Formula Sheet

Sets:
7Z — Integers 7+ — Positive Integers N — Natural Numbers
R — Real Numbers Q — Rational Numbers
AUB={z|z€ AVz € B} ANB={z|z€ ANz € B}
A\B={z |z € ANz ¢ B} AxB={(a,b)|a€ ANDb e B}
ACB < VYa€eA,a€eB A=B < ACBABCA
Logic:
—(Vx € D,P(x)) = 3z € D,~P(x)
—(3x € D,P(x)) =V € D,~P(x)
-(Vz € D,Vy € E,P(x,y)) =3z € D,3y € E,—~P(z,y)
ﬁ(vx € D,Ely € E,P($7y)) =dzeD vy € Eaﬁp(xvy)
—(3x € D,Vy € E,P(x,y)) =VYx € D,3y € E,=P(z,y)
—(3x € D,3y € E,P(x,y)) =Vx € D,Vy € E,~P(z,y)
= a=(pVva=(~qg = p=((pAr—-q = O)
(p = a=(p = OJAN(@ = p))
p=-p = C
Equivalence Name Equivalence Name
ANT = Vg)Vr=pV(qV
P P Identity Laws (pVa)Vr=pVigVr) Associative Laws
pVFE=p (PAQOATr=pA(gAT)
vT=T VigATr)=(pVag) N(pV
p Universal Bound Laws pVIgAT) =PV A (pVT) Distributive Laws
pAF=F pAlgVr)=(pAg V(pAT)
pPAP=P Idempotent Laws (p ) P e De Morgan’s Laws
pVp=p ~(pVg)=-pA—q
=(= Double Negation L V(pAgq) =
(p) ouble Nesarion maw pVipha) =p Absorption Laws
PAG=qADp . pA(pVg =p
Commutative Laws
pVqg=qVp pV-p=T N ,
egation Laws
pA—p= F
Definitions:
Let n € Z:

nis even < dk € Z,n = 2k nisodd <— Jke€Z,n=2k+1

Let n € Z,n > 1:

n is prime <= (Vr,s €Z ,n=r-5s = (r=1Vs=1)) niscomposite <= =(n is prime)



Let a,b € Z,a # O:
bla < 3k €Z,a=D>bk

Let r € R:
a
reQ <— EIa,bEZ,(r:gAb;«éO)
Let x € R and n € Z:
|z] =n <= n<zr<n+l [zt]=n <= n—1<z<n

Relations and Functions:

Let R be a function on A. We say:
o R isreflexive <= Vx € A, (z,2) € R.
e Ris irreflexive <= Vx € A, (z,2) € R.

e R is symmetric <= Vz,y € A, (z,y) € R = (y,z) € R.

R is antisymmetric <= Vz,y € A, (t RyANyRz) = z =y.

e R is transitive, <= Vz,y,z € A, (tRyAyRz) = =z Rz.
Let f: A— B:

e fisinjective <= Vz,y,€ A, f(z)=fly) = z=1y

e fissurjective <= Vbe B,Ja€ A, f(a) =0

e f is bijective <= f is injective and f is surjective
Let f7':B— A ,ac A be B:

i) =a = fla)=b

Let f:A—>B,g:B—C,gof:A—C:

Vo € A (go f)(x) = g(f(x))

Counting:

Let A be a set and {47, Ag,... Ay} be a partition of A:

|A| = |Ay| + |Aa| + - - + | Ay

If A, B, and C are any finite sets, then

|AU B| = |A|+ |B| — |AN B
|JAUBUC| = |A|+ |B|+|C|
—|ANB|-|ANC|—|BNC|
+|ANBNC|



If we have finite sets Ay, Ao, ..., A, then

n n
Ul =D 14— > [ainaj+ > [Ain4n4dy -+ (=1)"" Nk, A
i=1 i=1 1<i<j<n 1<i<j<k<n
The number of permutations of the multiset {n; - ai,ng2 - ag,...,nk - ai} is:
n!

nl!TIQ! . nk'

The number of -multisets chosen from a multiset with n distinct elements (with infinite copies each):
n+r—1
r

Pr(A] = > Prlw] Pr[A] = 1 — Pr[4]
w€eA

Probability:

If we have a uniform probability space:
_ 1Al

19
Two events A and B are independent iff Pr[A N B] = Pr[4] - Pr[B|

Pr[A]

Let Ay, Ao, ..., A, be arbitrary events in some probability space.

For two events A1 and Ay we have
PI"[Al U AQ] = PI‘[Al] + PI'[AQ} — PI‘[A1 N AQ]

For three events Ay, Ao, and A3, we have

PI‘[Al U Ay U Ag] = PI‘[Al] -+ PI‘[AQ] + PI‘[Ag]
- PI‘[Al N AQ] — Pr[A1 N Ag] — PI‘[AQ N Ag}
+ PI‘[Al N Ay N Ag]

For events Ay, Ay, ..., A,, we have

PrlAjUAsU---UA,] = ) Pr[A]

1<i<n

— Z PI‘[A, N AJ]

1<i<j<n

+ ) PrlANA; NA] -

1<i<j<k<n
+ (*1)71_1 PI‘{Al NAsN---N An]
Let B1, Bs,..., B, be arbitrary mutually disjoint events in some probability space.

For two events By and By we have

Pr[B; U By] = Pr[By] + Pr[B;]



Similarly, for three events Bi, B2, and B3, we have that:

PI‘[Bl UByU Bg] = PI‘[Bl] + PI‘[BQ] + PT[B3]

In general, we have:

Pr[BiUByU---UB,]| = Pr[B;] + Pr[Bs] + - - - + Pr[B,)]

Let A and B be arbitrary events in some probability space, where Pr[B] # 0:

Pr[AN B]

PrA|B) =

Let Ay, As, ... A, be arbitray events in some probability space. For A; and As, we have

Pl"[Al N AQ] = PI“[Al] . PI‘[A2|A1}

For Aq, As, ..., A,, we have:

PI‘[Al NAyN---N An] = PI‘[Al] . PI‘[A2|A1] . PI‘[A3|A1 N AQ] ce PI‘[An|A1 NAsNAz3N---

N An—l]



