipole methodor FMM for short). We will not discuss the
FMM, since it would take us out of the way, but will instead discuss the ga@ sructure that
encodes much of the information that made the FMM such a popular techriiguhnermore, this
structure, called aell-separated pair decompositipor WSPDfor short, is itself useful for solving a
number of geometric problems.

Well Separated Pairs: A set ofn points in space defines a set@) = O(n?) distinct pairs. The WSPD is
a concise encoding of all these pairs that takes 6ily) space. To see how this is done, let us return
briefly to then-body example. Suppose that we wish to determine the gravitational effadame
number of bodies lying in a one galaxy on the planets of another. Assumithththéwo galaxies
are far enough away from each other relative to their respective imesmdividual influences of the
bodies in each galaxy can be aggregated into a single physical fotberdfarer; andns points in
the respective galaxies, the interactions due taalln, pairs can be encoded by a single interaction
pair involving the centers of the two galaxies.

To make this more precise, assume that we are givenelement point seP in R?, and a separation
factors > 0. We say that two disjoint sets of and B are s-well separatedf the the setsA and B

can be enclosed within two spheres of radiich that the closest distance between these spheres is
at leastsr. (This definition differs slightly from the one given by Callahan and Kagabut is a little
easier to visualize.)

Observe that if a pair of points iswell separated, it is alsg-well separated for al’’ < s. Of course,
since any point lies within a (degenerate) sphere of radius 0, it follovisatpair of singleton sets,
{{a},{b}}, fora # b, is well-separated for any.

Figure 18.1: A well separated pair.

Well Separated Pair Decomposition: Once we see that we can aggregate pairs generated by well separated
clusters in this manner, the question that remains is can we replatiee O(n?) distinct pairs of
points by well separated pairs? The answer is, of course, yes (sigtetsn pairs are always well
separated). However, what is somewhat surprising is that for ang fixe 0, there exists such a
decomposition consisting of onty(n) pairs, where the constant factor depends inversely. drhis
is true even if the point set is not naturally clustered.

Given arbitrary setsl and B, defineA ® B to be the set of all distinct (unordered) pairs from these
sets, that is
A®B = {{a,b} |ac A, be B, a#b}.
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Observe thatd ® A consists of all the(g) distinct pairs ofA. Given a point sef”? and separation
factors > 0, we define ars-well separated pair decompositigg-WSPD) to be a collection of pairs
of subsets of?, denoted{{ A;, B}, { A2, B2}, ..., {Am, B} }, such that

Q) A;,B;Cc P,for1 <i¢<m

(2) A, N B; :(D,forl <i1<m

@)U, 4i®@B =P®P

(4) A; andB; ares-well separated, fot <i <m

The first two conditions assert that the sdtsand B; form disjoint pairs ofP. The third condition
asserts that these pairs cover all the pairg’ofAlthough these conditions alone do not imply that
every pair fromP arises fromexactlyone { A4;, B;} pair, the construction that we will present later
has this property. The last condition states that each pair is well separated

An example is shown below. Take a close look at this example. Although the¢aapto be some
sort of hierarchical structure here, note that the pairs are not pyapested within one another.

28 pairs 12 well separated pairs
(separation factor = 1)

Figure 18.2: A point set and a well separated pair decomposition foratepas = 1.

Trivially, there exists a WSPD of siz@(n?) by setting the{ A;, B;} pairs to each of the distinct pair
singletons ofP. Next we shall see that a linear-sized WSPD exists for any fixed).

Digression: Quadtrees: Our goal is to show that, given anelement point seP in R? and anys > 0,
there exists &-WSPD of sizeO(n) (where the constant depends ©mandd). Before doing this,
we must make a brief digression to discuss the quadtree data structurljabnour construction is
based.

The construction is based on a quadtree decomposition of the point sefadireeis a hierarchical
subdivision of space into regions, calledlls that are hypercubes. The decomposition begins by
assuming that the points éf lie within a bounding hypercube. For simplicity we may assume khat
has been scaled and translated so it lies within the unit hypefoubé. The initial cell, associated
with the root of the tree, is the unit hypercube. The following process is then repeatedsively.
Consider any unprocessed cell and its associated nadethe current tree. If this cell contains
either 0 or 1 point ofP, then this is declared a leaf node of the quadtree, and the subdivisiogsgro
terminates for this cell. Otherwise, the cell is subdivided 2ftdwypercubes whose side lengths are
exactly half that of the original hypercube. For each of théseells we create a node of the tree,
which is then made a child af in the quadtree. The process is illustrated in the figure below, where
the points and associated spatial subdivision are shown on the left anektiigng tree structure is
shown on the right.
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Figure 18.3: Quadtree.

Although in practice, quadtrees as described above tend to be rebseffatient in fairly small
dimensions, there are a number of important issues in their efficient implemaeritatiwe worst case.
The first is that the tree may not be of linear size. The reason is that if timtspare extremely close
to one another, there may be an arbitrarily long path of trivial nodes, inhaiidy one of the2?
children is an internal node. This can be fixed by compressing the qaadt@mpressed quadtree
is one in which each such trivial paths is compressed into a single link. (Séiguhe below.) The
link is given an appropriate annotation to encode the path’s structurgoilfire familiar with the
concept of path compression in the PATRICIA trie data structure, the idezif analogous.) Each
internal node of the resulting tree separates at least two points into tepab#rees. Thus, there can
be no more tham — 1 internal nodes, and hence the total number of nodéxis .

(SW,NW,NW)

Standard quadtree Compressed quadtree

Figure 18.4: Compressed quadtree.

A second issue involves the efficient computation of the quadtree. It ikn@ln that the tree can be
computed in time)(hn), whereh is the height of the tree. However, for a compressed quadtree the
tree height can be as high aswhich would imply anO(n?) construction time. We will not discuss

it here, but it can be shown that in any fixed dimension it is possible to candtre quadtree of an
n-element point set i (nlogn) time. (The key is handling uneven splits efficiently. Such splits
arise when one child contains almost all of the points, and all the othersrconts a small constant
number.)

The key facts that we will use about quadtrees below are:
(a) Given am-element point seP in a space of fixed dimensiaf) a quadtree foP of sizeO(n)
can be constructed i@ (n log n) time.
(b) Each internal node has a constant numb@y ¢hildren.

(c) The cell associated with each node of the quadtreediglianensional hypercube, and as we
descend from the parent to a child (in the uncompressed quadtreedh{side length) of the
cells decreases by a factor of 2.

18-4 Copyright 2010, David M. Mount



Computational Geometry Notes Geometric Approximation

(d) The cells associated with any level of the tree have the same size awispalisjoint interiors.

An important consequence stemming from (c) and (d) is the following lemma hwirimvides an
upper bound on the number of quadtree disjoint quadtree cells of sizestt khat can overlap a ball
of radiusr.

Packing Lemma: Consider a balb of radiusr in any fixed dimensionrl, and consider a collection
X of pairwise disjoint quadtree cells of side lengths at leatstat overlagh. Then

e (14 [Z]) < oman e 1))

Proof: We may assume that all the cellsXfare of side length exactly equaligsince making cells
larger only reduces the number of overlapping cells. By the nature cdidticpe decomposition,
the cells of side lengthx form a hypercube grid: of side lengthz. Consider a hypercubd
of side length2r that encloses. Clearly every cell ofX overlaps this hypercube. Along each
dimension, the number of cells ¢t that can overlap an interval of side length is at most
1+ [2r/x]. Thus, the number of grid cubes Gfthat overlapH is at most(1 + [2r/z])<. If
2r < x, this quantity is at mos2?, and otherwise it i©)((r/z)?).

2r

Figure 18.5: Proof of the Packing Lemma.

For the construction of the WSPD, we need to make a small augmentation to titeegustructure.
We wish to associate each node of the tree, both leaves and internal walespoint that lies within
its cell (if such a point exists). Given a nodewe will call this pointu’s representativeand denote
this asrep(u). We do this recursively as follows. if is a leaf node that contains a poimtthen
rep(u) = {p}. If uis a leaf node that contains no point, them(u) = (. Otherwise, ifu is an
internal node, then it must have at least one chitthat is not an empty leaf. (If there are multiple
nonempty children, we may select any one. In some applications, there nagason for preferring
one over another, for example, we may want the representative to bedhhat is nearest to the
center of the cell.) Setp(u) = rep(v).

Given a nodeu in the tree, letP, denote the points that lie within the subtree rooted.atVe will
assume that each nodeés associated with itevelin the tree, otevel(u). This is an integer. The root
has the highest level number and levels decrease by one as we godirent fo child. (This assumes
an uncompressed quadtree. In a compressed quadtree, the levas@scaecording to the length of
the path that was compressed.) The key feature of level idehdtu) > level(v) if and only if u’s
cell is of larger or equal size tds cell.
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Constructing a WSPD: We now have the tools needed to to show that, given-atement point sebP in
R? and anys > 0, there exists a-WSPD of sizes?n, and furthermore, this WSPD can be computed in
time that is roughly proportional to its size. In particular, the construction vi# @(n log n + s%n)
time and the final WSPD can be encodedifs?n) total space.

The construction operates as follows. Recall the conditions (1)—(éhgitove for a WSPD. We will
maintain a collection of sets that satisfy properties (1) and (3), but in getiery may violate con-
ditions (2) and (4) since they will not be disjoint and will not be well sefmtaWhen the algorithm
terminates, all the pairs will be well-separated, and this will imply that they ajeintis Each set
{4,, B;} of the pair decomposition will be encoded as a pair of nodes } in the quadtree. Im-
plicitly, this pair represents the paif3, ® P,, that is, the set of pairs generated from all the points
descended fromy and all the points descended fram This is particularly nice, because it implies
that the total storage requirement is proportional to the number of pairs detteamposition.

The algorithm is based on a recursive subdivision process. CorssjlEr of node{w, v} that arise

in the decomposition process. First, let us assumeutlwatcurs at an equal or higher level (that is,
closer to the root) than. This means that’s cell is at least as large ass cell. Consider the two
smallest spheres of equal radius that encldseell andv’s cell. If these spheres are well separated,
then we can reporfu, v} as (the encoding of) a well separated pair. Otherwise, we subdivinle
considering its children, and apply the procedure recursively to the fairv}, for each child ofu;

of w.

Figure 18.6: WSPD recursive decomposition step.

Here is a more formal presentation of the algorithm. The procedure is cadlgirs(u, v, T, s),
where{u, v} is the current pair of nodes being decomposEds the compressed quadtree for the
point set, and is the separation factor. The procedure returns a set node paicgiegc¢he well
separated pairs of the WSPD. The initial calisPairs(ug, uo, T, s), whereuy is the root of the tree.

We test whethew, andv are well s-separated as follows. First, we consider the smallest sphere
enclosing each cell. If the node is internal, then the sphere is taken to bphttiee £nclosing this
cube. Ifitis a leaf, we take a sphere of radius O centered at the paimtiated with this leaf. Next,

we expand the smaller of the two spheres so that they are of equal stzeb&¢he resulting radius.
Then we check whether the closest distance between these spheidsdarhbe computed i@ (1)

time) exceeds - r. If so, the pair is well separated. Note that a pair of leaf cells will alwags phis

test (since- = 0), so the algorithm will eventually terminate.

Analysis: How many pairs are generated by this recursive procedure? To ev#liquantity, we say that
a call towsPairs is trivial if it does not make it to the final “else” clause. Trivial calls onlyeaRk(1)
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Construction of a Well Separated Pair Decomposition

wsPairs(u, v, T, s) {
if (rep(u) orrep(v) is empty)
return(; /I no pairs to report
else if w andv ares-well separated)
return{{w, v}}; /I return the WSP {P,, P, }
else{ /I subdivide
if (level(u) < level(v))
swapu andv; /I u’s cell is not smaller than v's
Letwuy,us,...,u,, denote the children af in T’
return{J;~ , wsPairs(u;, v, T, s);

time. Furthermore, each nontrivial call generaésecursive calls. Thus, the total number of calls to
wsPairs is at mos2¢ times the number of nontrivial calls.

To count the number of nontrivial calls, we will apply a charging argunt@tiie nodes of the com-
pressed quadtree. Each time we make it to the final “else” clause and spditgbecellu, we assign
a charge to the smaller cell We claim that the total number of charges assigned to any nasle
O(s%). Our construction only requires that> 0, but in the analysis we need to writeax(2, s) in a
number of places. To simplify things, let us just assume ¢hat2 for the remainder of the analysis.

We will prove this in the context of the simpler context of the “uncompresgaddtree. (The general
is a bit more technical.) In the uncompressed quadtree, observe thatrsitlesl®f the cells of a

parent at its child differ by a factor of 2. Because the algorithm alwaiissghe cell of larger size,

the sizes of cells, andv differ by at most a factor of 2.

A charge is assessed to nadenly if © andv are nots-well separated. Let denote the radius of the
smallest sphere enclosings cell. Because:'s cell is at least as large, it follows that the minimum
distance fromv’s enclosing sphere ta's enclosing sphere must be at mest-. This implies that the
cell associated with, overlaps a ball of radius - r + ¢ - = (s + ¢)r, for an appropriate constant
c depending on the dimensiEnSincer is the radius of the smallest ball enclosinig cell, v’s side
length isz = 2r/+/d. Sinceu’s cell is at least as large, the number of charges assessdd & most
the number of cells of the quadtree of side lengthat overlap a ball of radiug + ¢)r.

omi v u| O(sr)

Figure 18.7: WSPD analysis.

3Getting the constant right is left as an exercise. The key is that the baphelhof + overlaps the ball of radius - r +
centered at the midpoint afs cell, but we need to considers cell itself, not its bounding ball, in order to apply the Packing
Lemma. The fact that andv have similar sizes implies that the relative distances to the bounding spiteceldare also similar.
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By the Packing Lemma, it follows that the number of such cells is at most

0 <max <2, (;J/F%Y) = 0(s%),

where the constant factors depend on the dimension (which we haveetsu be a fixed constant).

Putting this all together, we recall that there &rgn) nodes in the compressed quadtree axfa?)
charges assigned to any node of the tree, which implies that there aredf totaf'n) total nontrivial
calls towsPairs. Finally, from the argument made earlier, the total number of calls (trividlreom-

trivial) is larger by a factor o2?. Sinced is a constant, this is absorbed in the constant factor for the

big-Oh notation. Together with th@(n log n) time to build the quadtree, this gives an overall running
time of O(nlogn).

Note that since each recursive call can generate at most one nevepalaged pair, it follows that the
total number of well-separated pairs¥$ns?), which isO(n) if s andd are assumed to be constants.
Since each well separated pair is represented as a link between twomadgsadtree, the total size
of the WSPD representation¥(ns?). In summary we have the following result.

Theorem: Given a point sef in R4, and a fixed separation facter> 2, in O(nlogn + sdn) time
it is possible to build as-WSPD for P consisting ofO(s%n) pairs.

As mentioned above, all this holds for< s < 2 as well, but should replace’ with max(2, s?)
everywhere.
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19 Applications of WSPDs

Reading: This material is not covered in our text.

Review: Recall that given a parameter> 0, we say that two sets of andB ares-well separatedf the sets
can be enclosed within two spheres of radiich that the closest distance between these spheres is
at leastsr. Given a point sef’ and separation facter > 0, recall that ars-well separated pair de-
composition(s-WSPD) is a collection of pairs of subsetsPf{{ A1, B1}, {A2, B2}, ..., {Am, Bm}}
such that

Q) A;,B;c P,for1 <i<m

(2) A; N B; =0, for1l <i1<m

@)U 4i®@B =P®P

(4) A; andB; ares-well separated, fot < i <m

whereA @ B denotes the set of all unordered frotrand B.

Last time we showed that, given > 2, there exists an-WSPD of sizeO(sdn), which can be
constructed in time(n logn + sn). (The algorithm works for any > 0, and thes? term is more
accurately stated asax(2, s)?.) The WSPD is represented as a set of unordered pairs of nodes of a
quadtree decomposition &f.

Today we discuss a number of applications of WSPDs.

Approximating the Diameter: Recall that thediameterof a point set is defined to be the maximum dis-
tance between any pair of points of the set. The diameter can be computtl¢t byebrute force in
O(n?) time. For points in the plane, it is possible to compute the diamet@r( k) time, whereh is
the number of points on the convex hull. Recall that the convex hull camtgated inO(nlogn)
time. This is done by a method calleatating calipers which involves simulating the sweeping of
two parallel supporting lines around the boundary of the hull, and detergiihenfarthest that these
lines come from one another. However, in higher dimensions, this agpleads to a9 (h?) running
time in the worst case, which is just as bad as brute foraasf2(n).

Using the WSPD construction, we can easily compute-approximation to the diameter of a point
setPinlinear time. Givery, we lets = 4/¢, and construct asr-WSPD. Recall that in our construction

of the WSPD of a point seP, every half of each well-separated pait; (or B; using the notation
above) consists of the set of points that are descended from someértbdecompressed quadtree of
P. Also recall that as part of the quadtree construction, each nad¢he quadtree can be associated
with a representative point, denoteeb(u), which was chosen the be an arbitrary descendant point
of u. For each well separated pair derived from a pair of nhadasdv, let P, and P, denote the
corresponding points. For every well separated Rél;, P,}, we compute the distance between
rep(u) andrep(v), and return the largest such distance.

To prove correctness, letandy be the points ofP that realize the maximum distance. U&t,, P, }
be the well separated pair containing these points,;grahdp, denote their respective representa-
tives. By definition of well separatedness, we know thaand P, can be enclosed in balls of radits
that are separated by distance at least (See the figure below.) Therefore, by the triangle inequality
we have

lzyll < llpupoll +2r + 21 = [lpupy|| + 4r.
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Figure 19.1: Approximating the diameter.

Also, by the WSPD separation properties, we héwgp,
Combining these we have

| > s-rimplying thatr < ||pupyl|/s.

IN

4
nyH Hpuva +4r < ||puva + nguva

4
= 1+ g Hpuva

= (1 +o)llpupoll;
Clearly||pupy| < ||zy||, and therefore we have

zyll
1+¢

which implies that the output is anapproximation. The running time is dominated by the size of the
WSPD, which isO(s%n) = O(n), assuming that andd are constants.

< HpupUH < HCC?/H,

Closest Pair: The same sort of approach could be used to produeesgproximation to the closest pair as
well, but surprisingly, there is a much better solution. If we were to genertilie above algorithm,
we would first compute an-WSPD for an appropriate value of and for each well separated pair
{P,, P,} we would compute the distan¢ieep(u) rep(v)||, and return the smallest such distance. As
before, we would like to argue that (assuminig chosen properly) this will yield an approximation
to the closest pair. It is rather surprising to note thatig chosen properly, this approach yields the
true closest pair, not an approximation.

To see why, consider a point sBf let x andy be the closest pair of points and jgt andp, be the
representatives from their associated well separated pair. If it wereaite that = p, andy = p,,

then the representative-based distance would be exact. Suppoderthénat eitherx # p, or
y # py,. But wait. If the separation factor is high enough, this would imply that either, || < ||zy||

or [|lypy|| < ||zy||, either of which contradicts the fact tha&andy are the closest pair.

To make this more formal, let us assume thaty} is the closest pair and that> 2. We know that
P, and P, lie within balls of radiug- that are separated by a distance of at least> 2r. If p, # =z,
then we have

lpu] < 2r < s-r < flay],

yielding a contradiction. Therefoyg, = rep(u) = x. By a symmetrical argumemt, = rep(v) = y.
Since the representative was chosen arbitrarily, it follows thaPthe {z} andP, = {y}. Therefore,
the closest representatives are in fact, the closest pair.

Sinces can be chosen to be arbitrarily close to 2, the running tingislog n + 2%n) = O(nlogn),
since we assume thatis a constant. Although this is not a real improvement over our existing
closest-pair algorithm, it is interesting to note that there is yet another wayvethis problem.
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Spanner Graphs: Recall that a seP of n points inR¢ defines a complete weighted graph, called the
Euclidean graphin which each point is a vertex, and every pair of vertices is connegteah ledge
whose weight is the Euclidean distance between these points. This gagaissmeaning that it has
©(n?) edges. It would be nice to havesparsegraph having onlyD(n) edges that approximates the
Euclidean graph in some sense.

One such notion is to approximate the distances (length of the shortest pat®en all pairs of
vertices. A subgraph of a graph that approximates all shortest patladlésl @spanner In the
geometric context, suppose that we are given @&satd a parameter> 1, called thestretch factor
We define a-spannerto be a weighted grapfy’ whose vertex set i® and, given any pair of points
x,y € P we have

eyl < da(z,y) < t-[lzyl,

wheredq (z, y) denotes the length of the shortest path betweandy in G.

WSPD-based Spanner Construction:Do sparse geometric spanners exist? We have actually already seen
one. It can be proved that the planar Delaunay triangulation-sp@nner, for some where2 < t <
2.43. The tightest value af is not known. (The proof is a bit involved, and we will not present it.)

There is a straightforward method for computing a geometric spanner fii®RD on the point set.
This seems intuitively reasonable. Consider each well-separatefl4aiB; }. We should only need
to create a single edge joining some paint A; to some poinb € B;. Which points? It turns out
that it does not matter.

Here is the algorithm in greater detail. Givéhandt > 1, we begin by computing a WSPD for an
appropriate separation factodepending om (to be derived later) and the associated quadtree. Recall
that each well-separated pair is associated with a{paiv} from the compressed quadtree/dfand
these are in turn associated with representative paint$y.) andrep(v), respectively. We create an
edge{rep(u), rep(v)} and add it to the spanner, and assign its weight to be the distance betwsen the
points. LetG be the resulting undirected weighted graph. (See the figure below.) Cleanhumber

of edges of7 is equal to the number of well-separated pairs, whiah(is?n), and can be built in the
sameO(n logn + s%n) running time as the WSPD construction.

rep(v) P
rep(u) “ v rep(v)
A rep(u

WSPD Spanner

Figure 19.2: A WSPD and its associated spanner.
Correctness: To establish the correctness of this algorithm, it suffices to show that fppalx, y € P,

we have
lzyll < da(z,y) < t-[layl.
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Clearly, the first inequality holds because we never create an edgedetwe vertices whose weight
is less than the Euclidean distance between them, and by the triangle inequmlitgiract path
between two points can never be shorter than the direct path.

To prove the second inequality, we apply an induction based on the nurhbéges of the shortest
path in the spanner. (Actually, we will consider not true shortest patipdihs of a particular struc-
ture. This is sufficient because, if we can show that there exists a pétyisg the spanner bound,
then clearly the shortest path will as well.) As a basis, if the two points are jdipesh edge, then
clearlyog(z,y) = ||zy|| < t- ||xy| forallt > 1.

If, on the other hand, there is no direct edge betweandy, we know thatr andy must lie in some
well-separated paifP,, P, } defined by the pair of nod€s:, v} in the quadtree. let, = rep(u) and
py = rep(v) be the respective representative representative. (It might b thatz or p, = y, but
not both.) Let us consider the length of the path freto p,, to p, to y. Since the edgép.,, p, } is in
the graph, we have

5G($7pu) + 5G(pu,pv) + 6G(pva y)
5G($apu) + Hpuva + 6G(pva y)

56’(1:’ y)

VARVA

(See the figure below.)

Figure 19.3: Proof of the spanner bound.

Since the paths from to p,, andp, to y are subpaths, and hence shorter than the overall path, we may
apply the induction hypothesis, which yieldis(x, p,,) < t||zp,| anddic(py,y) < t||pyy|, yielding

da(z,y) < t(l|lzpull + lpoyl]) + lPupoll- (1)

Let s denote the (as yet, unspecified) separation factor for the WSPD. &inead P, are s-well
separated, we know that each of these point sets can be enclosed witiirofradiusr such that
the two balls are separated by distance at least Thus, we havenax(||zp,|, |[pvy|) < 2r, and
|lxy|| > sr. From the second inequality we hawvec ||zy||/s. By the triangle inequality, we have

[Pupoll < llpuzll + [yl + llypoll < 2r + |lzyll +2r < 47 + [zy]|.
Combining these observations with Ed. (1) we obtain
og(z,y) < t2r+2r)+ (4r + |lzyl) < 4r(t+1) + [Jzy].

From the fact that < ||xy||/s we have

4(t + 1 4(t+1
so(ey) < XDl 4 eyl < <1+ ( >)uxy||.

S S
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To complete the proof, all we need is to selesb thatl + 4(¢ + 1)/s < t. We easily see that this is
true if s is chosen so that
5§ = 4E.
t—1
Since we assume that> 1, this is possible for any.

The number of edges in the spannesis. We assume that> 1 and spanners are most interesting
with small stretch factors, say< 2. If we express ast = 1 + ¢, then we see that the size of the
spanner i€)(s%n) = O((1/¢)n). In conclusion, we have the following theorem:

Theorem: Given a point sef in R? ands > 0, a (1 + ¢)-spanner forP containingO((1/¢)n)
edges can be computed@nn logn + (1/¢)%n) time.

Approximating the Euclidean MST: We will now show that with the above spanner result, we can com-
pute ans-approximation to the minimum spanning tree. Suppose we are givenfacfet points in
R?, and we wish to compute the Euclidean minimum spanning tree (MSP) Gfiven a graph withy
vertices and edges, it is well known that the MST can be computed in tidte+ v log v). It follows
that we can compute the MST of a set of points in any dimension by first ceotisg the Euclidean
graph and then computing its MST, which take&»?) time. To compute the approximation to the
MST, we first construct &l + ¢)-spanner, call it, and then compute and return the MSTcaf(See
the figure below.) This approach has an overall running time @flog n 4 s%n).

Euclidean graph Euclidean MST Spanner MST(Spanner)
Figure 19.4: Approximating the Euclidean MST.

To see why this works, I€f’ denote the edges of the Euclidean minimum spanning treew&hdl
denote the total weight of its edges. For each edge } € T', let7(x, y) denote the shortest path (as
a set of edges) betwearandy in GG. The shortest path fromto y in the Euclidean graph is the edge
between them, whose length|iisy||. SinceG is a spanner, we know that(7(z,y)) < (1+¢)||zy||.

Now, consider the subgrapghf’ C G formed by taking the union of all the edgesfz, y) for all
{z,y} € T. Thatis,G andG’ have the same vertices, but each edge of the MST is replaced by its
spanner path. Clearly;’ is connected. We can bound the weight#fin terms of the weight of the
MST:

w(@) = Y wrey) < Y (L+e)|ayl

{z,y}eT {z,y}eT
(1+e) > ayl

{z,y}eT
= (1 +eu(T).
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However, becausé& and G’ share the same vertices, a6tk edges are a superset of the edges of
G, it follows that the MST ofG is free to use any edge thé&t' can, and so thev(MST(G) <
w(MST(G")). Combining everything we have

w(MST(G)) < w(MST(G')) < w(G) < (1+&)w(T),

yielding the desired approximation bound.
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20 Range Spaces, Nets, and Approximations

Reading: Today’'s material is not covered in our book. The material from this lectubased on Chapter
13 of the book;The Probabilistic Methodby N. Alon and J. H. Spencer, Wiley, 2000.

Range Counting and Approximation: Today we consider a humber of interesting issues that naturally
arise from the study of range searching. In range searching, wgvem a setP of points in space,
and we are interested in subsets formed by the intersectidywath shapes, called ranges, that have
been drawn from some class of shapes (e.g., axis-aligned rectargjfepabes, simplices, circular
discs, ellipsoids). Range searching is but one example of a rich colledtioongputational and
mathematical problems in which these concepts apply. For example, we levéeéhse the same
concepts are very useful in the study of discrepancy. Today, we géllexamples of how these
concepts can be applied to geometric sampling and approximation. Our foidos @n mathematical
issues, but there are numerous applications of these concepts.

This topic is also close to the core of two important topics in computational geqgmatigomized

algorithms and approximation algorithms. In the last couple of lectures we uteodhe notion of a
well-separated pair decompositions (WSPD). For WSPDs we are apptoxgnEaiclidean distances.
Some problems, however, the natural notion of approximation involvestgonot distances. For
example, in a range counting query, we might be quite happy with a data s&dlai returns an
approximation to the total number of points appearing within the query ranget (s, the query
range contains 45% of the points, plus or minus a 2% error.)

It is not hard to see that the answer to this question is closely related tom@etbalgorithms. For
example, one approach would be to randomly sample of a relatively small nafbants, and then
build an exact range counting structure for this smaller set. But how l&@eds this sample be?
A natural question along these lines might be, given a range countingeprobvolving a setP of
n-points inR?, and a user-supplied approximation parameterow large a random sample do we
expect to need if we want to be able to approximate the fraction of points lyingnvetpiven range
to within errore? How does the size of this fraction dependrghon the dimensiod? on the sorts
of ranges in our range space? Today, we will discuss an elegant maitedrtreeory for answering
these sorts of problems.

Range Spacesin order to provide a formal mathematical framework from which to basenpalysis, we
define arange spac€also called &et systerto be a paid: = (X, R), whereX is a (finite or infinite)
set, callegpoints andR is a (finite or infinite) family of subsets of, calledranges We will consider
the problem in a geometric setting, where the elemeni§ afe points ifR¢ and each element @t is
the intersection oX” with some geometric shape from some class of shapes (axis-aligned testang
halfspaces, etc.)

We have allowedX to be infinite (e.g., the set of all points in the plane) but when we apply thisytheor
in the context of a computational problem, we will be considering just a finftefgmints (e.g., the
(z,y) coordinates of all Starbuck’s coffee shops in the United States). Givange spaceX, R),
foranyY C X (whereY will be our finite set), definéd’z(Y"), called theprojection(or restriction)

of RonY,tobe{rNY |r € R}.

VC-dimension: In typical geometrical contexts, the sorts of rangethat we are interested in will involve
simple shapes of constant description complexity. How can we charactieiszeoncept formally?
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An elegant method for doing this was developed by Vladimir Vapnik and Al&tesrvonenkis in the
late 60’s and early 70’s in the general area that came to be knostat@stical learning theoryThis
went on become a fundamental concept in many different areas of mathearadicomputer science
ranging from pattern recognition, classification and clustering, andnivgtion retrieval. This work
was applied in the context of computational geometry and range searchiigussler and Welzl in
the late 80’s, where it made a huge impact.

The idea that Vapnik and Chervonenkis used as a basis for charangerange spaces involves the
guestion of whether it is possible to form all possible subsets of a givenysatersecting it with
ranges, and for how large a set is this possible. To make this more formaayvihat a set” is
shatteredby R if Pr(Y') contains all the subsets ®f. (If Y is finite, this is equivalent to saying that
|Pr(Y)| = 2/¥l)) TheVapnik-Chervonenkis dimensigor VC-dimensiopof ¥, denoted/ C(X), is
the maximum cardinality of a shattered subsefXof If there are arbitrarily large shattered subsets
then the VC-dimension is defined to be.

The figure below shows that if the range space consists of halfplanepassible to shatter a set of
three points, and therefore the VC-dimension of the range space defifadfpaces is at least 3.
(See Fig[20]1(a).) On the other hand, observe that no 4-element setptatte can be shattered by
halfplane queries. This either because one of the points lies within thexcbuollef the other three,
implying that we cannot realize the subset consisting of this single point ®eraéllfour points are

on the convex hull in which case it is not possible to generate a subsssting of points that are

not consecutive on the h@I(See Fig[20]1(b).) Therefore, the VC-dimension of the range space of
halfplanes in the plane is 3.

ob ob ob ob
o 0d ed ed
oC oC oC °C
{1 {a {b} {c}
ob ob ob oD ob de  eb
a -d
(xS o 0d od *S °
oC oC oC oC oC a o€
{a,b,c} {o.c} {a,c} {a,b}

@ (b)

Figure 20.1: (a) There exists a 3-element set that is shattered by halfjglages, but (b) no 4-element set
is shattered by halfplane ranges.

Note that the definition of VC-dimension does not rely on the fact that thgesaare defined by
geometric shapes. It is defined in purely set-theoretic terms. This is one mfdbons that the theory
is widely applicable.

Range Spaces of Finite VC-DimensionAn immediate consequence of a range space having finite VC-
dimension is that it implies a bound on the size of the range space as a funictlom mumber of

“The fact that a 4-element set cannot be shattered by halfplanesddliom a fundamental result from the theory of convex
sets callecRadon’s Theoremlt states that any set af + 2 points inR? can be partitioned into two subsets whose convex hulls
intersect either other. No halfplane can separate these two subsets.
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points. The result is sometimes call8duer's Lemmdalthough it was proved in slightly different
forms by a number of people including Vapnik and Chervonenkis). Beftating this lemma we give
a definition. For nonnegative integersandd define

d
n
=0
This is just the total number of subsets of sizer smaller taken from a universe of sizelt is easy
to see thay(d,n) = O(nd). From basic properties of binomial coefficients, for> 1 andd > 1, it
can be shown that(d,n) = g(d,n — 1) + g(d — 1,n — 1)E

Lemma: (Sauer’'s Lemma) If X, R) is a range space of VC-dimensidmwith | X| = n points, then
|R| < g(d,n).

Proof: The proof is by induction on andd. The basis casei.(= d = 0) is trivial. For the induction
step let us assume that the assertion hold$dor — 1) and(d — 1,n — 1) and we prove it for
the pair(d, n).
The general strategy will be to eliminate an arbitrary peirt X . We classify the sets ak into
two groups: (a) those that arise as nearly identical twins, one contatrang one that does not,
and (b) those that do not have such a near twin. To formalize this, define

R, = {r\{z} |z ¢ r,rU{z} € R}.

This is bit tricky to parse at first, but observe that it consists of the o that do not
containx but there exists another range®that is identical except it does containCall these
setstwins Since every element dt, corresponds to a pair of ranges Bf one that contains
x and one that does not, it follows that the VC-dimensiorRgfis d — 1. (Observe that iR,
can shatter any set’, then the original range space can shak¥étJ {z}.) SinceR, does not
include the element, it follows that| R,| < g(d—1,n—1). The remaining sets at, are called
singles Consider the ranges that result by simply eliminating

R\z = {r\{z}|x € R}.

Clearly R \ = has one fewer point, but we cannot say that is has a smaller a VC-dimehaion
d. (Of course, it is certainly not larger!) Therefore we haie\ z| < g(d,n — 1).

Observe that the singles are counted exactly onde\irnc. For each twin, the one that contains
x is counted inR \ x and the one that does not is countediin (See Figl 2012 for an example.)
Thus between these two sets we count all the elemens bf summary we have

|R| = |R\$’+|RI| S g(dan_1)+g(d_1an_l) = g(d,n),

where the last step follows from our previous observation abgiitn).

>You may remember this famous recurrence if you took a course inetiisanath. It has a natural interpretation in terms of
generating all subsets of sizefrom a universe of size.. Consider any element. If we decide to includer in our subset, then
thereg(d — 1,n — 1) ways to choose the remainidg- 1 elements from the remaining— 1 elements of the universe. If we decide
not to includer, then there arg(d, n — 1) ways to select @ element subset from the remaining- 1 elements of the universe.
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Twins Singles
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R\x: oy oy oy

Figure 20.2: An illustration of the proof of Sauer's Lemma.

Note that there is some slack here. This theorem predicts that the rarged§ealfplanes contains
g(3,n) = O(n?) elements. In fact, the number of distinct range®{&?), since there are essentially
©(n?) canonical lines determined by all the pairs of points of the set. But we ateméar off. For
example, if we had altered the definition slightly, and considered insteadrtge space consisting
all thelower halfplanegthe points lying below a nonvertical line), then it can be shown that its VC-
dimension is only 2, and the size of resulting range spa€gis).

e-Nets ande-Approximations: One of the most useful aspects of having bounded VC-dimension is that it
implies that the range space can be well approximated by a small well chetsehsemple points.
What do we mean by “well chosen?” Consider a range space?), and letY” be any finite subset
of X. LetZ C Y be a subset of’, which will think of as our sample. (For the purposes of sampling,
we expect thatZ| < |Y'|.) In order for the sample to be well chosen, we would like it to be the case
that for any range € R, we expect that the fraction of points Bfthat lie withinr should be similar
to the fraction of points o that lie withinr.

To capture this idea more formally, for afly < ¢ < 1, we say that a subséf C Y is ane-
approximationfor Y (also called ar-sampl¢ if for any r € R,

Y nrl |ZNr
Y] 1Z|

That is, the fractions of points of the original and subset covered bratige differ only bye.

Often a weaker concept is sufficient. Rather than requiring that th&dinacof covered points be
similar, we impose the more limited condition that if the range covers at leasfraationY’, then at
least one point of the sample should be in the range. To formalize this, whaaysubset C Y is
ane-netfor Y if foranyr € R,

Y Nr|
Y]

>e = ZNr#(.
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(In Fig.[20.3(b) the black points form(@1-net for a set of pointy” for halfplane ranges.) It is easy
to see that ifZ is anc-approximation, it is also as-net, but the converse need not hold. (You should
verify this yourself.)

Yl o og, o Zie| O O 4 o
0o O 09%o0 Oe O o®o
o o o o o o

o o
o, 00 O LIS oe©
0 o o 0, o o
O o ® o
o © o o
o [}
0o 0,

% ° o o © o
o o o o o) o)
o ©C%og o ® %0,
(@) (b)

Figure 20.3: (a) A point set Y, (b) artnet Z (in black) for halfplane ranges, and (c) a counterexample that
smalle-nets do not exist for ranges of unbounded VC-dimension.

The Size ofe-Nets ande-Approximations: You might be tempted to think that any sufficiently large ran-
dom subset will very likely be a-approximation (and hence amet). We might reason as follows.
Given any fixed range that contains, say, 25% of the poinis,dhe probability that a random subset
of points ofY" lies within the range i9.25, and so the expected percentage of random subset in the
range is also 25%. (Note that this holds irrespective of the range'®shaAfthough this reasoning
is correct, it applies to just a single range. In order for a set to heraat ore approximation, the
defining condition must hold faall ranges, not just one range or most ranges. For example, if you
allow for arbitrarily complex ranges, it is easy to see that any relatively saradlom subset will fail
to be are-net ore-approximation. (See Fifg.20.3(c), for example.)

Nonetheless, this intuition is correct for spaces of finite VC-dimension (adtinthe proof is not quite
this simple!) We will show that a sufficiently large random subset will be-aet ore-approximation
with high probability, where the size of the subset depends on the VC-diomeard the desired
probability of success. Remarkably, the number of random points daepend on the size of the
original point set. In other words, it does not matter whether you arelgagrfpom the students of
this University or the inhabitants of China—the same number of random poarisvor both!

The next two theorems establish these facts formally. The first shows shiffi@ently large random
subset is likely to be an-approximations and was proved by Vapnik and Chervonenkis. Thmndec
does this foe-nets, and was proved by Haussler and Welzl. Ignoring the relative kygddictors, the
bottom line is that we need roughy(1/¢2) random points to form as-approximation and(1/¢)
random points to form as-net. Henceforth, leiog denote the natural logarithm (usually abbreviated
In).

Theorem 1: There is a positive constansuch that if( X, R) is any range space of VC-dimension at
mostd, andY is any finite subset ok ande, § > 0, then a random subsgt C Y of cardinality

m where,
C

d 1
m > 2 <dlog6 +log5>
is ane-approximation forY” with probability at leastt — §. (If m exceedgY|, then just let
Z=Y)

Theorem 2: Let (X, R) be any range space of VC-dimension at mhdet Y be any finite subset of
X,andlet0 < e,§ < 1. LetZ C Y be a set obtained by, random independent draws frorh
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where

4 2 8d 8d
m > max | —log—, —log— | .
€ 0 € €

ThenZ is ane-net forY with probability at least — §.

You might have noticed that the phrasing of the two theorems is slightly ditfeféor example, one
involves a random subset of a given size and the other is based on naad@ngs of random draws).
| believe that these are just minor technical issues arising from the fadhthéheorems come from
different sources.

It is remarkable to note that there is no exponential dependende(@hat is, unlikeg(d, n) the size
bounds on the-net and=-approximation do not contaihin the exponent.) Are the messy log factors
necessary, or are they just at artifact of some slack in the analysis@anBweer is not completely
known, but there are (rather contrived) counterexamples that steiviité sample size cannot be
strictly linear in1/e.

These theorems state that a random sample is likely to beagproximation (oe-net), but does not
provide a computational guarantee of this. There are both randomizedetemninistic algorithms

whose output is guaranteed, but they are quite a bit more complex, eithemimg time or in struc-

ture. If you don’t mind living dangerously, you could just compute a sigfitly large random sample
and “trust” that it works.

The two theorems are proved by essentially the same methods. We will paeslastth of the proof
of Theorem 2 only, since it is the simpler of the two.

Proof of Theorem 2: Let (X, R) be a range space of VC-dimensidnlet Y be any finite subset ok of
sizen, and let0 < £,0 < 1. LetZ = (z1, 29, ..., 2;,) be a sequence of elements ofy” sampled
randomly and independently, wheresatisfies the bound given in the statement of the theorem. (Note
that the sampled elements Bfneed not be distinct, which is why we present them as a sequence.)
Let F; be the event thaf fails to be are-net. That is,

E, = {3reR: |rnY|>enandrnZ =0}.

Intuitively, sincer covers at leastn of the elementd”, we would expect it to cover at leastn >
4log(2/6) elements of any random sample of size As ¢ gets smaller our confidence that at least
one point is covered will grow. It suffices to show that, given the chofee, the probability ofE; is

at most).

Unfortunately,F’; depends ory’, and we do not want any dependencendn our bound. To this end,
we would like to express is probability in terms of a quantity that does not depethe size ot". To

do this, consider another random sample= (wy, wa, ..., wy,,), also of sizen. Let E5 denote the
event that” fails to be are-net for some range, but W succeeds in netting at least half the number
of elements we would expect it to.

Ey = {EITER s rnY|>en, r0nZ =10, andlrnW| > 57771}
(SinceZ andW may contain repetitions, the notatipn 17| in this context is taken to mean that we

multiply count duplicated elements.) Observe that sifigeC [, its probability is not greater than
E4. We show next that the probability éf; is not greater than twice that éf.
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Claim: PI‘(El) < 2PI‘(E2)

Proof: Consider the conditional probability dfs occurring, given tha¥; occurs. This is denoted
Pr(Ey | Eq). From standard definitions from probability theory and the fact fyatC E;, we

have
PT(EQ N El) Pr(EQ)

PrE2[BY) = =5 By T Pu(Ey);
Thus, it suffices to show that this conditional probability is at ldg/@&t Each sample ofV/
has a probability of at leastof lying within . Since the samples are independent, it follows
from standard results in probability theory that the number of poini& dhat lie withinr is a
random variable from a binomial distribution whose mean value=sssm and whose standard
deviation isc = \/me(1 — ¢) < y/em. A useful result at this point from probability theory is
Chebyshev’s inequality, which states that the probability that a randoiableis more tharn
standard deviations from its mean is at mb4&t2. Using this we obtain

1-Pr(Ey| E1) = Pr(\rﬁW\<%> < Pr(HrﬂW!—em\>%>
= Pr ( [r N W| —u| > o~ ;m> < % (by Chebyshev)
1
< -
-2

ThereforePr(Es | E1) > 1/2, which completes the proof.

To complete the proof, it suffices to show thiat( E,) < §/2. To do this, consider first the following
event
Em
By = {EIreR . rNZ=0andrnW|> 7}.

Clearly E5, C FE35. Thus, bounding the probability dfs provides a bound on the probability &,
which is our goal. Note, however, thal does not depend o¥i. In other words, if we can succeed
in boundingFs, we will have achieved our desired goal of eliminating any dependendé amdn.
(This is a crucial element of the proof.)

Next, we provide a bound on the probability 8. Here is a quick overview. Recall that the quantity
g(d,n) < n? introduced earlier on the size of a range space of VC-dimensidve have eliminated
Y and are only left withZ U W, whose combined size iBn. If we restrict ourselves to this range
space oRm points, there are roughly(d, 2m) = O(m?) distinct ranges to be considered. Assuming
that the VC-dimension is bounded, this quantity grows polynomially.inVe shall show below that
the probability of something going wrong on any given range decreapesentially withm. Thus,
asm increases, the exponential term quickly dominates to control the ovedddhpility of a bad
event. (This is another key element of the proof.) Indeed, the rath@naihoice for the value of.
given in the statement is engineered exactly to obtain this tradeoff value.

Claim: Pr(E;) < Pr(FE3) < g(d,2m)-275m/2,

Proof: As mentioned abov&, C Es, and therefore it suffices to prove the upper boundofEs).
We can imagine that we sample the elementg af W by first sampling2m elementsy =
(ug,us,...,usy,) independently fron¥” and then randomly deciding which elements o/
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will belong to Z, and the remainder belong 1&. (Recall thatU may have duplicates. Let us
assume that each element is uniquely tagged, to avoid excessively messymp

It suffices to bound the probability df’s conditioned on a fixed choice fdv. SinceU has
been fixed, we may restrict ourselves to the projecttpi?). SinceR has VC-dimenisou, its
projection cannot have higher VC-dimension, from which it follows tiat(R)| < g(d, 2m).

The eventE; depends on the existence of some range satisfying a particular conditialeal
with this complication, let us first fix an arbitrary rangeand consider the event that this range
causedys to occur. That is, for any € P,.(U), let

E, = {rmZ:®and]rmW]>€7m}.

Let letk denote the number of points bflying within r, that is,k = |U Nr|. In order forE, to
occurk > em/2, and each time we select an element/ofo be inZ, it must be selected from
among them — k elements that are not covered hyThat is,Z is a subset of size: chosen
from a universe of sizem — k. There are(%;;k) ways of picking such a set. Overall, there are

(ZWT) subsets ofn elements. Therefore, the probability Bf occuring is

Pi(E,) — (2mm‘ k) / (2;?)

By expanding the binomial coefficients and cancelling common terms, we have

2m—-k)2m—-k—-1)---(m—k+1)  mm-—-1)---(m—k+1)
2m(2m —1) - (m + 1) S 2m2m—1)---(2m—k+1)

Pr(E,) =

There arég: terms in each of the numerator and denominator above, and if we pair theraewe s
that each is at modt/2. From this and the fact that> em /2 we have

Pr(E,) < 27F < 27om/2,

Finally, E5 occurs if the event, occurs for any range of Py(R). Thus we havels C
Urep, (r) Er- Since the probability of the union of a set of events is not greater thauthes
their probabilities and the fact the®; (R)| < g(d, 2m) we have

Pr(Es) < Y Pr(E) < Y 277 < g(d,2m) - 272,
T‘EPU(R) TEPU(R)
as desired.
Recall that our goal was to prove thi(FE;) < 6. By combining the previous two claims, we have
Pr(E;) < 2Pr(E;) < 2Pr(E3) < 2g(d, 2m) - 27"/, Therefore, all that remains to complete the
proof of Theorem 2 is to show that our choicerofguarantees thatg(d, 2m) - 2-°™/2 < 6.
Claim: Letm > max((4/)1og(2/6), (8d/e)log(8d/<)). Then2g(d,2m) - 275™/2 < §.

Proof: We will assume thatl > 2. The casel = 1 is simpler. Recall thag(d,2m) < (2m)?. It
suffices to show that
29(d,2m) < §2°™/2.
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Taking logs of both sides, we see that this is equivalent to showing that

2
ETm > dlog(2m) + log 5

This will follow by showing that our choice of. guarantees that

em 2 em

-— > - — > .

T 2 log 5 and T 2 dlog2m

The first inequality follows immediately from the fact that > (4/¢)log(2/5). To prove
the second inequality, observe first that, as a functiompthe left side grows faster than the
right, so if we prove the inequality for some valuerafit holds for all larger values. Consider
m = (8d/e)log(8d/e). Plugging this into the second inequality we have

16d 8d
=)

d
2d10g8— > dlog <log
€ €

It is easy to verify that this is equivalent to showing that

a8

> log

Sinced > 2 ande < 1, this is easily checked by direct evaluation.
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21 DCELs and Subdivision Intersection
Reading: Chapter 2 in the 4M’s.

Doubly-connected Edge List: We consider the question of how to represent plane straight-line graphs (
PSLG). The DCEL is a commoadge-based representationvertex and face information is also
included for whatever geometric application is using the data structuree @hethree sets of records
one for each element in the PSL@rtex recordsaedge recordsandface records For the purposes
of unambiguously defining left and right, each undirected edge is remiexs by two directetialf-
edges

We will make a simplifying assumption that faces do not have holes inside of fhieimassumption
can be satisfied by introducing some numbedofnmy edgepining each hole either to the outer
boundary of the face, or to some other hole that has been connectedtd¢hboundary in this way.
With this assumption, it may be assumed that the edges bounding each facedorgle cyclic list.

Vertex: Each vertex stores its coordinates, along with a pointer to any incidentatiredge that has
this vertex as its origirny. i nc_edge.

Edge: Each undirected edge is represented as two directed edges. Eachasdgeointer to the
oppositely directed edge, calledtigin. Each directed edge hasarigin anddestinatiorvertex.
Each directed edge is associate with two faces, one to its left and one toits righ
We store a pointer to the origin vertex or g. (We do not need to define the destination,
e. dest, since it may be defined to 2 t wi n. or g.)

We store a pointer to the face to the left of the edgéef t (we can access the face to the right
from the twin edge). This is called the dent face. We also store the nexgranbus directed
edges in counterclockwise order about the incident facaext ande. pr ev, respectively.

Face: Each facef stores a pointer to a single edge for which this face is the incidentffacenc _edge.
(See the text for the more general case of dealing with holes.)

DCEL Alternative view

Figure 21.1: Doubly-connected edge list.

The figure shows two ways of visualizing the DCEL. One is in terms of a colleafodoubled-
up directed edges. An alternative way of viewing the data structure thes gi better sense of the
connectivity structure is based on covering each edge with a two elemekt loloe fore and the
other for its twin. The next and prev pointers provide links around eaod 6f the polygon. The next
pointers are directed counterclockwise around each face and thpgirgers are directed clockwise.
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Of course, in addition the data structure may be enhanced with whate\lmatipp data is relevant.
In some applications, it is not necessary to know either the face or vefteriation (or both) at all,
and if so these records may be deleted. See the book for a complete example.

For example, suppose that we wanted to enumerate the vertices that lie ofaserfieHere is the
code:

Vertex enumeration using DCEL

enunerate_vertices(Face f) {
Edge start = f.inc_edge;
Edge e = start;
do {
out put e.org;
e = e.next;
} while (e != start);

Merging subdivisions: Let us return to the applications problem that lead to the segment intersetnn p
lem. Suppose that we have two planar subdivisish@nd.S;, and we want to compute their overlay.
In particular, this is a subdivision whose vertices are the union of the gsrti€ each subdivision
and the points of intersection of the line segments in the subdivision. (Begaiassume that each
subdivision is a planar graph, the only new vertices that could arise \w&# fnom the intersection of
two edges, one fron§; and the other fron%s.) Suppose that each subdivision is represented using a
DCEL. Can we adapt the plane-sweep algorithm to generate the DCEL o¥¢hlaid subdivision?

The answer is yes. The algorithm will destroy the original subdivisionst s@y be desirable to
copy them before beginning this process. The first part of the psasetraightforward, but perhaps
a little tedious. This part consists of building the edge and vertex recordedmew subdivision.
The second part involves building the face records. It is more complitetesuse it is generally not
possible to know the face structure at the moment that the sweep is advamitiragt looking “into
the future” of the sweep to see whether regions will merge. (You might trypmwince yourself of
this.) The entire subdivision is built first, and then the face information istoaeted and added later.
We will skip the part of updating the face information (see the text).

For the first part, the most illustrative case arises when the sweep ispiogan intersection event.
In this case the two segments arise as two edgesdb; from the two subdivisions. We will assume
that we select the half-edges that are directed from left to right atihessweep-line. The process
is described below (and is illustrated in the figure below). It makes use oatwitiary procedures.
Split(aq, a2) splits an edge; at its midpoint into two consecutive edgesfollowed byas, and links
ay into the structureSplice(ay, az, by, by) takes two such split edges and links them all together.

Merge two edges into a common subdivision

Merge(aq,by) :
(1) Create a new vertexat the intersection point.

(2) Split each of the two intersecting edges, by adding aexeat the common intersection point. Letand
by be the new edge pieces. They are created by thewalsSplit(a;) andb, = Split(b;) given below.

(3) Link the four edges together by invokiSglice(a;, as, b1, b2), given below.
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The splitting procedure creates the new edge, links it into place. After thidifpes have been split,
but they are not linked to each other. The edge constructor is giverritie and destination of the
new edge and creates a new edge and its twin. The procedure below irstallizlke other fields.
Also note that the destination afj, that is the origin ofz;’s twin must be updated, which we have
omitted. The splice procedure interlinks four edges around a common wettex counterclockwise
ordera; (entering)b; (entering),az (leaving),b, (leaving).

Split an edge into two edges

Split(edge &l, edge &a2?) { /1 a2 is returned
a2 = new edge(v, al.dest()); /1l create edge (v, al.dest)
a2. next = al.next; al. next.prev = az;
al. next = a2z a2.prev = al
alt = al.twin; a2t = a2.twin; // the twns
a2t.prev = alt.prev; alt.prev.next = az2t;
alt.prev = az2t; a2t.next = alt;
}

Splice four edges together
Splice(edge &al, edge &2, edge &b1l, edge &b2) {

alt = al.twn; a2t = a2.twn; /1 get the twins

blt = bl.tw n; b2t = b2.twin;

al. next = b2; b2.prev = al; /1 link the edges together
b2t . next = a2; a2.prev = b2t;

a2t.next = blt; blt.prev = az2t;

bl.next = alt; alt.prev = bil;
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Figure 21.2: Updating the DCEL.
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22 Smallest Enclosing Disk
Reading: Chapter 4 in the 4M’s.

Smallest Enclosing Disk: Although the vast majority of applications of linear programming are in rela-
tively high dimensions, there are a number of interesting applications in low dioren We will
present one such example, called smeallest enclosing disk probleriVe are givem points in the
plane and we are asked to find the closed circular disk of minimum radiusrtblases all of these
points. We will present a randomized algorithm for this problem that rud¥in expected time.

We should say a bit about terminology. dcle is the set of points that are equidistant from some
center point. Adisk is the set of points lying within a circle. We can talk abaypenor closed
disks to distinguish whether the bounding circle itself is part of the disk. Ihdrigimensions the
generalization of a circle isgpheran 3-space, ohyperspherén higher dimensions. The set of points
lying within a sphere or hypersphere is calleblal.

Before discussing algorithms, we first observe that any circle is unigletggrmined by three points
(as the circumcenter of the triangle they define). We will not prove thisjtdatlows as an easy
consequence of linearization, which we will discuss later in the lecture.

Claim: For any finite set of points in general position (no four cocircular), thalkst enclosing
disk either has at least three points on its boundary, or it has two poimtshase points form
the diameter of the circle. If there are three points then they subdivide ttie bowunding the
disk into arcs of angle at most

Proof: Clearly if there are no points on the boundary the disk’s radius could treased. If there
is only one point on the boundary then this is also clearly true. If there argpomts on the
boundary, and they are separated by an arc of length strictly lessriithen observe that we
can find a disk that passes through both points and has a slightly smalles. ré@@iiconsidering
a disk whose center point is only the perpendicular bisector of the two panictdies a small
distance closer to the line segment joining the points.)

Figure 22.1: Contact points for a minimum enclosing disk.

Thus, none of these configurations could be a candidate for the minimdosirgedisk. Also
observe that if there are three points that define the smallest enclosintheyskubdivide the
circle into three arcs each of angle at megfor otherwise we could apply the same operation
above). Because points are in general position we may assume thecg barfour or more
cocircular points.

This immediately suggests a simgkn?) time algorithm. InO(n?) time we can enumerate all triples
of points and then for each we generate the resulting circle and test witetheloses all the points
in O(n) additional time, for ar® (n*) time algorithm. You might make a few observations to improve
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this a bit (e.g. by using only triples of points on the convex hull). But eveargmluction fronO(n*)
to O(n) is quite dramatic.

Linearization: We can “almost” reduce this problem to a linear programming problem in 3=spakt
though the method does not work, it does illustrate the similarity between thiepramnd LP.

Recall that a poinp = (p., py) lies within a circle with center point = (¢, ¢,) and radius- if
(P2 — Cx)2 + (py - Cy)2 < 2,

In our case we are given such pointsp; and are asked to determine whether there exists:,
andr satisfying the resulting inequalities, withr as small as possible. The problem is that these
inequalities clearly involve quantities liké andr? and so are not linear inequalities in the parameters
of interest.

The technique ofinearizationcan be used to fix this. First let us expand the inequality above and
rearrange the terms

pi — 2pgcy + ci —|—p§ — 2pycy + 612; < r?
2pc + 2pyey + (12 — 2 —c2) > pi+pl.

Now, let us introduce a new paramefer= r* — 2 — c;. Now we have

(2pz)cz + (2py)ey + R > (p2 —I-p?/).

Observe that this is a linear inequality dp, ¢, and R. If we let p, andp, range over all the coor-
dinates of all thex points we generate linear inequalities in 3-space, and so we can apply linear
programming to find the solution, right? The only problem is that the previojecte function

was to minimizer. Howeverr is no longer a parameter in the new version of the problem. Since we
r* = R+ ¢ + ¢2, and minimizingr is equivalent to minimizing~* (since we are only interested

in positiver), we could say that the objective is to minimi&e+ c2 + cg. Unfortunately, this is not

a linear function of the parameters, c, and R. Thus we are left with an optimization problem in
3-space with linear constraints and a nonlinear objective function.

This shows that LP is closely related, and so perhaps the same technigumsagaplied.

Randomized Incremental Algorithm: Let us consider how we can modify the randomized incremental
algorithm for LP directly to solve this problem. The algorithm will mimic each step@fémdomized
LP algorithm.

To start we randomly permute the points. We select any two points and computi@itiue circle
with these points as diameter. (We could have started with three just as eastly) I; denote the
minimum disk after the insertion of the first- 1 points. For poinip; we determine in constant time
whether the point lies withi; . If so, then we seD; = D;_; and go on to the next stage. If not,
then we need to update the current disk to contaitetting D; denote the result. When the last point
is inserted we outpub,,.

How do we compute this updated disk? It might be tempting at first to say thaswegad to compute
the smallest disk that enclosgsand the three points that define the current disk. However, it is not
hard to construct examples in which doing so will cause previously intecimtgto fall outside the
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current disk. As with the LP problem we need to take all the existing points onsideration. But
as in the LP algorithm we want some way to reduce the “dimensionality” of tHegoro How do we
do this?

The important claim is that if; is not in the minimum disk of the firgt— 1 points, therp; does help
constrain the problem, which we establish below.

Claim: If p; ¢ D;_; thenp; is on the boundary of the minimum enclosing disk for the finsoints,
D;.

Proof: The proof makes use of the following geometric observation. Given a flisldasr; and a
circle of radiusry, wherer; < ro, the intersection of the disk with the circle is an arc of angle
less thanr. This is because an arc of angteor more contains two (diametrically opposite)
points whose distance from each othetis, but the disk of radius; has diameter onlgr; and
hence could not simultaneously cover two such points.

Now, suppose to the contrary thatis not on the boundary ab;. It is easy to see that because
D; covers a point not covered by, ; that D; must have larger radius thdp, ;. If we letr
denote the radius dD;_; andr, denote the radius ab;, then by the above argument, the disk
D;_; intersects the circle bounding; in an arc of angle less than (Shown in a heavy line in
the figure below.)

Figure 22.2: Whyp; must lie on the boundary d;.

Sincep; is not on the boundary ab;, the points defining); must be chosen from among the
firsti — 1 points, from which it follows that they all lie within this arc. However, this would
imply that between two of the points is an arc of angle greater th@he arc not shown with a
heavy line) which, by the earlier claim could not be a minimum enclosing disk.

The algorithm is identical in structure to the LP algorithm. We will randomly perm@gdtints and
insert them one by one. For each new paintif it lies within the current disk then there is nothing
to update. Otherwise, we need to update the disk. We do this by computing thessreaclosing
disk that contains all the point®;,...,p;—1} and is constrained to hayg on its boundary. (The
requirement thap; be on the boundary is analogous to the constraint used in linear prograrnimaing
optimum vertex lie on the line supporting the current halfplane.)

This will involve a slightly different recursion. In this recursion, when emeounter a point that lies
outside the current disk, we will then recurse on a subproblem in whictpbids are constrained
to lie on the boundary of the disk. Finally, if this subproblem requires arsem, we will have a
problem in which there are three points constrained to lie on a the bountiimg disk. But this
problem is trivial, since there is only one circle passing through three points
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Minimum Enclosing Disk

MinDisk (P) :
(1) If|P] < 3, then return the disk passing through these points. Otkepwéndomly permute the pointsih
yielding the sequenc@, p2, ..., pn).
(2) LetD5 be the minimum disk enclosing, p2 }.
(3) fori=3to|P|do
(@) ifp; € D;_ythenD; = D;_;.
(a) elseD; = MinDiskWith1P{ P[1..i — 1], p;).
MinDiskWith1Pt (P, q) :
(1) Randomly permute the points ih. Let D, be the minimum disk enclosingy, p; }.
(2) fori =2to|P|do
(a) ifp;, € D;_1thenD; = D;_;.
(a) elseD; = MinDiskWith2Ptg P[1..i — 1], ¢, p;)-
MinDiskWith2Pts (P, q1, g2) :

(1) Randomly permute the points i Let Dy be the minimum disk enclosingy; , g2}
(2) fori=1to|P|do

(@) ifp;, € D;_1thenD; = D;_;.

(a) elseD; = Disk(q1, g2, p;)-
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23 Interval Trees
Reading: Chapter 10 in the 4M’s.

Segment Data: So far we have considered geometric data structures for storing poimigevdr, there are
many others types of geometric data that we may want to store in a data strictlag we consider
how to store orthogonal (horizontal and vertical) line segments in the pldeeassume that a line
segment is represented by giving its pairesfdpoints The segments are allowed to intersect one
another.

As a basic motivating query, we consider the followiwindow query Given a set of orthogonal
line segments, which have been preprocessed, and given an orthogonal cgeanglell’, count
or report all the line segments 6f that intersect?. We will assume thatV is closed and solid
rectangle, so that even if a line segment lies entirely insidé’adr intersects only the boundary of
W, it is still reported. For example, given the window below, the query woefibrt the segments
that are shown with solid lines, and segments with broken lines would nopbeed.

Figure 23.1: Window Query.

Window Queries for Orthogonal Segments: We will present a data structure, called timerval tree
which (combined with a range tree) can answer window counting queriestfmgonal line segments
in O(log? n) time, wheren is the number line segments. It can report these segme@tg:in-log? n)
time, where and is the total number of segments reported. The interval tree@&esgn) storage
and can be built irD(n log n) time.

We will consider the case of range reporting queries. (There are saptletges in making this work
for counting queries.) We will derive our solution in steps, starting with easibproblems and
working up to the final solution. To begin with, observe that the set of setgribat intersect the
window can be partitioned into three types: those that have no endpdifit ithhose that have one
endpoint inWV, and those that have two endpointdin

We already have a way to report segments of the second and third typessiticular, we may build

a range tree just for then endpoints of the segments. We assume that each endpoint has a cross-link
indicating the line segment with which it is associated. Now, by applying a reeyg@ting query

to W we can report all these endpoints, and follow the cross-links to repoeadiociated segments.
Note that segments that have both endpoints in the window will be reported thiazh is somewhat
unpleasant. We could fix this either by sorting the segments in some mannenamdmg duplicates,

or by marking each segment as it is reported and ignoring segments tiesalneady been marked.

(If we use marking, after the query is finished we will need to go back amark” all the reported
segments in preparation for the next query.)
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All that remains is how to report the segments that have no endpoint insicectaagular window. We
will do this by building two separate data structures, one for horizontabaedor vertical segments.
A horizontal segment that intersects the window but neither of its endpoi@iséatts the window
must pass entirely through the window. Observe that such a segmentatsessy vertical line
passing from the top of the window to the bottom. In particular, we could simgdytaaseport all
horizontal segments that intersect the left sidélafThis is called avertical segment stabbing query
In summary, it suffices to solve the following subproblems (and remove dupsi

Endpoint inside: Report all the segments 6f that have at least one endpoint inside (This can
be done using a range query.)

Horizontal through segments: Report all the horizontal segments®that intersect the left side of
W. (This reduces to a vertical segment stabbing query.)

Vertical through segments: Report all the vertical segments Sfthat intersect the bottom side of
W. (This reduces to a horizontal segment stabbing query.)

We will present a solution to the problem of vertical segment stabbing queBiefore dealing with
this, we will first consider a somewhat simpler problem, and then modify this sisghld¢ion to deal
with the general problem.

Vertical Line Stabbing Queries: Let us consider how to answer the following query, which is interesting
in its own right. Suppose that we are given a collection of horizontal line segfien the plane and
are given an (infinite) vertical query ling : * = z,. We want to report all the line segments®f
that intersect,. Notice that for the purposes of this query, #eoordinates are really irrelevant, and
may be ignored. We can think of each horizontal line segment as beingeldioterval along the
x-axis. We show an example in the figure below on the left.

X=Xq stabs: b,c,d,e
Figure 23.2: Line Stabbing Query.

As is true for all our data structures, we want some balanced way to desentipe set of intervals
into subsets. Since it is difficult to define some notion of order on intervasnstead will order the
endpoints. Sort the interval endpoints along thaxis. Let(z1,z9, ..., z2,) be the resulting sorted
sequence. Let,,.q be the median of thestn endpoints. Split the intervals into three groups,
those that lie strictly to the left ofmeg, R those that lie strictly to the right afneq, and M those that
contain the pointneg We can then define a binary tree by putting the intervals iofthe left subtree
and recursing, putting the intervals Bfin the right subtree and recursing. Note thatjf< zmeqwe
can eliminate the right subtree andijf > xmeqWe can eliminate the left subtree. See the figure right.

But how do we handle the intervals &f that containemeq? We want to know which of these intervals
intersects the vertical ling,. At first it may seem that we have made no progress, since it appetrs tha
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we are back to the same problem that we started with. However, we hawesgaaminformation that
all these intervals intersect the vertical line= zmeg How can we use this to our advantage?

Let us suppose for now that, < xmeq How can we store the intervals df to make it easier to report
those that interseét,. The simple trick is to sort these lines in increasing order of their left entlpoin
Let M7, denote the resulting sorted list. Observe that if some interval/indoes not intersedt,,

then its left endpoint must be to the rightaf, and hence none of the subsequent intervals intersects
¢,. Thus, to report all the segments fy, that intersect,,, we simply traverse the sorted list and list
elements until we find one that does not interggcthat is, whose left endpoint lies to the rightof.

As soon as this happens we terminatek’lflenotes the total number of segments\bthat intersect

¢4, then clearly this can be done (k" + 1) time.

On the other hand, what do we doaif > zmed? This case is symmetrical. We simply sort all the
segments of\/ in a sequencel/ i, which is sorted from right to left based on the right endpoint of
each segment. Thus each elemenfipfis stored twice, but this will not affect the size of the final
data structure by more than a constant factor. The resulting data strisctatked annterval tree

Interval Trees: The general structure of the interval tree was derived above. Eadd of the interval
tree has a left child, right child, and itself contains the mediaralue used to split the setmeq,
and the two sorted sef&l;, and Mg (represented either as arrays or as linked lists) of intervals that
overlapzmeg We assume that there is a constructor that builds a node given theseritities. The
following high-level pseudocode describes the basic recursive stlg itonstruction of the interval
tree. The initial call i3 oot = | nt Tree(S), whereS is the initial set of intervals. Unlike most
of the data structures we have seen so far, this one is not built by thessixeeinsertion of intervals
(although it would be possible to do so). Rather we assume that a set ogisigris given as part
of the constructor, and the entire structure is built all at once. We asswanedbh interval irb' is
represented as a pdir|o, xni). An example is shown in the following figure.

Interval tree construction

I nt TreeNode I ntTree(lnterval Set S) {

if (]S == 0) return null /1 no nore

xMed = medi an endpoint of intervals in S /1 medi an endpoi nt
L ={[xlo, xhi] in S| xhi < xMed} /1 left of median
R={[xlo, xhi] in S| xlo > xMed} /1 right of nmedian
M= {[xlo, xhi] in S| xlo <= xMed <= xhi} /'l contains nedian
M. = sort Min increasing order of xlo [l sort M

MR = sort Min decreasing order of xhi

t = new I nt TreeNode(xMed, M., MR /'l this node
t.left = IntTree(L) /] left subtree
t.right = IntTree(R /1 right subtree
return t

We assert that the height of the tre&iflog n). To see this observe that there areendpoints. Each
time through the recursion we spilit this into two subdetnd R of sizes at most half the original size
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[o P S (ML) ,d(MR)
oy (d,f,h,i) @ (i.f.d,h)

"i‘H ‘ 9"—° ‘j ‘ ""—° ‘ (a)(a) (g)(g) (j)(i) (n)(n)

0 5 10 15 20 25 30

Figure 23.3: Interval Tree.

(minus the elements df7). Thus after at modig(2n) levels we will reduce the set sizes to 1, after
which the recursion bottoms out. Thus the height of the tré¥isgn).

Implementing this constructor efficiently is a bit subtle. We need to compute the mefdibe set
of all endpoints, and we also need to sort intervals by left endpointightlendpoint. The fastest
way to do this is to presort all these values and store them in three separtélien as the sefs,
R, and M are computed, we simply copy items from these sorted lists to the appropritte ksts,
maintaining their order as we go. If we do so, it can be shown that this gmoeduilds the entire tree
in O(nlogn) time.

The algorithm for answering a stabbing query was derived aboveul¥marize this algorithm below.
Let z, denote thes-coordinate of the query line.

Line Stabbing Queries for an Interval Tree
stab(l nt TreeNode t, Scal ar xq) {

if (t == null) return /1 fell out of tree
if (xqg < t.xMed) { /1 left of nedian?
for (i =0; i <t.M.length; i++) { /'l traverse M.
if (t.M[i].lo <= xq) print(t.M[i])// ..report if in range
el se break !/l ..else done
stab(t.left, xq) /'l recurse on left
}
el se { /1 right of nedian
for (i =0; i <t.Mlength; i++) { /1l traverse MR
if (t.MR[i].hi >=xq) print(t.VR[i])// ..report if in range
el se break /1 ..else done
}
stab(t.right, xq) /1 recurse on right
}

This procedure actually has one small source of inefficiency, whichimtasationally included to
make code look more symmetric. Can you spot it? Supposerthat t.zmeq? In this case we will
recursively search the right subtree. However this subtree contaipsntervals that are strictly to
the right ofzmegand so is a waste of effort. However it does not affect the asymptotigngrime.

As mentioned earlier, the time spent processing each nadglis- k') wherek’ is the total number of
points that were recorded at this node. Summing over all nodes, the fotaling time isO(k + v),
wherek is the total number of intervals reported, ant the total number of nodes visited. Since at
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each node we recurse on only one child or the other, the total numbede$ nisitedv is O(logn),
the height of the tree. Thus the total reporting tim&ig: + log n).

Vertical Segment Stabbing Queries:Now let us return to the question that brought us here. Given a set
of horizontal line segments in the plane, we want to know how many of thegeeses intersect a
vertical line segment. Our approach will be exactly the same as in the intexgakttcept for how the
elements of\/ (those that intersect the splitting line= xmeg) are handled.

Going back to our interval tree solution, let us consider theldedf horizontal line segments that
intersect the splitting line = xmeqand as before let us consider the case where the query segment
with endpoints(x,, yio) and (x4, yni) lies to the left of the splitting line. The simple trick of sorting
the segments aof/ by their left endpoints is not sufficient here, because we need to @urthiel-
coordinates as well. Observe that a segment/o$tabs the query segmenif and only if the left
endpoint of a segment lies in the following semi-infinite rectangular region.

{(z,y) | x <xqandyo <y < yni}.

This is illustrated in the figure below. Observe that this is just an orthoganglerquery. (It is easy
to generalize the procedure given last time to handle semi-infinite rectanglesgase where lies
to the right ofxmeqis symmetrical.

Figure 23.4: The segments that stalie within the shaded semi-infinite rectangle.

So the solution is that rather than storih, as a list sorted by the left endpoint, instead we store the
left endpoints in a 2-dimensional range tree (with cross-links to the assd@agments). Similarly,
we create a range tree for the right endpoints and reprédggnising this structure.

The segment stabbing queries are answered exactly as above forliibiegtqueries, except that part
that searches/; and My (the for-loops) are replaced by searches to the appropriate raegesieg
the semi-infinite range given above.

We will not discuss construction time for the tree. (It can be dor@(imlog n) time, but this involves
some thought as to how to build all the range trees efficiently). The spamkeddsO(nlogn),
dominated primarily from thé(n logn) space needed for the range trees. The query tirog s+
log® n), since we need to answéXlog n) range queries and each take€og?® n) time plus the time
for reporting. If we use the spiffy version of range trees (which wetinaad but never discussed)
that can answer queries @k + logn) time, then we can reduce the total timeQ¢k -+ log® n).
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24 Hereditary Segment Trees and Red-Blue Intersection

Reading: Segment trees are presented in Chapt 10 of the 4M’s. However, mostayfs material has been
taken from the paper, “Algorithms for Bichromatic Line-Segment ProblendsRotyhedral Terrains,” by
B. Chazelle, H. Edelsbrunner, L. J. Guibas, and M. Shalgorithmica 11, 1994 116-132.

Red-Blue Segment Intersection:We have been talking about the use of geometric data structures for solv-
ing query problems. Often data structures are used as intermediate ssuctusolving traditional
input/output problems, which do not involve preprocessing and quéAesther famous example of
this is HeapSort, which introduces the heap data structure for sorting d hisimbers.) Today we
will discuss a variant of a useful data structure, segment tree The particular variant is called a
hereditary segment tredt will be used to solve the following problem.

Red-Blue Segment Intersection:Given a set3 of m pairwise disjoint “blue” segments in the plane
and a setR of n pairwise disjoint “red” segments, count (or report) kithromatic pairsof
intersecting line segments (that is, intersections between red and blue $&gmen

It will make things simpler to think of the segments as being open (not includimgehepoints). In
this way, the pairwise disjoint segments might be the edges of a planar stiagggtaph (PSLG).
Indeed, one of the most important application of red-blue segment intiersec/olves computing the
overlay of two PSLG's (one red and the other blue) This is also calletht#qeoverlay problemand
is often used in geographic information systems. The most time consumingf plaet map overlay
problem is determining which pairs of segments overlap. See the figure.below

Y h | e 3

Figure 24.1: Red-blue line segment intersection. The algorithm outputs tie iwtersection points be-
tween segments of different colors. The segments of each color avégeadtisjoint (except possibly at
their endpoints).

Let N = n+m denote the total input size and letlenote the total number of bichromatic intersecting
pairs. We will present an algorithm for this problem that rungifk + N log? N) time for the
reporting problem an@(N log? N) time for the counting problem. Both algorithms U8éN log N)
space. Although we will not discuss it (but the original paper does) ibssible to remove a factor
of logn from both the running time and space, using a somewhat more sophisticageut ed the
algorithm that we will present.

Because the set of red segments are each pairwise disjoint as are teedrhents, it follows that we
could solve the reporting problem by our plane sweep algorithm for segniersection (as discussed
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in an earlier lecture) irO((N + k)log N) time andO(N) space. Thus, the more sophisticated
algorithm is an improvement on this. However, plane sweep will not allow uslt@ she counting
problem.

The Hereditary Segment Tree: Recall that we are given two selsand R, consisting of, respectivelyp
andn line segments in the plane, and [ét= m + n. Let us make the general position assumption
that the2 /N endpoints of these line segments have distincbordinates. The-coordinates of these
endpoints subdivide the-axis into2V + 1 intervals, callectomic intervals We construct a balanced
binary tree whose leaves are in 1-1 correspondence with these intemgdsed from left to right.
Each internal node of this tree is associated with an intervalof the z-axis, consisting of the union
of the intervals of its descendent leaves. We can think of each suchahdésra vertical slals,, whose
intersection with ther-axis isI,,. (See the figure below, left.)

[ [
'\\‘ >\\‘

Sy 7
|

u

Figure 24.2: Hereditary Segment Tree: Intervals, slabs and the nsslesiaed with a segment.

We associate a segmenwith a set of nodes of the tree. A segment is saidganinterval I,, if its
projection covers this interval. We associate a segmaevith a nodeu if s spansl,, but s does not
spani,, wherep is u’s parent. (See the figure above, right.)

Each node (internal or leaf) of this tree is associated with a list, calletltfeestandard list B,, of
all blue line segments whose vertical projection contdinbut does not contait,, wherep is the
parent ofu. Alternately, if we consider the nodes in whose standard list a segmentrésl stbe
intervals corresponding to these nodes constitute a disjoint cover ofgheeaés vertical projection.
The node is also associated with a red standard list, derdttedhich is defined analogously for the
red segments. (See the figure below, left.)

b _Me b dd

Pl

Figure 24.3: Hereditary Segment Tree with standard lists (left) and hanelitiz (right).

Each nodeu is also associated with a li€;, called theblue hereditary list which is the union of
the B, for all proper descendentsor u. The red hereditary lisk;, is defined analogously. (Even
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though a segment may occur in the standard list for many descenderggstbaly one copy of each
segment in the hereditary lists.) The segmentRptind B,, are called thdong segmenissince they

span the entire interval. The segmentd¥jfand B; are called theshort segmenisince they do not
span the entire interval.

By the way, if we ignored the fact that we have two colors of segments atdcansidered the
standard lists, the resulting tree is callesegment treeThe addition of the hereditary lists makes this
a hereditary segment treéur particular data structure differs from the standard hereditameeg
tree in that we have partitioned the various segment lists according to whie¢heegment is red or
blue.

Time and Space Analysis:We claim that the total size of the hereditary segment tr&e(¥ log N). To
see this observe that each segmentis stored in the standard list of &tlnppdt nodes. The argument
is very similar to the analysis of the 1-dimensional range tree. If you locatefttend right endpoints
of the segment among the atomic intervals, these define two paths in the tree. siinte manner
as canonical sets for the 1-dimensional range tree, the segment willrbd Bi@ll the “inner” nodes
between these two paths. (See the figure below.) The segment will alsorée stdhe hereditary
lists for all the ancestors of these nodes. These ancestors lie along thattvgao the left and right,
and hence there are at m@dbg N of them. Thus, each segment appears in at rhaagt V lists, for
a total size oD (N log N).

o hereditary lists containing s

e standard lists containing s

S
Figure 24.4: Standard and hereditary lists containing a segsent

The tree can be built i® (N log N) time. INnO(N log N) time we can sort th2 N segment endpoints.
Then for each segment, we search for its left and right endpoints aad the segment into the
standard and hereditary lists for the appropriate nodes and we desaeimgbath inO(1) time for
each node visited. Since each segment appeat®lisg V) lists, this will takeO(log N) time per
segment and (N log N) time overall.

Computing Intersections: Let us consider how to use the hereditaray segment tree to count aortl rep
bichromatic intersections. We will do this on a node-by-node basis. Caraigenode:. We classify
the intersections into two typelgng-long intersectionare those between a segment®f and R,,,
andlong-short intersectionare those between a segmenfZjfand R, or betweenk; andB,,. Later
we will show that by considering just these intersection cases, we willid@nsvery intersection
exactly once.

Long-long intersections: Sort each of the list$3, and R,, of long segments in ascending order by
y-coordinate. (Since the segments of each set are disjoint, this orderstaobithroughout
the interval for each set.) Léb,, b, ..., by, ) and(ri, e, ..., r,,) denote these ordered lists.
Merge these lists twice, once according to their order along the left sideedléb and one
according to their order along the right side of the slab.
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Observe that for each blue segmeért B, this allows us to determine two indicéand;, such
thatb lies betweenr; andr;; along the left boundary and betweenandr;,; along the right
boundary. (For convenience, we can think of segment 0 as an image@mnest ayy = —oc.)

It follows that if i < j thenb intersects the red segmenis.,...,r;. (See the figure below,
(@)). On the other hand, if> j thenb intersects the red segments ¢, ..., ;. (See the figure
below, (b)). We can count these intersection®ifi) time or report them in time proportional
to the number of intersections.

For example, consider the segmént b- in the figure below, (c). On the left boundary it lies
betweenrs andr,, and hencé = 3. On the right boundary it lies betweep andr,, and hence
j = 0. (Recall thatg is aty = —o0.) Thus, since > j it follows thatb intersects the three red
segmentgry, o, r3}.

I
r. i+1
j+1
r s M+1 ’i+1'/ Ti
; b b :
I fi
M1 : H I’J-+1
bt “tb
rj+1 r
i \ fit r / I
ri J
(@ (b) (©)

Figure 24.5: Red-blue intersection counting/reporting. Long-long intécses.

The total time to do this is dominated by t&&m,, log m,, + n,, log n,,) time needed to sort both
lists. The merging and counting only requires linear time.

Long-short intersections: There are two types of long-short intersections to consider. Longmad a
short blue, and long blue and short red. Let us consider the firstsimee the other one is
symmetrical.

As before, sort the long segments Bf, in ascending order according gecoordinate, letting
(ri,r9,...,my,) denote this ordered list. These segments naturally subdivide the slah, intb
trapezoids. For each short segmérg B, perform two binary searches among the segments
of R, to find the lowest segment and the highest segmentthatb intersects. (See the figure
above, right.) Them intersects all the red segmemisr; 1, ...,7;.

Figure 24.6: Red-blue intersection counting/reporting: Long-shortsattions.

Thus, afterO(logn,,) time for the binary searches, the segmentggfintersectingb can be
counted inO(1) time, for a total time oD (m. log n,,). Reporting can be done in time propor-
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tional to the number of intersections reported. Adding this to the time for the lolegaind short
red case, we have a total time complexity®fm;; log n, + n}, logm,,).

If we let V,, = m,,+n,+m +n, then observe that the total time to process vestsO (N, log N,,)
time. Summing this over all nodes of the tree, and recalling hatV,, = O(NN log N) we have a
total time complexity of

T(N) = ) NylogN, < (ZNU> log N = O(Nlog® N).

Correctness: To show that the algorithm is correct, we assert that each bichromaticdotiersis counted
exactly once. For any bichromatic intersection betwgeandr; consider the leaf associated with
the atomic interval containing this intersection point. As we move up to the ansestibis leaf, we
will encounterb; in the standard list of one of these ancestors, denetednd will encounter; at
some node, denoted,. If u; = u; then this intersection will be detected as a long-long intersection
at this node. Otherwise, one is a proper ancestor of the other, and thiewiiitected as a long-short
intersection (with the ancestor long and descendent short).
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25 Kirkpatrick’s Planar Point Location

Today’s material is not covered in our text. See the book by Prepardt&rsamosComputational Geome-
try, Section 2.2.2.3.

Point Location: The point location problen(in 2-space) is: given a polygonal subdivision of the plane
(that is, a PSLG) withn vertices, preprocess this subdivision so that given a query ppine can
efficiently determine which face of the subdivision contajns\We may assume that each face has
some identifying label, which is to be returned. We also assume that the sitndiis represented
in any “reasonable” form (e.g. as a DCEL). In generahay coincide with an edge or vertex. To
simplify matters, we will assume thatdoes not lie on an edge or vertex, but these special cases are
not hard to handle.

It is remarkable that although this seems like such a simple and natural prableak quite a long
time to discover a method that is optimal with respect to both query time and spaes.lbng been
known that there are data structures that can perform these seexakesably well (e.g. quad-trees
and kd-trees), but for which no good theoretical bounds could beegroThere were data structures
of with O(log n) query time buO(n log n) space, and(n) space buO (log? n) query time.

The first construction to achieve bafh(n) space and)(logn) query time was a remarkably clever
construction due to Kirkpatrick. It turns out that Kirkpatrick’s idea hase large embedded constant
factors that make it less attractive practically, but the idea is so clever tigawibrth discussing,
nonetheless. Later we will discuss a more practical randomized method pinasented in our text.

Kirkpatrick’s Algorithm:  Kirkpatrick’s idea starts with the assumption that the planar subdivision is a

triangulation, and further that the outer face is a triangle. If this assumptiost iet, then we begin

by triangulating all the faces of the subdivision. The label associated aith &iangular face is the
same as a label for the original face that contained it. For the outer faceagmangle, first compute
the convex hull of the polygonal subdivision, triangulate everything et convex hull. Then
surround this convex polygon with a large triangle (call the verticés andc), and then add edges
from the convex hull to the vertices of the convex hull. It may sound like rgeadding a lot of new
edges to the subdivision, but recall from earlier in the semester that thbanwf edges and faces

in any straight-line planar subdivision is proportionaltahe number of vertices. Thus the addition
only increases the size of the structure by a constant factor.

Note that once we find the triangle containing the query point in the augmeraptd,ghen we will
know the original face that contains the query point. The triangulationegsocan be performed in
O(nlogn) time by a plane sweep of the graph, oin) time if you want to use sophisticated meth-
ods like the linear time polygon triangulation algorithm. In practice, many straightslibdivisions,
may already have convex faces and these can be triangulated ed3ily)iime.

Figure 25.1: Triangulation of a planar subdivision.
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Let T denote the initial triangulation. What Kirkpatrick’'s method does is to produseqaence of
triangulationsy, T, Ts, . . ., T}, wherek = O(log n), such thafl}, consists only of a single triangle
(the exterior face ofp), and each triangle ifi; 1, overlaps a constant number of trianglegin

We will see how to use such a structure for point location queries lateipbobw let us concentrate

on how to build such a sequence of triangulations. Assuming that wehavee wish to compute
Ti+1. In order to guarantee that this process will terminate ait@pgn) stages, we will want to
make sure that the number of verticesTin ; decreases by some constant factor from the number
of vertices inT;. In particular, this will be done by carefully selecting a subset of veriidég and
deleting them (and along with them, all the edges attached to them). After thtises/bdave been
deleted, we need retriangulate the resulting graph to fBrm. The question is: How do we select
the vertices off; to delete, so that each triangleBf,; overlaps only a constant number of triangles
inT;?

There are two things that Kirkpatrick observed at this point, that make tioéevgcheme work.

Constant degree: We will make sure that each of the vertices that we delete have constadi) (
degree (that is, each is adjacent to at mbstiges). Note that the when we delete such a vertex,
the resultincholewill consist of at mosti — 2 triangles. When we retriangulate, each of the new
triangles, can overlap at mastriangles in the previous triangulation.

Independent set: We will make sure that no two of the vertices that are deleted are adjacemtho e
other, that is, the vertices to be deleted formirmependent seh the current planar gragh.
This will make retriangulation easier, because when we removedependent vertices (and
their incident edges), we create independenholes(non triangular faces) in the subdivision,
which we will have to retriangulate. However, each of these holes cardogated indepen-
dently of one another. (Since each hole contains a constant numbetiogsewe can use any
triangulation algorithm, even brute force, since the running time wilDpg) in any case.)

An important question to the success of this idea is whether we can alwaya §ufficiently large
independent set of vertices with bounded degree. We want the sizis settio be at least a constant
fraction of the current number of vertices. Fortunately, the answereis,"@and in fact it is quite easy
to find such a subset. Part of the trick is to pick the valué taf be large enough (too small and there
may not be enough of them). It turns out thiat 8 is good enough.

Lemma: Given a planar graph with vertices, there is an independent set consisting of vertices of
degree at most 8, with at leasf 18 vertices. This independent set can be constructed(in)
time.

We will present the proof of this lemma later. The number 18 seems rather l[&fgenumber is

probably smaller in practice, but this is the best bound that this proof gexserHowever, the size
of this constant is one of the reasons that Kirkpatrick’s algorithm is nedl urs practice. But the
construction is quite clever, nonetheless, and once a optimal solution isikn@\problem it is often

not long before a practical optimal solution follows.

Kirkpatrick Structure: Assuming the above lemma, let us give the description of how the point location
data structure, th&irkpatrick structure is constructed. We start withy, and repeatedly select an
independent set of vertices of degree at most 8. We never include¢ieevéirtices, b, andc (forming
the outer face) in such an independent set. We delete the vertices frandépendent set from the
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graph, and retriangulate the resultingles Observe that each triangle in the new triangulation can
overlap at most 8 triangles in the previous triangulation. Since we can elimicatestant fraction of
vertices with each stage, aft®logn) stages, we will be down to the last 3 vertices.

The constant factors here are not so great. With each stage, the nofubeices falls by a factor of
17/18. To reduce to the final three vertices, implies tfiat/17)* = n or that

k= 10g18/17n ~ 121g n.

It can be shown that by always selecting the vertex of smallest degieeatihbe reduced to a more
palatablel.51gn.

The data structure is based on this decomposition. The root of the straotuesponds to the single
triangle ofT}. The nodes at the next lower level are the triangleg,of;, followed by T} _5, until we
reach the leaves, which are the triangles of our initial triangulafign,Each node for a triangle in
triangulationT; 1, stores pointers to all the triangles it overlapgin(there are at most 8 of these).
Note that this structure is a directed acyclic graph (DAG) and not a treaube one triangle may
have many parents in the data structure. This is shown in the following figure.

/,

Ta
(not shown)

Figure 25.2: Kirkpatrick’s point location structure.

To locate a point, we start with the rodt,. If the query point does not lie within this single triangle,
then we are done (it lies in the exterior face). Otherwise, we searcloé#uod (at most 8) triangles in
T 1 that overlap this triangle. When we find the correct one, we searchoédéioh triangles i, -
that overlap this triangles, and so forth. Eventually we will find the trianghéaining the query point
in the last triangulation]y, and this is the desired output. See the figure below for an example.
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CTOOAN, AN
LA NTESZN T

Figure 25.3: Point location search.

Construction and Analysis: The structure ha®(logn) levels (one for each triangulation), it takes a con-
stant amount of time to move from one level to the next (at most 8 point-in-teaegts), thus the
total query time iD(logn). The size of the data structure is the sum of sizes of the triangulations.
Since the number of triangles in a triangulation is proportional to the numbeartites, it follows
that the size is proportional to

n(1+17/18 4+ (17/18)* + (17/18)* +...) < 18n,
(using standard formulas for geometric series). Thus the data structaris € (n) (again, with a
pretty hefty constant).
The last thing that remains is to show how to construct the independeritketappropriate size. We
first present the algorithm for finding the independent set, and thes pne bound on its size.
(1) Mark all nodes of degree 9.

(2) While there exists an unmarked node do the following:

(a) Choose an unmarked vertex
(b) Addwv to the independent set.
(c) Markwv and all of its neighbors.

It is easy to see that the algorithm runs(xin) time (e.g., by keeping unmarked vertices in a stack
and representing the triangulation so that neighbors can be found gickly

Intuitively, the argument that there exists a large independent set ofdgved is based on the fol-
lowing simple observations. First, because the average degree in a glaphris less than 6, there
must be a lot of vertices of degree at most 8 (otherwise the average beuidattainable). Second,
whenever we add one of these vertices to our independent set, onlgr8settices become ineligible
for inclusion in the independent set.

Here is the rigorous argument. Recall from Euler’s formula, that if a plgragph is fully triangulated,
then the number of edgessatisfiese = 3n — 6. If we sum the degrees of all the vertices, then each
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edge is counted twice. Thus the average degree of the graph is

Zdeg(v) =2e=06n—12 < 6n.
v

Next, we claim that there must be at leag® vertices of degree 8 or less. To see why, suppose to the
contrary that there were more thari2 vertices of degree 9 or greater. The remaining vertices must
have degree at least 3 (with the possible exception of the 3 vertices onttreface), and thus the
sum of all degrees in the graph would have to be at least as large as

n n
9~ +3- =6
g Iy T
which contradicts the equation above.

Now, when the above algorithm starts execution, at le@8tvertices are initially unmarked. When-
ever we select such a vertex, because its degree is 8 or fewer, weatmadst 9 new vertices (this
node and at most 8 of its neighbors). Thus, this step can be repeatedtéan|e)/9 = n/18 times
before we run out of unmarked vertices. This completes the proof.
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26 Divide-and-Conquer Algorithm for Voronoi Diagrams
Reading: O’'Rourke, Chapt 5, Mulmuley, Sect. 2.8.4.

Planar Voronoi Diagrams: Recall that, givem points P = {pi,p2,...,pn} in the plane, the Voronoi
polygon of a poinp;, V' (p;), is defined to be the set of all poinjsn the plane for whichy; is among
the closest points tpin P. That is,

V(pi)={q : lpi—dql <|pj —al,Vj #i}.

The union of the boundaries of the Voronoi polygons is calledvi®@noi diagramof P, denoted
VD(P). The dual of the Voronoi diagram is a triangulation of the point set, called#launay
triangulation Recall from our discussion of quad-edge data structure, that gigend representation
of any planar graph, the dual is easy to construct. Hence, it sufficesoie how to compute either
one of these structures, from which the other can be derived easilriptime.

There are four fairly well-known algorithms for computing Voronoi diagsaand Delaunay triangu-
lations in the plane. They are

Divide-and-Conquer: (For both VD and DT.) The firsD(n log n) algorithm for this problem. Not
widely used because itis somewhat hard to implement. Can be generalizelddpdiigensions
with some difficulty. Can be generalized to computing Vornoi diagrams of ligeneats with
some difficulty.

Randomized Incremental: (For DT and VD.) The simplestO(nlogn) time with high probability.
Can be generalized to higher dimensions as with the randomized algorithrorfeexchulls.
Can be generalized to computing Voronoi diagrams of line segments faiily. eas

Fortune’s Plane Sweep:(For VD.) A very clever and fairly simple algorithm. It computes a “de-
formed” Voronoi diagram by plane sweepdnn log n) time, from which the true diagram can
be extracted easily. Can be generalized to computing Voronoi diagram®afdgments fairly
easily.

Reduction to convex hulls: (For DT.) Computing a Delaunay triangulationrepoints in dimension
d can be reduced to computing a convex hullnopoints in dimensiond + 1. Use your fa-
vorite convex hull algorithm. Unclear how to generalize to compute Vororagredms of line
segments.

We will cover all of these approaches, except Fortune’s algorithm.o@rke does not give detailed
explanations of any of these algorithms, but he does discuss the ideal badrinne’s algorithm.
Today we will discuss the divide-and-conquer algorithm. This algorithmiésgnted in Mulmuley,
Section 2.8.4.

Divide-and-conquer algorithm: The divide-and-conquer approach works like most standard geometric
divide-and-conquer algorithms. We split the points according-tmordinates into 2 roughly equal
sized groups (e.g. by presorting the pointsubgoordinate and selecting medians). We compute the
Voronoi diagram of the left side, and the Voronoi diagram of the rigt.s Note that since each
diagram alone covers the entire plane, these two diagrams overlap. Wendrge the resulting
diagrams into a single diagram.
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The merging step is where all the work is done. Observe that every pdim ithe plane lies within
two Voronoi polygons, one iV D(L) and one inVD(R). We need to resolve this overlap, by
separating overlapping polygons. Lél,) be the Voronoi polygon for a point from the left side, and
let V(rq) be the Voronoi polygon for a point on the right side, and suppose thaggons overlap
one another. Observe that if we insert the bisector betwgeandry, and through away the portions
of the polygons that lie on the “wrong” side of the bisector, we resolve viedap. If we do this for

every pair of overlapping Voronoi polygons, we get the final Voiahagram. This is illustrated in
the figure below.

Final Voronoi Diagram

Figure 26.1: Merging Voronoi diagrams.

The union of these bisectors that separate the left Voronoi diagramtfre right Voronoi diagram is
called thecontour. A point is on the contour if and only if it is equidistant from 2 pointsSinone in
L and one inR.

(0) Presort the points hy-coordinate (this is done once).
(1) Splitthe point sef by a vertical line into two subsefs and R of roughly equal size.
(2) ComputeV D(L) andV D(R) recursively. (These diagrams overlap one another.)

(3) Merge the two diagrams into a single diagram, by computingctirour and discarding the
portion of theV’ D(L) that is to the right of the contour, and the portionlaD(R) that is to the
left of the contour.

Assuming we can implement step (3)@n) time (wheren is the size of the remaining point set)
then the running time will be defined by the familiar recurrence

T(n) =2T(n/2) +n,

which we know solves t@(n logn).
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Computing the contour: What makes the divide-and-conquer algorithm somewhat tricky is the fask o
computing the contour. Before giving an algorithm to compute the contourslgtake some obser-
vations about its geomtetric structure. Let us make the usual simplifying aisashat no 4 points
are cocircular.

Lemma: The contour consists of a single polygonal curve (whose first anddiagts are semiinfinite)
which is monotone with respect to theaxis.

Proof: A detailed proof is a real hassle. Here are the main ideas, though. Ttmiceeparates the
plane into two regions, those points whose nearest neighbor liegriom those points whose
nearest neighbor lies ikR. Because the contour locally consists of points that are equidistant
from 2 points, it is formed from pieces that are perpendicular biseatdtis,one point fromL
and the other point fron®. Thus, it is a piecewise polygonal curve. Because no 4 points are co-
circular, it follows that all vertices in the Voronoi diagram can have de@t most 3. However,
because the contour separates the plane into only 2 types of regionsgdrtam only vertices
of degree 2. Thus it can consist only of the disjoint union of closedesuactually this never
happens, as we will see) and unbounded curves. Observe that iiem the contour counter-
clockwise with respect to each pointih(clockwise with respect to each pointir), then each
segment must be directed in the directions, becausk and R are separated by a vertical line.
Thus, the contour contains no horizontal cusps. This implies that the ¢ardanot contain
any closed curves, and hence contains only vertically monotone unéduwndves. Also, this
orientability also implies that there is only one such curve.

Lemma: The topmost (bottommost) edge of the contour is the perpendicular bisecttbrefowo
points forming the upper (lower) tangent of the left hull and the right hull.

Proof: This follows from the fact that the vertices of the hull correspond to unided Voronoi
polygons, and hence upper and lower tangents correspond to urdzbeddes of the contour.

These last two theorem suggest the general approach. We starhputiiog the upper tangent, which
we know can be done in linear time (once we know the left and right hullsy rime and search).
Then, we start tracing the contour from top to bottom. When we are in VopmiggonsV (1) and
V(rp) we trace the bisector betwegrandr, in the negatives-direction until its first contact with the
boundaries of one of these polygons. Suppose that we hit the bquofdil() first. Assuming that
we use a good data structure for the Voronoi diagram (e.g. quaddedigstructure) we can determine
the pointl; lying on the other side of this edge in the left Voronoi diagram. We continlleximg
the contour by tracing the bisector lpfandr.

However, in order to insure efficiency, we must be careful in how werdgne where the bisector
hits the edge of the polygon. Consider the figure shown below. We steirigrthe contour between

lp andry. By walking along the boundary &f(ly) we can determine the edge that the contour would
hit first. This can be done in time proportional to the number of edgd$(ig) (which can be as
large asO(n)). However, we discover that before the contour hits the boundal¥(&) it hits the
boundary ofV/(ry). We find the new point; and now trace the bisector betwdgrandr;. Again we
can compute the intersection with the boundary’¢fy) in time proportional to its size. However the
contour hits the boundary df (r) first, and so we go on tg,. As can be seen, if we are not smart,
we can rescan the boundary¥fi,) over and over again, until the contour finally hits the boundary.
If we do thisO(n) times, and the boundary &f(ly) is O(n), then we are stuck witth(n?) time to
trace the contour.
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ol

Figure 26.2: Tracing the contour.

We have to avoid this repeated rescanning. However, there is a wayrtdtecéoundary of each
Voronoi polygon at most once. Observe that as we walk along the agmeiach time we stay in the
same polygor¥/(ly), we are adding another edge onto its Voronoi polygon. Because ttomdior
polygon is convex, we know that the edges we are creating turn corisistetthe same direction
(clockwise for points on the left, and counterclockwise for points on th#)rigo test for intersections
between the contour and the current Voronoi polygon, we trace thedlaoy of the polygon clockwise
for polygons on the left side, and counterclockwise for polygons orrigie side. Whenever the
contour changes direction, we continue the scan from the point that ingdfletih this way, we know
that we will never need to rescan the same edge of any Voronoi polygoathrem once.
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27 Delaunay Triangulations and Convex Hulls
Reading: O'Rourke 5.7 and 5.8.

Delaunay Triangulations and Convex Hulls: At first, Delaunay triangulations and convex hulls appear to
be quite different structures, one is based on metric properties (dis)amce the other on affine
properties (collinearity, coplanarity). Today we show that it is possible twexd the problem of
computing a Delaunay triangulation in dimensidto that of computing a convex hull in dimension
d + 1. Thus, there is a remarkable relationship between these two structures.

We will demonstrate the connection in dimension 2 (by computing a convex huliriargion 3).
Some of this may be hard to visualize, but see O’Rourke for illustrationsu ¢#m also reason by
analogy in one lower dimension of Delaunay triangulations in 1-d and cdnuéxin 2-d, but the real
complexities of the structures are not really apparent in this case.)

The connection between the two structures isgii@boloidz = z? + y2. Observe that this equation
defines a surface whose vertical cross sections (constantonstanty) are parabolas, and whose
horizontal cross sections (constaf)tare circles. For each point in the plane, y), the vertical
projectionof this point onto this paraboloid is:, y, 2% + y?) in 3-space. Given a set of poingsin
the plane, letS’ denote the projection of every point §1onto this paraboloid. Consider thawer
convex hullof S’. This is the portion of the convex hull & which is visible to a viewer standing at
z = —oo. We claim that if we take the lower convex hull §f, and project it back onto the plane,
then we get the Delaunay triangulation$f In particular, letp, ¢q,r € S, and letp’, ¢/, ' denote the
projections of these points onto the paraboloid. Theh’ define afaceof the lower convex hull of
S’ if and only if Apgr is a triangle of the Delaunay triangulation 8f The process is illustrated in
the following figure.

[ ] ° [ .
[ ] [ ] [ ] [ ]
Project onto paraboloid. Compute convex hull. Project hull faces back to plane.

Figure 27.1: Delaunay triangulations and convex hull.

The question is, why does this work? To see why, we need to establishrtheatimn between the
triangles of the Delaunay triangulation and the faces of the convex hulaoéformed points. In
particular, recall that

Delaunay condition: Three point®, ¢, € S form a Delaunay triangle if and only if the circumcircle
of these points contains no other pointsf

Convex hull condition: Three pointg/, ¢, ' € S’ form a face of the convex hull &’ if and only
if the plane passing through, ¢/, andr’ has all the points of” lying to one side.
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Clearly, the connection we need to establish is between the emptiness of ¢idamin the plane
and the emptiness of halfspaces in 3-space. We will prove the following claim.

Lemma: Consider 4 distinct points, ¢, , s in the plane, and let’, ¢, 7/, s’ be their respective pro-
jections onto the paraboloid, = 22 + y2. The points lies within the circumcircle op, ¢, r if
and only ifs’ lies on the lower side of the plane passing thropgly’, »'.

To prove the lemma, first consider an arbitrary (nonvertical) plane ina8espivhich we assume is
tangent to the paraboloid above some pdintb) in the plane. To determine the equation of this
tangent plane, we take derivatives of the equatien > + 2 with respect tar andy giving

0z 0z

— =2 —~ =2

Ox “ oy v

At the point(a, b, a® + b?) these evaluate t2a and2b. It follows that the plane passing through these
point has the form

z = 2ax + 2by + 7.
To solve fory we know that the plane passes throughb, a® + b%) so we solve giving

A+ =2a-a+2b-b+~,
Implying thaty = —(a? + b%). Thus the plane equation is
z = 2ax + 2by — (a® + b?).
If we shift the plane upwards by some positive amatfnive get the plane

z = 2ax + 2by — (a® + b%) + 12

How does this plane intersect the paraboloid? Since the paraboloid iscibfine= 2% + y? we can
eliminatez giving
2%+ y? = 2ax + 2by — (a® + b*) + 12,

which after some simple rearrangements is equal to
(v —a)? +(y—b)? =12

This is just a circle. Thus, we have shown that the intersection of a plan¢hsitraraboloid produces
a space curve (which turns out to be an ellipse), which when projectédinto the(z, y)-coordinate
plane is a circle centered @t, b).

Thus, we conclude that the intersection of an arbitrary lower halfspitbetine paraboloid, when
projected onto thézx, y)-plane is the interior of a circle. Going back to the lemma, when we project
the pointsp, ¢, r onto the paraboloid, the projected poiptsq’ andr’ define a plane. Sing€, ¢/, and

r’, lie at the intersection of the plane and paraboloid, the original ppints- lie on the projected
circle. Thus this circle is the (unique) circumcircle passing through thegeandr. Thus, the point

s lies within this circumcircle, if and only if its projectiosi onto the paraboloid lies within the lower
halfspace of the plane passing through, r.

Now we can prove the main result.
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Figure 27.2: Planes and circles.

Theorem: Given a set of pointsy' in the plane (assume no 4 are cocircular), and given 3 points
p,q,r € S, the triangleApgr is a triangle of the Delaunay triangulation &fif and only if
triangle Ap’¢'r’ is a face of the lower convex hull of the projected Sét

From the definition of Delaunay triangulations we know thatgr is in the Delaunay triangulation if
and only if there is no point € S that lies within the circumcircle giqr. From the previous lemma
this is equivalent to saying that there is no paihthat lies in the lower convex hull of’, which is
equivalent to saying thatq'r’ is a face of the lower convex hull. This completes the proof.

In order to test whether a poistlies within the circumcircle defined by, ¢, r, it suffices to test
whethers’ lies within the lower halfspace of the plane passing thropight, r’. If we assume that
p, q,r are oriented counterclockwise in the plane this this reduces to determininerlige quadru-
plep’, ¢, 7', s" is positively oriented, or equivalently whetheties to the left of the oriented circle
passing through, ¢, r.

This leads to the incircle test we presented last time.

px Dy P3P
G ¢+,
Ty Ty 7’926+r§
Sz Sy sfc—l—sg

in(p,q,r,s) = det > 0.

—_ = = =

Voronoi Diagrams and Upper Envelopes: We know that Voronoi diagrams and Delaunay triangulations
are dual geometric structures. We have also seen (informally) that treedeiad relationship between
points and lines in the plane, and in general, points and planes in 3-spanetHis latter connection
we argued that the problems of computing convex hulls of point sets andutimgphe intersection
of halfspaces are somehow “dual” to one another. It turns out that tiKesnotions of duality, are
(not surprisingly) interrelated. In particular, in the same way that the Dalatriangulation of points
in the plane can be transformed to computing a convex hull in 3-space, st dutrthat the Voronoi
diagram of points in the plane can be transformed into computing the interseéti@ifspaces in
3-space.

Here is how we do this. For each point= (a,b) in the plane, recall the tangent plane to the
paraboloid above this point, given by the equation

2 = 2ax + 2by — (a® + b?).
Define H ™ (p) to be the set of points that are above this halfplane, thdl is(p) = {(z,y,2) | 2 >

2ax + 2by — (a® + b%)}. LetS = {p1,p2,...,pn} be aset of points. Consider the intersection of the
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halfspacedd " (p;). This is also called thepper envelopef these halfspaces. The upper envelope
is an (unbounded) convex polyhedron. If you project the edgesofiiper envelope down into the
plane, it turns out that you get the Voronoi diagram of the points.

Theorem: Given a set of points' in the plane (assume no 4 are cocircular), iEdenote the set
of upper halfspaces defined by the previous transformation. Therottoa® diagram off is
equal to the projection onto the, y)-plane of the 1-skeleton of the convex polyhedron which
is formed from the intersection of halfspacesSbf

Figure 27.3: Intersection of halfspaces.

Itis hard to visualized this surface, but it is not hard to show why this iSsppose we have 2 points
in the planep = (a,b) andg = (¢, d). The corresponding planes are:

2 = 2ax + 2by — (a® + b?) and  z =2cx+ 2dy — (¢ + d?).

If we determine the intersection of the corresponding planes and prajecthee (z, y)-coordinate
plane (by eliminating from these equations) we get

x(2a — 2¢) + y(2b — 2d) = (a® — ) + (b* — d?).

We claim that this is the perpendicular bisector betwgen) and(c, d). To see this, observe that it
passes through the midpoiftu + ¢)/2, (b + d)/2) between the two points since

btd
(20— 20) + 05 (20— 2d) = (6 — ) + (F — &)

and, its slope is-(a — ¢)/(b — d), which is the negative reciprocal of the line segment fi(anb) to
(¢,d). From this it can be shown that the intersection of the upper halfspatiessia polyhedron
whose edges project onto the Voronoi diagram edges.
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28 Topological Plane Sweep

Reading: The material on topological plane sweep is not discussed in any of adingsa The algorithm
for topological plane sweep can be found in the paper, “Topologicalgepimg an arrangement” by H.
Edelsbrunner and L. J. Guibak,Comput. Syst. Sci38 (1989), 165-194, with Corrigendum in the same
journal, volume 42 (1991), 249-251.

Topological Plane Sweep:In the last two lectures we have introduced arrangements of lines and gigome
duality as important tools in solving geometric problems on lines and points. Tpdawn efficient
algorithm for sweeping an arrangement of lines.

As we will see, many problems in computational geometry can be solved byirag/filye-sweep to

an arrangement of lines. Since the arrangement hagXizé), and since there ar@(n?) events to

be processed, each involving &tlog n) heap deletion, this typically leads to algorithms running in
O(n?logn) time, usingO(n?) space. It is natural to ask whether we can dispense with the additional
O(log n) factor in running time, and whether we need all@fn?) space (since in theory we only
need access to the curréntn) contents of the sweep line).

We discuss a variation of plane sweep caliegological plane sweepThis method runs i (n?)

time, and uses onl® (n) space (by essentially constructing only the portion of the arrangement that
we need at any point). Although it may appear to be somewhat sophistigataed,be implemented
quite efficiently, and is claimed to outperform conventional plane sweeprramgements of any
significant size (e.g. over 20 lines).

Cuts and topological lines: The algorithm is calledopologicalplane sweep because we do not sweep a
straight vertical line through the arrangement, but rather we sweepadtopological linethat has
the essential properties of a vertical sweep line in the sense that this lingeteeeach line of the
arrangement exactly once. The notion of a topological line is an intuitive lmrteif can be made
formal in the form of something called@it Recall that the faces of the arrangement are convex
polygons (possibly unbounded). (Assuming no vertical lines) the enhgédent to each face can
naturally be partitioned into the edges that alm®vethe face, and those that abelowthe face.
Define acutin an arrangement to be a sequence of edges, . . ., ¢,,, in the arrangement, one taken
from each line of the arrangement, such thatfoK i < n — 1, ¢; and¢;4, are incident to the
same face of the arrangement, ands above the face ang. is below the face. An example of a
topological line and the associated cut is shown below.

Figure 28.1: Topological line and associated cut.

The topological plane sweep starts at teEmost cutof the arrangement. This consists of all the
left-unbounded edges of the arrangement. Observe that this cut camipeited inO(n logn) time,
because the lines intersect the cut in inverse order of slope. The tagalegeep line will sweep
to the right until we come to the rightmost cut, which consists all of the right-unééed edges of
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the arrangement. The sweep line advances by a series of what areatalieehtary stepsin an
elementary steps, we find two consecutive edges on the cut that meetréacf the arrangement
(we will discuss later how to determine this), and push the topological sweethliough this vertex.
Observe that on doing so these two lines swap in their order along the $weeprhis is shown
below.

Figure 28.2: Elementary step.

It is not hard to show that an elementary step is always possible, sinemyocut (other than the
rightmost cut) there must be two consecutive edges with a common rightienhdpo particular,
consider the edge of the cut whose right endpoint has the smaltegirdinate. It is not hard to show
that this endpoint will always allow an elementary step. Unfortunately, ahénérg this vertex would
require at leasD(log n) time (if we stored these endpoints in a heap, sorted-bgordinate), and we
want to perform each elementary stepll) time. Hence, we will need to find some other method
for finding elementary steps.

Upper and Lower Horizon Trees: To find elementary steps, we introduce two simple data structures, the
upper horizon tre¢UHT) and thdower horizon tre€LHT). To construct the upper horizon tree, trace
each edge of the cut to the right. When two edges meet, keep only the oneeanftiglter slope, and
continue tracing it to the right. The lower horizon tree is defined symmetricaligrdlis one little
problem in these definitions in the sense that these trees need not betednfierming a forest of
trees) but this can be fixed conceptually at least by the addition of a Vditieat 2 = +oo. For the
upper horizon we think of its slope as beisgo and for the lower horizon we think of its slope as
being —oco. Note that we consider the left endpoints of the edges of the cut as looigieg to the
trees, since otherwise they would not be trees. It is not hard to showvithathese modifications,
these are indeed trees. Each edge of the cut defines exactly one himerg@geach tree. An example
is shown below.

Upper Horizon Tree‘ , Lower Horizon Tree
Figure 28.3: Upper and lower horizon trees.

The important things about the UHT and LHT is that they give us an easyadgtermine the right
endpoints of the edges on the cut. Observe that for each edge in the dghtiendpoint results from
a line of smaller slope intersecting it from above (as we trace it from left tat)rigr from a line of
larger slope intersecting it from below. It is easy to verify that the UHT ladd@ determine the first
such intersecting line of each type, respectively. It follows that if we setetrthe two trees, then the
segments they share in common correspond exactly to the edges of the ast. bytknowing the
UHT and LHT, we know where are the right endpoints are, and from teican determine easily
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which pairs of consecutive edges share a common right endpoint,@ndHis we can determine all
the elementary steps that are legal. We store all the legal steps in a staakyer, gr any list is fine),
and extract them one by one.

The sweep algorithm: Here is an overview of the topological plane sweep.

(1) Input the lines and sort by slope. L&tbe the initial (leftmost) cut, a list of lines in decreasing
order of slope.

(2) Create the initial UHT incrementally by inserting lines in decreasing orflglope. Create the
initial LHT incrementally by inserting line in increasing order of slope. (Monetlus later.)

(3) By consulting the LHT and UHT, determine the right endpoints of all tlggeeeaf the initial cut,
and for all pairs of consecutive linég, [, 1) sharing a common right endpoint, store this pair
in stacksS.

(4) Repeat the following elementary step until the stack is empty (implying thatwe drrived at
the rightmost cut).

(a) Pop the paifl;, ;+1) from the top of the stack.

(b) Swap these lines withi@', the cut (we assume that each line keeps track of its position in
the cut).

(c) Update the horizon trees. (More on this later.)

(d) Consulting the changed entries in the horizon tree, determine whethegatieeany new cut
edges sharing right endpoints, and if so push them on the Stack

The important unfinished business is to show that we can build the initial UHTIdf in O(n) time,

and to show that, for each elementary step, we can update these treé#otrat eelevant information

in O(1) amortized time By amortized timeve mean that, even though a single elementary step can
take more thai®(1) time, the total time needed to perform @l(n?) elementary steps 9(n?), and
hence the average time for each ste@(3).

This is done by an adaptation of the same incremental “face walking” teahmiqused in the incre-
mental construction of line arrangements. Let’'s consider just the UHTe $iecLHT is symmetric.
To create the initial (leftmost) UHT we insert the lines one by one in decreasiey of slope. Ob-
serve that as each new line is inserted it will start above all of the cdin@st The uppermost face
of the current UHT consists of a convex polygonal chain, see theefigelow left. As we trace the
newly inserted line from left to right, there will be some point at which it firig$ khis upper chain
of the current UHT. By walking along the chain from left to right, we catedmine this intersection
point. Each segment that is walked over is never visited again by this initializatomess (because
it is no longer part of the upper chain), and since the initial UHT has a tbt@l(a) segments, this
implies that the total time spent in walking @¥(n). Thus, after the)(n logn) time for sorting the
segments, the initial UHT tree can be builtG{{n) additional time.

Next we show how to update the UHT after an elementary step. The plisapste similar, as shown

in the figure right. Let» be the vertex of the arrangement which is passed over in the sweep step. A
we pass ovep, the two edges swap positions along the sweep line. The new lower edige,/ca
which had been cut off of the UHT by the previous lower edge, now meisebntered into the tree.
We extend to the left until it contacts an edge of the UHT. At its first contact, it will terminated

this is the only change to be made to the UHT). In order to find this contact, wenstia the edge
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new line N
\
N I o

» p

Initial UHT construction.  Updating the UHT.

Figure 28.4: Constructing and updating the UHT.

immediately below the current cut. We traverse the face of the UHT in counterclockwiser,andtil
finding the edge that this line intersects. Observe that we must eventualguithcan edge becauke
has a lower slope than the other edge intersectingatd this edge lies in the same face.

Analysis: A careful analysis of the running time can be performed using the same aatiortiproof (based
on pebble counting) that was used in the analysis of the incremental algokiterill not give the
proof in full detail. Observe that because we maintain the set of legal etargesteps in a stack
(as opposed to a heap as would be needed for standard plane sweeg@n advance to the next
elementary step i0)(1) time. The only part of the elementary step that requires more than constant
time is the update operations for the UHT and LHT. However, we claim that taétime spent
updating these trees @(n?). The argument is that when we are tracing the edges (as shown in the
previous figure) we are “essentially” traversing the edges irztimefor L in the arrangement. (This
is not quite true, because there are edges abovéhe arrangement, which have been cut out of the
upper tree, but the claim is that their absence cannot increase the caynpfekis operation, only
decrease it. However, a careful proof needs to take this into accouintg Be zone of each line in
the arrangement has complexi®(n), all n zones have total complexity(n?). Thus, the total time
spent in updating the UHT and LHT trees(§n?).
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29 Ham-Sandwich Cuts
Reading: This material is not covered in our book.

Ham Sandwich Cuts of Linearly Separated Point Sets:We are givem red pointsA, andm blue points
B, and we want to compute a single line that simultaneously bisects both sets ¢Hrifinality of
either set is odd, then the line passes through one of the points of the sanpkiehe simplifying
assumption that the sets are separated by a line. (This assumption makesbtempnuch simpler
to solve, but the general case can still be solve@(n?) time using arrangements.)

To make matters even simpler we assume that the points have been translatgdtaddso this line is
they-axis. Thus all the red points (sd) have positiver-coordinates, and hence their dual lines have
positive slopes, whereas all the blue points (8ghave negative:-coordinates, and hence their dual
lines have negative slopes. As long as we are simplifying things, let's makéashsimplification,
that both sets have an odd number of points. This is not difficult to gehdrdout makes the pictures
a little easier to understand.

Consider one of the sets, sdy Observe that for each slope there exists one way to bisect the points.
In particular, if we start a line with this slope at positive infinity, so that all thias lie beneath it, and
drop in downwards, eventually we will arrive at a unique placement evtiere are exactlyn — 1) /2
points above the line, one point lying on the line, dnd- 1)/2 points below the line (assuming no
two points share this slope). This line is called thedian linefor this slope.

What is the dual of this median line? If we dualize the points using the standatdrdnsformation:
D(a,b) : y = ax — b, then we get: lines in the plane. By starting a line with a given slope above
the points and translating it downwards, in the dual plane we moving a point-fio upwards in a
vertical line. Each time the line passes a point in the primal plane, the verticallypgpwint crosses

a line in the dual plane. When the translating line hits the median point, in the dual thie moving
point will hit a dual line such that there are exadtly— 1) /2 dual lines above this point arfd — 1) /2
dual lines below this point. We define a point to bdeatel k, £, in an arrangement if there are at
mostk — 1 lines above this point and at mast— & lines below this point. The median level in an
arrangement of, lines is defined to be thgn — 1)/2]-th level in the arrangement. This is shown as
M (A) in the following figure on the left.

M(B)

M(A) M(A) Ham sandwich point

Dual arrangement of A.  Overlay of A and B’s median levels
Figure 29.1: Ham sandwich: Dual formulation.

Thus, the set of bisecting lines for sétin dual form consists of a polygonal curve. Because this
curve is formed from edges of the dual linesdnand because all lines iA have positive slope, this
curve is monotonically increasing. Similarly, the medianBrM (B), is a polygonal curve which is
monotonically decreasing. It follows that and B must intersect at a unique point. The dual of this
point is a line that bisects both sets.

29-1 Copyright 2010, David M. Mount



Computational Geometry Notes Ham-Sandwich Cuts

We could compute the intersection of these two curves by a simultaneous ticpbldgne sweep of
both arrangements. However it turns out that it is possible to do much leattein fact the problem
can be solved irD(n + m) time. Since the algorithm is rather complicated, | will not describe the
details, but here are the essential ideas. The algorithm operates lygrdrsearch. 10(n + m)
time we will generate a hypothesis for where the ham sandwich point s in gi@ldme, and if we are
wrong, we will succeed in throwing away a constant fraction of the line® fiuture consideration.

First observe that for any vertical line in the dual plane, it is possible teraiéne inO(n 4+ m) time
whether this line lies to the left or the right of the intersection point of the mediaatslgl/ (A) and

M (B). This can be done by computing the intersection of the dual line$ with this line, and
computing their median i®(n) time, and computing the intersection of the dual line®ofith this
line and computing their median iB(m) time. If A’s median lies below3’s median, then we are
to the left of the ham sandwich dual point, and otherwise we are to the righedam sandwich
dual point. It turns out that with a little more work, it is possible to determin®in + m) time
whether the ham sandwich point lies to the right or left of a linarbitrary slope. The trick is to use
prune and search. We find two linés and L, in the dual plane (by a careful procedure that | will
not describe). These two lines define four quadrants in the plane. tBgntiaing which side of each
line the ham sandwich point lies, we know that we can throw away any linedtes not intersect
this quadrant from further consideration. It turns out that by a judgihoice ofL; and Lo, we can
guarantee that a fraction of at led@st+ m)/8 lines can be thrown away by this process. We recurse
on the remaining lines. By the same sort of analysis we made in the Kirkpatiic8eidel prune and
search algorithm for upper tangents, it follows tha€itr. + m) time we will find the ham sandwich
point.

29-2 Copyright 2010, David M. Mount



Computational Geometry Notes Visibility Graphs

30 Shortest Paths and Visibility Graphs

Reading: The material on visibility graphs is taken roughly from Chapter 15, but wepséisent slightly
more efficient variant of the one that appears in this chapter.

Shortest paths: We are given a set of disjoint polygonabbstaclesn the plane, and two pointsand¢ that
lie outside of the obstacles. The problem is to determine the shortest patk fmthithat avoids the
interiors of the obstacles. (It may travel along the edges or pass thtbegkrtices of the obstacles.)
The complement of the interior of the obstacles is cdlited spaceWe want to find the shortest path
that is constrained to lie entirely in free space.

Today we consider a simple (but perhaps not the most efficient) way te sodproblem. We assume
that we measure lengths in terms of Euclidean distances. How do we meathséepgths for curved
paths? Luckily, we do not have to, because we claim that the shortestifiaiways be a polygonal
curve.

Claim: The shortest path between any two points that avoids a set of polyduostaktes is a polyg-
onal curve, whose vertices are either vertices of the obstacles oritiie pandt.

Proof: We show that any path that violates these conditions can be replaced by a slightly shorter
path froms to ¢t. Since the obstacles are polygonal, if the path were not a polygona,c¢ben
there must be some poiptin the interior of free space, such that the path passing thrpugh
not locally a line segment. If we consider any small neighborhood gb¢rmall enough to not
contains or t or any part of any obstacle), then since the shortest path is not localigtstrwe
can shorten it slightly by replacing this curved segment by a straight limaesgtigointing one
end to the other. Thug; is not shortest, a contradiction.

Thus is a polygonal path. Suppose that it contained a vertdsat was not an obstacle vertex.
Again we consider a small neighbor hood abotihat contains no part of any obstacle. We can
shorten the path, as above, implying thds not a shortest path.

From this it follows that the edges that constitute the shortest path must tetwaddns and¢ and
vertices of the obstacles. Each of these edges must have the propeitydibes not intersect the
interior of any obstacle, implying that the endpoints must be visible to each difene formally,
we say that two pointp and ¢ are mutually visibleif the open line segment joining them does not
intersect the interior of any obstacle. By this definition, the two endpoints obatacle edge are not
mutually visible, so we will explicitly allow for this case in the definition below.

Definition: Thevisibility graphof s and¢ and the obstacle set is a graph whose vertices arelt
the obstacle vertices, and verticeandw are joined by an edge if andw are either mutually
visible or if (v, w) is an edge of some obstacle.

It follows from the above claim that the shortest path can be computedsbgdimputing the visibility
graph and labeling each edge with its Euclidean length, and then computingtihessipath by, say,
Dijkstra’s algorithm (see CLR). Note that the visibility graph is not planad, la@nce may consist of
Q(n?) edges. Also note that, even if the input points have integer coordinatesjénto compute
distances we need to compute square roots, and then sums of squaréh@sotsin be approximated
by floating point computations. (If exactness is important, this can really b®kdem, because
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AV

\ 4
Figure 30.1: Visibility graph.

there is no known polynomial time procedure for performing arithmetic with anyisquare roots of
integers.)

Computing the Visibility Graph: We give anO(n?) procedure for constructing the visibility graph of
line segments in the plane. The more general task of computing the visibility gfaharbitrary
set of polygonal obstacles is a very easy generalization. In this cottexvertices are visible if the
line segment joining them does not intersect any of the obstacle line segritntever, we allow
each line segment to contribute itself as an edge in the visibility graph. We will thakgeneral
position assumption that no three vertices are collinear, but this is not haeshttbe with some care.
The algorithm isnot output sensitive. It denotes the number of edges in the visibility graph, then an
O(nlogn + k) algorithm does exist, but it is quite complicated.

The text gives a®) (n? log n) time algorithm. We will give ar® (n?) time algorithm. Both algorithms

are based on the same concept, namely that of performing an angularawead each vertex. The
text’s algorithm operates by doing this sweep one vertex at a time. Our algatiks the sweep for

all vertices simultaneously. We use the fact (given in the lecture on amaegfs) that this angular
sort can be performed for all vertices(n?) time. If we build the entire arrangement, this sorting
algorithm will involve O (n?) space. However it can be implementedifn) space using an algorithm
calledtopological plane sweepTopological plane sweep provides a way to sweep an arrangement
of lines using a “flexible” sweeping line. Because events do not needrtedsave can avoid the
O(logn) factor, which would otherwise be needed to maintain the priority queue.

Here is a high-level intuitive view of the algorithm. First, recall the algorithmcmmputing trape-
zoidal maps. We shoot a bullet up and down from every vertex until it hifgstdine segment. This
implicitly gives us the vertical visibility relationships between vertices and setgniliow, we imag-
ine that anglé continuously sweeps out all slopes fremo to +0o0. Imagine that all the bullet lines
attached to all the vertices begin to turn slowly counterclockwise. If we pkyrind experiment of
visualizing the rotation of these bullet paths, the question is what are the cigmiéivent points, and
what happens with each event? As the sweep proceeds, we will evertetdiynine everything that
is visible from every vertex in every direction. Thus, it should be an ezatyer to piece together the
edges of the visibility graph as we go.

Let us consider this “multiple angular sweep” in greater detail.

Itis useful to view the problem both in its primal and dual form. For each@?2thsegment endpoints
v = (vg,vp), We consider its dual line* : y = v,z — v,. Observe that a significant event occurs
whenever a bullet path in the primal plane jumps from one line segment to anbkieoccurs when

6 reaches the slope of the line joining two visible endpoingndw. Unfortunately, it is somewhat
complicated to keep track of which endpoints are visible and which are tlodigh if we could do
so it would lead to a more efficient algorithm). Instead we will take events @il l@gles) between
two endpoints, whether they are visible or not. By duality, the slope of su@vent will correspond
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Figure 30.2: Visibility graph by multiple angular sweep.

to thea-coordinate of the intersection of dual lines andw* in the dual arrangement. (Convince
yourself of this.) Thus, by sweeping the arrangement oRthelual lines from left-to-right, we will
enumerate all the slope events in angular order.

Next let's consider what happens at each event point. Consider tleeo$tine angular sweep algo-
rithm for some slopd. For each vertex, there are two bullet paths emanating froralong the line
with slopef. Call one theforward bullet pathand the other theackward bullet pathLet f(v) and
b(v) denote the line segments that these bullet paths hit, respectively. If eithedges not hit any
segment then we store a special null value. fAsaries the following events can occur. Assuming
(through symbolic perturbation) that each slope is determined by exactly tes livhenever we ar-
rive at an events slopkthere are exactly two verticesandw that are involved. Here are the possible
scenarios:

W )
V.\ " g f(v)(old) v-&'"’wv)(old)

same invisible entry exit

\ f(v
(new)

/ w W (new

\

Figure 30.3: Possible events.

Same segment:If v andw are endpoints of the same segment, then they are visible, and we add the
edge(v, w) to the visibility graph.

Invisible: Consider the distance fromto w. First, determine whethen lies on the same side as
f(v) orb(v). For the remainder, assume that iffia’). (The case ob(v) is symmetrical).
Compute the contact point of the bullet path shot frenm directiond with segmentf(v). If

this path hitsf(v) strictly beforew, then we know thatv is not visible tov, and so this is a
“non-event”.

Segment entry: Consider the segment that is incidentitoEither the sweep is just about to enter this
segment or is just leaving it. If we are entering the segment, then wésgto this segment.

Segment exit: If we are just leaving this segment, then the bullet path will need to shootnolt a
find the next segment that it hits. Normally this would require some searcfiimgarticular,
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this is one of the reasons that the text'’s algorithm has the éxfiag n) factor—to perform this
search.) However, we claim that the answer is available to G§ 1 time.

In particular, since we are sweeping oveat the same time that we are sweeping avefhus
we know that the bullet extension fromhits f(w). All we need to do is to sef(v) = f(w).

This is a pretty simple algorithm (although there are a number of cases) nkhiefmrmation that we
need to keep track of is (1) a priority queue for the events, and (2jj(theandb(v) pointers for each
vertexv. The priority queue is not stored explicitly. Instead it is available from thedimangement

of the duals of the line segment vertices. By performing a topological soethye arrangement, we
can process all of these eventsiin?) time.
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31 Motion Planning
Reading: Chapt 13 in the 4M’s.

Motion planning: Last time we considered the problem of computing the shortest path of aipsipace
around a set of obstacles. Today we will study a much more generalagtpto the more general
problem of how to plan the motion of one or more robots, each with potentially rdagsees of
freedom in terms of its movement and perhaps having articulated joints.

Work Space and Configuration Space:The environment in which the robot operates is callednvitsk
space which consists of a set of obstacles that the robot is not allowed to inteise assume that
the work space is static, that is, the obstacles do not move. We also asstimedh®plete geometric
description of the work space is available to us.

For our purposes, @bot will be modeled by two main elements. The first is@nfiguration which

is a finite sequence of values that fully specifies the position of the robat. s€bond element is
the robot’s geometric shape description. Combined these two element fulhe dieé robot’s exact
position and shape in space. For example, suppose that the robot imardsabnal polygon that can
translate and rotate in the plane. Its configuration may be described by, thecoordinates of some
reference point for the robot, and an anglhat describes its orientation. Its geometric information
would include its shape (say at some canonical position), given, saysample polygon. Given
its geometric description and a configuration y, #), this uniquely determines the exact position
R(z,y,0) of this robot in the plane. Thus, the position of the robot can be identifiedayitbint in

the robot’sconfiguration space
P &(4,3,45)

R(0,0,0)

Figure 31.1: Configurations of a translating and rotating robot.

A more complex example would be amticulated armconsisting of a set of links, connected to
one another by a set oévolute joints The configuration of such a robot would consist of a vector
of joint angles. The geometric description would probably consist of angé@c representation
of the links. Given a sequence of joint angles, the exact shape of tiwd¢ could be derived by
combining this configuration information with its geometric description. For exanaptgpical 3-
dimensional industrial robot has six joints, and hence its configuratiobe#mought of as a point in

a 6-dimensional space. Why six? Generally, there are three degrégesaddm needed to specify a
location in 3-space, and 3 more degrees of freedom needed to spectfiyehtion and orientation of
the robot’s end manipulator.

Given a pointp in the robot’s configuration space, [Rf(p) denote thglacemenbf the robot at this
configuration. The figure below illustrates this in the case of the planat deffimed above.

Because of limitations on the robot’s physical structure and the obstaotesyery point in configu-
ration space corresponds to a legal placement of the robot. Any coatfiguwhich is illegal in that it
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Work space Configuration space

Figure 31.2: Work space and configuration space.

causes the robot to intersect one of the obstacles is cal@bidden configurationThe set of all for-
bidden configurations is denotéd,,,(R, S), and all other placements are calfeee configurations
and the set of these configurations is denated.(RR, S), or free space

Now consider thenotion planningoroblem in robotics. Given a rob®, an work spacé, and initial
configurations and final configuratiorn (both points in the robot’s free configuration space), deter-
mine (if possible) a way to move the robot from one configuration to the otftow intersecting
any of the obstacles. This reduces to the problem of determining whetherishee path froms to ¢
that lies entirely within the robot's free configuration space. Thus, we mapagk of computing a
robot’s motion to the problem of finding a path for a single point through actiie of obstacles.

Configuration spaces are typically higher dimensional spaces, aneédaubded by curved surfaces
(especially when rotational elements are involved). Perhaps the simpsestacaisualize is that of
translating a convex polygonal robot in the plane amidst a collection of poblgpbstacles. In this
cased both the work space and configuration space are two dimensiamsid€ a reference point
placed in the center of the robot. As shown in the figure above, the [grotesapping to configuration
space involves replacing the robot with a single point (its reference @odtjgrowing” the obstacles
by a compensating amount. These grown obstacles are calfdigjuration obstaclegr C-obstacles.

This approach while very general, ignores many important practicaldssuassumes that we have
complete knowledge of the robot’s environment and have perfect kdgeland control of its place-
ment. As stated we place no requirements on the nature of the path, but inpbgitgal objects can
not be brought to move and stop instantaneously. Nonetheless, thiscab&va is very powerful,
since it allows us to abstract the motion planning problem into a very gemanaétork.

For the rest of the lecture we will consider a very simple case of a conviggignal robot that is
translating among a convex set of obstacles. Even this very simple probkamtumber of interesting
algorithmic issues.

Planning the Motion of a Point Robot: As mentioned above, we can reduce complex motion planning
problems to the problem of planning the motion of a point in free configurapanes First we will
consider the question of how to plan the motion of a point amidst a set of pwygbstacles in the
plane, and then we will consider the question of how to construct confignrspaces.

To determine whether there is a path from one point to another of freegooation space, we will
subdivide free space into simple convex regions. In the plane, we glkgedv how to do this by
computing a trapezoidal map. We can construct a trapezoidal map fortaé 6he segments bound-
ing the obstacles, then throw away any faces that lie in the forbidden.sy¥calso assume that we
have a point location data structure for the trapezoidal map.
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Next, we create a planar graph, callesbad map based on the trapezoidal map. To do this we create
a vertex in the center of each trapezoid and a vertex at the midpoint ofvedatal edge. We create
edges joining each center vertex to the vertices on its (at most four).edges

Figure 31.3: Motion planning using road maps.

Now to answer the motion planning problem, we assume we are given theastdart and destination
pointt. We locate the trapezoids containing these two points, and connect thenctrithsponding
center vertices. We can join them by a straight line segment, because thef tessubdivision are
convex. Then we determine whether there is a path in the road map grapFebdtvese two vertices,
say by breadth-first search. Note that this will not necessarily petheshortest path, but if there is
a path from one position to the other, it will find it.

This description ignores many practical issues that arise in motion plannihg, ib the basis for
many practical motion planning problems. More realistic configuration spaikesontain more
information (for example, encodings of the current joint rotation velociges)will usually refine the
road map to a much finer extent, so that short paths can be approximatedswsk]l as handling
other elements such as guaranteeing minimal clearances around obstacles.

Configuration Obstacles and Minkowski Sums: Let us consider how to build a configuration space for
a set of polygonal obstacles. We consider the simplest case of translatogex polygonal robot
amidst a collection of convex obstacles. If the obstacles are not caimegxye may subdivide them
into convex pieces.

Consider a robofR, whose placement is defined by a translatior= (z,y). Let R(z,y) (also
denotedR(p)) be the placement of the robot with its reference point.aGiven an obstaclé’, the
configuration obstaclés defined as all the placementsRfthat intersecf, that is

CP = {F| R(F) NP #0}.
One way to visualiz&€P is to imagine “scraping’R along the boundary oP and seeing the region
traced out byR'’s reference point.

The problem we consider next is, givéhand P, compute the configuration obstacl®. To do this,
we first introduce the notion of Blinkowski sumLet us violate our notions of affine geometry for a
while, and think of pointgz, y) in the plane as vectors. Given any two s&fsand.S; in the plane,
define theiMinkowski sumo be the set of all pairwise sums of points taken from each set:

S1®S = {p+q|pe S, 7€ 52}

Also, define—-S = {—p'| p € S}. Observe that for the case of a translating robot, we can dRfipe
asR & p.
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Figure 31.4: Configuration obstacles and Minkowski sums.

Claim: Given a translating robd® and an obstacl®&,CP = P & (—R).

Proof: We show thaRR(q) intersectsP ifand only if § € P @& (—R). Note thatf € P& (—R) ifand
only if there existy’ € P and7 € R such thag = p'— 7. Similarly, R(¢)(= R & ¢) intersects
P if and only if there exists point8 € R andp € P such that”+ ¢ = p. These two conditions
are clearly equivalent.

Note that the proof made no use of the convexityfobr P. It works for any shapes and in any
dimension. However, computation of the Minkowski sums is most efficientdovex polygons.

Itis an easy matter to computeR in linear time (by simply negating all of its vertices) the problem of
computing the C-obstact&P reduces to the problem of computing a Minkowski sum of two convex
polygons. We claim that this can be donei(m + n) time, wherem is the number of vertices iR
andn is the number of vertices iF?. We will leave the construction as an exercise.

The algorithm is based on the following observation. Given a vetidre say that a pointis extreme
in directiond if it maximizes the dot produgt - d.

Observation: Given two polygons? and R, then the set of extreme points Bf® R in directiond
is the set of sums of poingsandr that are extreme in directiahfor P and R, respectively.

The book leaves the proof as an exercise. It follows easily by the linexdrihye dot product.

From this observation, it follows that there is a simple algorithm for computingR, when both are
convex polygons. In particular, we perform an angular sweep bgidering a unit vectod'rotating
counterclockwise around a circle. Agotates, it is an easy matter to keep track of the vertex or edge
of P andR that is extreme in this direction. Whenevéis perpendicular to an edge of eithBror

R, we add this edge to the vertex of the other polygon. The algorithm is givémeitext, and is
illustrated in the figure below. The technique of applying one or more anguleeps to a convex
polygon is called the method oftating calipers

AssumingP andR are convex, observe that each edgé’adnd each edge &® contributes exactly
one edge ta®? + R. (If two edges are parallel and on the same side of the polygons, thendtigss
will be combined into one edge, which is as long as their sum.) Thus we havelltheing.

Claim: Given two convex polygonsP and R, with n andm edges respectively, their Minkowski
sumP & R can be computed i®(n + m) time, and consist of at most+ m edges.
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Figure 31.5: Computing Minkowski sums.

Complexity of Minkowski Sums: We have shown that free space for a translating robot is the complement
of a union of C-obstacle§P;, each of which is a Minkowski sum of the forif, & R, where P,
ranges over all the obstacles in the environmenf; lindR are polygons, then the resulting region
will be a union of polygons. How complex might this union be, that is, how maiges and vertices
might it have?

To begin with, let’s see just how bad things might be. Suppose you are gik@botR with m sides
and a set of work-space obstadtewith n sides. How many sides might the Minkowski sutre R
have in the worst case?(n + m)? O(nm), even more? The complexity generally depends on what
special properties if anj andR have.

Nonconvex Robot and Nonconvex ObstaclesSuppose that botfR and P are nonconvex simple poly-
gons. Letm be the number of sides & andn be the number of sides @. How many sides might
there be in the Minkowski sun? & R in the worst case? We can derive a quick upper bound as fol-
lows. First observe that if we triangulai& we can break it into the union of at most- 2 triangles.
That is:

—2
P = U,
_ —2
R = U ?s;.

It follows that

PR =US U (T; 6 8)).
Thus, the Minkowski sum is the union 6f(nm) polygons, each of constant complexity. Thus, there
areO(nm) sides in all of these polygons. The arrangement of all of these line ségamhave at
mostO(n?m?) intersection points (if each side intersects with each other), and henceahisijgper

bound on the number of vertices in the final result.

Could things really be this bad? Yes they could. Consider the two polygonifigire below

left. There areD(n?m?) ways that these two polygons can be “docked”, as shown on the rigbt. Th
Minkowski sumP @ —R is shown in the text. Notice that the large size is caused by the number of
holes. (It might be argued that this is not fair, since we are not reallyesited in the entire Minkowski
sum, just a single face of the Minkowski sum. Proving bounds on the comptEba single face is

an interesting problem, and the analysis is quite complex.)

As a final observation, notice that the upper bound holds evéh(dndR for that matter) is not a
single simple polygon, but any union oaftriangles.

Convex Robot and Nonconvex ObstaclestWe have seen that the worst-case complexity of the Minkowski
sum might range fron®(n + m) to as high ag)(n?m?), which is quite a gap. Let us consider an
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Figure 31.6: Minkowski sum of)(n?m?) complexity.

intermediate but realistic situation. Suppose that we assumePtiigtan arbitraryn-sided simple
polygon, andR is a convexm-sided polygon. Typicallyn is much smaller tham. What is the
combinatorial complexity ofP & R in the worst case? As before we can observe fhatan be
decomposed into the union af— 2 trianglesT;, implying that

PaR=U"2T,®R).

Each Minkowski sum in the union is of complexity + 3. So the question is how many sides might
there be in the union ad(n) convex polygons each witt(m) sides? We could derive a bound on
this quantity, but it will give a rather poor bound on the worst-case contplébo see why, consider

the limiting case ofn = 3. We have the union of convex objects, each of complexity(1). This
could have complexity as high &n?), as seen by generating a criss-crossing pattern of very skinny
triangles. But, if you try to construct such a counter example, you wandltide to do it.

To see why such a counterexample is impossible, suppose that you starbwiitkersecting triangles,
and then take the Minkowski sum with some convex polygon. The claim is tiatritpossible to
generate this sort of criss-cross arrangement. So how complex agemeant can you construct? We
will show the following.

Theorem: Let R be a convexn-gon andP and simplen-gon, then the Minkowski sun? & R has
total complexityO(nm).

Is O(nm) an attainable bound? The idea is to go back to our analogy of “scrafingfound the
boundary ofP. Can we arrang® such that most of the edges®&fscrape over most of thevertices

of P? Suppose thak is a regular convex polygon with sides, and thaP has the comb structure
shown in the figure below, where the teeth of the comb are separated ligrecdist least as large as
the diameter ofk. In this caseR will have many sides scrape across each of the pointy ends of the
teeth, implying that the final Minkowski sum will have total compleXitynm).

The Union of Pseudodisks:Consider a translating robot given asrarsided convex polygon and a collec-
tion of polygonal obstacles having a totaloertices. We may assume that the polygonal obstacles
have been triangulated into at mestriangles, and so, without any loss of generality, let us consider
an instance of am-sided robot translating among a setrofriangles. As argued earlier, each C-
obstacle ha® (3 + m) = O(m) sides, for a total 0 (nm) line segments. A naive analysis suggests
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Q P+R

R

Figure 31.7: Minkowski sum o (nm) complexity.

that this many line segments might generate as man)(a$m?) intersections, and so the complexity
of the free space can be no larger. However, we assert that the cimplethe space will be much
smaller, in fact its complexity will b& (nm).

To show thatO(nm) is an upper bound, we need some way of extracting the special geometcic str
ture of the union of Minkowski sums. Recall that we are computing the urfidn @ R, where the
T;’'s have disjoint interiors. A set of convex objedts;, 0, ..., 0,} is called acollection of pseu-
dodisksif for any two distinct object®; ando; both of the set-theoretic differences,o; ando;\o;

are connected. That s, if the objects intersect then they do not “cnamggtti’ one another. Note that
the pseudodisk property is not a property of a single object, but a gyaat holds among a set of

objects.
o o 9
9
O 9
Pseudodisks Not pseudodisks
Figure 31.8: Pseudodisks.
Lemma 1. Given a set convex objecis, 75, ..., T, with disjoint interiors, and conveR, the set

{I R |1<i<n}

is a collection of pseudodisks.

Proof: Consider two polygon%}; andT5, with disjoint interiors. We want to show thdi ¢ R and
Ty ® R do not cross over one another.
Given any directional unit vectaf, themost extrempoint of R in directiond is the pointr € R
that maximizes the dot produ(:d_’. r). (Recall that we treat the “points” of the polygons as if
they were vectors.) The point @f ¢ R that is most extreme in directiahis the sum of the
pointst andr that are most extreme f@r, andR, respectively.
Given two convex polygon$; and75 with disjoint interiors, they define two outer tangents, as
shown in the figure below. Lel, andds be the outward pointing perpendicular vectors for these
tangents. Because these polygons do not intersect, it follows easﬂysttim dlrectlonal vector
rotates fromd1 to dg, Ty will be the more extreme polygon, and froda to d1 T5 will be the
more extreme. See the figure below.
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Figure 31.9: Alternation of extremes.

Now, if to the contraryl; & R andT; & R had a crossing intersection, then observe that we
can find pointsp; p2, p3, andpy, in cyclic order around the boundary of the convex hull of
(Th @R)U(To®R) such thap,, p3 € Ty @R andps, ps € To @ R. First considep;. Because

it is on the convex hull, consider the directidn perpendicular to the supporting line here. Let
r, t1, andts be the extreme points &, 71 andT5 in directioncfl, respectively. From our basic
fact about Minkowski sums we have

pr=r-+1t P2 =1+ ta.

Sincep; is on the convex hull, it follows that is more extreme thaty in directioncfl, that is,
T, is more extreme thaffi, in directiond; . By applying this same argument, we find thatis

more extreme thafh} in directionsd} andcfg, but thatT’ is more extreme thai; in directions
d} andd}. But this is impossible, since from the observation above, there can besatom®
alternation in extreme points for nonintersecting convex polygons. Segtire fielow.

d, T, extreme d
d d 2 T, extreme
3 3 2
T,+R—
T+ R—w dy
d d, T, extreme
1 T,extreme
d

Figure 31.10: Proof of Lemma 1.

Lemma 2: Given a collection of pseudodisks, with a totalofertices, the complexity of their union
isO(n).

Proof: This is a rather cute combinatorial lemma. We are given some collection of quisks,
and told that altogether they hawevertices. We claim that their entire union has complexity
O(n). (Recall that in general the union afconvex polygons can have complexi®(n?), by
criss-crossing.) The proof is based on a clever charging schema.vEegex in the union will
be charged to a vertex among the original pseudodisks, such thattar isecharged more than
twice. This will imply that the total complexity is at mot..

There are two types of vertices that may appear on the boundary. Eharfr vertices from
the original polygons that appear on the union. There can be atnrssth vertices, and each
is charged to itself. The more troublesome vertices are those that ariseéwdedges of two
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pseudodisks intersect each other. Suppose that two egdgesle, of pseudodisks’; and P
intersect along the union. Follow edge into the interior of the pseudodisk. Two things
might happen. First, we might hit the endpointf this e, before leaving the interiaP;. In this
case, charge the intersectioritoNote thatv can get at most two such charges, one from either
incident edge. I&; passes all the way throughy before coming to the endpoint, then try to do
the same with edge,. Again, if it hits its endpoint before coming out &1, then charge to this
endpoint. See the figure below.

e e
& & &
v
u u

Charge v Charge u Cannot happen
Figure 31.11: Proof of Lemma 2.

But what do we do if botfe; shoots straight througR, ande, shoots straight through; ? Now
we have no vertex to charge. This is okay, because the pseudodsrigromplies that this
cannot happen. If both edges shoot completely through, then the twggumslynust cross over
each other.

Recall that in our application of this lemma, we hav€-obstacles, each of which has at moest 3
vertices, for a total input complexity aD(nm). Since they are all pseudodisks, it follows from
Lemma 2 that the total complexity of the free spac@ism).
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32 Fixed-Radius Near Neighbors

Reading: This material is taken from the paper: “The complexity of finding fixed-radiear neighbors,”
by J. L. Bentley, D. F. Stanat, and E. H. Willianisformation Processing Letter§(6), 1977, 209-212.

Fixed-Radius Near Neighbor Problem: As a warm-up exercise for the course, we begin by considering
one of the oldest results in computational geometry. This problem was eoediback in the mid
70’s, and is a fundamental problem involving a set of points in dimengioWe will consider the
problem in the plane, but the generalization to higher dimensions will be dfi@igiard. The solution
also illustrates a common class of algorithms in CG, which are based on gralgéugs into buckets
that are arranged in a square grid.

We are given a seP of n points in the plane. It will be our practice throughout the course to assume
that each poinp is represented by it&, y) coordinates, denoteg,, p,). Recall that the Euclidean
distance between two pointsandq, denoted|pq/|, is

Ipall = \/(pm — 4z)* + (py — qy)*.

Given the sef” and a distance > 0, our goal is to report all pairs of distinct pointsq € P such
that||pq|| < r. This is called thdixed-radius near neighbor (reporting) problem

Reporting versus Counting: We note that this is eeportingproblem, which means that our objective is to
report all such pairs. This is in contrast to the correspondaumtingproblem, in which the objective
is to return a count of the number of pairs satisfying the distance condition.

It is usually easier to solve reporting problems optimally than counting probldins. may seem
counterintuitive at first (after all, if you can report, then you can celgtaiount). The reason is that
we know that any algorithm that reports some nunibef pairs must take at lea&t(k) time. Thus if
k is large, a reporting algorithm has the luxury of being able to run for a lotige and still claim to
be optimal. In contrast, we cannot apply such a lower bound to a countiogthly.

The approach described here seems to work only for the reporting tasee is a more efficient
solution to the counting problem, but this requires more sophisticated methods.

Simple Observations: To begin, let us make a few simple observations. This problem can easibveel s
in O(n?) time, by simply enumerating all pairs of distinct points and computing the distamwedse
each pair. The number of distinct pairsropoints is

()=

Letting & denote the number of pairs that reported, our goal will be to find an algowthose running
time is (nearly) linear im andk, ideally O(n + k). This will be optimal, since any algorithm must
take the time to read all the input and print all the results. (This assumesearapiesentation of the
output. Perhaps there are more clever ways in which to encode the oukjicit, would require less
thanO(k) space.)

To gain some insight to the problem, let us consider how to solve the 1-dimahsg&nsion, where
we are just given a set of points on the line, say;q, o, . . ., z,. In this case, one solution would be
to first sort the values in increasing order. Let suppose we havelgldeme this, and so:

1 <2< ...<Tp.

32-1 Copyright 2010, David M. Mount



Computational Geometry Notes Fixed-Radius Near Neighbor

Now, for i running from 1 ton, we consider the successive poimtsi, 12, x;13, and so on, until
we first find a point whose distance exceeddVe reportz; together with all succeeding points that
are within distance.

— -
X1 XX3 X4 X5 X
| |
- [

Figure 32.1: Fixed radius nearest neighbor on the line.

The running time of this algorithm involves tli&n log n) time needed to sort the points and the time
required for distance computations. Lgtdenote the number of pairs generated when we yjsit
Observe that the processingmfinvolvesk; + 1 distance computations (one additional computation
for the points whose distance exceedlsThus, up to constant factors, the total running time is:

T(n,k) = nlogn+2(ki+1) = nlogn—l—n—FZkZ—
i=1 =1
= nlogn+n+k = O(k+nlogn).

This is close to the (k + n) time we were hoping for. It seems that any approach based on sorting
is doomed to take at lea€t(n log n) time. So, if we are to improve upon this, we cannot sort. But is
sorting really necessary? Let us consider an approach basedketihgc

1-dimensional Solution with Bucketing: Rather than sorting the points, suppose that we subdivide the line
into intervals of lengthr. In particular, we can take the line to be composed of an infinite collection
of half-open intervals:

ooy [=3r,=2r), [<2r,—71), [-7,0), [0,7), [r,2r), [2r,3r),...

We refer to these disjoint intervals asckets Given the intervalbr, (b + 1)r), its bucket indexs

the integerb. Given any pointz, it is easy to see that the index of the containing bucket is just
b(x) = |z/r]. Thus, inO(n) time we can associate thepoints of P with a set ofn integer bucket
indices,b(z) for eachz € P. Although there are an infinite number of buckets, at moauiill be
occupied meaning that they contain at least one poinPof

There are a number of ways to organize the occupied buckets. Thiey/lmaorted, but then we are
back toO(nlogn) time. Since bucket indices are integers, a better approach is to store thpeatc
bucket indices in &ash table Recall from basic data structures that a hash table is a data structure
that supports the following operations@h(1) expected time:

insert(o,b) : Insert objecb with key valueb. We allow multiple objects to be inserted with the same
key.

L + find(b) : Return alistL of references to objects having key valud his operation take® (1 +
|L|) expected time. If no keys have this value, then an empty list is returned.

remove(o, b) : Remove the object indicated by referemcdaving key valué from the table.
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Each point is associated with the key value given by its bucket index [z/r|. Thus inO(1)
expected time, we can determine which bucket contains a given point aathisducket up in the
hash table.

The fact that the running time is in the expected case, rather than woessaabit unpleasant. How-
ever, it can be shown that by using a good randomized hash functioprdbability that the total
running time is worse tha®(n) can be made arbitrarily small. If the algorithm performs signifi-
cantly more than the expected number of computations, we can simply chossrardifandom hash
function and try again. This will lead to a very practical solution.

How does bucketing help? Observe that if pgitiies in bucket, then any successors that lie within
distancer must lie either in bucket or in b + 1. This suggests the straightforward solution shown
below.

Fixed-Radius Near Neighbor on the Line by Bucketing
(1) Foreachp € P, insertp in the hash table with the key valbép).
(2) For eaclp € P do the following:

(a) Letb(p) be the bucket containing

(b) Enumerate all the points of buckéi®) andb(p) + 1, and for each poing € b(p) U b(p) + 1 such that
q # p and|q — p| < r, output the pai(p, q).

Note that this will output duplicate pair®, ¢) and (¢, p). If this bothers you, we could add the
additional condition thaj > p. The key question is determining the time complexity of this algorithm
is how many distance computations are performed in step (2b). We commdr@a@at in buckeb
with all the points in buckets andb + 1. However, not all of these distance computations will result
in a pair of points whose distance is within Might it be that we waste a great deal of time in
performing computations for which we receive no benefit? The lemma belowssthat we perform
no more than a constant factor times as many distance computations and paire firaduced.

It will simplify things considerably if, rather than counting distinct pairs ofrp®, we simply count

all (ordered) pairs of points that lie within distancef each other. Thus each pair of points will be
counted twice(p, ¢) and(q, p). Note that this includes reporting each point as a faip) as well,
since each point is within distaneeof itself. This does not affect the asymptotic bounds, since the
number of distinct pairs is smaller by a factor of rough}2.

Lemma: Let & denote the number of (not necessarily distinct) pairs of point® tfiat are within
distance- of each other. LeD denote the total number distance computations made in step (2b)
of the above algorithm. Thep < 2k.

Proof: We will make use of the following inequality in the proof:
22 + 52

xy < 5

This follows by expanding the obvious inequality — y)? > 0.
Let B denote the (infinite) set of buckets. For any budket B, letb + 1 denote its successor
bucket on the line, and let, denote the number of points éfin b. Define

S:an.

beB
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First we bound the total number of distance computatibres a function ofS. Each point in
bucketb computes the distance to every other point in buélatd every point in bucket+ 1,
and hence

D = an(nb+nb+1) = Zn§+nbnb+1 = anﬂLGban

beB beB beB beB

Z ng n Z "g +2”g+1

beB beB

IN

2 2
_ Z 2 an Z”bﬂ _ S5
beB beB beB

Next we bound the number of pairs reported from below as a functigh &ince each pair of
points lying in buckeb is within distance- of every other, there are; pairs in buckeb alone
that are within distance of each other, and hence (considering just the pairs generated within
each bucket) we have> S.
Therefore we have

D <28 <2k,

which completes the proof.

By combining this with the)(n) expected time needed to bucket the points, it follows that the total
expected running time i©(n + k).

A worthwhile exercise to consider at this point is the issue of the bucket widdow would changing

the value ofr affect the implementation of the algorithm and its efficiency? For example, ifsgd u
buckets of size/2 or 2r, would the above algorithm (after suitable modifications) have the same
asymptotic running time? Would buckets of size any constant tinvesrk?

Generalization to d dimensions: This bucketing algorithm is easy to extend to multiple dimensions. For
example, in dimension 2, we bucket points into a square grid in which eactsauigre is of side
lengthr. (As before, you might consider the question of what values of bugikes lead to a correct
and efficient algorithm.) The bucket index of a point (p,, py) is a pairB(p) = (b(pz), b(py)) =
(lpz/r], lpy/r]). We apply a hash function that accepts two arguments. To generalize tiniharg
for each point we consider the points in its surrounding 3 subgrid of buckets. The result is shown
in the following code fragment.

3 ]

r

Figure 32.2: Fixed radius nearest neighbor on the plane.
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Fixed-Radius Near Neighbor in the Plane
(1) For eachp = (p.,py,) of P, insertp in the hash table with the (2-dimensional) bucket indefp) =
(0(pa), b(py))-
(2) For eaclp € P do the following:
(a) LetB(p) = (b(ps).b(py)) be the bucket index fap.

(b) Enumerate all the points of buckétgp,,) + i, b(p,) + j), fori,j € {—1,0,+1}. For each such poin,
if [[pg|| < r, output the paifp, q).

By generalizing the analysis used in the 1-dimensional case, it can berghawthe algorithm’s
expected running time i©(n + k). The details are left as an exercise (we just have more terms to
consider, but each cell is involved with at most 9 other cells which is abdadrtio the constant factor
hidden by the O-notation).

This example problem serves to illustrate some of the typical elements of compatajeometry.
Geometry itself did not play a significant role in the problem, other than thevelatasy task of
computing distances. We will see examples later this semester where geomysra piauch more
important role. The major emphasis was on accounting for the algorithm’sngitime. Also note
that, although we discussed the possibility of generalizing the algorithm tortdghensions, we did
not treat the dimension as an asymptotic quantity. In fact, a more careflysengeveals that this
algorithm’s running time increases exponentially with the dimension. (Can yowlisg?)
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33 More Convex Hull Algorithms

Reading: Today’s material is not covered in the 4M’s book. Chan’s output seesalgorithm can be found
in T. Chan, “Optimal output-sensitive convex hull algorithms in two and thisedsions”,Discrete and
Computational Geometyyl6, 1996, 361-368.

Output Sensitive Convex Hull Algorithms: It turns out that in the worst-case, convex hulls cannot be
computed faster than i2(n log n) time. One way to see this intuitively is to observe that the convex
hull itself is sorted along its boundary, and hence if every point lies onulgthen computing the
hull requires sorting of some form. Yao proved the much harder restiltidtarmining which points
are on the hull (without sorting them along the boundary) still requir@slogn) time. However
both of these results rely on the fact that all (or at least a constanipimof the points lie on the
convex hull. This is often not true in practice.

The Jarvis's March algorithms that we saw last time raises the question ofojusialst can convex
hulls be computed assuming we allow the running time to be described in terms dfibdatiput size

n and the output siz&. Many geometric algorithms have the property that the output size can be a
widely varying function of the input size, and worst-case output size map@ a good indicator of
what happens typically. An algorithm which attempts to be more efficient foll fmgput sizes is
called anoutput sensitive algorithprand running time is described as a asymptotic function of both
input size and output size.

Chan’s Algorithm: Given than any convex hull algorithm must take at le@st) time, and given that
“logn” factor arises from the fact that you need to sort the at magsbints on the hull, if you were
told that there are only. points on the hull, then a reasonable target running tim@(islog h).
(Below we will see that this is optimal.) Kirkpatrick and Seidel discovered divels complicated
O(nlog h) time algorithm, based on a clever pruning method in 1986. The problem wagleced
closed until around 10 years later when Timothy Chan came up with a much siahgdeithm with
the same running time. One of the interesting aspects of Chan’s algorithm isitivalves cleverly
combining two slower algorithms (Graham’s scan and Jarvis's March) teg&thorm an algorithm
that is faster than either one.

The problem with Graham'’s scan is that it sorts all the points, and henceoimatbto having an
Q(nlogn) running time, irrespective of the size of the hull. On the other hand, Jamviaich can
perform better if you have few vertices on the hull, but it taf€s) time for each hull vertex.

The first observation is that if we hope to achieve a running tim@ @flog ), we can only afford

a log factor depending oh. So, if we run Graham’s algorithm, we are limited to considering sets of
sizeh. (Actually, any polynomial im will work as well, since for any constantwe havelog h¢ =

clog h = O(log h). We’'ll use this observation later on.) We do not know the valué of advance,

but suppose for now that we had an estimateifazall it m, whose value is at least as largeradput

not too much larger (saly < m < h?).

Chan’sidea is to partition the points into groups, each ofsiz&he number of groups is= [n/m].

For each group we compute its hull using Graham’s scan, which @k@dog m) time per group, for

a total time ofO(rmlogm) = O(nlogm). Sincem < h?, this isO(n logh), and so we are within
our desired execution time budget. (Note, by the way, that since each gran arbitrary subset of
P, we cannot assume that it will hawepoints on its hull. The number of hull points per group can be
as large asn.)
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This leaves the question of how to merge thegedividual hulls together into a single hull. The idea
is to run Jarvis’s march, but we treat each group as if it is a “fat poing€teHve take advantage of the
fact that you can compute the tangents between a point and a coergex in O(log m) time. (We
will leave the proof of this fact as an exercise, but observe that fintti@gpoint of tangency can be
reduced to a sort of binary search.) Note that since each “fat point’el§ &sconvex polygon, it is
quite possible that the next hull vertex comes from the same group as teatosrtex.

Let’s analyze the running time. We know that there/apoints on the final hull, and therefore at most
h of r group hulls can contribute to the final hull. That is, there are at fnetps in the Jarvis march,
where each step involves computingangents, and each tangent tak&dog m) time to compute.
Putting this together, we find that the overall time for the merging phase of thathlyg is

O(hrlogm) = O (h% 1ogm)

time. Combining these two parts, we get a total of

O ((n+h%> 1ogm)

time. By our assumption that < m < h? it follows that the total time i€)(n log k), as desired.

There is still one problem here. We do not know whas in advance, and therefore we do not know
whatm should be when running the algorithm. We will see how to remedy this later. dvarlaet’s
imagine that someone tells us the valuenaf The following algorithm works correctly as long as
m > h. If we are wrong, it returns a special error status.

Chan’s Partial Convex Hull Algorithm (Givem)

PartialHull (P, m) :

(1) Letr = [n/m]. PartitionP into disjoint subset®;, P, ..., P, each of size at most.
(2) Fori =1tordo:

(a) Computddull(P;) using Graham’s scan and store the vertices in an ordereg arra
(3) Letpy = (—o0,0) and letp; be the bottommost point dP.
(4) Fork =1tom do:

(@) Fori =1tor do:

e Compute point; € P; that maximizes the anglép; _1prq;.
(b) Letpy. be the poiny € {q,...,q. } that maximizes the anglép; _1pxq.

(c) If pxr1 = p1 thenreturn(ps, ..., pk).
(5) Return “Fail:m was too small, try again.”

We assume that we store the convex hulls from step (2a) in an ordeegdsarthat the step inside
the for-loop of step (4a) can be solveddrlog m) time using binary search. Otherwise, the analysis
follows directly from the comments made earlier.

The only question remaining is how do we know what value to given® We could trym =
1,2,3, ..., until we luck out and have: > h, but this would take too long. (Convince yourself that
this will take a total time of)(nhlog h), which is even worse than Jarvis’'s march.)

Binary search forn is a more efficient option than linear search, but if we guess to large a falue
m (e.g.,m = n/2) then we are immediately stuck with(n log n) time, and this is too slow. In order
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-

Figure 33.1: Chan’s Convex Hull Algorithm.

to avoid this, a neat trick is to start with a small valuenofe.g.,m = 1) and repeatly increase it by
doubling until we succeed. That is, we run the algorithm with= 1,2,4,8, ..., 2! until it succeeds.
This is calleddoubling search Unfortunately, it turns out that this is still too slow. (You should do
the analysis yourself and convince yourself that it will result in a runtimg of O(m log? h). Better
but still not the best.)

The dependence in running time emis only in the log term. As we observed earlier, as long as
our value ofm is within a polynomial ofh, that is,m < h¢ for some constant, then the running
time will still be O(nlog h). Chan’s approach is to guess successively larger values ech time
squaring the previous value, until the algorithm returns a successfilt.r©bserve that the sequence
of choices is therefore

m = 2,4.16,...
m = 219291 92

This suggests the algorithm shown below.

Chan’s Complete Convex Hull Algorithm

Hull (P) :
(1) Fort=1,2,...do:
(a) Letm = min(22,n).
(b) Invoke PartialHull P, m), returning the result irdL.
(c) If L # “Falil” then returnL.

Note that22’ has the effect of squaring the previous valuerof How long does this take? Theth
iteration takes)(nlog 22') = O(n2!) time. We know that it will stop as soon 28" > h, that is if
t = [lglgh]. (We will uselg to denote logarithm base 2.) Using the fact thaff_, 2¢ = 2F+1 — 1,
the running time (up to constant factors) is

lglgh lglgh
Z n2t = n Z 2t < paltlsleh — gpolelsh — oplgh = O(nlogh),
t=1 t—1

which is just what we want.
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Lower Bound: Next we will show that Chan’s result is asymptotically optimal in the sense thahalgo-
rithm for computing the convex hull of points withh points on the hull requireQ(n log k) time. The
proof is a generalization of the proof that sorting a set atimbers requireQ(n log n) comparisons.

If you recall the proof that sorting takes at le&Xt: log n) comparisons, it is based on the idea that
any sorting algorithm can be described in terms afe@ision tree Each comparison has at most

3 outcomes £, =, or >). Each such comparison corresponds to an internal node in the tree. Th
execution of an algorithm can be viewed as a traversal along a path insihiérg 3-ary tree. The
height of the tree is a lower bound on the worst-case running time of thathlgoiThere are at least

n! different possible inputs, each of which must be reordered differentty so you have a 3-ary tree
with at leastn leaves. Any such tree must hal¢log; n!) height. Using Stirling’s approximation for

n!, this solves td2(n log n) height.

We will give an(nlogh) lower bound for the convex hull problem. In fact, we will give an
Q(nlogh) lower bound on the following simpler decision problem, whose output is eitegroy
no.

Convex Hull Size Verification Problem (CHSV): Given a point sef” and integerh, does the con-
vex hull of P haveh distinct vertices?

Clearly if this takes2(n log h) time, then computing the hull must take at least as long. As with
sorting, we will assume that the computation is described in the form of a dedisi®. Assuming
that the algorithm uses only comparisons is too restrictive for computing xdnués, so we will
generalize the model of computation to allow for more complex functions. Weresthat we are
allowed to compute any algebraic function of the point coordinates, anthtesign of the resulting
function. The result is calleda@gebraic decision tree

The input to the CHSV problem is a sequence2af = N real numbers. We can think of these
numbers as forming a vectot,, 2z, ..., zxy) = Z € RY, which we will call aconfiguration Each
node of the decision tree is associated with a multivariate algebraic formutgcéelat mosi. e.g.

f(2) = 2124 — 22326 + 522,

would be an algebraic function of degree 2. The node branches infadheee ways, depending on
whether the result is negative, zero, or positive. (Computing orientasiodslot-products both fall
into this category.) Each leaf of the resulting tree corresponds to a poasier that the algorithm
might give.

For each input vector to the CHSV problem, the answer is either “yes” or “no”. The set of alE"ye
points is just a subset of poinks ¢ R, that is a region in this space. Given an arbitrary inpthe
purpose of the decision tree is to tell us whether this point i§ ior not. This is done by walking
down the tree, evaluating the functions ®and following the appropriate branches until arriving at a
leaf, which is either labeled “yes” (meaniage Y) or “no”. An abstract example (not for the convex
hull problem) of a region of configuration space and a possible algetheaision tree (of degree 1)
is shown in the following figure. (We have simplified it by making it a binary trée dhis case the
input is just a pair of real numbers.

We say that two points, v € Y are in the sameconnected componewf Y if there is a path
in RY from @ to ¥ such that all the points along the path are in theYse{There are two connected
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The set A partition by algebraic The associated decision tree
(in fact linear) functions

Figure 33.2: The geometric interpretation of an algebraic decision tree.

components in the figure.) We will make use of the following fundamental reswtgebraic decision
trees, due to Ben-Or. Intuitively, it states that if your set MaTonnected components, then there
must be at least/ leaves in any decision tree for the set, and the tree must have heighttahieas
logarithm of the number of leaves.

Theorem: LetY € RY be any set and I&F be anyd-th order algebraic decision tree that determines
membership iV If W hasM disjoint connected components, tHEmust have height at least
Q((log M) — N).

We will begin our proof with a simpler problem.

Multiset Size Verification Problem (MSV): Given a multiset ofn real numbers and an integky
confirm that the multiset has exactiydistinct elements.

Lemma: The MSV problem require€(n log k) steps in the worst case in tleth order algebraic
decision tree

Proof: In terms of points inR", the set of points for which the answer is “yes” is
Y ={(21,22,...,2n) € R" | {z1,22,...,2n}| = k}.

It suffices to show that there are at least™* different connected components in this set,
because by Ben-Or’s result it would follow that the time to test membershipviould be

Qlog(k!k" %) —n) = Q(klogk + (n—k)logk —n) = Q(nlogk).

Consider the all the tuple&y, . .., z,) with z1,... z; set to the distinct integers from 1 tg
andzpy1 ...z, each set to an arbitrary integer in the same range. Clearly thefé a@ys to
select the firsk elements an@™* ways to select the remaining elements. Each such tuple has
exactly & distinct items, but it is not hard to see that if we attempt to continuously modify one
of these tuples to equal another one, we must change the number of diimeints, implying

that each of these tuples is in a different connected componént of

To finish the lower bound proof, we argue that any instance of MSV eaedbuced to the convex hull
size verification problem (CHSV). Thus any lower bound for MSV prabépplies to CHSV as well.

Theorem: The CHSV problem requirel(n log i) time to solve.
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Proof: Let Z = (z1,...,2,) andk be an instance of the MSV problem. We create a point set
{p1,...,pn} in the plane where; = (z;, 22), and seth = k. (Observe that the points lie on
a parabola, so that all the points are on the convex hull.) Now, if the mulisets exactlyk
distinct elements, then there are exaétly= k points in the point set (since the others are all
duplicates of these) and so there are exdcthpints on the hull. Conversely, if there drgoints
on the convex hull, then there were exadily- £ distinct numbers in the multiset to begin with
inZ.
Thus, we cannot solve CHSV any faster tham log i) time, for otherwise we could solve
MSV in the same time.

The proof is rather unsatisfying, because it relies on the fact that #rerenany duplicate points.
You might wonder, does the lower bound still hold if there are no duplicak@k®atric and Seidel
actually prove a stronger (but harder) result that(®te log i) lower bound holds even you assume
that the points are distinct.

33-6 Copyright 2010, David M. Mount



Computational Geometry Notes Polytopes and Hulls

34 Multidimensional Polytopes and Convex Hulls

Reading: Today’s material is not covered in the 4M’s book. See the balglorithmic Geometryy Bois-
sonnat and Yvinec.

Polytopes: Today we consider convex hulls in dimensions 3 and higher. Although dimmengreater than
3 may seem rather esoteric, we shall see that many geometric optimizatiompsatale be stated as
some search over a polytopedrdimensional space, whedamay be greater than 3.

Before delving into this, let us first present some basic terms. We definl/tope(or more specifi-
cally ad-polytope) to be the convex hull of a finite set of pointRifhh We say that a set df points is
affinely independerit no one point can be expressed as an affine combination (that is, adiodi-
nation whose coefficients sum to 1) of the others. For example, three poingdfinely independent
if they are not on the same line, four points are affinely independent ifafeegiot on the same plane,
and so on. The convex hull &+ 1 affinely independent points is calledsenplexor k-simplex For
example, the line segment joining two points is a 1-simplex, the triangle definedd®y/dbints is a
2-simplex, and the tetrahedron defined by four points is a 3-simplex.

SRV

O-simplex  1-simplex 2-simplex 3-simplex Supporting hyperplane

Figure 34.1: Simplices and supporting hyperplane.

Any (d — 1)-dimensional hyperplang in d-dimensional space divides the space into (open) halfs-
paces, denoted~ andht, so thatR? = h~ UhUht. Letus definéh— = h~ Uh andht = ht U R

to be the closures of these halfspaces. We say that a hypeguppertsa polytopeP (and is called
asupporting hyperplanef P) if h N P is nonempty andP is entirely contained within eithér— or

ht. The intersection of the polytope and any supporting hyerplane is cafteckaf P. Faces are
themselves convex polytopes of dimensions ranging from®@-tol. The 0-dimensional faces are
calledvertices the 1-dimensional faces are calledgesand the(d — 1)-dimensional faces are called
facets (Note: When discussing polytopes in dimension 3, people often use théfssetiwhen they
mean “facet”. It is usually clear from context which meaning is intended.)

a
Vertices: a, b, ¢, d
b d Edges: ab, ac, ad, bc, bd, cc
c Facets: abc, abd, acd, bcd

Figure 34.2: A tetrahedron and its proper faces.

The faces of dimensions 0 @ — 1 are calledproper faces It will be convenient to define two
additional faces. The empty set is said to be a face of dimensioand the entire polytope is said
to be a face of dimensio# We will refer to all the faces, including these two additional faces as the
improper faceof the polytope.

There are a number of facts that follow from these definitions.
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The boundary of a polytope is the union of its proper faces.

A polytope has a finite number of faces. Each face is a polytope.

A polytope is the convex hull of its vertices.

A polytope is the intersection of a finite number of closed halfspaces. (Natd¢hé converse
need not be true, since the intersection of halfspaces may generallypbbanded. Such an
unbounded convex body is either callegdayhedronor aunbounded polytopke

Observe that @-simplex has a particularly regular face structure. If wevlgtvy, vo, . .., vq denote

the vertices of the simplex, then for each 2-elemen{sgt; } there is an edge of the simplex joining
these vertices, for each 3-element §&t v;, v} there is a 3-face joining these these three vertices,
and so.

Fact: The number ofj-dimensional faces on @&simplex is equal to the numbéy + 1)-element
subsets of domain of sizé+ 1, that is,

(d+1>  (d+ 1)
i+1)  (G+DNd—j)

Incidence Graph: How are polytopes represented? In addition to the geomtric properties pblytepe
(e.g., the coordinates of its vertices or the equation of its faces) it is usedidre discrete connectivity
information, which is often referred to as ttopologyof the polytope. There are many representations
for polytopes. In dimension 2, a simple circular list of vertices sufficesdifmension 3, we need
some sort of graph structure. There are many data structures thabbéeneproposed. They are
evaluated based on the ease with which the polytope can be traversedeaathahnt of storage
needed. (Examples include tindnged-edgequad-edge and half-edgedata structures. We may
discuss these later in the semester.)

A useful structure for polytopes in arbitrary dimensions is callednbilence graph Each node of
the incidence graph corresponds to an (improper) face of the polyWpecreate an edge between
two faces if their dimension differs by 1, and one (of lower dimension) isainad within the other
(of higher dimension). An example is shown in Hig. 34.3 below for a simplexe ke similarity
between this graph and the lattice of subsets based on inclusion relation.

Figure 34.3: The incidence graph for a tetrahedron.

Polarity: There are two natural ways to create polytopes. One is as the conveof huslet of points and
the other is as the intersection of a collection of closed halfspaces (assitrnsitgpunded). These
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two concepts are essentially identical, and this can be observed by thdrpakformation, which
maps points to hyperplanes and vice versa. Fix any goiint d-dimensional space. We may think
of O as the origin, and therefore, any point R? can be viewed as @&element vector. (10 is not
the origin, therp can be identified with the vectegr— O.) Thepolar hyperplaneof p, denoted* is
defined by

p'={zeR!|(p-2) =1},
where the expressigp- z) is just the standard vectdot-product((p-x) = p1z1+paza+- - -+ pazq)-
Observe that ip is on the unit sphere centered aboytthenp* is a hyperplane that passes through
p and is orthogonal to the vectarp. As we movep away from the origin along this vector, the dual
hyperplane moves closer to the origin, and vice versa, so that the praidheir distances from the
origin is always 1.

Now, let h be any hyperplane that does not contéin The pole of i, denotedh* is the point that
satisfies
(h*-x2)=1 forall z € h.

/ Incidence PreserV|n¢/
/ Inclusion Reversing \

Figure 34.4: The polar transformation and its properties.

The Polar Transformation

Clearly this double transformation is an involution, that(ig})* = p and (h*)* = h. The polar
transformation preserves important geometric relationships. Given adigpeh, define

= {zeR¥|(z-h*) <1} h™ = {z eRY|(z-h*) > 1}
That is,h ™ is the open halfspace containing the origin andis the other open halfspace fbr

Claim: Letp be any pointirR¢ and leth be any hyperplane iR?. The polar transformation satisfies
the following two properties.
Incidence preserving: The polarity transformation preserves incidence relationships between
points and hyerplanes. That jshelongs ta if and only if A* belongs top*.
Inclusion Reversing: The polarity transformation reverses relative position relationships in the
sense thap belongs toh* if and only if 2* belongs to(p*)*, andp belongs toh~ if and
only if »* belongs ta(p*)~.

In general, any bijective transformation that preserves incidence maigocalled eduality. The

above claim implies that polarity is a duality.

We can now formalize the aforementioned notion of polytope equivalertezidea will be to trans-
form a polytope defined as the convex hull of a finite set of points to a pmdydefined as the intersec-
tion of a finite set of closed halfspaces. To do this, we need a way of ngapgioint to a halfspace.
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Our approach will be to take the halfspace that contains the origin. Fapa@inyp € R¢ define the
following closed halfspace based on its polar:

(The notation is ridiculous, but this is easy to parse. First consider thelpgiarplane op, and take
the closed halfspace containing the origin.) Observe that if a halfgpac®ntainsp, then by the
inclusion-reversing property of polarity, the polar pafritis contained withip# .

Now, for any set of point® C R¢, we define itpolar imageto be the intersection of these halfspaces
P#* ={zeRY|(z-p) <1,Vpe P}.

Thus P# is the intersection of an (infinite) set of closed halfspaces, one for paichp € P. A
halfspace is convex and the intersect of convex sets is convéX? $e a convex set.

To see the connection with convex hulls,$&t= {p1, ..., p,} be a set of points and I1ét = conv(.5).

Let us assume that the origin is contained withinP. (We can guarantee this in a number of ways,
e.g., by translating® so its center of mass coincides with the origin.) By definition, the convex hull
is the intersection of the set of all closed halfspaces that costaifhat is, P is the intersect of an
infinite set of closed halfspaces. What are these halfspaces? i a halfspace that contains all
the points ofS, then by the inclusion-reversing property of polarity, the polar pbinis contained
within all the hyperplanepj*, which implies thath* € P#. This means that, through polarity, the
halfspaces whose intersection is the convex hull of a set of points istedlyeequivalent to the polar
points that lie within the polar image of the convex hull.

Convex Hull Polar Image

Figure 34.5: The polar image of a convex hull.

Lemma: LetS = {pi,...,p,} be a set of points ilR? and letP = conv(S). Then its polar image
is the intersection of the corresponding polar halfspaces, that is,

n
P# = ﬂp;“h
i=1

Furthermore:

(i) A point a € R? lies on the boundary oP if and only if the polar hyperplane* supports
P#.

(i) Eachk-face ofP corresponds to & — 1 — k)-face of P and given faceg:, f» of P where
f1 C f2, the corresponding face§”, fi* of P# satisfy /i D fi. (Thatis, inclusion
relations are reversed.)
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It is not hard to prove that the polar image of a polytope is an involution, tha@@19# = P. (See
Boissonnat and Yvinec for proofs of all these facts.)

Thus, the polar imag@®?# of a polytope is structurally isomorphic 8 and all affine relations on

P map through polarity td°?#. From a computational perspective, this means that we compute the
polar of all the points ofP, consider the halfspaces that contain the origin, and take the intersection
of these halfspaces. Thus, the problems of computing convex hulls amglitiog the intersection of
halfspaces are computationally equivalent. (In fact, once you haveutedhfhe incidence graph for
one, you just flip it “upside-down” to get the other.)

For example, if you know youPlatonic solids(tetrahedron, cube, octahedron, dodecahedron, and
icosahedron), you may remember that the square and octahedronardymds, the dodecahedron
and icosohedron are polar duals, and the tetrahedron is self-dual.

Simple and Simplicial Polytopes: Observe that if a polytope is the convex hull of a set of points in general
position, then folb < j < d — 1, eachj-face is aj-simplex. A polytope isimplicial if all its proper
faces are simplices.

If we take a dual view, consider a polytope that is the intersection of & sehalfspaces in general
position. Then eaclhi-face is the intersection of exactly — j) hyperplanes. A polytope is said to
be simpleif each j-face is the intersection of exactly — j)-hyperplanes. In particular, this implies
that each vertex is incident to exactlyfacets. Further, eachface can be uniquely identified with a
subset ofl — j hyperplanes, whose intersection defines the face. Following the samaogitche
previous paragraph, it follows that the number of vertices in such a p@ysamaively at mosD (n).
(Again, we'll see later that the tight bounddgn'%/2!).) It follows from the results on polarity that a
polytope is simple if any only if its polar is simplicial.

An important observation about simple polytopes is that the local regiomdreach vertex is equiv-
alent to a vertex of a simplex. In particular, if we cut off a vertex of a simplgtppe by a hyperplane
that is arbitrarily close to the vertex, the piece that has been cut off-simplex.

It easy to show that among all polytopes having a fixed number of vertsieglicial polytopes
maximize the number of faces of all higher degrees. (Observe that asleehere must be degeneracy
among the vertices. Perturbing the points breaks the degeneracy, argkemellally split faces of
higher degree into multiple faces of lower degree.) Dually, among all polgtogeing a fixed number
of facets, simple polytopes maximize the number of faces of all lower degrees

Another observation allows us to provide crude bounds on the numbaces bf various dimensions.
Consider first a simplicial polytope havingvertices. Eacl{j — 1)-face can be uniquely identified
with a subset of points whose convex hull gives this face. Of course, unless the pelid@simplex,
not all of these subsets will give rise to a face. Nonetheless this yieldsltbeihg naive upper bound
on the numbers of faces of various dimensions. By applying the polarfdramstion we in fact get
two bounds, one for simplicial polytopes and one for simple polytopes.

Lemma: (Naive bounds)
(i) The number faces of dimensigrof a polytope withn vertices is at mos@gﬁl).
(i) The number of faces of dimensignof a polytope withn facets is at mos(fdﬁj).
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Simplicial Polytope Simple Polytope

Figure 34.6: Simplicial and simple polytopes.

These naive bounds are not tight. Tight bounds can be derived nsirg sophisticated relations on
the numbers of faces of various dimensions, calledlen-Sommerville relationdVe will not cover
these, but see the discussion below of the Upper Bound Theorem.

The Combinatorics of Polytopes: Let P be ad-polytope. For-1 < k < d, letn,(P) denote the number
of k-faces ofP. Clearlyn_,(P) = n4(P) = 1. The numbers of faces of other dimensions generally
satisfy a number of combinatorial relationships. The simplest of these is &alleds relation

Theorem: (Euler’'s Relation) Given ang-polytopeP we haveZi:_l(—l)knk(P) = 0.

This says that the alternating sum of the numbers of faces sums to 0. Foplexa cube has 8
vertices, 12 edges, 6 facets, and together with the faces of dimensiandd we have

-14+8-124+6-1=0.

Although the formal proof of Euler’s relation is rather complex, there isrg @asy way to see why
its true. First, consider the simplest polytope, namellysamplex, as the base case. (This is easy to
see if you recall that for a simplex; = (jlﬁ) If you take the expressiofi — 1)¢*! and expand

it symbolically (as you would for example f@r + b)? = a* + 2ab + b*) you will get exactly the
sum in Euler's formula. Clearlyl — 1)4*! = 0. The induction part of the proof comes by observing
that in order making a complex polytope out of a simple one, essentially invalseses of splitting
operation. Every time you split a face of dimensjgryou do so by adding a face of dimensipa 1.
Thus,n;_; andn; each increase by one, and so the value of the alternating sum is undhange

Euler’s relation can be used to prove that the convex hull of a setmdints in 3-space ha9(n)
edges and(n) faces. However, what happens as dimension increases? We will thefe@lowing
theorem. The remarkably simple proof is originally due to Raimund Seidel. Wetatid the theorem
both in its original and dual form.

The Upper Bound Theorem: A polytope defined by the convex hull afpoints inR? hasO(nWQJ)
facets.

Upper Bound Theorem (Polar Form): A polytope defined by the intersectionhalfspaces iiR?
hasO(nl%/2]) vertices.

Proof: It is not hard to show that among all polytopes, simplicial polytopes maximize uheaer
of faces for a given set of vertices and simple polytopes maximize the nwhbertices for a
given set of faces. We will prove just the polar form of the theorem thadather will follow by
polar equivalence.
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Consider a polytope defined by the intersectiommadhalfspaces in general position. Let us
suppose by convention that thg axis is the vertical axis. Given a face, its highest vertex
and lowest vertices are defined as those having the maximum and minipuaoordinates,
respectively. (There are no ties if we assume general position.)

The proof is based on a charging argument. We will place a charge latveaex. We will
then move the charge for each vertex to a specially chosen incidenifazegh a way that no
face receives more than two charges. Finally, we will show that the nuofilieces that receive
charges is at mogd (nl%/2)).

First, we claim that every vertex is either the highest or lowest vertex forjgace, where

j > 1d/2]. To see this, recall that the for a simple polytope, the neighborhood immediately
surrounding any vertex is isomorphic to a simplex. Thuss incident to exactlyl edges (1-
faces). (See Fi@. 34.7 for an example in dimension 5.) Consider a hollitiatiais, orthogonal

to z4) hyperplane passing through Since there aré edges in all, at leasti/2] of these edges
must lie on the same side of this hyperplane. (By general position we mayeasbkat no edge
lies exactly on the hyperplane.)

As we observed earlier in the lecture, the local neighborhood abott\eatex of a simple
polytope is isomorphic to a simplex, which imples that there is a face of dimensieasit
[d/2] that spans these edges and is incident.td hereforew is the lowest or highest vertex
for this face. We charge this face for the charge on verteékhus, we may charge every vertex
of the polytope to face of dimension at le&gf2], and every such face will be charged at most
twice (once by its lowest and once by its highest vertex).

__..-This 3-face gets v's charge

Xq

Figure 34.7: Proof of the Upper Bound Theorem in dimension 5. In this ttesthree edges abovespan
a 3-face whose lowest vertexuis

All that remains is to count the number of faces that have been chargkchaltiply by 2.
Recalling our earlier lemma on the naive bound on the numbgifates of a simple polytope
with n facets is( dﬁj). (Eachj-face is arises from the intersection @t j hyperplanes and
this is number ofd — j)-element subsets of hyerplanes.) Summing this up over all the faces of
dimension[d/2] and higher we find that the number of vertices is at most

By changing the summation index ko= d — j and making the observation th@t) is O(n*),
we have that the number of vertices is at most

a2, Ld/2]
2 ) (k) = > o@m").
k=0 k=0
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This is a geometric series, and so is dominated asymptotically by its largest teerefdre it
follows that the number of charges, that is, the number of vertices is at most

O (ntd/%) ,
and this completes the proof.

Is this bound tight? Yes it is. There is a family of polytopes, catledic polytopeswhich match this
asymptotic bound. (See Boissonnat and Yvinec for a definition and.proof
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