
MIDTERM PRACTICE PROBLEMS CMSC 451 (Spring 2016)

The midterm exam will be on Thursday, March 10, at our regular class time (11 am–12:15 pm)
and location (CSI 2117). It will be closed-book and closed-notes, except that you may bring notes
written on (both sides of) a single sheet of letter-size paper, which you will be asked to turn in
along with your exam.

The following problems may help you prepare for the midterm. They are not to be handed in.
Solutions are not available, but of course you are welcome to discuss these problems during office
hours or on Piazza.

Disclaimer: Many of these problems are taken from exams in previous offerings of CMSC 451
when the emphasis of the course may have been different. The exam will not be as long as this set
of practice problems, and this selection of problems does not necessarily reflect the difficulty level
or distribution of material to be covered on the exam.

1. Short answer questions.

For the following questions, explanations are not required, but can be given for partial credit.

(a) Recall that in the Gale-Shapley algorithm as discussed in class, companies make offers to
students. True or false: once a company makes an offer that is accepted, that company is
guaranteed to remain engaged (to some student) for the remainder of the algorithm.

(b) What is the asymptotic running time of the following program as a function of n? (Express
your running time using Θ notation.)

f(n):

set i = n

print "the output goes on"

while i > 0

for j = 1 to i

print " and on"

endfor

set i = i/2

endwhile

(c) List the following functions in increasing asymptotic order. If two functions are asymptot-
ically equivalent, then indicate this.

(i) n3/2 + n2/3 (ii) n(log n)2 (iii) 4logn (iv) max{2000n2, n3}

(In this problem, log represents the base-2 logarithm.)

(d) What is the maximum number of edges in an undirected graph with n vertices, in which
each vertex has degree at most k?

(e) How many edges are there in an n-vertex forest with c components?

2. DFS.

Show the result of running DFS on the digraph shown below, starting from vertex a, using the
algorithm described in class. Whenever you have a choice of which vertex to visit next, take the
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lowest vertex in alphabetical order. Indicate tree edges with solid lines and non-tree edges with
dashed lines.

a

b

c

de

3. Orienting edges to avoid sinks.

Let G = (V,E) be an undirected graph. Write an O(n+m)-time algorithm to determine whether
it is possible to direct the edges of G such that the outdegree of every vertex is at least 1. If it
is possible, then your algorithm should show a way to do this.

4. Tail-maximal paths.

Given a DAG G = (V,E), a path of G is said to be tail-maximal if it ends at a vertex with
outdegree zero. (If u is a vertex of outdegree zero then the path consisting of just u itself is
a tail-maximal path.) Describe an algorithm with running time O(n + m) that, given a DAG
G = (V,E), computes for each vertex u the number of distinct tail-maximal paths that originate
at u. (Your algorithm can compute an array P such that P [u] contains the desired number of
paths for vertex u.)

5. Minimum spanning tree of a near-tree.

An n-vertex graph is a near-tree if it is connected and has n edges. Give an algorithm with
running time O(n) for finding a minimum spanning tree of a weighted near-tree. Prove that
your algorithm is correct and has the desired running time.

6. Making change.

Describe a greedy algorithm for making change using quarters, dimes, nickels, and pennies.
Assume that the input is given as the number of cents. Prove that your algorithm yields the
minimum number of coins. (Hint: For partial credit, prove this for the simpler binary sequence
of denominations: 1, 2, 4, 8, 16.)

7. Dominating sets.

Given a graph G = (V,E), a vertex subset V ′ ⊆ V is called a dominating set if every vertex of
G is either in the set V ′ or is a neighbor of a vertex in V ′. In the dominating set problem you
are given a graph G and the objective is to compute a dominating set of smallest size.

(a) Describe a greedy algorithm for computing a small dominating set. Your algorithm should
run in time that is polynomial in n = |V |.

(b) Present an example to show that your greedy algorithm is not optimal.

(c) Show that if there exists a dominating set of size k, then your greedy algorithm will find a
dominating set of size at most k lnn.
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8. Road trip.

Suppose you are going on a road trip with a car that can travel for 100 miles on a full tank.
There are gas stations at distances 0, x1, x2, . . . , xn along the way, where 0 < x1 < x2 < · · · < xn.
Present an algorithm that determines the fewest number of gas stations you must stop at to
make it to the station at distance xn without running out of gas along the way. Prove that your
algorithm is correct.

9. Bottle filling.

A pharmacist has m pills and n empty bottles. Let bi denote the capacity of bottle i, that is,
the number of pills it can hold. Let vi denote the cost of purchasing bottle i. The objective is
find the least expensive combination of bottles that will hold all m pills.

Describe a greedy algorithm that, given the number of pills m, the bottle capacities bi, and the
bottle costs vi, determines the least expensive set of bottles needed to store all the pills. Assume
that you pay only for the fraction of the bottle that is used. For example, if the ith bottle is half
filled with pills, you pay only vi/2. (This assumption is very important.) Prove the correctness
of your algorithm.

10. Greedy interval scheduling.

Recall the following problem, called the Interval Scheduling Problem. We are given a set of n
activity requests, each of which has a specified start time si and finish time fi, corresponding
to the interval [si, fi]. The objective is to compute the maximum number of activities whose
corresponding intervals do not overlap. The approximation ratio of a schedule is the ratio of the
number of activities it includes to the number of activities in an optimal schedule.

(a) In the Earliest Activity First (EAF) greedy algorithm, we schedule the activity with the
earliest start time, remove all activities that overlap it, and repeat until no more activities
remain. Give an example to show that EAF is not optimal. Furthermore, your example
should show that the approximation ratio of EAF can be arbitrarily high.

(b) In the Shortest Activity First (SAF) greedy algorithm, we schedule the activity with the
smallest duration (fi − si), remove all activities that overlap it, and repeat until no more
activities remain. Give an example to show that SAF is not optimal.

(c) Prove that SAF has an approximation ratio of 2, that is, it schedules at least half as many
activities as the optimal algorithm.

11. Bomb scheduling.

You are given a set of m time intervals [si, fi], where 1 ≤ i ≤ m. You are also given a set of
n possible bomb times T = t1, ..., tn. We say that bomb j hits interval i if this bomb time lies
within the interval, that is, tj ∈ [si, fi]. Your objective is to determine the minimum number of
bombs from T to hit every one of the intervals. You may assume that every interval is hit by at
least one bomb, so a solution exists.

Present a polynomial-time algorithm to determine a minimum set of bombs to hit all the inter-
vals. (Hint: Try a greedy strategy.) Justify your algorithm’s correctness.

12. Drawing a skyline.

Suppose we are given a description of rectangular, possibly overlapping buildings and we would
like to draw the corresponding skyline with no overlapping lines. More concretely, a skyline is a
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list of tuples, each consisting of alternating x coordinates and the heights connecting them. For
ease of reading, we place bars over the entries representing heights. For example, the skyline
(1, 4, 3), (2, 5, 5), (4, 3, 5), (7, 1, 16), (9, 3, 11), (14, 2, 15) can be drawn as follows:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

The desired output in this case is described by the drawing

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

with the corresponding skyline (1, 4, 2, 5, 5), (7, 1, 9, 3, 11, 1, 14, 2, 15, 1, 16). Design an algorithm
that, when given a skyline for n separate buildings (i.e., a list of n 3-tuples), produces the
corresponding skyline of the drawing with overlapping lines removed. Prove that your algorithm
is correct and analyze its running time. For full credit, your algorithm should run in time
O(n log n). (Hint: Divide and conquer.)

13. Counting significant inversions.

Given a list of numbers (a1, a2, . . . , an), a significant inversion is a pair of indices i < j such
that ai > 2aj . Design an algorithm to count the number of significant inversions in a list of
length n. Prove that your algorithm is correct and analyze its running time. For full credit,
your algorithm should run in time O(n log n). (Hint: Try a variant of MergeSort.)

4


