Formula Sheet

Sets:
Z — Integers 7 — Positive Integers N — Natural Numbers
R — Real Numbers Q — Rational Numbers
AUB={z|z€ AVz € B} ANB={z|z€ ANz € B}
A\B={z |z € ANz ¢ B} AxB={(a,b)|a€ ANbeE B}
ACB < VYa€eAa€eB A=B < ACBABCA
Logic:
—(Vx € D,P(x)) = 3z € D,~P(x)
—(3x € D,P(x)) = Vx € D,~P(x)
(Ve € D,Vy € E,P(x,y)) = 3x € D,y € E,~P(x,y)
-(Vz € D,3y € E,P(x,y)) = 3x € D,Vy € E,=P(z,y)
-(3x € D,Vy € E,P(x,y)) =Vx € D,3y € E,~P(z,y)
-(3x € D,3y € E,P(x,y)) =Vx € D,Vy € E,~P(z,y)
= @)=(pVve=(q = p=(pr~q) = C)
= a=(p = o)A@ = p))
p=-p = C
Equivalence Name Equivalence Name
AT = Vg)Vr=pV(qV
b b Identity Laws (pVa)Vr=pVigVr) Associative Laws
pVE=p (PN AT =pA(gAT)
vT=T VigATr)=(pVaqg N(pV
P Universal Bound Laws pVigAT) =(pVa)AlpVr) Distributive Laws
pAF=F pA(gVr)=(@Ag V(pAT)
ANp= =(p A =-mpV-
pApP=p Idempotent Laws (p1q) P ¢ De Morgan’s Laws
pPVP=p ~(pVag)=-pA—q
—(— Double Negation L =
(p) il il pVipha) =p Absorption Laws
PAG=qAp : pA(PVq) =p
Commutative Laws
pPVg=qVp pvVp=T :
Negation Laws
P A -p = F
Definitions:
Let n € Z:

niseven < dk € Z,n =2k

Let n € Z,n > 1:

n is prime <= (Vr,s€Zt,n=r.-5s = (r=1Vs=1))

nisodd <— Jke€Z,n=2k+1

n is composite <= —(n is prime)



Let a,b € Z,a # O:
bla < 3k €Z,a=D>bk

Let r € R: a
reQ < Ha,beZ,(r:E/\b;éO)
Let x € R and n € Z:

|z] =n <= n<zr<n+l [zr]=n <= n—-1<z<n

Relations and Functions:

Let R be a function on A. We say:
o R isreflexive <= Vx € A, (z,2) € R.
e Ris irreflexive <= Vax € A, (z,2) € R.

e R is symmetric <= Vz,y € A, (z,y) € R = (y,z) € R.

R is antisymmetric <= Vz,y € A, (t RyANyRz) = xz =y.

e R is transitive, <= Vz,y,z2 € A, (tRyAyRz) =— =z Rz.
Let f: A— B:

e fisinjective <= Vz,y,€ A, f(z)=fly) = z=1y

e fissurjective <= Vbe B,Ja € A, f(a) =D

e f is bijective <= f is injective and f is surjective
Let f7':B— A ,ac A be B:

FUb) = a = fla)=b
Let f:A—-B,g:B—C,gof: A= C:
Vo€ 4, (go f)(z) = g(f())

Counting:
Let A be a set and {4y, Ag, ... Ay} be a partition of A:
|A| = |A1| + |A2| + - + |4y

Pl =6 i!r)! <7:> - r'(nnlr)'

If we have finite sets Ay, Ao, ..., A, then
|A1 UAQ’ = ‘A1| + |A2‘ — ’Al ﬂAQ‘
|A1 U As U As| = [A1| + |Az| + | As|
— |A1 ﬂA2| — |A1 ﬂAg’ — |A2 ﬂAg’
—|—|A1ﬂA2ﬂA3|

n

U

i=1

1<i<j<n 1<i<j<k<n

=D A= > JANA ]+ D AN A DA = (D) T iy A
=1



The number of permutations of the multiset {n; - ai,ngo - ag,...,ng - ai} is:

n!
nl!TLQ! < -nk!

The number of -multisets chosen from a multiset with n distinct elements (with infinite copies each):
n+r—1
T

Pr(A] = > Prlw] Pr[A] = 1 — Pr[4]
w€eA

Probability:

If we have a uniform probability space:

4]
PriA] = —
]
Two events A and B are independent iff Pr[A N B] = Pr[A] - Pr[B]
Let Ay, Ao, ..., A, be arbitrary events in some probability space. Then we have:
PI‘[Al U AQ] = Pl“[Al + PI‘[AQ] — Pr[A1 N AQ]
PI“[Al U Ay U Ag] = Pr

]
[A1] + Pr[As] + Pr[As]
- Pl“[Al N AQ] — PI‘[Al N A3] - PI‘[AQ N Ag]
+ Pr[A; N Ay N Aj)
PrlAjUAsU---UA,] = ) Pr[A]

1<i<n

— Z PI’[AZ N AJ]

1<i<j<n

+ Z Pr[AiﬂAjﬂAk]—"'

1<i<j<k<n

+(=1)"'Pr[A;NnAyn---N A,
Let B1, Bo,..., B, be arbitrary mutually disjoint events in some probability space. Then we have:

PI‘[Bl U BQ] = PI‘[Bl] + PI‘[BQ]
PI‘{Bl UByU Bg] = PI‘[Bl] + PT[BQ] + PI‘[Bg]
Pr[B; UBy U---UBy| = Pr[B] + Pr[Bs] + - - - 4+ Pr[B,)]
Let A and B be arbitrary events in some probability space, where Pr[B] # 0:

Pr[AN B]

PrAIB] = =5

Let Ay, Ao, ... A, be arbitrary events in some probability space. For A; and As, we have

PI‘[AI N Ag] = Pl“[Al] . PI'[A2|A1}



For Ay, Ao, ..., A,, we have:

PI“[Al NAsN---N An] = PI“[Al] . PF[A2|A1] . PI‘[Ag’Al N Ag] R Pl"[An’Al NAsNAsN---N An—l]

Let A and B be arbitrary events in some probability space:

Pr[B] = Pr[B|A] - Pr[A] + Pr[B|A] - Pr[A]

Let Ay, Ay, ... A, be arbitrary events that partition €2, where Vi, Pr[4;] > 0, then for an arbitrary event
B:

n
Pr[B] =Y Pr[B|A;] - Pr[A,]
i=1
Let X and Y be arbitrary random variables on a probability space. X and Y are independent if and only
if for all values = and y:
Pri(X =z)N(Y =y)] =Pr[X = z] - Pr[Y = y]

Let X be an arbitrary random variable on a probability space:

E[X] :Zi-Pr[X:i]

Let X and Y be arbitrary random variables on a probability space:
E[X +Y] = E[X] + E[Y]

Let X1, Xo,... X, be arbitrary random variables on a probability space:

n n
5|3 x| - 3o
i=1 i=1
Sums of Series:
Forn € Z™*:
N 2
=1
ForneZ*, r#1:
n
Zari B a(rn+1 1)
‘ r—1
1=0

ForneZ*, |r| < 1:




