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Problem 4

Lemma 1 (Progress) If AF (s,e) : t and e is a closed term (no free variables, though it may contain
locations £) then either e is a value or there exist s’ and €' such that (s,e) — (s',¢’).

Proof: by induction on e.

e z : By assumption (e is a closed term, and so no free variables can exist).

e 1 : n is a value.

e \r:t.e: A\r:t.eis a value.

o /:/

® €1 €2

o ref e

is a value.

If ey is not a value, then by the TH it evaluates to some €}, and we can take a step (s,e; ea) —
(s', €} ea) by C-APP-LEFT.

If es is not a value, then (similarly) by the TH it evaluates to some e}, and we can take a step
(s,e1 e2) — (s, e1 €4) by C-APP-RIGHT.

Otherwise, e; and ey are values. Assuming A F ey e is well typed, we know by inspection of the
type rules (by T-APP) that AF ey : t — ¢ and A b ey : t, and that (by T-LAM) Az : t.e, is
the only value that can take type ¢t — t'; e5 can be any value v. As such, we can take a step to
e =ezlx—v], s =s by S-APP.

If e is not a value, then by the IH it evaluates to some €', and we can take a step (s, ref e) —
(s',ref €') by C-REF.

Otherwise, e is a value v. We can select a “fresh” ¢ (i.e. £ ¢ dom(s)) to represent the location of
v in state s and expand s to include this new ¢ (with value v), creating s’. Given this £ and ¢/,
we can take a step to ¢/ = ¢, s’ = s[¢ — v] by S-REF.

If e is not a value, then by the TH it evaluates to some €', and we can take a step (s, le) — (s',!(e’))
by C-DEREF.

Otherwise ¢ is a value. Assuming A F (s,!e) is well typed, we know by inspection of the type
rules (T-REF) that A F e : t ref, and that (by T-Loc), £ | £ € dom(A) is the only value that can
take type t ref. By compatibility (again stemming from the fact that A F (s, le) is well typed), we
know that dom(A) = dom(s), and so ¢ € dom(A) = ¢ € dom(s). Therefore, e = ¢, £ € dom(s),
and so we can take a step to e = s(¢), s’ = s by S-DEREF.
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Figure 1: Grammar definition for A-calculus with references

C-APP-LEFT C-ApPP-RIGHT
S-App <S’ 61> - <5l7 6/1> <87 62> - <sl’ el2>
(s,(A\x.€) v) — (s,elx — v]) (s,e1 e2) — (s, €] e2) (s,v e2) — (s',v eh)
S-REF C-REF
£ ¢ dom(s (5,¢) = {8',¢)
(s, ref v) — (s[l — v],¢) (s,ref e) — (s, ref €')
S-DEREF C-DEREF
£ € dom(s) (s,€) — (s',¢€)
(5,10) — (s,8(0)) (s,le) — (s',1(€"))
S-ASSIGN C-ASSIGN-LEFT C-ASSIGN-RIGHT
le dom(s) <5761> - <$/v6/1> <8362> - <3/76/2>
(8,0 :=v) — (s[l — v],v) (s,e1 :=e3) — (§',€] :=e3) (8,0 :=e3) — (s, 0 :=¢€})

Figure 2: (Small-step) Operational semantics with stores

T-VAR T-Loc T-LAM T-App
x € dom(A) ¢ € dom(A) T-INT Ajz:the:t Aber:t—t Abey:t
Atz Az) AF L A(0) Abn:int AFXrte:t —t Abejey:t
T-REF T-DEREF T-ASSIGN
AFe:t Abe:t ref Akbe:tref AFes:t
At refe:tref Atle:t Abe i=ey:t

Figure 3: Type rules with references



® e =e9

— If e; is not a value, then by the TH it evaluates to some e}, and we can take a step (s, ey := eg) —
(s’ €| := e2) by C-ASSIGN-LEFT.

— If e is not a value, then (similarly) by the IH it evaluates to some €, and we can take a step
(s,e1 :=e3) — (s, e1 := e}) by C-ASSIGN-RIGHT.

— Otherwise, e; and ey are values. Assuming A b (s,e; := es) is well typed, by inspection of the
type rules (T-ASSIGN) we know that e; : ¢ ref and eg : t. As in the value case for le, the type rules
and compatibility tell us that £ | £ € dom(A) is the only value that can take type t ref, and so
er = £, £ € dom(s); ez can be any value v. Therefore, we can take a step to e/ = v, s’ = s[¢ — v]
by S-ASSIGN.

Lemma 2 (Preservation) If A b (s,e) : t and (s,e) — (s',¢') then there exist A’, s, and ¢’ such that
A'E (s el) it and A| gom(a) = A.

Proof: by induction on e — ¢'.

e S-App, C-AprP-LEFT, C-APP-RIGHT
We assume that e = e; es and that A (s, e) : t is well typed.

— If e; — €}, then by the TH A+ (s,e}) : ¢/ — t, and so A" F (', €] ea) : t.

— Similarly, if e; — €}, then by the IH A (s,e5) : ¢/, and so A’ F (s',e1 €}) : t.

— Otherwise, both e; and e are values. We know by inspection of the type rules (by T-App) that
AFe it/ - tand AF ey : ¢/, and that (by T-LAaM) Ax : t'.e is the only value that can take
type t' — t; as such, e; must be of the form Az : t.e,. ez can be any value v : t. We have
Az t'F (s,e;) 1 t and AF (s,v), and by lemma 3 (substitution), we have A F (s, e, [z — v]) : .
Thus, preservation holds for this case.

e S-REF, C-REF

—Ife—e and At (s, ref e) : t, then by the IH A’ F (s, ref €') : t.

— Otherwise, e is a value v. By inspection of the type rules (T-REF), we know that A+ ref e : t ref.
Selecting a “fresh” ¢ (i.e. £ ¢ dom(s)), we wish to provide A’, ', and e’ that satisfy A’ - (s',¢e’) : ¢
and A" |gom(a)= A. Using S-REF, we (carefully) choose A" = (A, 0 : t ref), s’ = s[¢ — v], and
¢/ = (. By lemmas 4 and 5, we have A" ~ 5" and A" |4,,,4)= A; for A’ - (s',€') : t, we need
now only prove that A’ - ¢’ : t. However, this follows directly from our selection of A’ and €’
Al tref H0:tref. Thus, A’ (s',¢e') : t satisfies configuration typing and so is well typed, and
preservation holds for this case.

e S-DEREF, C-DEREF

— Ife—e and Al (s,le) : ¢, then by the IH A’ F (s/,!(e/)) : t.

— Otherwise, e is a value. By inspection of the type rules (T-DEREF), we know that because
AFle:t, A e:t ref. Also by the typing rules (T-Loc), the only value that can assume such
a type is £ | £ € dom(A). By configuration typing, £ € dom(A) = £ € dom(s) and A F s(¢) : t.
Therefrore, we use S-DEREF to choose A’ = A, s = s, and ¢’ = s(£), and preservation holds for
this case.

e S-AsSSIGN, C-ASSIGN-LEFT, C-ASSIGN-RIGHT
We assume that e = e1 := es.

— If e; — €], then by the TH A F (s,e}) : t ref, and so A" F (s', e} :=eq) : t.
— Similarly, if e; — €f, then by the IH A F (s, e}) : ¢, and so A" - (s',eq :=€h) : t.



— Otherwise, both e; and e are values. We know by inspection of the type rules (by T-ASSIGN)
that At ey : t ref and A F ey : ¢, and that (by T-Loc) £ | £ € dom(A) is the only value that
can take type t ref; as such, e; must be £, and es can be any value v. As in the previous case,
we know from configuration typing that A F s(¢) : t. From the type rules (T-ASSIGN), A F v : t;
given that both v and s(¢) have type ¢ under state s and environment A, we know by lemma 6
that replacing ¢ in s with v will not require an addition to A, nor will it change the type of s(¢),
and so will preserve configuration typing. Using S-ASSIGN, we choose A’ = A, s’ = s[{ — v],
e’ = v, and so preservation holds for this case.

Lemma 3 (Substitution) If Arv:t and A,z :the:t/, then Ak e[z — v]: ¢.

Proof sketch: by straightforward induction on the structure of e. Substitute any v for any = in A - (s, e)
where A(x) = A(v), and show that e is still well typed.

Lemma 4 (State expansion) Given an £ ¢ dom(s), and some v, if s' = s[l — v], then s’ |goms= S.

Proof: by induction over the derivation of states. By the IH, assume a well formed s; select £ ¢ dom(s) and
derive s’ by adding £ — v to s (i.e. s’ = s[¢ — v]). Because £ ¢ dom(s), V¢ € dom(s).s(¢') = s'(¢') — that
is, the newly added ¢ cannot change the values of any ¢ € dom(s), since V¢’ € dom(s).l & dom(s) = £ # L'.
Therefore, s’ |goms= S

Lemma 5 (Safety of environment expansion) Given A ~ s, some £ ¢ dom(s), and some A+ v :t, if
A=A L:t ref and s’ = s[l — v], then A’ |goma= A and A’ ~ §'.

Proof: by induction over the derivation of compatible type environments. To prove this lemma, we must
show that both of the conditions of compatibility hold for A’ and s’.

e dom(A’) = dom(s’). By the induction hypothesis, assume A and s were constructed as outlined in
this lemma’s definition and that A ~ s. Let A" = A, ¢ : t ref (which is allowed by our language
definition), and let s’ = s[¢ — v|, where ¢ ¢ dom(s). By A ~ s, dom(A) = dom(s); therefore,
£ ¢ dom(s) A dom(s) = dom(A) = € ¢ dom(A). Since ¢ is being added both to dom(A) to produce
A’ and to dom(s) to produce s’, we have dom(A’) = dom(A) U ¢, dom(s') = dom(s) U ¥, and so
dom(A") = dom(s').

o V0 c dom(s)ItA) =t ref NAF s(f): t
Derive A’ and s’ from A and s where A ~ s using the IH as above. By lemma 4, we know that
the newly added ¢ cannot change the values of any ¢ € dom(s). Since ¢ ¢ dom(s) and dom(s) =
dom(A), ¢ also cannot conflict any of the values in A. By this and the derivation of A’, we find that
V¢ dom(s').Jt.A' (W)=t ref NA'FS'(0) : .

Therefore, compatibility holds for A" and s’.
From this, we know that, because values added to A to derive A’ are not in dom(A), new £ values cannot
conflict with ¢ € dom(A). Therefore, V¢’ € dom(A).A(¢') = A'(¢), and thus A" |zoma= A.

Lemma 6 (Safety of state substitution) Given A ~ s, some ¢ € dom(s) where A = £ : t ref and
At s(l):t, and some At v :t, if s = s[l — v], then compatibility holds.

Proof: by inspection.

e dom(A) = dom(s). Because A ~ s, dom(A) = dom(s). Since ¢ € dom(s), s[¢ — v] does not change
the domain of s, and so dom(A) = dom(s’).

o V0 dom(s)ItAW) =t ref NAF s(f) : t
Knowing that there already exists in A a term £ : ¢t ref, and there alreay exists in s a term £ such
that A - s(f) : ¢, given A F v : t, let s = s[¢ — v]. We must now show that A({) = t ref



and A F §/(¢) : t. However, this is immediate from the type of v, as A has not changed, and,
because s'(¢) = v, A - s'(¢) : t. In other words, because we only admit updates to ¢ in s that
have types t that are equal to that of s(¢) under environment A, A F s[¢ — v](¢) : t. Therefore,
Vedom(s').3t. A(l) =t ref NAF s'(£) : 1.

Therefore, compatibility holds for A and s’.



