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Kidney Exchange Problem
•G

iven donors and patients, m
axim

ize the total num
ber of 

transplants perform
ed

•Tw
o types of donors

•
A

ltruistic donors: w
illing to donate their kidney w

ithout asking for 
anything

•
P

atient-donor pairs



Kidney Exchange Problem
•C

ycles

•C
hains



Kidney Exchange Problem
•To exchange cycles, all the surgeries m

ust be perform
ed 

sim
ultaneously

•
Very com

plicated for the large cycles

•E
ach cycle can have at m

ost 𝑘
nodes



Form
al D

efinition
•𝐺

=
𝑉,𝐸;𝑤

: a directed w
eighted graph

•𝑘
: m

axim
um

 length of cycles
•𝑁

: altruistic donors
•𝑃

: patient-donor pairs
•
𝑉
=
𝑁
∪
𝑃



R
ecursive IP Form

ulation•𝑦𝑒
: decision variable for 

each edge

•𝑓𝑣 𝑖: in-flow
 of vertex 𝑣

•𝑓𝑣 𝑜
: out-flow

 of vertex 𝑣

•𝐶
: set of all cycles

•𝐶
𝑘

: all the cycles w
ith 

the length at m
ost 𝑘



R
ecursive IP Form

ulation
•N

um
ber of constraints is exponential in |𝐸|

•E
lim

inate all the constraints for the cycles
•

A
dd violated constraints and resolve the IP



TSP-Based IP
•U

sing different decision variables for cycles and chains
•Finding chains is sim

ilar to prize-collecting TSP.
•

PC
-TS

P: visit each city (patient-donor pair) exactly once, but w
ith 

the additional option to pay som
e penalty to skip a city (penalized 

for leaving pairs unm
atched)

•W
e add a decision variable for every cycle of length at 

m
ost 𝑘



TSP-Based IP
•𝑧𝐶

: decision variable for 
the cycles of length at 
m

ost 𝑘



TSP-Based IP
•E

very chain begins in 𝑁
(altruistic donors)

•For every vertex 𝑣, and a partitioning of vertices into sets 
𝑆,𝑉\S

such that 𝑣
∈
𝑆

and 𝑁
⊆
𝑉/𝑆

•
In-flow

 of 𝑆
m

ust be at least 𝑓𝑣 𝑖

•N
um

ber of constraints is exponential in |𝐸|



Finding violated C
onstraints

•Violated constraints can be found using the m
ax flow

-m
in 

cut problem
.

•W
e add a source vertex 𝑠

to our graph and connect it to 
the vertices in 𝑁

to get a new
 graph 

ҧ𝐺=
ത𝑉, ത𝐸;ഥ𝑤

•
ത𝑉
=
𝑉

∪
𝑠

•
ത𝐸
=
𝐸

∪
𝑠,𝑛

𝑛
∈
𝑁
}

•
ഥ𝑤
=

ቊ
𝑦𝑒

𝑒
∈
𝐸

1
𝑜𝑡ℎ𝑒𝑟𝑤

𝑖𝑠𝑒

•For every vertex 𝑣, w
e solve the m

ax flow
-m

in cut 
problem

 w
ith the source 𝑠

and the sink 𝑣



Perform
ance of TSP-IP



Thank You


