
ASSIGNMENT 1 CMSC 451 (Spring 2016)

Due at the start of class on Tuesday, February 16.

1. Asymptotic growth.

For each of the following pairs of functions f(n) and g(n), indicate whether f(n) is in O, o, Ω,
ω, and/or Θ of g(n). (You should either write true or false for each of these five possibilities, or
give an exhaustive list of the true relationships that hold.)

(a) f(n) = 2n, g(n) = n2

(b) f(n) = (log n)logn, g(n) = nlog logn2

(c) f(n) = 2n, g(n) = 22n−4

(d) f(n) = ncosn, g(n) =
√
n

(e) f(n) = log(n!), g(n) = n1.01

2. Finding a most common element.

Suppose you are given a list of n integers as input. Design an algorithm to find an integer in the
list that appears the maximum number of times. (If more than one integer appears the same
maximum number of times, you may output any such integer.) Your algorithm should run in
time O(n log n). Prove that your algorithm is correct and that is has the desired running time.

3. Stable matching for a class project.

Suppose we would like to assign partners in a class of 2n students. Each student provides
a ranking of the other 2n − 1 students, expressing his or her preferences for working with
those students on a joint project. A stable matching is an assignment of partners so that
no two students who are not partners would prefer to work with each other than with their
assigned partners. Does a stable matching always exist? Either prove that it does or give a
counterexample (with a proof that no stable matching exists for that counterexample).

4. Stable matching with multiple internships.

In the simple version of the stable matching problem analyzed in class, we assumed that each
company had exactly one internship available, and that there were as many internships as
students. More realistically, suppose each company wants to hire some specified number of
interns, and there are more students looking for internships than the total number of available
positions. As before, each company has a ranking of all students and each student has a ranking
of all companies. We call an assignment of students to companies unstable if either

(i) student S is assigned to company C and student S′ is assigned to company C ′, but S prefers
C ′ to C and C ′ prefers S to S′; or

(ii) student S is assigned to company C and student S′ is not assigned to any company, but C
prefers S′ over S.

Design an algorithm to find a stable matching, and prove its correctness.

5. A characterization of trees.

Prove that a graph is a tree if and only if it has a unique simple path between any pair of
vertices. (In your proof, you should be sure to explicitly prove any claim that does not follow
immediately from the definitions.)
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