
CMSC451 Homework 2
Spring 2017 due February 24, 2017 at 3pm EST

For all algorithms, provide time complexity analysis as well as proof of correct-
ness. Homework solutions should be clearly written and electronically submitted via ELMS
(http://elms.umd.edu) by the due date listed above.

Unless otherwise specified, n is the number of nodes and m is the number of edges in a
graph. An efficient algorithm is one that runs in polynomial time.

1. Suppose there is a set of movies M1,M2, . . . ,Mk, and a set of customers, with each
customer indicating the two movies they would like to see this weekend. (Assume that
customer i specifies a subset Si of the two movies that they would like to see. Movies
are shown on Saturday evening and Sunday evening. Multiple movies may be screened
at the same time.)

You need to decide the movies to be televised on Saturday and the movies to be
televised on Sunday, so that every customer gets to see the two movies they desire.
Is there a schedule so that each movie is shown at most once? Design an efficient
algorithm to find such a schedule, if one exists.

2. Let G be a connected, undirected graph in which each edge ei has an associated band-
width bi. The capacity cap(P ) of path P is the minimum bandwidth over the edges
belonging to that path. We further define capacity(s, v) to be the capacity of the
maximum capacity path from s to v, i.e.,

capacity(s, v) = max
P∈Ps,v

cap(P )

where Ps,v is the set of all paths from s to v. Given a fixed source vertex s, design
an O(n2)-time algorithm to compute capacity(s, v), for each vertex v. (Achieving
O(m log n) is possible with the right data structures.)

3. Describe an efficient algorithm that given an undirected graph G, determines a span-
ning tree of G whose largest edge weight is minimum, over all spanning trees of G.

4. Let G be a graph with n nodes, where n is even. Prove or provide a counterexample
for the following claim: if every node of G has degree at least n/2, then G is connected.
(G is not a multigraph.)

5. In a directed graph, a get-stuck vertex is one that has in-degree n−1 and out-degree 0.
Assuming that the adjacency matrix representation is used, design an O(n) algorithm
to determine if a given graph has a get-stuck vertex. (Yes, this problem can be solved
without even looking at the entire input matrix.)

6. For each of the following two statements, decide whether it is true or false. If it is true,
give a short explanation. If it is false, give a counterexample.
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(a) Suppose we are given an instance of the Minimum Spanning Tree Problem on a
graph G, with edge costs that are all positive and distinct. Let T to be a minimum
spanning tree for this instance. Now suppose we replace each edge cost ce by its
square c2e, thereby creating a new instance of the problem with the same graph
but different costs. True or False: T must be a minimum spanning tree for this
new instance.

(b) Suppose we are given an instance of the Shortest s−t Path Problem on a directed
graph G. We assume that all edge costs are positive and distinct. Let P be a
minimum-cost s − t path for this instance. Now suppose we replace each edge
cost ce by its square c2e, thereby creating a new instance of the problem with the
same graph but different costs. True or False: P must be a minimum-cost s − t
path for this new instance.
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