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Abstract

The needsof a real-timereasonersituatedin an environmentmay makeit appropriateto view error-correction
andnon-monotonicityasmuchthesamething. This hasled usto formulatesituated(or step)logic, anapproachto
reasoningin which the formalismhasa kind of real-timeself-referencethat affectsthe courseof deductionitself.
Hereweseekto motivatethisasausefulvehiclefor exploringcertainissuesin commonsensereasoning.In particular,
a chief drawbackof moretraditionallogics is avoided:from a contradictionwe do not haveall wffs swampingthe
(growing)conclusionset.Rather,weseekpotentiallyinconsistent,butneverthelessuseful,logicswherethereal-time
self-referentialfeatureallows a direct contradictionto be spottedandcorrectiveactiontaken,aspart of the same
systemof reasoning.Somespecificinferencemechanismsfor real-timedefaultreasoningaresuggested,notablya
form of introspectionrelevantto defaultreasoning.Specialtreatmentof ``now'' andof contradictionsarethemain
technicaldeviceshere. We illustratethis with a computer-implementedreal-timesolution to R. Moore's Brother
Problem.

1 Introduction

A resourcelimitation thatis highly evidentin commonsensereasoning(i.e., in reasoningaboutandwithin a real
environment)is simply the passageof time while the reasonerreasons.The paradigmfor sucha reasoningagent
would seemto be that suggestedby Nilsson[3], namely,a computerindividual with a lifetime of its own. What is
of interestfor theagentis not its ``ultimate'' setof conclusions,but ratherits changingsetof conclusionsovertime.
Indeed,therewill be,in general,noultimateor limiting setof conclusions.

This facilitatesthe study of fallible agentsreasoningover time. A fallible agentmay deriveor encounteran
inconsistency,identify it assuch,andthenproceedto remedyit. Contradictionsthenneednotbebad;indeed,theycan
begood,in thattheyallow sourcesof errorto beisolated(see[4]). Of course,contradictionscanalsobeproblematic.
Onedesideratummaybethattheagentbeableto recoverfrom aninconsistentstateinto a consistentone;weaddress
this ``self-stabilizing'' propertyin Section4.

The ``passageof time'' phenomenonis a limitation in the following sense:the conclusions(beliefs) that may
be logically (or otherwise)entailedby the agent'searlier beliefs take time to be derived,and time spentin such
derivationsis concurrentwith changesin theworld. The issuethenis not somuchoneof weakresourcesasit is of
a real-worldfact aboutprocessesoccurringover time. Indeed,implementedreasoningsystemsobviouslyproceedto
drawconclusionsin steps;see[5, 6, 7, 8].

�

Thepresentpaperextendsideaspresentedin [1, 2].
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Theagentshouldbeableto reasonaboutits own ongoingreasoningefforts,andin particular,reasonwhetherit
hasor hasnotyet reachedagivenconclusion.1 Oneof ourmainfocuseshereis theproblemof anagent'sdetermining
thatin fact it doesnot (currently)knowsomething.Thisnegativeintrospectionwill bea key featureof thededuction,
andsubsequentresolution,of contradictionsin our laterexamplesof defaultreasoningin Section6.2.It turnsout that
negativeintrospectionpresentscertaintemporalconstraintsthatwill stronglyinfluencetheformaldevelopment.

Traditionalapproachesto formalizingcommonsensereasoningsufferfrom theproblemof logicalomniscience:if
an agenthas � 1, ����� , ��� in its belief set,andif � is logically entailedby � 1, ����� , ��� , thenthe agentalsobelieves
� . As a specificexample,if anomniscientagentbelieves� , andalsobelieves���
	 , thentheagentbelieves	 . As
an illustration,refer to Figure1. Thereasonerbeginswith a setof axioms,andthedeductivemechanismgenerates
theoremsalongtheway, e.g., � , later ����	 , still later 	 . Suchmechanismshaveusuallybeenstudiedin termsof
thesetof all theoremsdeducibletherein,whatwecall the``final trayof conclusions''into which individually proven
theoremsarerepresentedasdropping,therebyignoring their time andmeansof deduction.Oneasks,for instance,
whethera wff � is a theorem(i.e., is in thefinal tray),not whether� is a theoremprovenin � steps.
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Figure1: Final-traylogical studies

A particularlyvexingaspectof this typeof reasoningis whatwecall theswampingproblem---namelythatfrom a
contradictionall wffs areconcluded.Forthisreasonmostformalstudiesof reasoningdeliberatelyavoidcontradictions;
thosethat do not (e.g., Doyle [9]), provide a separatedevicefor noting contradictionsand revisingbeliefs while
the ``main'' reasoningenginesits quiescent.In general,however,this will not do, sincethe knowledgeneededto
resolveconflictswill dependon the samewealthof world knowledgeusedin anyotherreasoning.Thusreasoning
aboutbirds involvesinferencerulesappliedto beliefsaboutbirds, whetherusedto resolvea conflict or simply to
producenon-conflictingconclusions.We contend,then,thatoneandthesameon-goingprocessof reasoningshould
beresponsiblebothfor keepingitself apprisedof contradictionsandtheir resolution,andfor otherformsof reasoning.

The literaturecontainsa numberof approachesto limited (non-omniscient)reasoning,apparentlywith similar
motivation as our own. However,with very little exception,the idealizationof a ``final'' stateof reasoningis
maintained,andthelimitation amountsto a reducedsetof consequencesratherthananever-changingsetof tentative
conclusions.ThusKonolige[10] studiesagentswith fairly arbitraryrulesof inference,butassumeslogicalclosurefor
theagentswith respectto thoserules,ignoringtheeffort involvedin performingthedeductions.Similarly, Levesque
[11] andFaginandHalpern[12] provideformal treatmentsof limited reasoning,sothat,for instance,a contradiction
maygounnoticed;but theconclusionsthataredrawnaredonesoinstantaneously,i.e., thestepsof reasoninginvolved

1This separatestwo directionsfor study.First,onewould like a meta-theoryallowingusto determinewhatagivenagenthasandhasnot done
atanygiventime.Second,theagentshouldalsobeableto reason(in somelanguage/structureformalism)aboutwhatit hasandhasnotdoneatany
giventime.Theseareobviouslyinterrelated,andyetcanbetackledsomewhatindependently.This is takenupbelow.
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arenot explicit. FaginandHalpernin particularpostulatea notionof awareness,so that if � and ��� 	 areknown,
still 	 will not beconcludedunlessthe agentis awareof 	 ; just how it is that 	 fails to be in the awarenessset in
unclear.Our own approachprovidesa ratherdifferent notion of awareness,wherethe agentis awareof all closed
sub-formulasof its beliefs;hencetheawarenesssetchangesover time. Goodwin[5] comesa little closerto meeting
ourdesideratabut still maintainsa largelyfinal-tray-likeperspective.

In whatfollows we will outlineour own suggestionfor formalizingcommonsensereasoningin a way thatseems
amenableto real-timeissues.Section2 presentstheunderlyingidea,which we call step-logic. Section3 givessome
moredetails,andSection4presentsseveraltechnicaldefinitionsandresultsfor step-logics.In Section5wediscussthe
mostprimitive step-logic,andin Section6 we presenta muchmoresophisticatedone.Both havebeenimplemented
in PROLOG.In Section7 wediscussdifficulties with representing̀`now'' andwith handlingcontradictions.

We expectfurther researchin step-logicto leadto insightsinto a numberof issuesin commonsensereasoning.
In particular,we think thatstep-logicis a naturalsettingfor real-timeversionsof reasoningappropriatefor problems
suchastheGunproblem,2 andtheThree-wise-menproblem, in whicheachwisemanreasonsaboutthetimeavailable
vis-a-vistheothers'thoughtprocesses.3

Onefurther commonsenseproblemis the Nell and Dudleyproblem, in which Dudley mustsaveNell from an
onrushingtrain. Clearly he mustformulateandcarry out a plan of actionquickly, andmust takeinto accountthat
everyextrasecondspentplanningleavesthatmuchlesstimefor acting.Thefact that``now'' changesasonethinksis
particularlygermanein this problem.Thepresentpaperwill not offer a solutionto this problem;it is currentlyunder
investigation.However,wehavedesignedstep-logicwith aneyeto this problem,andthuswehavemadetheconcept
of ``now'' anintegralpartof theformal treatment.

2 A Time-situatedView

Ordinarylogic serveswell thepurposeof modellingareasoningagent'sactivity from afar, asameta-theoryabout
theagent.This is a usefulthing; still, it is alsoof interestto havea direct representationof theevolvingprocessof
thevery reasoningitself. This canbedonein ordinarylogic if therepresentationis in themeta-theory,sayby means
of a time argumentto a predicaterepresentingtheagent'sproof process.Indeed,themostelementarystep-logicwe
haveproposedis justof this sort.However,in orderfor theagentto reasonaboutthepassageof timethatoccursasit
reasons,timeargumentsmustbeputinto theagent'sownlanguage.Thatis, suchanagent'slogic (astep-logic)would
evolveandrepresentthatevolvinghistoryat thesametime.Canthisbeanythingat all like a traditionallogic?It can,
andnotmerelyby implementinga deductiveengineandwatchingit go throughstatesoneby one.This is not sovery
surprising,for this seemsto bewhathumansdo: we areconstantlygoingon in time,andyet reasoningin time,even
reasoningabouttime aswegoon in time.

Therewill besalientdifferencesfrom ordinarylogic, however.Sincetimegoesonastheagentreasons,andsince
this phenomenonis partof what is to be reasonedabout,theagentwill needto takenoteof factsthatcomeandgo,
e.g.,``It is now 3pm andI am just startingthis task ����� Now it is no longer3pm,but ratherit is 3:15pm,andI still
havenot finishedthe taskI beganat 3pm.'' So,astime (andtheagent'sreasoning)goeson, the formerconclusion
that ``It is now 3pm'' needsto be retracted,in favor of the newconclusioǹ `It is now 3:15pm''. This immediately
putsusin a non-traditionalsetting,for we losemonotonicity:asthehistoryevolves,conclusionsmaybelost.4 Their
loss,however,neednotbeconsideredaweakness,but ratherastrength,basedonareasonedassessmentof achanging
situation. It is clear, then, that a step-logiccannotin generalretainor inherit all conclusionsfrom onestepto the
next. We cautionthereaderto keepthis in mind in our examples.Despitethis feature,we will seethatstep-logicis
primarily a deductiveapparatus.5

2SeeHanksandMcDermott[13]. In partweseetheapproachwewill advocatebelowaslying mid-waybetweentheir positionandthelogicist
traditiontheycriticize.

3See[14] and[15] for variousdescriptionsof this problemandits final-tray-likesolutions,and[16] for asolutionusingstep-logic.
4Thatis, thenewinformationthat``it is now 3:15pm'' canbethoughtof aserasingtheold informationthat``it is now3pm''. While this is not

strictly non-monotonicin theusualsense,it hasasimilar flavor.
5To besure,non-monotonicformalismsalreadyexist in the literature[17, 18, 19]. However,theydo not explicitly treaton-goingprocessesin

the reasoningmodelled.We suspectthat the finely honednon-monotonicitiesin thosestudiesmay amountto a kind of temporalreasoningthat
wouldbebroughtout if theywereappliedto problemsin which anagentcomesacrossconflicts;see[4].
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The issueof representingtime within a logic hasbeenstudiedintensively,e.g.,by Allen [20], McDermott[21],
andMcKenzieandSnodgrass[22]. However,suchrepresentationsof time arenot relatedin any obviousway to
theprocessof actuallyproducingtheoremsin thatsamelogic. In effect,we want to augmentlogic with a notionof
``now'', which appropriatelychangesasdeductionsareperformed.It turnsout that this is not aneasytask. While
therearemanyissuesrelatedto thegeneralapproachweareadvocating,wewill concentratehereondescribingsome
usefultechnicaldevicesin time-situatedreasoningthatpertainto negativeintrospection.

In contrastto alreadyexistentapproaches,weproposestep-logicto modelreasoningthatfocuseson theon-going
processof deduction;seeFigure2.Thereasonerstartsoutwith anemptysetof beliefsattime0. Certaiǹ `conclusions''
or ``observations''mayariseat discretetime steps.At sometime, � , it mayhavebelief � , concludedbasedonearlier
beliefs,or asanobservationarisingat step � . At somelater time,

�

, it comesup with � ��	 . Laterstill, the agent
might deduce	 . Of course,muchthesamemight besaidof anydeductivelogic. Howeverin step-logicthesetime
parameterscanfigure in theon-goingreasoningitself. Therestof thepaperis devotedto describingsomedetailsand
usesof thisphenomenon.

0 : �
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: ��� �

...�
: �
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Figure2: Step-likelogicalstudies

3 The Basics

A step-logicis characterizedby a language,observations,andinferencerules. We emphasizethatstep-logicis
deterministicin thatateachstep� all possibleconclusionsfrom therulesof inferenceappliedto thepreviousstepare
drawn(andthereforeareamongthewffs at step� ). However,for real-timeeffectivenessandcognitiveplausibility,at
eachstepwe want only a finite numberof conclusionsto be drawn.6 Thusa numberof issuespresentthemselves:
smallnessof theconclusionsetat eachstep,contradiction-handling,etc. In this paperwe areprincipally concerned
with studyingdefaultreasoningin termsof contradiction-handling. Thatis, wewantstep-logicto allow contradictions
toariseasdefaultsareinvokedandyetalsowewanttheconsequencesofcontradictionstobecontrolledin areasonable
mannerconsistentwith commonsense.

We returnnow to the idea that thereare two distinct typesof formalismsof interest,that occur in pairs: the
meta-theory���

� aboutanagent,andtheagent-theory���
� itself. Here � is simply an indexservingto distinguish

differentversionsof step-logics.It is thelatter, ���
� , thatis to bestep-like;theformer, �	�

� , is simplyour assurance
thatwehavebeenhonestin describingwhatwemeanby aparticularagent'sreasoning.Thusthemeta-theoryis to be
a scientifictheorysubjectto theusualstricturessuchasconsistencyandcompleteness.Theagenttheory,on theother
hand,maybeinconsistentandincomplete;indeedif theagentis anordinaryfallible reasonerit will beso. Thetwo
theoriestogetherform a step-logicpair.

6 Indeedit shouldbenot just finite, but small.Ourcurrentidealizationdoesnotgothisfar; we intend,however,to eventuallymakebroaduseof
a ``retraction'' mechanismto keepthingsto a reasonablesize.Specifically,weanticipatethe introductionof a notionof relevance,alongthelines
we pursuedin [6, 7, 8] for a computationalmodelof memory;in fact,our entireapproachcanbeviewedasa formalizationandabstractionof our
memory-modelwork. However,thepresentpapermakesonly amodestuseof retraction(seeSection6.1).
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We proposethreemajormechanismsto studyaspossibleaspectsof anagent-theory:self-knowledge,time, and
retraction.Sinceit is importantfor theagentto reasonaboutits own processes,a self, or belief, predicateis needed.
Weemploya predicatesymbol, � , for thispurpose:� ( ��� ` � ' ) is intendedto meanthattheagentknowswff � at time

� .7 � mayor maynot bepartof theagent'sown language;however,manykindsof reasoningrequirethatit be.Note
that` � ' is a namefor � , i.e.,a constantterm.8 Wedropthequotesin � ( ��� ` � ' ) in theremainderof thepaper.

In orderfor theagentto reasonabouttime,a time predicateis needed.This notonly amountsto a parametersuch
as � in � ( ��� � ) aswe just saw,but informationasto how � relatesto theon-goingtime asdeductionsareperformed.
Thustheagentshouldhaveinformationasto whattime it is now, andthisshouldchangeasdeductionsareperformed.
We usethe predicateexpression����� ( � ) to meanthe time currentlyis � . Again, this mayor maynot bepartof the
agent'slanguage,but in manycasesof interestit is.

Finally,sincewewantto beableto dealwith commonsensereasoning,theagentwill havetousedefaultreasoning.
That is, a particularfact maybe believedif thereis no evidenceto the contrary;however,later, in the faceof new
evidence,the formerbelief mayberetracted.For this, we needsomekind of a retractiondevice.Retractionwill be
facilitatedby focusingon thedual: inheritance.Wedonot assumethatall deductionsat time � areinherited(retained)
at time � + 1. By carefullyrestrictinginheritancewe achievea rudimentarykind of retraction.Themostobviouscase
is thatof �	��� ( � ). If at a givensteptheagentknowsthetime to be � , by havingthe belief ����� ( � ), thenthatbelief
shallnotbeinheritedto thenexttime step.

Herewe encountera generalphenomenonof temporalconstraintthat will pervadethe restof our development.
Considertheprocessof concludingby default,onthebasisof notknowing 
 ``now,'' that 
 is false(where
 is any
assertion,possiblydependenton time).But how,at time � , cananagentdeterminethat it doesnot know 
 at time � ?
Intuitively, certainbeliefshaveaccumulatedat time � , andonly thencanthe furtherbelief be formed,that 
 is not
amongtheformer.Thusthenegativeintrospectiveconclusionseemsto comeafter thetimeat which 
 is in factnot
present:it is concluded,say,at time � + 1, that 
 wasnot knownat � . Now this introspectivetime-delaymayseemto
beamerequibble;but if we ignoreit, troublearises.Forsupposethatwewrite theabovedefaultasfollows:

( �
� )[( �	��� (� ) ����� ( ����
 )) ����
 ]

That is, if we don't currentlyknow 
 , thenconclude��
 . If this is oneof the beliefspresentat time � , andif the
beliefs �	��� ( � ) and ��� ( ����
 ) arealsopresentat time � , then indeedthe conclusion��
 may be derivedby some
appropriateruleof inferencein thenextstep,� + 1. But now,let's considerthebelief ��� ( ����
 ). Thisappears(through
negativeintrospection)in thesetof beliefsat time � , on thebasisof 
 not beingin thatsameset.Thereareproblems
with this, for we thenarenot really dealingwith a fixed set for time � , but rathera two-stageproductionin which
beliefsaregatheredinitially andthenanintrospectiveprocessis allowedto addto thatset,playingfastandloosewith
the meaningof ``not beingknown at time � .'' This in turn leadsto severeambiguities,in that the very processof
inserting,say, ��� ( ����
 ) into thebeliefsat time � resultsin somethingbeingknownafterall, somethingthatwasnot
reallyknownat time � , namely��� ( ����
 ) itself.

But supposewe grantthatsomeoraclemanagesto placeall negativeintrospectiveconclusionsaboutthe time-�

belief set into that very sameset. This unfortunatelyforcesan infinite set of beliefs into that set, sincethereare
infinitely manyunknownformulasat anystep.Yet our approachof real-timereasoningcommitsusto a finite belief
setat all steps.Thuswe mustforegotheluxury of havingtheagentbeableto knowthat it doesn'tknowa givenfact
now; insteadthe bestthat canbedoneis to know that it didn't know the fact a momentago,whenit last wasable
to scanits belief set. The act of scanninghaschangedthe world, at leastin the sensethat it hastakentime. Thus
theagent'sself-knowledgelagsslightly behind.We thenwill representtheabovedefaultreasoningin the following
alteredform:

( �
� )[( �	��� (� ) ����� ( ��� 1 ��
 )) ����
 ]

If we didn't know 
 a momentago,thenconclude��
 . Supposethis is a beliefat time � . If at time ��� 1, wedid not
havethebelief 
 , then,usingthe revisednotionof introspection,at time � we cannegativelyintrospectto produce

7Wearenot distinguishingherebetweenbeliefandknowledge.See[23] for adiscussionof belief vs.knowledge.
8In thispaperwedo notaddressthecaseof � havingfreevariablesin � (��� ` � ' ) .
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thebelief � � ( � � 1 ��
 ). If we alsohavethebelief ����� ( � ) at time � , a suitableform of modusponensallowsus to
conclude� 
 at time � + 1.

Aside from obviousreal-timerelevance,the ����� predicateis importantin otherways. For instance,abovewe
illustrateditsusein representingdefaultinformation;morewill appearonthislater,in Section6.2.TheThree-wise-men
probleminvolvesdrawingtheconclusionthatonehasa white spoton thebasisof thebehaviorof othersover time,
andin particularon how muchtime haselapsed;proposedsolutionsthatdo not usesomethinglike a ����� predicate
assumeomniscienceof thereasonersandthuslosemuchof thesenseof theoriginal problem.Finally, theNell and
Dudleyproblemrequiresa changingtime sothatDudleywill beableto recognizewhenit hasbecometoo late to do
anything.

In [1] weproposedeightstep-logicpairs,arrangedin increasingsophistication,with respecttothethreemechanisms
above(self-knowledge,time,andretraction).In our currentnotation,theseare �

��� 0 � �	�

0 � , ����� , �

��� 7 � ���

7 � .
��� 0 hasnoneof the threemechanisms,and ��� 7 hasall. Of theeightagent-theory/meta-theorypairs,only ���

0 and
��� 7, thesimplestmeta-theoryandthemostcomplexagent-theory,havebeenstudiedin anydetail.9 Themeta-theories
all areconsistent,first-ordertheories,andthereforecompletewith respectto standardfirst-ordersemantics.However,
their associatedagent-theoriesareanothermatter. Thesewe do not evenwant in generalto be consistent,for they
are(largely) intendedasformal counterpartsof the reasoningof fallible agents. ��� 0 is an exception,for it, asan
initial effort, was constructedto do merelypropositional(tautological)reasoningso we could more easily test its
meta-theory,�	� 0.

A notionof completenessfor themeta-theoryis definedasfollows:

Definition .1 A meta-theory�	�

� is analyticallycomplete, if for everypositiveinteger � , andeveryconstant� naming
anagentwff of thecorrespondingagent-theory,either ���

���

� ( ��� � ) or ���

���

��� ( ��� � ).10

We showedthatour ���

0 formalismis in factanalyticallycomplete.But whatkind of completenessmight bewanted
for anagenttheory?In ��� 0, it is desirablethateverytautologybe(eventually)provable.This is thecase,sinceevery
tautologyhasaproofin propositionallogicand,for asufficientlylargevalueof � , all axioms(i.e.,the``observations'')
in sucha proof will haveappeared(by designof �	� 0) by step � . Thus ��� 0 is completewith respectto the intended
domain,namely,tautologies. However,for other step-logicsthe caseis not so simple, for the intendeddomain,
namely,the commonsenseworld, hasno well-understoodprecisedefinition. Nevertheless,we can isolatespecial
casesin which certainmeta-theoremsarepossible.In particular,if no non-logicalaxioms(beliefs)aregiven to an
agentat step0 (or any latertime), thenit is reasonableto expecttheagentto remainconsistent.This wewill beable
to establishfor all ouragentlogicsin which thelogicalaxiomsdonotcontainthepredicatesymbol`` ����� ''.

4 Definitions and Theorems

We now presentseveraldefinitions,mostof which areanalogousto standarddefinitionsfrom first-orderlogic.
Consequentlycertainresultsfollow trivially from their first-ordercounterparts.

Intuitively, we view an agentas an inferencemechanismthat may be given externalinputs or observations.
Inferredwffs arecalledbeliefs;thesemayincludecertainobservations.

Let � beafirst-orderlanguage,andlet � bethesetof wffs of � .

Definition .2 An observation-functionis a function �
	 � : N ��� ( � ), where � ( � ) is the powersetof � , and
wherefor each��
 N , theset �
	 � ( � ) is finite. If ��
��
	 � ( � ), then � is calledan � -observation.

Definition .3 A historyis a finite tupleof pairsof finite subsetsof � . � is theclassof all histories.

Definition .4 An inference-functionis a function � ��� : � ��� ( � ), wherefor each ��
�� , � ��� ( � ) is finite.

Intuitively, a historyis a conceivabletemporalsequenceof belief-set/observation-setpairs.Thehistoryis a finite
tuple; it representsthe temporalsequenceup to a certainpoint in time. � consistsof all conceivablehistories,not

9Wedescribe���

0 in Section5 and ��� 7 in Section6.
10

� thenhastwo roles:in ���! asusedhere,andin ���

 

. Thecontextwill maketheroleclear.
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merelythosethat occurin someactualcourseof reasoning.The inference-functionextendsthe temporalsequence
of belief setsby onemorestepbeyondthehistory. Figure3 illustratesonesuchobservation-functionandinference-
function. We canseethat � ��� dependsboth on �
	 � andthe histories,andthat any given history dependsboth
on � 	 � and � ��� . We haveillustratedonesuchhistory: thehistoryof the first five steps.11 Definitions .5 and.6
formalizetheseconceptsin termsof a step-logic�	� � .

Let

������� (
�

) =

�
	��

��
��

( � ) �����

�����

( � ) � if
�
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��
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���
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� otherwise
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Figure3: Exampleof aparticular�
	 � and � ���

Definition .5 An ��� � -theoryovera language� is a triple, �

� � �
	 � � � ���

� , where � is a first-order language,
�
	 � is anobservation-function,and � ��� is an inference-function.Weusethenotation, ��� � ( �
	 � � � ��� ), for such
a theory(the language� is implicit in the definitionsof � 	 � and � ��� ). If wewish to considera fixed � ��� but
varied �
	 � , wewrite �	�

� ( H � � ��� ).

Let ���
� ( �
	 � � � ��� ) bean ���

� -theoryover � .

Definition .6 Letthesetof0-theorems,denotedI �DJ 0, beempty.For �

� 0, let thesetof i-theorems,denotedI ��JLK , be
� ��� ( � �

I ��J 0 � �
	 � (1) �

�

�

I �DJ 1 � � 	 � (2) �

���������

�

I �DJ
KNM 1 � �
	 � ( � ) � � ). Wewrite �	� � ( �
	 � � � ��� ) �

K

� to mean� is an � -theoremof ��� � ( �
	 � � � ��� ).12

Definition .7 Given a theory �	� � ( � 	 � � � ��� ), a corresponding ���

� -theory, written ���

� ( �
	 � � � ��� ), is a
first-ordertheoryhavingbinarypredicatesymbol� ,13 numerals,andnamesfor thewffsin � , suchthat

���

� ( �
	 � � � ��� ) �

� ( ��� � ) iff ���
� ( �
	 � � � ��� ) �

K � .

Thusin ���

� ( � 	 � � � ��� ), � ( ��� � ) is intendedto expressthat � is an � -theoremof ���
� ( �
	 � � � ��� ).14

Let �2O bethelanguagehavingthesymbolsof � andthe(possiblyadditional)predicatesymbols� and ����� . Thus
�PO maybe � itself.

Definition .8 A step-interpretationfor ��O is a sequenceQ = �

Q 0 �RQ 1 ����������Q
K

�������

� , where

1. Each Q
K is anordinary first-order interpretationof �SO .

2. Q
KUT = �	��� ( � ).

11This exampleservesto illustratehow thesethreeconceptsareinter-related.Therearemanypossibilitiesfor definingthefunctions V#W � and
X>Y[Z

; hence,manydifferenthistoriesarepossible.
12Notethenon-standarduseof theturnstilehere.
13Weseethatthepredicateletter � hastwo roles:in ���! andin ���

 

. Thecontextwill maketheroleclear.
14In [1, 2] weused� ( ��� � ) for � (� � � ).
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Definition .9 A step-modelfor ��� � ( �
	 � � � ��� ) is a step-interpretationQ satisfying

1. Q1K T= � (
�

� � ) iff ��� � ( �
	 � � � ��� ) ���

� .

2. Q1K T= � whenever��� � ( �
	 � � � ��� ) �

K � .

Condition1 insuresthata chronologicalrecordof the
�

-theoremsexistsin eachQ K ; andCondition2 insuresthat
the � -theoremsarein fact true. Q shouldnot be thoughtof asthe realexternalworld, correspondingto anagent's
beliefs.Rather,Q is justareflectionof thosebeliefsandmayor maynotcorrespondto externalmatters.In particular,
a wff 	 canbetruein Q K andfalsein Q K +1 simplybecausetheagenthaschangedits mind.

Definition .10 A wff � is � -truein a step-modelQ (written Q T= K � ) if Q K�T = � .

Definition .11 ��� � ( �
	 � � � ��� ) is step-wiseconsistentif for each ��
 N , the set of � -theoremsis consistent
(classically,i.e., thesethasa first-ordermodel).

Definition .12 ��� � ( �
	 � � � ��� ) is eventuallyconsistentif � � suchthat �

�

�

� , thesetof
�

-theoremsis consistent.

Definition .13 Anobservation-functionOBSis finite if � � suchthat �

�

�

��� � 	 � (
�

) = � .

Definition .14 ��� � ( H � � ��� ) is self-stabilizingif for everyfinite OBS,��� � ( �
	 � � � ��� ) is eventuallyconsistent.

Remark .15 1. Evenif �	� � ( �
	 � � � ��� ) is step-wiseconsistent,it canhaveconflictingwffsat differentsteps,
e.g.,

�	� � ( �
	 � � � ��� ) �

10 ����� (10)and ��� � ( �
	 � � � ��� ) �

11 � ����� (10).

2. Anystep-wiseconsistenttheoryis eventuallyconsistent.

3. Intuitively a self-stabilizingtheory ��� � ( H � � ��� ) correspondsto a fixed agent that can regain and retain
consistencyafterbeinggivenarbitrarily (but finitely) manycontradictoryinitial beliefs.

Theorem.16 If ��� � ( �
	 � � � ��� ) hasa step-model,thenit is step-wiseconsistent.15

Proof: Let �	�
� ( � 	 � � � ��� ) havea step-modelQ = �

Q 0 ��Q 1 ���������RQ!K��������

� . Let
�


 N bearbitrary.Thenfor
each� in thesetof

�

-theorems,Q �

T= � . Thismeansthatthesetof
�

-theoremsis consistent,sinceit hasa(standard
first-order)model Q

� . �

Theorem.17(Soundness)Everystep-logic ���
� ( �
	 � � � ��� ) is soundwith respectto step-models.That is, every

� -theorem� of ���
� ( �
	 � � � ��� ) is � -true in everystep-modelQ of ���

� ( �
	 � � � ��� ), i.e.,
if ���

� ( �
	 � � � ��� ) �

K � then Q
T=K � .

Proof: Let � bean � -theoremof �	� � ( � 	 � � � ��� ), andlet Q beastep-modelof �	� � ( � 	 � � � ��� ).
����� ( � 	 � � � ��� ) �

K
� , soby definitionof step-model,Q K�T = � , andhence(by definitionof � -true) Q

T=K
� . �

5
���

0 and
��� 0

The first step-logicpair we investigatedwas �

��� 0 � �	�

0 � . The languageof ��� 0 is propositional,wherethe
propositionallettersare � 0 �	� 1 �
� 2 ������� . Themeta-theory���

0 is a first-ordertheoryasdescribedin Definition .7. ��� 0

correspondsto the reasoningof a very simpleagentthat candeduceonly tautologies.The agentis ``fed'' beliefs
(its ``observations'')consistingof specialtautologies,from which it is to draw others. In [24] we formalizedthe
meta-theory�	�

0 for describingthestepstakenby suchanagent.16

15This resultwill be useful in showingcertainstep-logicsareconsistent;however,by the sametoken,sincemanyinterestingstep-logicsare
inconsistent(andin fact derivemuchof their interestfrom their inconsistency),step-modelsarenot sufficiently generalasdefined.We intendto
exploreabroaderconceptof step-modelin futurework.

16Althoughtherewedid not yetusethenotationaldistinctionof ��� 0 and ���

0.
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To havetheagentdeduceall tautologies,it is necessaryto providesufficientlymanyaxioms.Theusualapproaches
involveschemataencodinganinfinite numberof axioms(see[25]), yetwewishtheagentto haveonly afinite number
of beliefsateachstep.To achievethis,we ``feedin'' first-orderlogicalaxiomslittle by little (accordingto increasing
boundsontheirlengths(i.e. thenumberof connectives)andrangesof symbolsused)throughtheobservation-function.
That is, an instance� of an axiom schemais an � -observationiff the lengthof � and the highestindex

�

of any
propositionalletter �

� in � areboth lessthan � . For example,� 0 � ( � 0 � � 0) is a 3-theorem,but is not a 0-,1-,or
2-theorem.Althoughthehighestindexof this wff is zero,it hasa lengthof two, andis thereforenot ``fed in'' until
step3.

Theorem.18 ���

0 is analyticallycomplete.

Theproof is a longseriesof lemmasinvolving inductionon thelengthof formulas.See[24] for thecompleteproof.
���

0 was studiedto gain an understandingof the underlying idea of step-logic,and to gain somepractical
experience.17 Although ���

0 was studiedin somedetail, ��� 0 is not an appropriatestep-logicfor commonsense
reasoning:notonly is thepropositionallanguagetoo weak,butanarbitrarily largenumberof tautologiesarefed in at
eachstep.A commonsensereasonershouldhaveonly a relativelysmallnumberof activebeliefswith which to work
ateachstep.18

6
���

7

In this sectionwe outline what is so far the mostambitiousstep-logic: ��� 7.19
�	� 7, as statedearlier, is not

intendedin generalto beconsistent.If suppliedonly with logically valid wffs thatareNow-freeon which to baseits
reasoning,thenindeed �	� 7 will remainconsistentover time: therewill be no step � at which the conclusionsetis
inconsistent,for its rulesof inferencearesound(seeTheorem.22in Section6.1).However,virtually all theinteresting
applicationsof ��� 7 involve providing the agentwith somenon-logicalandpotentiallyfalseaxioms,thusopening
theway to derivationof contradictions.This behavioris whatwe areinterestedin studying,in a way thatavoidsthe
swampingproblem.Thecontrolledgrowthof deductionsin step-logicprovidesa convenienttool for this,aswewill
see.

Section6.1providessomedetailsof �	� 7, andin Section6.2weuseMoore'sBrotherproblemasanillustration.

6.1 The Details

Thelanguageof ��� 7 is first-order,havingunarypredicatesymbol,����� , binarypredicatesymbol, � , andternary
predicatesymbol,

�

� � ����� , for time,knowledge,andcontradiction,respectively.We write ����� ( � ) to meanthetime
is now � ; � ( ��� � ) canbethoughtof asstatingthat � is known 20 atstep� ; and

�

� � ����� ( ��� � � 	 ) meansthat � and	 are
in directcontradiction(oneis thenegationof theother)andbothare � -theorems.

Theformulasthattheagenthasatstep� (the � -theorems)arepreciselyall thosethatcanbededucedfrom step�
� 1
usingthe applicablerulesof inference.As previouslystated,the agentis to haveonly a finite numberof theorems
(conclusions,beliefs,or simplywffs) at anygivenstep.Wewrite:

� : ������� �

� + 1 : ������� 	

17An implementationof ���

0 hasbeenwritten in PROLOG,andwasrun onanIBM PC-AT.
18This failing of ��� 0 canbeseenin our implementation,whereat a veryearlystepsomanytheoremshaveaccumulatedthattheir computation

on anIBM PC-ATis severelyhindered.
19Theearlier ���

& 's areweakerversions,missingeithertimeor retractionor belief/knowledgepredicates,andthereforetooweakfor ourpurposes
in this paper. Also, ��� 7, unlike ��� 0, is intendednot for derivationof tautologiesbut ratherfor the studyof particulardefaultcapabilities;in
particular,tautologiesandother logical axiomsarenot generallyemployedin ��� 7. Finally, we usethe notation ��� 7 for any of a family of
step-logicswhoseV W � and

X>Y[Z

involve thepredicates
Y��	�

and � andcontaina retractionmechanism.ChoosingV W � and
X>Y[Z

therefore
fixes thetheorywithin thefamily.

20known,believed,or concluded.Thedistinctionsbetweenthese(see[23, 4, 26]) will not beaddressedhere.
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to meanthat � is an � -theorem,and 	 is an � + 1-theorem.Thereis no implicit assumptionthat � (or anyotherwff
other than 	 ) is present(or not present)at step � + 1. The ellipsis simply indicatesthat theremight be otherwffs
present.Wffs arenot assumedto beinheritedor retainedin passingfrom onestepto thenext,unlessexplicitly stated
in aninferencerule.In Figure4 below,we illustrateonepossibleinferencefunction,denoted� ����� , involving arule
for specialtypesof inheritance;seeRule7.

For time, we envisiona clock which is ticking astheagentis reasoning.At eachstepin its reasoning,theagent
looks at this clock to obtain the time.21 The wff ����� ( � ) is an � -theorem. ����� ( � ) correspondsintuitively to the
statement̀`Thetime is now i.''

Self-knowledgeinvolvesthe predicate� , and (in � ��� � ) a new rule of inference,namelya rule of (negative)
introspection;seeRule 5 in Figure4 below. This rule is intendedto havethe following effect. � � ( ��� � ) is to be
deducedatstep� + 1 if � is notan � -theorem,butdoesappearasaclosedsub-formulaatstep� .22 Weregardtheclosed
sub-formulasat step � asapproximatingthewffs that the agentis ``awareof'' at � .23 Thusthe ideais that theagent
cantell at � + 1 that a givenwff it is awareof at step � is not oneof thoseit hasasa conclusionat � . See[12] for
anothertreatmentof awareness.We will usethe � conceptto allow theagentto negativelyintrospect,i.e., to reason
at step� + 1 thatit did not know 	 at step � . Thus,using � ��� � , if � and � � 	 are � -theorems,then	 and � � ( ��� 	 )
will be � + 1-theorems(concludedvia Rules3 and5, respectively).Currentlywedonotemploypositiveintrospection
(i.e., from � at � infer � ( ��� � ) at � + 1), althoughit canberecapturedfrom axiomsif needed.

Retractionsareusedto facilitateremovalof certainconflicting data.Handlingcontradictionsin a systemof this
sortcanbequitetricky. Currentlywehandlecontradictionsby simplynot inheritingtheformulasdirectly involved.24

Unlike �	� 0 which is monotonic(thatis, if � is an � -theorem,then � is alsoan � + 1-theorem),��� 7 is non-monotonic.
In ��� 7( H � � ����� ), a conclusionin a givenstep,� , is inheritedto step� + 1 if it is notcontradictedat step� andit is not
thepredicate����� (

�

), for some
�

; seeRule7 in Figure4 below.
We formulated��� 7( H � � ���

� ) with applicationssuchastheBrotherproblem(seeSection6.2) in mind. This led
usto therulesof inferencelisted in Figure4. Rule3 states,for instance,that if � and � �
	 are � -theorems,then 	

will bean � + 1-theorem.Rule3 makesnoclaimaboutwhetheror not � and/or� � 	 are � + 1-theorems.Theaxioms
(i.e., the``observations'')arethoselistedin Section6.2.

Notethatcentralto our approachis theideathat,for at leastsomeconclusionsthatouragentis to make,thetime
theconclusionis drawnis important.For instance,if it concludedat time (step)5 thatsomewff 	 is unknown,we
prefertheagentto conclude��� (5 � 	 ) ratherthansimply ��� ( 	 ). Thereasonfor this is thatit mayindeedbetruethat

	 is unknownattime5,but thatlater 	 becomesknown;thislattereventhowevershouldnotforcetheagentto forget
the(still true)fact thatat time5, 	 wasunknown.Ontheotherhand,if weputtimestampsonall conclusions,then 	

itself, onceconcluded,will requiremorecomplexinheritancesin orderto carry 	 onfrom stepto stepasacontinuing
truth. Thusit seemspreferablenot to time-stampeveryconclusion.This leavesuswith a problemof decidingwhich
conclusionsto stamp;currentlywearestampingonly introspections,contradictions,and``clock look-ups''.

It is worthamplifyingon theuseof Contra.Supposethatatstep� theagenthasthewffs � � � � 	 , and ��� 	 . (They
areall � -theorems.)While theseare indeedmutually inconsistent,they do not form a direct contradiction;it takes
somefurtherwork to seethecontradiction.If, for instance,at step � + 1 theagentdeduces	 (say,from a furtherwff

� � � ( ����	 ) � 	 alsopresentat step � ), thenat step � + 1 therewould bea direct contradiction.This would then
benoticed(via Rule6) at step � + 2 with thewff

�

� � ����� ( � + 1 � 	 � � 	 ). Then(by Rule7) neither	 nor � 	 would be
inheritedto step� + 3. Notethatwhatis not inheritedis context-dependent:if aslightly differentline of reasoninghad
led from thesamewffs at step � to a differentcontradictionat � + 1, differentwffs would fail to beinherited.Thusit
is theactualtime-traceof pastreasoningthat is reflectedin thedecisionasto whatwffs to distrust.Also notethat if
theextrawff thatallowedtheimplicit contradictionto becomedirecthadnot beenpresent,theimplicit contradiction

21RichardWeyhrauchanalyzedthis ideain a ratherdifferentway in his talk at the SardiniaWorkshopon Meta-ArchitecturesandReflection,
1986;see[27].

22A sub-formulaof awff is anyconsecutiveportionof thewff thatitself is awff. Notethatthereareonly finitely manysuchsub-formulasatany
givenstep.Rule5 formalizestheintrospectivetime-delaydiscussedin Section3.

23``You can't knowyoudon't knowsomething,if youneverheardof it.'' Thusfrom beliefs W����	� ( 
 ) �

Z
�

����� ( 
 ) and W ����� ( �

�

������� ) atstep� ,
W ���	� ( �

�

������� ) �

Z
�

����� ( �

�

������� ) mayfollow at step� + 1. Thenat step� + 1, Flies(tweety)would becomesomethingtheagentis awareof. (In
X>Y[Z��

this will certainlybethecase,andin fact
Z
�

����� ( �

�

������� ) will evenbea theorem.)
24In future work we hopeto havea mechanismfor tracingthe antecedentsandconsequentsof a formula � when � is suspect,a la Doyle and

deKleer(see[28, 29]), thoughin thecontextof a real-timereasoner.
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The inferencerulesgiven herecorrespondto an inference-function,36587

�

. For any given history, 36587

�

returnsthe setof all
immediateconsequencesof Rules1--7appliedto thelaststepin thathistory.NotethatRule5 is theonly defaultrule.

Rule 1 :

�

: <=<><

�

+ 1 : <><><=+ 5��

� (
�

+ 1)
Correspondsto lookingat clock

Rule 2 :

�

: <=<><

�

+ 1 : <><><>+

�

If �

C

���:� (
�

+ 1)---Obs.becomebeliefs

Rule 3 :

�

: <><><>+

�

+

��� �

�

+ 1 : <><><>+

�

Modusponens

Rule 4 :

�

: <><><=+��

1 �

+><=<><>+��

 

�

+ (�D� )[( �

1 ���

<><=<

�

�

 

� ) �
	

� ]
�

+ 1 : <><><>+

	

�

Anotherversionof modusponens

Rule 5 :

�

: <=<><

�

+ 1 : <><><>+���
 (
�

+

� )
Negativeintrospection�

Rule 6 :

�

: <><=<>+

�

+��

�

�

+ 1 : <><=<>+����

0

�




�

(
�

+

�

+��

� )
Presenceof (direct)contradiction

Rule 7 :

�

: <><><=+

�

�

+ 1 : <><><>+

�

Inheritance�

�

where� is not a theoremat step� , but is aclosedsub-formulaatstep� .
�

wherenothingof theform �

���

����� (��� 1 � � ��� ) nor �

���

����� (��� 1 ��� � � ) is an � -theorem,andwhere� is not of theform
Y �	�

(� ). That is,
contradictionsandtimearenot inherited.

The intuitive reasontime is not inheritedis that time changesat eachstep. (Clearly, in generalonewould want a strongerrestrictionon the
inheritanceof time. It is not obvious,however,what thatshouldbe. This problemis relatedto the dangling-time-parameterissuediscussedon
page15.For thepurposesof illustratingcertainbehaviors,however,astrongerrestrictionis notnecessary.)

Theintuitive reasoncontradictingwffs � and � arenot inheritedis thatnot bothcanbetrue,andsotheagentshould,for thatreason,beunwilling
to simplyassumeeitherto bethecasewithoutfurtherjustification.Thisdoesnotmean,however,thatneitherwill appearat thenextstep,for either
or bothmayappearfor otherreasons,aswill beseen.Notealsothatthewff �

���

����� (� � � ���
� ) will beinherited,sinceit is not itself eithertimeor a
contradiction,and(intuitively) it expressesa fact (thattherewasacontradictionatstep� ) thatremainstrue.

Figure4: Rulesof inferencecorrespondingto � ���
�
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mighthaveremainedindefinitely.Thisbehaviorweregardaswithin thespirit of thereasoningwewishto study,since
it follows real-timevagariesof whatis actuallydoneratherthananexternallyproscribednotionof validity.

Definition .19 A wff is saidto beP-freeif it doesnotcontainthepredicateletterP.

Definition .20 Anobservation-function�
	 � is saidto beP-freeif � � � � ( ��
�� 	 � ( � ) ��� is P-free).

Definition .21 Anobservation-function�
	 � is saidto bevalid if � � � � ( ��
��
	 � ( � ) ��� is logically valid).

Theorem.22 ��� 7( �
	 � � � ��� � ) is step-wiseconsistentif OBSis bothvalid andNow-free.

Proof: Seethe appendixfor the details. The idea is to show �	� 7( �
	 � � � ��� � ) hasa step-model,andapply
Theorem.16. �

Remark .23 WhenOBSis empty(i.e. � ��� � 	 � ( � ) = � ), ��� 7( �
	 � � � ��� � ) reducesto a ``clock'', i.e.,
� � , ��� 7( �
	 � � � ��� � ) �

K � iff � = �	��� ( � ).

6.2 The Brother Problem

In this sectionwe useMoore's Brotherproblem(see[30]) to provideexamplesof �	� 7( H � � ����� ) at work. One
reasons,̀`SinceI don't know I havea brother,I mustnot.'' This problemcanbe brokendown into two: the first
requiresthatthereasonerbeableto decidehedoesn'tknowhehasabrother;thesecondthat,on thatbasis,he,in fact,
doesnot havea brother(from modusponensandtheassumptionthat``If I hada brother,I'd know it.'') The first of
theseseemsto lend itself readilyto step-logic,in that thenegativereflectionproblem(determiningwhensomething
is not known)reducesto a simplelook-up. As an illustrationof how ��� 7 works,we presenta real-timesolutionto
Moore'sBrotherproblem.25

In the following threesub-sections,6.2.1--6.2.3,we presentsynopsesof computer-generatedresultsfor three
differentscenarioswheretheagentdetermineswhetheror nota brotherexists.Let 	 bea 0-argumentpredicateletter
representingthepropositionthata brotherexists.Let � bea0-argumentpredicateletter(otherthan 	 ) thatrepresents
apropositionthatimpliesthatabrotherexists.26 In eachcase,atsomestep� theagenthastheaxiom � � 	 , andalso
thefollowing autoepistemicaxiomwhich representsthebelief thatnot knowing 	 ``now'' implies ��	 .

Axiom 1 ( ��� )[( ����� ( � ) ����� ( � � 1 � 	 )) ����	 ]27

Thefollowing behaviorsareillustrated:

� If 	 is amongthe wffs of which the agentis awareat step � , but not onethat is believedat step � , thenthe
agentwill cometo know this fact ( � � ( ��� 	 ), that it wasnot believedat step � ) at step � + 1. As a consequence
of this,otherinformationmaybededuced.In this case,theagentconcludes��	 from theautoepistemicaxiom
(Axiom 1). Clearlythe ����� predicateplaysa critical role.Section6.2.1belowillustratesthiscase.

� Theagentmustrefrainfrom suchnegativeintrospectionwhenin fact 	 is alreadyknown;seeSection6.2.2.

� A conflict mayoccurif somethingis comingto beknownwhile negativeintrospectionis simultaneouslyleading
to its negation.Thethird illustration(seeSection6.2.3below)showsthisbeingresolvedin anintuitive manner
(thoughnot onethatwill generalizeasmuchaswewould like; this is anareawearecurrentlyexploring).

25We usethis problemalthough,accordingto Moore, it technicallydoesnot involve ``true'' defaultreasoning.We couldaseasilyhaveused
a standardsimpledefaultsuchasoneaboutbirdstypically flying. Also, notethat thereis a wealthof backgroundcommonsenseknowledgenot
usuallymadeexplicit in formal treatments,suchasthatbrothers,if theyexist,areknownnot merelyat onemomentbut by repeatedexperience
overlongperiodsof time.However,wewill not attemptadetailedformal treatmentof suchfine points,astheybelongto adifferentdomain:naive
perceptualpsychophysics.

26P mightbesomethinglike ``My parentshavetwo sons,'' togetherwith appropriateaxioms.
27It appearsthatsomearithmeticis involvedhere,butsimplesyntacticdevicescanobviateanygenuinesubtraction.Wecanreplace,for instance,

� (� � 1 � � ) by
�

(� � � ) with theintuitive meaningthat � wasknown``just amomentago'', i.e.,at � . Alternatively,wecanusesuccessornotation
for naturalnumbers.
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6.2.1 Simplenegativeintrospection succeeds

In thisexampletheagentis notableto deducetheproposition	 , thathehasabrother,andhenceis ableto deduce
��	 , that he doesnot havea brother. SeeFigure5. Here,andin Sections6.2.2and6.2.3, for easeof readingwe
underlinein eachstepthosewffs whicharenew(i.e.,whichappearthroughotherthaninheritance).For thepurposes
of illustration,let � bearbitraryandlet

�
	 � � 1(
�

) =
���

� � 	 � (� � )[( ����� ( � ) ����� ( � � 1 � 	 )) ����	 ] � if
�

= �

� otherwise

Since 	 is not an � -observation(andthusis not an � -theorem),theagentusesRule5, thenegativeintrospectionrule,
to conclude� � ( ��� 	 ) at step � + 1. At step � + 2 the agentconcludes��	 from theautoepistemicknowledgestated
above(Axiom 1) andtheuseof thealternateversionof modusponens,Rule4.

�

: 5��

� (
�

) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�/� ]
�

+ 1 : 5��

� (
�

+ 1) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +���
 (
�

+ � ) +���
 (
�

+��)� ) +

� 
 (
�

+�� )
�

+ 2 : 5��

� (
�

+ 2) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +���
 (
�

+ � ) +���
 (
�

+��)� ) +

� 
 (
�

+�� ) +��)� +�� 
 (
�

+ 1 + � ) +�� 
 (
�

+ 1 +��)� ) +���
 (
�

+ 1 +�� )

Figure5: Negativeintrospectionsucceeds

6.2.2 Simplenegativeintrospection fails (appropriately)

In thisexample,let

�
	 �
� 2(

�

) =

�

�

� � 	 � (� � )[( ����� ( � ) ����� ( � � 1 � 	 )) ����	 ] � 	�� if
�

= �

� otherwise

Thustheagenthas 	 at step � , andis blocked(appropriatelyfor this example)from deducingat step � + 1 thewffs
��� ( ��� 	 ) and ��	 . SeeFigure6.

�

: 5��

� (
�

) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�/� ] + �

�

+ 1 : 5��

� (
�

+ 1) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] + � +���
 (
�

+��)� ) +�� 
 (
�

+�� )

Figure6: Negativeintrospectionfails appropriately

Notethata traditionalfinal-tray-likeapproachcouldproducequitesimilarbehaviorto thatseenin Figures5 and6
if it is endowedwith a suitableintrospectiondevice,althoughit would not havethereal-timestep-likecharacterwe
aretrying to achieve.

6.2.3 Introspection contradicts other deduction

In thisexample,let

�
	 � � 3(
�

) =
���

� � 	 � (� � )[( ����� ( � ) ����� ( � � 1 � 	 )) ����	 ] �	��� if
�

= �

� otherwise
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In Figure7 we seethenthat theagentdoesnot have 	 at step � , but is ableto deduce	 at step � + 1 from � ��	

and � at step � . Sincetheagentis aware(in our sense)of 	 at step� , andyet doesnot have 	 asa conclusionat � ,
it will deduce� � ( ��� 	 ) at step � + 1. Thusboth 	 and ��� ( ��� 	 ) areconcludedat step � + 1. At step � + 2 Axiom 1
(theautoepistemicaxiom),togetherwith ����� ( � + 1) and ��� ( ��� 	 ) andRule4, will produce� 	 . A conflict results,
which is notedatstep� + 3. This theninhibits inheritanceof both 	 and ��	 atstep� + 4. Althoughneither	 nor ��	

is inheritedto step � + 4, 	 is re-deducedat step � + 4 via modusponensfrom step � + 3. Thus 	 ``wins out'' over
��	 dueto its existingjustification in otherwffs, while ��	 's justification is ``too old'': ��� ( � + 2 � 	 ), ratherthan
��� ( ��� 	 ), wouldbeneeded.Weseethenthattheconflict resolvesdueto thespecialnatureof thetime-bound̀ `now''
featureof introspection.

�

: 5��

� (
�

) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�/� ] +��

�

+ 1 : 5��

� (
�

+ 1) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +�� + � +���
 (
�

+ � ) +�� 
 (
�

+��)� )
�

+ 2 : 5��

� (
�

+ 2) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +�� + �[+���
 (
�

+ � ) +�� 
 (
�

+��)� ) +

�)� +���
 (
�

+ 1 +��/� )
�

+ 3 : 5��

� (
�

+ 3) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +�� + �[+���
 (
�

+ � ) +�� 
 (
�

+��)� ) +

�)� +���
 (
�

+ 1 +��/� ) +����

0

�




�

(
�

+ 2 + �[+��)� )
�

+ 4 : 5��

� (
�

+ 4) +��

�

� + (�D� )[( 5��

� ( � ) �

� 
 ( ��� 1 + � )) �

�)� ] +�� +�� 
 (
�

+ � ) +�� 
 (
�

+��)� )
� 
 (

�

+ 1 +��)� ) +����

0

�




�

(
�

+ 2 + � +��/� ) + � +����

0

�




�

(
�

+ 3 + � +��/� )

Figure7: Introspectionconflictswith otherdeductionandresolves

A traditionalfinal-tray-likeapproachwouldencounterdifficulties with this third example,for atstep� + 2 thereis
a contradiction.This meansthat thefinal tray for a tray-like modelof a reasoningagentwould simply befilled with
all wffs in thelanguage---andnobasisfor aresolutionis possiblewithin sucha logic.

Remark .24 Thefollowingaretrueabouttheconsistencyof eachof the ��� 7 theoriesgivenin thebrotherexamples:

1. ��� 7( �
	 � � 1 � � ����� ) is step-wiseconsistent.

2. ��� 7( �
	 �
� 2 � � ���

� ) is step-wiseconsistent.

3. ��� 7( �
	 �
� 3 � � ���

� ) is eventuallyconsistent(butnotstep-wiseconsistent28).

Proof: We briefly sketchtheproof of part 1 of the precedingremark.Parts2 and3 aresimilar; part 3 involves
constructinga modelfor eachstepafterthelastinconsistentstep(whichhappensto bestep � + 3).

Since �
	 �
� 1 (

�

) = � , for
�

�

� , by Remark.23, if
�

�

� , � 


�
� iff � = ����� (

�

). Thereforeeverystepin
��� 7( �
	 �

� 1 � � ���
� ) up to andincluding step ��� 1 is consistent.From step � on we haveadditionaltheorems

whichmustbeconsidered.Thisis dueto thefactthat �
	 �
� 1 ( � ) is notempty.To showthatstep� andall subsequent

stepsareconsistent,we proposea model Q

� for eachstep
�

. In eachQ

� interpretthepredicatesin the following
way: ���

�

������� � 		�

�

�
����� �	�
�

�

�
����� ������� ( � ) ��� =
�

, where � is anypredicateotherthan � , 	 , or ����� .

28This is why a traditionalfinal-tray-likeapproachwouldencounterdifficulties with thisexample.
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Wecanthenseethatwehavea modelfor eachof steps� thru � + 2. Noting thatfor anarbitrarystep� + � ���

� 2,

�

K + �

=

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

����� ( � + � ) �

� � 	 �

(� � )[( ����� ( � ) ����� ( � � 1 � 	 )) ����	 ] �

��	 �

��� ( ������	 ) ����� ( � + 1 � ��	 ) �

��� ( ��� 	 ) ������������� ( � + � � 1 � 	 ) �

��� ( ���	� ) ������� � ��� ( � + � � 1 �
� )

� �

�

�

�

�

�

�

��

�

�

�

�

�

�

�

�

�

we seethat,again, Q1K + �

is anappropriatemodel.Therefore,by Theorem.16, ��� 7( �
	 � � 1 � � ����� ) is step-wise
consistent. �

7 Discussionand Future Work

Wehavearguedthatexplicit representationof individualreasoningstepsastheyoccurwill provecrucialfor many
problemsin theformalizationof commonsensereasoning.Wearedevelopingstep-logicfor thispurpose.Specifically,
we haveimplementeda real-timeinferencemechanismthatcorrectlyinfersa lack of knowledgeof certainwffs; that
correctlywill not infer a lack whentheknowledgeis in factpresent;andthatcorrectlyresolvesa contradictionwhen
timing is suchthatnewknowledgearisesconflictingwith a prior (or simultaneous)conclusionof its lack.Of course,
wehaveshownthis only in avery limited context.

One of the difficulties we encounteredin our efforts to representreal-timereasoninginvolved the conceptof
``now.'' Theapproachwehavefoundmostusefulsofar is theonegivenin Rules1 and7, coupledwith Rules3 and4
for modusponens(seeFigure4), where �	��� is a predicatesymbolwith specialtreatmentregardinginheritance.
However,therearevariationson ourexamplewherethis is not completelysatisfactory.In particular,a difficulty can
arisewhenthereis a detachmentof a `` ����� (

�

)'' sub-formulafrom therestof theformula,producingwhatwe call a
``danglingtimeparameter.''

Forexample,if in Figure7, insteadof Axiom 1, wehadusedthefollowing:

Axiom 2 ( ��� )[ �	��� ( � ) � ( ��� ( � � 1 � 	 ) ��� 	 )],

thenanintermediateconclusion,namely,

��� ( ��� 	 ) ����	 �(1)

wouldhaveoccurredatstep� +2. Theproblemis that(1) inheritsto futuresteps,eventhoughtheintendedsignificance
of � in (1) was that it was the current time step(i.e., linked to ����� ( � )) ratherthanany particularfixed step;by
step � + 2, the term � haslost its tie to the wff ����� ( � ), andso ``dangles'' inappropriately.Modusponenscanthen
beusedwith (1) to conclude��	 at anystepafter � + 2 in which ��� ( ��� 	 ) appears.Sincewe do have ��� ( ��� 	 ) at
step� + 1 andall subsequentsteps(inheritedvia Rule7), theconclusion��	 is re-deducedfrom step � + 3 on,despite
thecontradictionresolutionmechanismwehavediscussed.

This emphasizesthat 	 's merelynot beingknownsometime agois insufficientreasonto conclude� 	 . That is,
if wehavededuced� 	 from ��� ( ��� 	 ) atstep� + 2, but later(or in themeantime)weconclude	 , wenolongerwant
to beableto deduce��	 . Any satisfactorytreatment,then,shouldreferto the fact that theagentdoesnot know 	 at
thecurrenttime step,beforeautoepistemicallydeducing��	 . Theparticularformulationof theBrotherproblemthat
we presentedin Section6.2 satisfiesthis conditiondueto thespecialform of theautoepistemicaxiom(Axiom 1). A
similar, but evensafer,approachis thatof employinga specialpurposeinferencerule (insteadof theautoepistemic
axiom) suchas:

����� ( � ) ����� ( � � 1 � 	 )
��	

(2)

Howeverwe prefera treatmentthatallowstheagentto explicitly representsucha trainof deduction,asin Axiom 1,
for thentheagentalsohasthepossibilityof reasoningaboutthisveryprocessof reasoning.Ontheotherhand,thefact
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that thealternateversion(Axiom 2) aboveis not satisfactorysuggeststhatdanglingtime parametersbeavoidedin a
moregeneral(lesssyntax-dependent)way.Wearecurrentlyworkingon this.

In additionto furtherexplorationof the dangling-time-parameterproblem,furthermechanismsaredesirablefor
handlingcontradictions.For instance,if 	 and ��	 arededuciblefrom otherbeliefs � 1 ���������
� � (withouttheuseof the
introspectiverule,sothatearlierstepscontainindirectcontradictions),it is not enoughto block inheritanceof 	 and

��	 . Rathertherootsof thecontradiction,� 1 ���������	� � , mustbeinvestigatedin orderto unwindthecontradiction.One
interestingfeature,however,is thatit is notatall critical whethera contradictionis instantlyresolved.Theswamping
problemis muchlessseriousthanin final-tray-likelogics.In step-logic,theagentcancontinuereasoningstep-by-step
in thepresenceof a contradiction.Thepossiblè `spread''of invalid conclusionsfrom a contradictionitself goesonly
step-by-step,thuspresentingthepossibilityof controllingit by effectivemeans.

However, it shouldbe emphasizedthat ``resolving'' a contradiction,as opposedsimply to preventingit from
upsettingones'reasoning,is not necessarilya goodthing. ConsideragaintheNell andDudleyproblem. If Dudley's
reasoninguncoversa contradictionit maybebestthathe ignoreit---that is, thatheseeit andput it aside,ratherthan
stopto examineits sourcesin aneffort to resolveit asthe train rushestowardNell. Thusthespirit of step-logicsis
towardunencumberedandeffectivereasoningmorethanthetraditionalstrictureof logicalconsistency.

Anotherapproachto contradictionsis asfollows: in additionto stoppingtheinheritanceof contradictands,wecan
alsodisallowtheir useasantecedentsto certaininferencerules.We intendto explorethis approachin futurework.

On the otherhand,it appearsthat any step-logicappropriatefor broadcommonsensereasoningshouldbe self-
stabilizing,ratherthancontinuallyfacedwith emergingor inheritedcontradictions---unlessof coursetheenvironment
is unfriendlyenoughto maintainan unlimited(infinite) supplyof new contradictionsto currentbeliefs. We regard
thisasanacidtestof thelong-rangesignificanceof ourapproach,whichwe formulateasaconjecture:

Conjecture .25 Thereis a powerfulandnatural classof self-stabilizingstep-logics.

Althoughthepresentpapermakesonly verymodestuseof a retractionmechanism,weexpectretractionto playa
muchgreaterrolein moresophisticatedversionsof ��� 7. Weintendeventuallyto makebroaduseof suchamechanism
in orderto keepthe belief setat any given stepto a reasonablesize. We anticipatethe introductionof a notionof
relevance,wherethe beliefsthat are``relevant'' to the currentsituationarethe only onesin the currentbelief set.
This will alsolenditself to there-inclusionof tautologiesandotherlogicalaxioms.In sequelpapers,wewill address
this relevanceproblemaswell asthefurtheraspectsof inconsistencymentionedabove,thedangling-time-parameter
problem,step-modelsfor inconsistenttheories,anda real-timesolutionto theThree-wise-menproblem.

In thispaperwehavearguedthataformaltreatmentof commonsensereasoningsituatedin timeis notonlypossible
butcanremainlargelydeductivein character.Wehaveindicatedcertainkeypointsof differencefrommoretraditional
deductivemechanisms.In particular,negativeintrospectionbecomescomputationallytractable,while alsoforcing
a ``time-delay'' betweenknowledgeandself-knowledge.Anotherdifferenceis tolerancefor contradictions,found
in step-logicbut not in traditionallogic. We illustratedthis with somerathersimpleexamplesof defaultreasoning.
Finally, wehaveoutlinedseveralareasfor furtherstudy,particularlya moreambitiousretractionmechanismsuitable
bothfor theproblemof relevanceandfor deeperprobingof contradictions.
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A Proof of Theorem.22

Proof: Weshow ��� 7( �
	 � � � ����� ) hasastep-model,andapplyTheorem.16.Let Q4K besuchthat:

1. (MODEL-NOW) Q1K
T= ����� ( � ) iff � = � .

2. (MODEL-K) Q1K
T= � (

�

� � ) iff � �

� .
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3. (MODEL-P) Q1K�� T= � ( � 1 ��������� � � ) if � is a predicatesymbolotherthan ����� or � .

Weshow Q = �

Q 0 ��Q 1 ���������RQ K �������

� astep-modelfor ��� 7( �
	 � � � ��� � ) by inductionon theindex.

Foreachindex � , wewantto showthefollowing:29

1. (HYP.CONTRA)
�

� � ����� ( � � 	 � � ) �


�

K .

2. (HYP.NOW)If Q K�T = � ( ��� � ) and � is notNow-free,then � = �	��� ( � ).

3. (HYP.MODEL) Q KUT = � if �

K � .

4. (HYP.CONSISTENT)�

K is consistent.

Basecase:� = 0

1. (HYP.CONTRA)This is truesince �

0 is empty.

2. (HYP.NOW)By (MODEL-K), Q 0 T= � (0 � � ) iff �

0 � .
Since �

0 is empty, Q 0 �T= � (0 � � ) for any � .
Therefore,this hypothesisis trivially true.

3. (HYP.MODEL)Since�

0 is empty,this hypothesisis trivially true.

4. (HYP.CONSISTENT)�

0 is consistentsinceit is empty.

AssumeHypotheses(HYP.CONTRA),(HYP.NOW), (HYP.MODEL), and(HYP.CONSISTENT)for ��� 1. We
mustshowthesearetruefor � .

1. (HYP.CONTRA)To show
�

� � ����� ( � � 	 � � ) �


�

K .
By � ���

� ,
�

� � ����� ( � � 	 � � ) 


�

K only thru theRules1-7.But:

(a) Rule1 will not bring in anywffs of theform
�

� � ����� ( � � 	 � � ).
(b) Rule2 will not bring in anywffs of theform

�

� � ����� ( � � 	 � � ).
(c) Suppose� ��� �

�

� � ����� ( � � 	 � � ) 


�

KNM 1.
Then,by Hyp. (HYP.MODEL), Q

KNM 1 T= � and
Q

KNM 1 T= � �

�

� � ����� ( � � 	 � � ).
Hence,since Q

KNM 1 is aninterpretation,Q
KNM 1 T=

�

� � ����� ( � � 	 � � ).
But, by (MODEL-P), Q

KNM 1 �
T=

�

� � ����� ( � � 	 � � ). � ��� �

Thusboth � and � �

�

� � ����� ( � � 	 � � ) cannotbe 


�

K M 1.
ThereforeRule3 will not produce

�

� � ����� ( � � 	 � � ) at step� .
(d) Suppose� 1 � ���������	�

�
� ����� [( � 1 � � ����� � �

�
� ) �

�

� � ����� ( � � 	 � � )] 


�

KNM 1.
Then,by Hyp. (HYP.MODEL), Q4KNM 1 T= � 1 � and, ����� , and Q!KNM 1 T= �

�
� and

Q!KNM 1 T= ��� [( � 1 � � ����� � �
�

� ) �

�

� � ����� ( � � 	 � � )].
Hence,since Q!KNM 1 is aninterpretation,Q1KNM 1 T=

�

� � ����� ( � � 	 � � ).
But, by (MODEL-P), Q1KNM 1 �

T=
�

� � ����� ( � � 	 � � ). � ��� �

Thus � 1 � ���������	�
�

� ����� [( � 1 � � ����� � �
�

� ) �

�

� � ����� ( � � 	 � � )] cannotall be 


�

KNM 1.
ThereforeRule4 will not produce

�

� � ����� ( � � 	 � � ) at step� .
(e) Rule5 will not bring in anywffs of theform

�

� � ����� ( � � 	 � � ).
(f) By inductivehyp.(HYP.CONSISTENT),�

KNM 1 is consistent.
Thus � and � � cannotbothbe 


�

KNM 1.
Therefore,Rule6 will notapply.

(g) By theinductivehypothesis,
�

� � ����� ( � � 	 � � ) �


�

KNM 1.
ThereforeRule7 will not bring in anywffs of theform

�

� � ����� ( � � 	 � � ).

Therefore
�

� � ����� ( � � 	 � � ) �


�

K .

29A step-modelrequiresthat �

&�� = � ( 	�� � ) iff 
���� . Thisweknow to betrue 
 � and 
�	 directly from (MODEL-K).
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2. (HYP.NOW)SupposeQ4K T= � ( ��� � ) and � is notNow-free.To show � = �	��� ( � ).
From(MODEL-K), �

K � .
By � ����� , either:

(a) � = ����� ( � ).
(b) � 
��
	 � ( � � 1). SinceOBSis Now-free,Now doesn'tappearin � . � ��� �

(c) 	 � 	 ����


�

KNM 1.
Then,by (MODEL-K), Q KNM 1 T= � ( � � 1 � 	 � � ).
Since� is not Now-free,	���� is notNow-free.
But by theinductivehypothesis,if 	 � � is not Now-free,then	 ��� is �	��� ( � � 1). � ��� �

(d) � = � � and � 1 � ���������	� � � ����� [( � 1 � � ����� � � � � ) ��� ( � )] 


�

KNM 1.
Since� containsNow, � mustbe ����� .
Thenby (MODEL-K), Q KNM 1 T= � ( � � 1 ����� [( � 1� � ����� � � � � ) ������� ( � )]).
But, by theinductivehypothesis,� � [( � 1 � � ����� � � � � ) ������� ( � )]) mustbe ����� ( � � 1). � ��� �

(e) � = ��� ( � � 1 � 	 ) and	 �


�

K M 1 and ��


�

K M 1, where	 is a closedsub-formulaof � .
SinceNow appearsin � , Now mustalsoappearin 	 , andthusmustalsoappearin � .
Now, by (MODEL-K), Q

K M 1 T= � ( � � 1 � � ).
But then,by theinductivehypothesis,� = ����� ( ��� 1). Hence	 = � .
But then,	 


�

K M 1. � ��� �

(f) � =
�

� � ����� ( � � 1 � 	 ��� 	 ).
But by (HYP.CONTRA),

�

� � ����� ( � � 	 � � ) �


�

K . � ��� �

(g) � 


�

KNM 1 and � �= ����� (	 ) and
�

� � ����� ( ��� 2 � � � � ) �


�

KNM 1 and
�

� � ����� ( � � 2 � � � � ) �


�

KNM 1.
Then,by (MODEL-K), Q

KNM 1 T= � ( � � 1 � � ).
Thenby theinductivehypothesis,� = ����� ( � � 1). � ��� �

Therefore,if Q
K�T = � ( ��� � ) and � is not Now-free,then � = ����� ( � ).

3. (HYP.MODEL)Let ��


�

K . To show Q1K
T= � .

By � ����� , either:

(a) � = ����� ( � ).
Thenby (MODEL-NOW), Q

KST = � .
(b) � 
��
	 � ( � � 1). Then � is valid.

Hence� is truein anyinterpretation;andin particular,Q
K�T = � .

(c) 	 � 	 ����


�

KNM 1.
Then,by theinductivehypothesis,Q4KNM 1 T= 	 and Q!KNM 1 T= 	���� .
Hence,since Q!KNM 1 is aninterpretation,Q1KNM 1 T= � .
Now, by (MODEL-K), Q4K M 1 T= � ( � � 1 � 	 ��� ).
And by Hyp. (HYP.NOW),if Now appearsin 	 ��� , then	 � � is �	��� ( � � 1). � ��� �

Therefore,	 ��� is Now-free;hence� is Now-free.
Thenby Lemma.26, Q

KUT = � .
(d) � = � � and � 1 � ���������	� � � ����� [( � 1 � � ����� � � ��� ) ��� ( � )] 


�

KNM 1.
Then,by theinductivehypothesis,

Q
KNM 1 T= � 1 � and ����� and Q

KNM 1 T= � � � and Q
KNM 1 T= ��� [( � 1 � � ����� � � � � ) ��� ( � )].

Hence,since Q
KNM 1 is aninterpretation,Q

KNM 1 T= � � , i.e. Q
KNM 1 T= � .

Now, by (MODEL-K), Q
K M 1 T= � ( � � 1 ����� [( � 1 � � ����� � � � � ) ��� ( � )]).

And by Hyp. (HYP.NOW),if Now appearsin ��� [( � 1 � � ������� � � � ) ��� ( � )],
then � � [( � 1 � � ����� � � � � ) ��� ( � )] is ����� ( � � 1). � ��� �

Therefore,� � [( � 1 � � ����� � � � � ) ��� ( � )] is Now-free;andin particular,� is not ����� .
Hence� is Now-free.
Thenby Lemma.26, Q

KUT = � .
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(e) � = ��� ( � � 1 � 	 ) and	 �


�

K M 1 and ��


�

K M 1, where	 is a closedsub-formulaof � .
By (MODEL-K), Q1K M 1 �T= � ( � � 1 � 	 ).
And since Q!KNM 1 is aninterpretation,Q1KNM 1 T= ��� ( � � 1 � 	 ), i.e. Q!KNM 1 T= � .
To show � is Now-free,it is sufficientto show	 is Now-free.
Now, by (MODEL-K), Q4K M 1 T= � ( � � 1 � � ).
And by Hyp. (HYP.NOW),if Now appearsin � , then� = �	��� ( ��� 1).
Now 	 is aclosedsub-formulaof � , hence	 = ����� ( � � 1). Then	 


�

KNM 1. � � � �

Therefore� is Now-free;hence,	 is Now-free.
Since	 is Now-free, � is alsoNow-free.
Thenby Lemma.26, Q KUT = � .

(f) � =
�

� � ����� ( � � 1 � 	 ��� 	 ) and	 ��� 	 


�

KNM 1.
But by Hyp. (HYP.CONSISTENT),wecannothaveboth 	 


�

KNM 1 and � 	 


�

K M 1.
Therefore� �=

�

� � ����� ( � � 1 � 	 ��� 	 ). � ��� �

(g) � 


�

KNM 1 and � �= ����� (	 ) and
�

� � ����� ( ��� 2 � � � � ) �


�

KNM 1 and
�

� � ����� ( � � 2 � � � � ) �


�

KNM 1.
Now, by (MODEL-K), Q K M 1 T= � ( � � 1 � � ).
And by Hyp. (HYP.NOW),if Now appearsin � , � = ����� ( ��� 1). � ��� �

Therefore,� is Now-free.
Now by theinductivehypothesis,Q KNM 1 T= � .
Thenby Lemma.26, Q

KUT = � .

Therefore,if � 


�

K , then Q1K
T= � .

4. (HYP.CONSISTENT)To show �

K is consistent.
Suppose�

K is inconsistent.Thenthereexistwffs � 1 ��������� �
�




�

K whicharemutuallyinconsistent.
By Hyp. (HYP.MODEL), Q

K�T = � 1 and ����� and Q
K�T = ��� .

But since Q
K is aninterpretation,� 1 ��������� ��� cannotbemutuallyinconsistent.

Therefore,�

K is consistent.

Therefore,by inductionwehaveshownthat(HYP.CONTRA),(HYP.NOW),(HYP.MODEL),and
(HYP.CONSISTENT)hold for all � .

Now, (HYP.MODEL)showsthat Q = �

Q 0 �RQ 1 ����������Q
K

�������

� is a step-modelfor ��� 7( � 	 � � � ���
� ).

And by Theorem.16, ��� 7( �
	 � � � ���
� ) is step-wiseconsistent.

(Wealsohavestep-wiseconsistencydirectly from (HYP.CONSISTENT).) �

Lemma .26 Q
KST = � if Q

KNM 1 T= � and � is Now-free.

Proof: By (MODEL-K), if awff � (
�

� 	 ) is truein someQ K , thenit is truein every Q1K .

Likewise,if a wff � (
�

� 	 ) is falsein someQ
K , thenit is falsein every Q

K .

By (MODEL-P),wffs � ( � 1 ��������� �
� ), wherethepredicatesymbol � is neither�	��� nor � , arefalsein every Q K .

It follows thateveryNow-freewff � will eitherbetruein every Q
K or falsein every Q

K , for suchwffs will bebuilt
outof wffs � (

�

� 	 ) and � (� 1 ����������� � ) whosetruth-valuesdonotchangewith � .

Therefore,if Q1KNM 1 T= � and � is Now-free,then Q1K
T= � . �
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