Divide and Conquer:
Multiplication

7/21/09

Announcements / Reminders

Late homework due now

Homework 2 due next week:

-53,55

— Algorithm Write-Up Guidelines reminder
— Group names on the paper

Closest Pair Algorithm

Closest-Pair(p,, .., Pa) {
Compute separation line L such that half the points
are on one side and half on the other side.

8, = Closest-Pair(left half)
8, = Closest-Pair(right half)
8 = min(8,, 8,

Delete all points further than 8 from separation
line L

Sort remaining points by y-coordinate.

Scan points in y d and distance
each point and next 11 neighbors. If any of these
distances is less than §, update J.

return §.

O(n log n)

2T(n/2)

O(n)

O(n log n)

o(n)

Closest Pair of Points: Analysis

Running time.

T(n) = 2T(n/2) + O(nlogn) = T(n) = O(n log® n)

Q. Can we achieve O(n log n)?

A. Yes. Don't sort points in strip from scratch each time.
=« Each recursive call returns two lists: all points sorted by y
coordinate, and all points sorted by x coordinate.
= Sort by merging two pre-sorted lists.

T(n) = 27(n/2) + O(n) = T(n) = O(nlogn)

5.5 Integer Multiplication

Complex Multiplication
Complex multiplication. (a+ bi) (¢ +di) = x + yi.

Grade-school. x=ac-bd, y=bc+ad.

4 multiplications, 2 additions

Q. Is it possible to do with fewer multiplications?
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Complex Multiplication
Complex multiplication. (a + bi) (c +di) = x + yi.

Grade-school. x=ac-bd, y=bc+ad.

4 multiplications, 2 additions

Q. Is it possible to do with fewer multiplications?
A. Yes. [Gauss] x=ac-bd, y=(a+b)(c+d)-ac-bd.

3 multiplications, 5 additions

Remark. Improvement if no hardware multiply.

Integer Addition

Addition. Given two n-bit integers a and b, compute a + b.
Grade-school. ©(n) bit operations.

1 1 0 1 0 1 0 1
4 0 1 1 1 1 1 0 1
1 0 1 0 1 0 [ 1 0

Remark. Grade-school addition algorithm is optimal.

Integer Multiplication

Multiplication. Given two n-bit integers a and b, compute a x b.
Grade-school. ©(n?) bit operations.
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Q. Is grade-school multiplication algorithm optimal?

Divide-and-Conquer Multiplication: Warmup

To multiply two n-bit integers a and b:
« Multiply four 3n-bit integers, recursively.
» Add and shift to obtain result.

a = 2"".q + aq
b = 2"b + b,
ab = (2"%ai+a) (22 by +by) = 2"-ay + 2" (@b +agh,) + agby

Ex. a = 10001101 b = 11100001
0901 11100001
a, a, b, b,

T(n) = 4T(n/2) + O@m) = T(n)=O(n*)
=,

recursive calls  add. shift
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Karatsuba Multiplication

To multiply two n-bit integers a and b:
« Add two 3n bit integers.
= Multiply three $n-bit integers, recursively.
. Add, subtract, and shift to obtain result.

a = 2"%a +a
b = 2"2-p + b,
ab = 2"-ab + 2" (aby+agh) + ayb,
= 2"ab + 2" ((a,+ay) (b +by) - ab, —ayby) + agb,
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Karatsuba Multiplication Karatsuba: Recursion Tree

To multiply two n-bit integers a and b: m)_{ 0 it n=0 Toy= lgzl 2 (@f = n[(%)mg" —1] o
« Add two 3n bit integers. @D o ez =3 3-1
= Multiply three $n-bit integers, recursively.
. Add, subtract, and shift to obtain result.
T(n) n
= 2".q + q
b = 2"b 4 b,
T(n/2) T(n/2) T(n/2) 3(n/2)

ab = 2"-ab, + 2" (aby+anh,) + agb,
= 2"-aby + 2" ((ay+ay) (b +by) - ab,—agb,) + agb,
© (] ® 6 ©
T(n/4T (n/4F (n/4)T (n/4T (n/4F (n/4)L (n/4T (n/4) (n/4) 9(n/4)

Theorem. [Karatsuba-Ofman 1962] Can multiply two n-bit integers
in O(n'%) bit operations.
T(n / 2%) 3% (n / 2%)

53 1585
T(n) = T(|n/2]) + T([n/2]) + T(1+[n/2]) +m )izl)m = T(n) = 0(™') = 0(n'**)
e clls o T(2) T(2) T(2) T(2) T(2) T(2) T(2) T(2) 3 19m (1)

Fast Integer Division Too (1)

Integer division. Given two n-bit (or less) integers s and 1, MGfI"iX MUH'IplICClTIOﬂ

compute quotient ¢ = s/t and remainder r = s mod 7.

Fact. Complexity of integer division is same as integer multiplication.
To compute quotient g:

. Approximate x=1/1 using Newton's method: . = 2x -1
« After log n iterations, either g =sx] or g=[sx]. N
using fast

multiplication

Dot Product Matrix Multiplication
Matrix multiplication. Given two n-by-n matrices A and B, compute C = AB.

Dot product. Given two length n vectors a and b, compute c = a -b.
Grade-school.  ©(n%) arithmetic operations. —

Grade-school.  ©(n) arithmetic operations.

ab=Sab, o =Sab,
G G G a, by
b =[30 40 30] E O = 8 B
a- b =(70x.30) + (20 x .40) + (.10 x 30) = 32 Ch G vt Cu a, a, - a, b, b, - b,
59 (32 41 7020 .10] 80 130 .50
31 .36 25 = [30 60 .10| x 10 40 .10
45 31 42 50 .10 40| 110 30 40

Q. Is grade-school matrix multiplication algorithm optimal?

Remark. Grade-school dot product algorithm is optimal. How could we use divide and conquer to multiply faster?
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Block Matrix Multiplication

c /A., /sz /BH

152 158 164 170] [0 1 (2 3] [16 17 18 19

504 526 548 570 4 5 6 7 20 21 22 23
. x

856 894 932 970| |8 9 10 11| (24 25 26 27

1208 1262 1316 1370 12 13 14 15 28 29 30 31

i 0 1] _[16 17] [2 3] [24 25 152 158
C, = AyxB, + AyxBy = x + x -
" 4 5] 720 21) " [6 7] |28 29 504 526




