
Decrease - key : ☒ Heap : Review
- Given an entry (x ,v ) , decrease - Adata structure storing
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Kemal" Pairs (
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"""• """rm ""

- www.yx.uaw.eu ,
- How to identify the entry ? - Supports Cata minimum) →⑤-i- Heaps do not support an

09 →☒☒①⑤
"

①efficient
way

to find keys - extract-mint )

.

- Locator : A special (abstract ) .

in Heapsort -
Quake Heap : ④- .

object that identifies an - Collection of binarytreesii.iii.ii.i.ii.ws#-
"" ""

entry of the heap .

M - Nodes organized in levels ↳

↳ Quake Heaps I - All entries are leaves at level 0
Locator f- insert (x ,v)

↳
- Internal nodes have ] wzchildren

↳ - Operations - Parent stores smaller of child keys
: -r:☐~

Keane
- • ← ←

-
-

-

decrease-keycr ,y) null child
oralwayson

④
- ④ ↳

r:☐_⇒ why decrease - key? rightly. .

☒
¥

History : ↳
- Why not just return a pointer to node -Dijkstra's algorithm 1984 : Fibonacci Heaps

G.v7 ? Private information - Heap tracks distances to (Fredmanrtarjan )
- Locator is a public object vertices from source "

many variants
← complex

leg . an inner class of the Heap ) - n extract- mins to analyze
- How about increase- key ? - upton

' decrease - keys 2013 : Quake Heap ← Much simpler
- Heaps are very asymmetrical want . - want decrease key fast ! (Timothy Chan)

.
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£⇐
catcnodew) : Assuming whas Basic utilities : void decrease- keylhocatorr , keyy)

right child - cuts it off as new root make-root (Nodeu) : make uaroot Node uc-r.getnod.ec ) ✗ getleatnode
w
→

"⑤ trivial-treelkeyx) : create 1- node Nodeuchild ← null

"→→|
a.parent treewithkeyx dol

u
/ link (Woden

,
Nodev) : Link nor a. key ← y ✗ update key value

a.key iiievelvoid make- root ( Woden) , ,
- uivrootsun same level uchild-u.u-u.parer.tl/goup

a. parent ← null
4.left a. right §⑤g . . .-→~

↳ } while (u # null && uchild a. left)

.

iflutnull) cutlu) Hout subtree µ
.

..
smaller ¥J Decrease key :key left child

aµu+☐roots["""" ]

jQuakeHeaPs"=wzMNode trivial - tree (key ☒ ) - Use locator to access leaf
"

Nodeu ← new Node keyxilevdo - Follow left- child path to
nodecto] -1=1 8 - Utility ops highest ancestor r :→ÉÉounu

,

make- rootlu ) 6
- Insert - (utca) : Now we are free 904

return u - Decrease- key to change key aKaa
- • • -

-

r :
⇐ ⇐y

- In code
,
we'll changeup

.

Node link / Node a. Nodev) .

-

void cut( Node w ) •
.

order of 0ps t⑧ .

hitter ← a. level -11 E- v. level -11 ) Node ✓ ← wright Insert : Super lazy ! Just make a 6

iflu.ke.gs v. key)
kttchild if.lv/-- null ) single node tree

wc-newnodelu.key.lev.ci?F5i&hti1dw.right-nullebew-newnodelv.key.lev.hu) ( make- root (v ) Locator insert (key x )
nodectflev] -1=1 Node u ← new trivial - tree (x )

a. parent ← v. parent ← w We'll apply these utilities return new Locator (x )
return w to implement operations
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Extract- Min :
É sofar :

- Find the root with smallest - insert - decrease - key - lazy ! finally , return 4

key ( brute force ) - Don't worry about
- Delete all nodes down to ¥¥ - tree balance
leaf - many trees - number of roots

- Merge trees together
¥¥Ñ

- insert -047 time
- Work bottom-up p+,

- dec-key - O( logn) [ later:O(D) T 5 8 16 7 11 14¥
:

-

Merge 2. trees at level K'

toformtreeatlevk.it

" "

4¥
. .

8
- Too

"

stringy
"

?- Flatten ⑧BABB?

⑧ I'Quakelteaplltug DY -

7×-1
* Quake : K - Extract Min 7

for ( 1<=91,2, . . . > nhevels - 2) { that - • • * a - -54,4 > ¥-5 ! ! /
s? ④ >

/
14

if(nodeCt[ 1<+1] > o.to/tnodeCtIk]) / \ ✗
/
×

- remove all nodes at level 1<+1 g-
7-5<7-7*5 , 8

, 16×7
,

14
,

! 5 8 16 7 11 14

.

and higher . HE Extract Min Example : . p⇒ .

- make all nodes at level K roots min tf
←

-
y - 7 -1 - 7 -1

Intuition : Tree becomes
"

stringy
"

after y
/ "

y
"

,

"

many extractions. y

/
g- > 14 →! 71 14

- This is evidenced by the fact × ✗
/
x x x

,
x

that node counts do not decrease - 8514 16×5, 7

,
14
, - 8

,
-! 5

,

7 14
,

- When this happens - we flatten 8 4 9 16 5 7 11 14 8 ④ 16 5 7 I 14

so we can build up later
. ✓
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key extract -mint ) £8 Extract- min : Recap Faster Decrease -Key:
Node u ← find root (all levels ) - find root with min key - Each node stores pointer to

with smallest key - delete left -chain to leaf
÷

. leaf with key (only one change)
key result ← a.key - merge trees :

- Each leaf stores highest left chain
'

delete - left- path (a) - quake ( if needed) ! ancestor (path trace 04 ) time )
remove ufrom roots [a. level] - return result

y! .

merge -trees C)

• omen . tE¥€¥¥÷¥÷÷÷÷;¥¥¥÷÷÷÷ .

return result

qmmugM
Decrease- Key :

I Quake Heaps #
U

- Trace path up left - child links*
¥¥¥¥o:÷÷÷÷

.

void delete - left - pathlu ) &
- Faster decrease key - Cut on {

while lutnull ) - change keytrolheight )=
olloyn )

µ•
cutlu )

☒¥nodeCt[a. level ] - =] §
.

u - a. left
.

void quaked
↳

Times : 6 .

for Cleve-0 . .
nhevels -2)

'

Insert -011 )

⑧ void merge
-trees C) iflnodectllevtl] > 74 'nodeCt[lev] Decrease - key

to J-orclevc-o.in Levels -2) ( clear - all- above (Ier) -
- Ollogn )

while (roots [ lev] . size >=D ④tract - min

Nodeu ,v ← remove any 2 Clear - all -above ( lev) removes all - ? ? ?Canwedo will show
from roots [lev ] nodes in levels levtl . .

hleveb - I better ? ollogn)
make- rootclinklu.ir)) and makes nodes of lev into roots OLD ? amortized
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Amortized Analysis : ☒ Why is Quake Heap efficient ? Intuition :

Extract min actual cost is high⇒
- Can show that extract- min - insert : 04) worst-case -Tree height > ocloyn)
runs in Olloyn ) amortized - decrease- key : 04 ) worst-case - Quake will flatten
time (assuming enhancement, - manymor.ro#+hanoaogn,- Given any sequence of ops

- extract- min : As bad as - Merge trees will reduce
(starting from empty heap ) Oln) [ no . of roots ] no .to Ollogn )

.
time to do mops ( insert , . ¥-0 .

Potential decrease compensates
µ

.

dec- key ,
extract- min ) is for high actual cost

0cm . logn ) ↳

• Quake Heaps Ia- Max no >
of keys §ywY Lemma : Amortized cost of

a - Analysis insert/ dec- key __ 04)8 go.fq.int?irt? extract - min = oclogn)↳ Potential - Based Analysis :

.

- Each instance of the
.
¥8 FEB Quake Heap Potential : ¥f .

data structure assigned
a potential ¥ Idea : The amortized cost of Let N=no .

of nodes
an operation defined to be F- no ,

of roots
- Low potential ⇒ good structure factual - cost)+(change 'm 1) D= no . of nodes with
- High potential ⇒ bad structure Intuition : Expensive ops okay Schild (bad nodes )

if they improve structure
actual __ high 0¥ -

- negative 4-=N -1212+413
s J


