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Negative results of Montague and Thomasorvdalverted research in propositional attitudesag from

syntactic ("Erst-order’) approaches, encouraging modal formalisms instead, especially in representing epis-
temic notions. We dhow that modal logics are on no (Ermer ground than (Erst-order ones when equally
endaved with substitutie lf-reference. Nonetheless, there may still be remedies, hinging in part upon a
distinction between “dynamic' and “static' notions ofyaality and belief (an earlierersion of this paper
emphasized a somdat diferent distinction).
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O. Intr oduction

The focal point of this westigation is a result of Montague [23], whose customary interpretation as
an agument in &va of modal logics for belief and kmdedge as opposed to a classical ®rst-order
approach, | challenge. ¢F other responses to Montague, see [1,4,33hall ague that modal logics are
on no ®rmer ground than ®rst-order logics when equally wedowith substitutie slf-reference. Both
modal and ®rst-order treatments of lwtedge and belief for commonsense reasoning can readily lead to

inconsistencies. &t there still may be remedies, depending on the particular forms of commonsense rea-

soning (and speci®cally of auto-epistemic reasoning) considered.

Let us write Bel(x) and Kne(x) to indicate that x is beled, respectiely known, by an implicit
agent g. The syntactic status of x is one of the issues to be addressed. If Balomndre predicate sym-
bols, then x is an ordinary ®rst-order term which in particular may be the name of a sé@artbe. other
hand, if Bel and Kna are modal operators, then x will be a well-formed formula[26,28] it was sug-
gested that for an intelligent reasoner g, a self-referential language is desirable in order to represent (to g
itself) such notions as that g hasatsé belief. VB may write, for instance,

(é\x)(Bel(x) & ~True(x)).

But if this very wff is a telief of g, then it too can sex\either in quoted ®rst-order form, or in formula --
modal -- form) as an gument within another belief formula. heontended [28] that this is such a basic
aspect of language and thought that emasonable representational mechanism for commonsense reason-
ing must includedcilities for expression of self-reference and syntactic substitutioreswill/see that this
has signi®cant consequencegading consistenc and modal treatments, in that apparentaadages of

the latter @er non-modal (“syntactic') ones disappear in the presence of self-reference.

Now, the theorems of a proposed theory S for beliefs of an agent g canweel \ds themsebs

being the conclusions held by g, so that S is thought okasvg' reasoning conkt. Alternatvely S can be

An earlier \ersion of this paper [30] proposed remedies along stiatediferent lines, that | ne feel to be of less generality
and usefulness.

2See [21] for an early call for naming, or rei®cation, in Al.



viewed as the theory of someone, h, other than g, who is reasamiingg's conclusions. Irthe former
case, g will be able to reason abow @vn conclusions, and in the latter h may reason absuegsoning
about g5 owvn conclusions.Of course, een more compl& scenarios are possible, andvaaeen consid-
ered in the literature, e.g., [4,8,14,16,19,3B8].ary case, such conclusions by g amount to beliefs of g.

This will play a ley role in our analysis.

A variety of theories has been considered for the study of belief andedy®, may of them
modal. S50 be presented belpis perhaps the mosaimous of theseFor now, | simply obsere that S5
and other similar theories (moda classical ®rst-order) areewy limited as theories of epistemic beioa
of intelligent agents.In effect, they are view knowledge (or belief) ®&d once and for all in a timeless
world; there are no processes, ho misggkno guesses, no decisions, no plans, no goalsynmfeema-
tion. Thisis understandablethe idea here and elgkere in formal studies has been to get a simpl@ vie

right ®rst, before turning to the compgites of real reasoning.

Still, the thrust of these theories has been one of deduction, that is, of additional beliefs an agent

should come to, gen certain original beliefs. There is in this an underlying, if nqilieit, notion of pro-

cess. While at times such comytees can be safely ignored for the sak simplicity of analysis, at other

times the 'ery analysis can be impeded by such limitations. The more ceompgblem of real-time on-

going reasoning actually suggesey kdeas about the nature of kviedge and belief that cannot easily be
seen from the more restricted idealizedwighis will emege in sections VI and VIIWhile we will not

here endorse arxglicitly process-oriented formalization of kmtedge and belief, the underlying idea of
process will ser in our analyses. By © this is the idea that an agentet of beliefs may changever

time.

Montague and Thomason sted that certain apparently plausible formalizations of the concepts of
knowledge and belief ha turned out to be internally inconsistent. | will recall some of these results here,
and supply still moreDoes this mean we must surrender formalism altogeghdrlook only at heuristic
algorithms? | do not think so. Some of our results (Theorems 6 and 7) and an Open Problem point in direc-

tions that may be fruitful. What perhaps should be concluded is that timeless approaches may not be a



good way to study knaledge and belief, or at least that timeless theories should be formuwittezh ge

to an underlying temporal framerk.

My examination of formalizations of the propositional attitudgsbelief and knwledge will lead to
a dstinction between tav rather diferent kinds of theory | shall call “static' and “dynafhii@ offer a brief
preview, | call attention to the highly introspeeti feature present in theories of belief andvdealge.
These are, lgely, theories ofselfbelief andselfknowledge. That is, reasoning is speci®ed so as tevallo
conclusions like Bel a or Know a from already haing concludeds, and so on, in a succession dayers.
This layering havever has been collapsed in most formalisms into a single «attened sea of conclusions. In
the net section, | indicate in intuite terms wly this is suspect in general. Later sectiong gechnical dif-
®culties and potential solutions still within a eattened caht&oughly dynamic theories, although eat-
tened, are deésed to tak account of the (implicit) layers in aay congenial to commonsense reasoning,

while static theories are not.

To =t the stage for the rest of this papdirieey comment on the nature of kmedge and he it
contrasts with that of beliefindeed, the ditrences seem striking. Whereas kfeglge is ®rmly tied to the
notion of truth (aswadenced in the ®rst order schema Mrfta') ® a), that of belief is another matter
entirely In fact, knavledge has at times been characterized as simply true belief (or altyredijusti®ed
true belief; lot see [11]). In ancase, there need be no presumption at all in agent h that a senteneel belie
by agent g is for that reason trug¢ may be true ordise, and I8 alling a sentence a bkelief of g distinctly
raises the possibility of being filse. That is not to saoweve, that the agent g belieng the sentence

regards s as amthing hut true.

Here | am taking the wrd “belief" i n the (admittedly imprecise) sense of gery de®nitely belie-
ing s to be true, rather than merely suspectirtg be true (as inT believe ©"). It may seem advisable to
regard the beliefs of an agent g as simply some set or otherfef Mok some purposes this is too lax an
approach; see [29] for a suggested naimg of the de®nition of belief. Heever, as with knowledge, much
of the literature has tended to treat belief ag/ivigevery stringent’ideal" conditions such as logical omni-

science (for gample, obging Bela® b) ® (Bel a® Bel p)). Itis this approach that | willxplore here.



(See [6,7,8,17,19,26,27] foxeeptions.) V& will ®nd that mary such approaches lead to inconsistencies,

but eventually ®nd others that are more promising.

The remainder of the paper addresses thevioilp topics: section | presents aeaich of the underly-
ing intuitions motvating my analysis of introspegt reasoning, which will crop up at a technicalde
again tovard the end of the papérhen Il brie'y reiews the importance of self-reference in commonsense
reasoning, in particular with gerd to formal substitution. In Il general troubles with parasorf substi-
tutive lf-reference are wiewed, and modi®ed consistent substitution-assertion rules ae lgased on
[10,28]. ThenlV reviews modal logics and problematic aspects of ®rst-order analogues of modal logics for

knowledge and belief in the presence of substituida Montague and Thomason, and in V we see that

modal logics in the presence of substitution are problematic as imelll, these problems are studied in
terms of formal preability, providing a consistent static theory SITof belief and knavledge; and in VIl a
result of Ld as well as an gample of Moore lead us to the aforementioned distinction between dynamic
and static notions of pvability and belief and suggest a dynamic theoNA. Then in VIII, | summarize

and suggest where more attention may be needed.

I. Flattened layers of introspection

Smith [34, p.40] tells usPerfect self-knaledge is obiously impossible... The self canvee be
viewed in its entiretybecause there is no place to stand -- aatage point from which to lodK. n terms
of our earlier remarks, théobviously" here may mean that at best one can look back at mrgsety’ of
a time prior to the present. There are layers of time to the phenomena of deduction and introspection. Flat-
tening the layers into one is an enticing formalicke, hut a problematic one, whose only apparent useful-

ness is greater ease of stuBuyt certain features of reasoning may persistaitant over layers and these

may then be ~attenablé,w ithout the problenfsthat can beset this formal simpli®cation. This is the issue

% caution the reader that this paper focuses principall@Esthorder modal logics rather than propositional ones, since we are
interested in studying moself-reference is handled, and for this, quanti®cation is needed, although the form that quanti®cagion tak
is not necessarily that of ®rst-order logic; see Theorem 5 and associated discussion.

“Compare [29] for a related use of problematic selfledge.



addressed in this papend motivated in the rest of section |.

If g's keliefs do satisfy some condition C, is it not reasonable for g to (come to)eb€liself? s
and no. It may be that in coming to belie C g's beliefs change in ays that may welidate certain condi-
tions, #en C!' As a smple exkample, if g has (initially) only tev beliefs, A and B, then it is aét, C, that g
has only tvo beliefs. But if g then comes to bel this fact C about itself, it thereby ceases toehenly
two for it has na come by a third, C, which is therefore no longer tr@n the other hand, if C were
instead thedct of haingat leasttwo beliefs (rather thaonly two), then g5 coming to belige C would not

render C dlse.

Moreover, it seems clear that not all beliefs of an ageshguldremain beliged as rew gatements
become belieed. An olvious example is that the belief -Bél ("6 is not one of my belief$'should not
remain if b comes to be bebled. This is an xample of what we can looselygad as docal perturbation

on g's kelief set S. That is, mgrbeliefs are contingent on small details, and can easily change.

Certain other beliefs, mgever, ssem to be of more permanent characerh as
Bel(a® b)® (Bela® Bel p),
which asserts a global feature of geasoning processes. Of course, such a belief need not be true, or
remain true ver time. But it is perhaps plausible treamesuch general beliefs might remain true (for g)

over a long period, and that g might come to badithose

Herein lies the risk: will @ coming to belige a gneral beliefyabout its ery set of beliefs, alter that
set in such a ay thatgno longer holds, or so that it contradicts other beliefs of g? As with the A-B-C
example, it depends o; We will be concerned here to outline some broadgmies ofgs. But one thing
we do vant, is to be able to makocal perturbations without thereby being forced to alter weagtobal
beliefs are held. Coming to bel®b should not force ging up, say Bel(a® b5) ® (Bel a® Bel b). The-

ories that tend to respect this requirement wedsalbmic ones that do not lea sich global wis invariant

under local perturbations we cathtic.®

SWe will not be able to gie recessary and s®Eient conditions de®ning these terms.visitheless, thewill serve aur needs in
directing our analysis and reformulation afrious theories.



Another approach auld be to openly embrace a hierardf theories, each looking back into the
previous one. This latter suggestion we will neplere further here, although it is one that dessratten-
tion (see [6,9,17,29]). In this paper we will con®ne attention to single (‘attened, ideal) theoriewlef kno

edge and belief, to see whethey aan be made tovaid the kinds of di®culties mentioned.

Il. Self-reference as a principal of language and thought

In [26] the termsyntaxalwas used to describe languageving terms representing the syntactic fea-
tures of that same language, the idea being that such self-desqoipter is essential for mgrpurposes
within natural language and commonsense reasoningeR[i82] uses the termeferenceabilityfor a simi-
lar notion, namelythat it is often important to reason (and communicate) about a particular feature of an
utteranceyiz., “That you saichowdy struck me as unusuaH ere elements of speecthemseles are
being referenced; for this somevi® is needed in a formalization. The quotation mechanisms presented in
[10,26,28] are a possibilitAn dternatve cevice is found in modal logic, in which formulas (if not arbi-

trary expressions) are alleed to be operands to othempeessions. One of our concerns here will be to con-

trast these approachgs.

We will use the &pression “self-referential'as a doss for either of these concepts (referenceability
and syntaxality), noting that this k&= gpen whether all syntax is to beadable for reference, as opposed,
say to whole formulas alone, or other aspects of language. This ambiguity will agrwneeds, hwever,

when we consider the alterna#s o modal and ®rst-order languages.

A further feature of natural language, and one tHattfe <If reference appears to hinge upon, is
that of substitutiity. By this | mean the ability to refer to the result of making alterations in a statement,
such as’If you had saidlohn is hee instead ofMr. Smith is hee, | would hae understood who you

meant. T he ability to form and compare suclariations on our utterances is so elementary and

Boolos [2] and Smorynski [35] deal with another point of contact between self-reference and modal logi¢ tmamedyof a
modal operator for the pvebility relation, and the corresponding treatment of self-reference asvesl&om Galel's Incomplete-
ness Theorem [13]. This has connections with the presem, w that preability is one plausible model for a belief predicate as
treated here; heever, our focus is on surmounting certain paragtoxelated to belief and kwéedge rather than studying pability
per se See section VI bela



fundamental to our use of language, that it is hard to imagine taking serioyghyoansed formal lan-
guage for a mechanicaéssion of natural language processing that does net arrespondingdcility.
Indeed, it seems tantamount to the ability to representehefact that language wlves using symbols
(e.g.John) to gand for other entities (e.g., John himself), as'fou usedMr. Smith to refer to Joh#.
Modal logic (as well as ®rst-order logic) is in general broad enough t eXoression of such notions (if

desired).

However, individual substitutions are not enough, as already suggested mbmntrastingJohn and
John. Thevery concept of substitution should bepeessible, as inlf the subject is made plural, therd
should be also, so thatpEopleis substituted fopersonas subject of a sentensgthen the erb should be
changed to its plural formT hat is, the ®pressions that is undegoing internal changes is not speci®ed in
detail, for a general rule is beingvgn. This means thataviables are needed to refer égpressions in the
language. This amounts to little more than the ability to recognize symbolic strings, and so is not a compu-
tationally unreasonable condition to place on a language. idoe a modal logic in its usual form may
need to be xended to alle variables for this purpose, whereas ®rst-order logic does not require such

modi®cation.

Our starting point then is the contention thairgd up such substitutionsauld be an unrealistic sim-
pli®cation of aly formal language for commonsense reasoning. Thisldvbe analogous to a reasoning
system g that beles & follows: First, g ma&s assertion A and then is adkwly it chose to ma& that
particular assertion, instead, safya smilar one with “John' used instead of Mr. Smith". But g, having
no concept of making a particular assertion made up of elements of some language, let alone of altering
those elements, simplgifs to comprehend what is @&skof it. Of course, the design of full-'edged rea-
soning techniques to deal with such cases maghvia mary things; | contend heever that an adequate
treatment of self-referential substitution is one of them. Thus before turning to speci®c aspects of belief and

knowledge, | &plore some aspects of substietielf-reference in ®rst-order and modal logics.

[ll. Pr eliminary r esults



We dall call a theory (eer a language L) with mechanisms faxpeessingand asserting substitu-
tions unqualiCEedly substitutivEhe hallmarkof an unquali®edly substitugé language is that it possesses
an operator or predicate Sufifa,n) directly assertidighe result of substituting in arxgression P the
expression Q for the nth occurrence of the spbession a. l.e., if P[Q/a,n] is thepeession that results
from the indicated substitution, then we are requiring SQhéh) to be prably equivalent to P[Q/a,n].
Note that Sub here is to be an actual symbol (predicate or otherwise) of L, while P[Q/a,n] is a meta-notation
denoting some actuakpression of L, namely the one resulting from the actual performance of the substitu-
tion. Of course, for the ahe-mentioned equilence to be meaningful, the substitution must result in a

well-formed formula of L.

It turns out that for the applications to be pursued here, a rather sge@ébn on the Sub operator
is required, namely one in which the substitution of Q for a in P be performed for precisely all occurrences

of a in P &cept the last. Therefore | will write simply Sulipfa). Contets will vary slightly in that some-

times certain occurrences of terms will be quéted.

As will be seen, theasserting of the results of substitutions, i.e., relating the referenced syntactic
elements to their intended meanings, runs into paesdok self-reference. Firstlp means of unquoting
quoted elements is needed, i.e., of saying formally that arries the meaning.'° That is, Sub(f®,a) can
be thought of as consisting ofdweonceptually distinct aspects: forming thevnexpression, and asserting
it. These we can ceeniently distinguish by writing the formularfe(sub(RQ,a)) where sub is a function
producing (a name for) thexgression that the indicated substitution leads to, and &sserts thisxpres-

sion. Again of course this can be meaningful only if the substitution leads tbcd hf

"That is, Sub(...) is to beba intuitively as if it were Tue(sub(...)) where sub is a function symbol. This will appear in more de-
tail belon. The reason | do not simply importue and sub wholesale here is thatuehim mind various applications not all of which
®t the mold of predicates andgaments (i.e., modal theories willleaerators instead of predicates).

8This is, agin, since both modal and non-modal catsavill arise. | hae Hurred details of quotes so as not to constantly write
two forms for @ery predicate ®pression. The intention isvedys to hae abstitutions result in vi$ of the appropriate sort for the
contet. | also hae witten P[Q/a] for the result of substitution in either case.

®Here agin | mean simply that we are using a formula with either an operator or predicate whose intaiforetation is to be
that of the truth of its operand ogament.

°This is often represented as de®ning a truth predicate(®') is to tell us that the sentenca"i s true , so that e(a")
anda should hold in the same models of a suitable theory



However, this apparently cannot be done in such a direst fer as Brski [37] shaved, the schema

True(a)® a

leads, in aypreasonablygressie language, to inconsistgnc

The Sub concept described abds the ley ingredient here. Unless care isdakit will be possible
to use the ariables that rangever expressions in such aay that thg refer to that ery symbol, Sub, and
then it is often only a short step to paradbkormulate this as a theorem in the ®rst-order case; later | will
present it as well for modal theories. In the present form it can be considexgdti@v on Russel' para-
dox as well as onarski's result abwe. Since Theorems 1 and 2 bel@mount to \ariants on ideas already
present in the literature (in particular [10,26,28,37]), their presentation here will beiatdsteespecially
regarding quotation coventions. The reader can skim quickly through these prelimimasults without

loss.

For precisions sake | offer the follaving de®nition:

DeEnition:Let S be a ®rst-order theorye a language L containing a 3-place predicate sym-
bol Sub together with the axiom schema Sub('P',"@alP[ Q'/a] where P['Q'/a] is as pve
ously described, for all ig P and Q and terms a of the language L (which is assumed to con-

tain a constanta' f or each wif a of L). Then S is said to benqualiCEedly substitutive

Theorem 1:Let S be an unquali®edly substittgi®rst-order theory Then S is inconsistent.

Proof: We e R(x) to abbreate -Sub(x,x,y) and then R(R(y)) abbiates
=Sub(=Sub(y,y), =Sub(yy,y).y), which by the schema is egdlent to
==Sub("=Sub(y,y)', =Sub(yy,y)"y). Here we are using the special substitution feature men-
tioned earlier so that all except the last occurrence of y in =Sulfy) is replaced by

“=Sub(yy,y)'. Thus we hae RCR(y)") is equvalent to =R('R(y)"), a contradiction.

An alternatve (@lthough less precise)gament is as folles: De®ne Tue(x) to be Sub(x,a,a) and

apply the schema for Suffhis yields Tue('a') ® a for eacha, which as mentioned alkie was shan in



[37] to be inconsistent undeaifly general conditions.

Pat of what is required for the ab® kind of aguments is the mechanical ability to ®nd and erase a
symbol and put another in its place. As wer shove, this is fundamental to thexgression of eeryday
(and signi®cant) features of natural language and reasoning. Of course, all this depends arnn§ub ha
axioms that gie it the intended meaning of actual symbolic substitution and assertion of the result, and so

we can conclude that this is not possible without quali®cation, in a consistent ®rst-order system.

In [10,28] the di®culty of formalizing a truth predicate in ®rst-order languages wircumented,
based on ideas in [12] and [18]. Speci®caitywas found that the ale poblematic schema can be
replaced by

True(a)® a*

for all sentences, where a* is essentially! the result of replacing im all subformulas of the form
True(..) by True( ...). | will refer to this as GK (the Gilmore-Krigkshema):? GK is consistent in a

broad setting.| am using the notation in [28] hefé.It turns out that this approach can be appliidyf

directly as well to the Sub predicate, and leads us to thevfoliaresult:

Theorem 2: A (Tquali®edly substitutie" ) ®rst-order theory S formed fromxtending a
consistertt* theory S not imolving the symbol Sub, by the addition of the (quali®ed) schema
Sub('P',’Q',a)® (P[Q'/a])*, where nav we de®ne a* to be the result of replacing

Sub('P',...) by Sub(" P',...) ina, is consistent.

Proof: First extend S” to S by adjoining consistently a function symbol sub and monadic

predicate symbolrDie with axiom schema GK. Then de®ne Sub asvaio

Ythere are some quali®cationgeeding the form ofa; see [10,28] for details.
Zadapted from Gilmore'work [12] on formalizing set thearo capture ideas of Kripk[18] regarding truth predicates.

BHowever, | frequently abse notation in that quotes ander parentheses may be leftfoThus Bel 0=1® 0=1 abbreiates
Bel('0=1)® 0=1.

MActually we need a consistent theory with at least one in®nite madethis is a ery minor restriction, for anconsistent
theory can be relatdly interpreted in a consistent theory with in®nite models.



Sub(x,yz)® True(sub(x,)z))

It follows that this gtension SAA is consistent, and clearly S is a subtheory of SAA.

One thing | wish to ivestigate here (section V) is tha&tent to which the same result holds for modal
theories. First | turn to a question addressed by Montague [23] concerning ®rst-order analogues of certain

modal theories.

IV. Modal theories and Erst-order analogues

The adantages of ®rst-order logicver modal logic were pointed out by Montague [23] (I will
review these later).However, Montague found that théolvious" approach to using ®rst-order logic
instead of modal logic catead to inconsistencieddere | look agin at Montague results, to see whether
the simplicity of his original suggestion for using ®rst-order logic can be pezseomehw, and just wly

a nodal syntax seems to manage what ®rst-order syntax does not.

It will turn out that both answers are forthcoming, namely will see wty modal syntax (some-
times) &oids contradiction, and we will be led to a better understandingwftthioepresent propositional

attitudes in self-referential coxtis (whether modal or ®rst-order).

A modal language is characterized by modalities, i.e., operators that can be applied to formulas to
produce ne formulas, which haever are not de®nable in terms of the standard propositional comegcti
The most &miliar examples are the necessity and possibility operators, sometimes written Nec and Poss,
where usually one is de®ned in terms of the othgr, Possa iff Nec a. Thus Neca and Poss are
(modal) formulas, where is ary formula in the language in question. Indegdnay itself contain one or
more instances of Nec or Poss or both. Thus a modal logic haseaded notion of formula, in which for
ary formulaa and ay modal operator M, M is also a formula. In particular one can adjoiw mperators
(and axioms and rules) to a ®rst-order language, creating thereby ®rst-order modal logics. This is the case

of primary interest for us.

It is a well-knavn result that the standard conneedi(e.g., & and ) are sucient to de®ne all truth-

functional operators in a propositional language, so operators that are not truth-functional are called modal



to distinguish them from those already de®nable. Note that indeed theventeitise of Nec and Poss
depends on more than the mere truthatsity of their applicands.df instance, unless we aratdlists, a

®re may hae truly occurred in the house across the street yestasithput it thereby beingecessaryhat

such a ®re occurred there yesterday the other hand, we may feel inclined to sayaswecessarily true

that when the temperature of the house reached 4fitetelhrenheit, the books gan to burn. In both

cases, we may suppose the statement which is claimed to be necessary or not, is a true one. But in one case
it merely happengo be true, and in the other it apparentbllows from a general la about the ignition

point of paperThis is not to say that this is a perfectly unambiguous distinction; nonetheless# gerv
illustrate operators that cannot be treated as mere shorthandpriesstons bilt of the propositional sym-

bols. Thishas been tadn as eidence that classical propositional logic therefore is inadequate to the task of
representing non-truth-functional operators, and that modal logic should be introduced when such operators

are needed.

In the hands of Hintikka [15] and Montague [see 25], modal logics for representing concepts such as
knowledge and belief ha& become pwerful tools, and consequently a modatiemsion of ®rst-order logic
is regarded as a standard and natural representational medium for dealing with such matters. Thus once
again the suggestion appears thateasions to standard logics are needed to represent appropriately the

concepts of natural language, especially of belief and/lattye.

This unfortunately is not without its disaivages. & one thing, ®rst-order logic is much better
understood than gnmodal logic formalisms, and consequently easier to apply coheregglyondly if
some reins are not placed on the proliferation @f legics exccept when the latter are shio to be gen-
uinely different (if not also useful') from ®rst-order logic, then we will end up withwaetaf babel, and

research will probably stdf.

However, other avenues are open within ®rst-order logic. One that appears promising is to use,
instead of a formula as such, rather a quoted formula or term, so that the intended operator applies to such
terms instead of formulasThat is, the operator becomes a predicate symbol: Apof Poss(a'). Then,

so the hope goes, the corresponding axioms can be formulateecsatilsf without going bgond ®rst-



order logic.

This allovs us to state a third technical bene®t thauld accrue from a ®rst-order approach to
propositional attitudes; in particujan the words of Montague [23];if modal terms [i.e., modal operators]
become predicates, thavill no longer gve lise to non-gtensional contds, and the customarywa of
predicate calculus may be emydal’ F or instance, if indct Bill and Katly havethe same phone number
a modal wf such as

Bel(John, phone(Bill)=277-1265)
when coupled with Leibniz' Rule of Substituty (that equal terms may be substituted for one another
without disturbing logical equalence), yields
Bel(John, phone(Bill)=phone(Kath)
evan though John mapot know this. Thus modal treatments combined with normal substitution practice is
problematic, and special caetions are required toekep the unanted consequences at balis suggests

the attractteness of remaining within a ®rst-order language.

This is not to say that no problems remain in a ®rst-order setting, of cddosever, a ®st-order
approach wuld instead imolve the wf
Bel(John, phone(Bill)=277-1265)
which no longer has phone(Bill) as a term; rather the entire secgachant to Bel is one constant term.
Other similar di®culties that arise in substitution in modal comte(sometimes referred to as opacigy-v
sus transpareg®f the modal operator in question), when treated instead gisremts that are quoted for

mulas, do not occur in ®rst-order logiche abandonment of ®rst-order logic then is not to bertdightly.

Motivated by these concerns, Montag[#3] applied this approach to a modality for neces3ihat
is, writing Nec(a') instead of Neca he obtained a quotational ®rst-order construction. Montague proposed
axioms for such a formulation, in analogy with standard axioms in the corresponding modal treatments.
Unfortunately he found thesensions to be inconsistent, whereas each corresponding modal operator v
sion M is consistent. This seemed to be strovigemce in &va of the modal treatment. kaver, it

appears that the inconsistgndontague unogered hinges on certain fundamentapeessie grengths of



guotational ®rst-order languages which are lacking in usual propositional modal langlibgess, ®rst-
order logics hee ticher sets of formulas thanveataditional modal logicsVariables allev the formation
of (self-referential) wis that otherwise auld not appear in the language, and thus more is being asserted in

®rst-order logic than in the corresponding modal loditie question then arises: if a modal theory M is

made self-referential (i.e., ended with expression and assertion of substitutions), is it still consistent?

One particular modal theory of interest is S5. Its language is that of propositional logic together with

a modal operator It was ®rst studied as a formalization of the intaitiption of necessitywith modal

operator Netf, but also seres as a (tentat) formalization of the notion of kmdedge. When | hae
knowledge in mind, | use Knoinstead of Nec, and when IMeakelief in mind | use Bel. In the immediate
sequel | will emply Know. Note thata is a formula in a language containing Knao that arbitrary nest-

ings of Knav are permitted.

S5 has the follwing axiom schemat¥:
K: Know(a® b) ® (Know a® Know b)
T Know a .® a
K Know a® Know Know a

as well as all (substitution instances of) tautologies, and thevintiarules of inference:

it is of separate interest whether a ®rst-ordasion of a modal logic can beyst suitably ‘weak' so as rot to intrude, via its
variables, ne kinds of wfs that destrp a faithful match with the modal logic. This has beaplered by [des Rieres & Levesque
33]. Our purposes here are savhat diferent, namelyhow to represent propositional attitudes in ampleitly self-referential con-
text. Our contention is that apart from a desirevimdhinconsisteng, there should be an underlying intuéinodel justifying ones ax-
ioms. Then presumably whage underlying intuitve model justi®es the use of wparticular modal formulation should apply as well
to the full ®rst-order formulation, unless that model itself indicates a principednant to the contrary

8often written as L or a bax .

Yn the literature, schemata K, @nd | are sometimes calleBistribution, Knavledge, and Ngstive Introspection, respec-
tively, and rule N is called Necessitation and sometimes written asl RiNdso sometimes called schema 5, since it is the distinguish-
ing schema of S5. If | is dropped, the resulting system is called T (not to be confused with sciitrmagh schema T is the charac-
teristic schema of the system or theory T)schema T is dropped as well, the resulting theory is called K (with then characteristic
schema K).Theory S4 has schemata K and T and Resitve Introspectiori'or “PosInt' schema Knava ® KnowKnowa as well
as rule N; so S4 is stronger tharitfturns out that Poslint is prable in S5 so that S5 is stronger than S4. Thus, 4Tand S5 are in
increasing order of strength, and allbaule N and schema K; gsrsuch system (at least as strong as system K) is called (essentially)
anormalsystem of modal logic. Another system, G, is studied in [2]; note that there “normal’ is used asdy@réhat rule N is not
required. Ve refer the reader to [5] for more information on the (enormoais@ty of modal systems studiecdhrfa recent modal log-
ic speci®cally designed for Al, see [20].



MP: froma anda® binfer b

N: from a infer Know a

S5 as presented almis a popositional theorydthough it also has been studied in a predicate con-
text, with an underlying ®rst-order language supplemented with the operator, Embwith the usual logi-
cal axioms and rules of inference as well as the axiom schemataakd T, and rule N.It is in the ®rst-

order contgt that we are interested, so that in the remainder of this paper S5 willdrettaknean ®rst-

order S5 Note that not only is the languagetended bgond classical propositional or ®rst-order lan-
guages, bt also there is a non-classical rule of inference. This requires comment. Rule N is to be applied
strictly to actual theorems of S5, not toydwypothesisa we may wish to emploin proving, saya ® b.

That is, althoughif a were a theorem of S5 then sowid be Knav a, this doesot entail that the vifa ®

Know a is a theorem of S5. In particulaextensions to S5 formed by adjoiningwexioms are not
assumed to olyerule N for aly wifs aher than the original ones mable in S5 itself, unless otherwise

stated.

As a theory of kneledge, S5 has the folMng intuitive interpretation: Knew a meansa is knowvn
(by some thinking agent). Then K, 8hd | may be plausible for afideal thinler" g. Schema K says that
g's knowledge is closed under modus ponens; schema T thatwehgtknows is true; and schema | that g
knows whenger it doesnt know something (i.e., it can introspectgatively). Also, rule N is plausible if
the agent is smart enough to kineverything that can be established in S5, which may seem easy to grant
for an ideal thinkr. This presupposes that we arewiieg S5 aur ~external’ theoryaboutg's “internal’
knowledge. Hevever, rule N then has the further consequence that g will end up taking amitenowl-

edge all the axioms and theorems of S5 so that S5 ends up also baing theory after all. In this light,

rule N seres as a kind of posit introspection mechanist.

185ee [2,5] for more detail on S5 and its uses.

The aguments to Kne in S5 are interpreted as propositions rather than (quoted) sentences as in a syntactic ®rst-order ap-
proach. This has some bene®ts, such as corresponding tosPaedéeters knowing the “same" proposition that_ondres est jolie
andLondon is petty, respectiely. Also there aretechnically elgant semantics (due to Krigk see [5]) that can be pided for S5
and other modal systems. Wever, this does not alter thedt that Pierre and Petexpresstheir propositions sententiallgor that ac-
tual sentences arery important features of language. Thus our comments about the central role of self-referentiality and syntax seem
to hold up. There are other quali®cationgarding propositions as objects of kmedge or belief as well; for arverview of much of
the philosophic literature, see [36].



Montague studied seral systems related to S5, with the particular aim of changingvknto a
predicate symbol applied to names of formulaeeed not present details of these modalants in order

to state the follwing result of his:

Theorem [Montague 23 (Thm 3)]: Ay ®rst-order “arithmetical’ theory haing the schema
TA, namely Know('a) ® a for each closed Vifa, and also satisfying condition NA, that |--

Know("a') whenever |-- a, is inconsistent.

Note that schemata | and Kvgabeen left out.| will henceforth havever drop the "A' on T and N,
letting contet determine whether a modal or ®rst-order schema is meant. Also, | will retain the names T
and N @en when the predicate symbol is other than Wneg., Bel or the usual pvability predicate Thm
described laterThe term “arithmetical' need not concern us; it is a gloss for a technical requirement that
has the déct of allaving asserted substitutions inteffs.2° We an establish an alternagi theorem with a
quick proof, if we stipulate aubfunction directly to get a \ariation on Montagus'result that is more tai-

lored to our needs. | g with a de®nition.

Denition:If S is a ®rst-order theory with function symbmlbof three aguments, and sup-
plied with a distinct function terma" f or each gpressiona (such that the freeaviables of &'
are those of) as well as axioms sub("P',’Q',"a’) = "P['Q'/"aT, i.e., the name of the result of

the indicated substitution, then SEst-oder self-efeential.

Theorem 3: Let S be a ®rst-order self-referential theorywihg a monadic predicate symbol
Know and axioms Knw('a) ® a for each closed Wfa, and satisfying the condition |--

Know("a') whenever |-- a. Then S is inconsistent.

Proof: Much as in the proof of Theorem 1, let R(x) abimge the formula

Kno w(sub(x,x,’y")), so that RCR('y")") abbreates

DMoreover, the use of substitution is virtually tantamount to the introduction of a certain amount of arithmejicaseusee
Quine [31]), and | hae agued that substitution is an essential feature of commonsense reasoning.



Kno w(sub(* Know(sub('y',’y',’y"))",” Kno w(sub('y',’y",’y))',’y")),
which is equialent to
Kno w(® Kno w(sub(" Know(sub('y',’y',’y"))",” Kno w(sub(y',"y',"y"))', y))).
So R(CR(YY) is equvaent to Know(R(R(Y")")). We further abbreiate R(CR(Y')") as
RR, so that we he RR iff Know('RR'). If we then use the axiom Kng'RR') ® RR, we
get Knawv(RR) ® Know('RR'), so that Knw('RR') is impossible and therefore
Kno w('RR") is proved. But this is (eqwalent to) RR, so RR is pved. But then by the postu-

lated inference condition, we deduce KiftRR') after all, a contradiction.

What does this result tell us? It appears thah @ very weak subtheory of $§when “translated'
into a ®rst-order coni, goes ary, & least in the presence of substitityi. But is this reason to think that
the modal ersion is better &? It is true that S5 (and therefore its subtheories) are consistent. But S5 by
itself is not in a substitwte mntext. So the question arises as to whether madabries such as S5 remain

consistent when augmented with substitution capabilities.

In a similar ein, Thomason [38] has prided another apparerdifure of our intuition, as folles: If
an agent g belies (a auitable theory of) arithmetic and alsadkliefs (given as aguments to the predicate
Bel) satisfy the follaing conditions:

Bel(a') ® Bel('Bel(‘a’))
Bel('Bel('a") ® a')
Bel('a") for all valid a
Bel(a® #) ® (Bel('a")® Bel('#))
then g is inconsistent in the sense that g will bel@ wffs.
To relate this to the intuitions of section I, if@f the follaving critique for Thomasos'and Mon-

tagues theories as theories of omniscient ideal reasoning: In each case, an axiom schema (either T or the

second schema ab®) attributes to g a global belief abousgiwvn beliefs. This self-viging is best ta&n as

2In fact all we need are schema T and rule N along with ®rst-order logic and self-reference, so tleattnetfell system T is
essential here, since schema K is not used.



layered or step-li&, and when instead it is "attened in one febguthen internal contradictions can arise.

In effect, when g taés a position garding thecontours of its set S of beliefs, it may be embracing a
“new'" belief b which, if we forcesl S, can run into a self-referential dilemma. If g vea@ of this, it

might prudently choose to be more circumspect about its use of self-reference and in the process better

merit our designation of it a®imniscient'or “ideal".

V. Substituti ve modal logic

If we endev a modal logic M with the property of substitutiy in the form of an operator
Sub(RQ,a), with the intention that this thereby create suitable conditions for referenceability within such an
extended ersion of M, we hae & least tvo available approaches. 8Vcan let P and Q be quoterpees-

sions and Sub a predicate symbol, or we can let P and Q be formulas and Sub another modality

Let us bgin by ploring the ®rst alternate. Since we already ki that a ®rst-order unquali®edly
substitutve theory is inconsistent (Theorem 1), then so will bg modal theory M that xd@ends such a
®rst-order theoryTherefore, ifwe endav S5 with a predicate symbol Sub, we caallow it the unquali®ed
substitution axioms as well. What then if we use only quali®ed substitution axioms of the sarttlrize
consistent in the ®rst-order case? That is, can xtend S5 to include Sub(xgy® True(sub(x,)z))
together with the consistent treatment ofid and sub mentioned earjiand thereby retain consistgnm

the modal theory that results? Unfortunatéde folloving result shas that we cannot.

Theorem 4: If M consists of S& extended by the Sub predicate with axiom Subt}:®

True(sub(x,)z)) and associated quali®ed axioms faudrand sub, then M is inconsistent.

Proof: We proceed by de®ning R(x) to be the formula
Kno w Sub(x,x,y")
Then R(CR(y)") -- which we will abbrdate as RR -- is

Kno w Sub("R(y)", R(Y)''Y)

2An anorymous referee has pointed out that the proof does not use schema |, hence the theorem actually holds if S5 is replaced
by ary modal system with schemata T and K and rule N, i.e., fpt@gic as strong as modal system T



Kno w True(sub("R(Y)',"R(Y)',"y"))
Now sub(CR(y)",R(CY",’¥")) = 'RR"and so
True(sub(R(y)','R(y), y)® True('RR’)
whose right-hand-side is egdient to RR since e simply strips dfquotes from its au-
ment ecept when the symbolriie itself is directly ngeted in that agument. What we ha
then is
True(sub(CR(Y)','R(Y), y)® RR
and from rule N and schema K we then get
Know [True(sub('R(Y)','R(Y)", Y)® RR]
and then
[Know True(sub('R(y)','R(Y)', Y)I® [Know RR]
It follows that
[ Kno w True(sub('R(y)','R(Y)", Y)[® [ Kno w RR]
But RR is equidlent to Know True(sub('R(y)','R(y)',’y")), and so we get that
RR® KnowRR
Now, Know RR ® RR by schema ,Tand so Knev RR ® Know RR, which means that
Know RR is a heorem of M. But we hee just seen that RR is egdient to Know RR, so

then RR also is a theorem of M, and by rule N so islKR®&, a contradiction.

We then consider the second altermatimentioned abee, namely that Sub(RQ,a) be a modality in
which P and Q are formulas. Here we aeefd with a di®culty of syntax, if we wish todep to our under
lying premise in this papenamely that not only should language be substitutind assertional, Ui that
the \ery feature of substitutions should beeessible, in the form Sub(xzy where X, yand z are wari-
ables. Thisdecomes problematic when x and y are intdiji to range ver formulas (rather than names of
formulas). What is called for is a quasi-second-order modal logic, in whichgihments to which modali-
ties are applied (namely predicates, or more gengralBtions) can be thealues of ariables. Thusve

wish to write Sub(X,Y¥z) where X and Y are predicatariables, and z is an indilual variable that ranges



over names of gpressions. Heever, it turns out that it is not necessary to adopt such a syntaxydor e

without variable aguments to modalities, contradiction arises.

Denition: S is an unqualiCEedly substitutimeodal logic if S has a modality Sub(RPA) and
the (by nev familiar) substitution axioms using P[Q/A], where@and A are wfs. That is,
Sub(RQ,A) is equvalent to the result of substitutin@ for all but the last occurrence of A in P
(We reed not gen use names at all, for instead of arbitraxpressions, it s@ces to refer to

whole formulas.)

Theorem 5: Any unquali®edly substitutie modal theory is inconsistent.

Proof: We dmply pick an arbitrary wif say Pand consider the formula (*) beio

(*) Sub( Sub(P,RP), Sub(RRP),P)

The indicated substitution will then replace the ®rsi B8 in the ®rst agument Sub(FP,P) of

(*), with the second gument, which also is Sub(PP). This results in

(**) Sub( Sub(P,RP), Sub(RRP),P)

which is in fact simply (*)!! That is, (*) is equvalent to (*), which is a contradictior?®

So S5 andwen wealer systems such as T are inconsistent with either form of self-reference that nat-
urally arises. Thus gradvantage in a modal language seems to be lost, and we might as well remain with a
classical ®rst-order languagéstill, this does not settle problems of formal representation of belief and
knowledge. Whether formulated in terms of classical ®rst-order subgtitati modal substitutie lan-
guages, special axioms and rules of inference for propositional attitudes are probl&veatmy turn to

remedies of this situation, hinging on separating tleenwtually troublesome features, namely the schema

Pt is of some interest that the requirement feariable substitutionhas been oliated by the gry means of substitution.
That is, in some sense the signi®canceasfables is precisely that thellow for the possibility of substitution. This is not so appar
ent in ®rst-order logic, whereaviables are central to the entire structurg;ib modal logic where seeminggaments (to modalities)
are not usually treated ingument &shion, the presence of substitutionsvisently just what brings things back to the ®rst-order fold
(at least in rgard to self-referential paradox).



T -- Know("a") ® a -- and the rule N for inferring Kne("a') from a.

VI. Belief as provability

Our results indicate that modal logics, when evetbwith su®cient paver to represent substitutions,
face the same inconsistencies found in ®rst-order treatments. Much of the appeal of these logics is then lost,
since one might as well then simply stay within ®rst-order logic and grapdmatagem there for retaining
consisteng, instead of hunting for an analogous stratagem in modal logic. Indeedwwigosa Mon-
tagues and Thomasors theorems and from our Theorems 4 and 5, that there e sbf®culties whether
the formal syntax is dressed in ®rst-order or modal clothing.féeteff we are going to va substitutiity

of even a \ery mild sort we hee o choose something less than full use of both the notiowkad® a

(schema T) on the one hand, and on the other hand |w Kmehenaer |-- a (the familiar rule N)?* What

principled justi®cation can be \gn for this, and what principled decision can be madearid a

resolution?® One point of viev energes from the idea of pvebility.

Consider an agent g, whose conclusions are to be represented. Here | use thertelusions'as a

deliberately neutral ground between whedge and belief: whater is in the agens reasoning to be used

as if trustvorthy. While this is still rather ague, it is subcient for our purpose€. What we can say is that
an agens conclusions wuld seem to be tightly related to what the agent cavepestablish, decide, con-
clude), so that a natural idea is iplkore ideas of pnability in an efort to characterize possibilities and
limitations on formal treatments of belief and iedge. This idea @as the basis for much ofokolige's
efforts in [16], in which hwever provability was represented as a concefiemal to a gien reasoneri.e.,
one agent might reason about thevabdlity relation of another agentub not about its wn provability

relation. In [17] Konolige comes closer to self-pability, but retains a kind of hierarchical approach in

2 henceforth routinely drop quotes. All theories will be ®rst-order (non-modal).

BAsher and Kamp [1] pursue much the same question, and with a similar course by applying methods for truth predicates to a
knowledge predicate. Theiravk involves a hierarchof decisions about knvaedge, and remainsifly close to Kriple's ariginal idea
[18] in that it is model-theoretically oriented. Wever, the needs of arti®cial intelligence (and possibhgredf logic) seem better
sened by a more syntactic and proof-theoretic (i.e., computational) approachued ar [10,28]. | will comment ain on their ap-
proach bela.

%) refer the reader to [29] for discussion of the issue of what constitutes a belief.



which what is preable at one leel is then recorded as prable in the ngt. Here | am more concerned with
a " attened'theory that imolves a predicate for itsewy avn provability notion, yet in equal standing with
the other predicates in the language; that predicate itself then forms part of the grist foetph@seofs to
which it is intended to refef2] and [35] &amine formal notions of pwability, but in relation to arithmetic
rather than epistemic concerns. In this and the section, | study thexéent to which arious notions of
provability are applicable to belief and kwedge. Initially | focus on the classical static theories; in sec-

tion VII, | turn to commonsense constraints.

Let us pursue the idea that an agesttgliefs’’ are its theoremsBut then if g is to hee a B2l predi-
cate of its avn, it may be a kind of prability predicate. What do we mean, formallyhat Bel be a pne

ability predicate? Seral things may suggest themsedv Onegiven in [3], follows.

DeEnition:A provability predicatefor a theory S is a WiP(x) that satis®es rule N -- & is a
theorem of S, then so is BY) -- and also schemata K and S#bsint:
K:P@®b® (Pa® Pp)
Posint: Pa® PPa.

So, what is @ailable for a preability predicate? There are mapossibilities, most of which ha little to
do with provability. Howeve, one pravability predicate has played a special role in logic; it is due'tdeGo
and we write it as Thrff In this section | will focus on Thm. In the xtesection we will ®nd that for cer
tain kinds of commonsense beliefs, this will not do, and we nxashiee alternatie “introspection'pred-

icates that are not prability predicates at all (as we V@ de®ned them).

Thm stands for the usual’@el predicate symbol for pvebility in a “suitable’ theory of arithmetic
S, i.e., Thmis de®ned as
Thm('a)® EK)(Proof(x, )

where Proof(>xg) in turn formalizes in terms of arithmetic the proof-theory of S: it says x is (ttel go

2\We dart here with belief, letting kmdedge come in latett turns out that kneledge is quite a trigknotion; see [11].
ZAlso often written as Proor Bew (for Beweis).



number of) a proof of (the Wivith godel number) &'. Thm then pins dan the mechanical details of what
goes into a proof. This mek it static, fomo new beliefs (axioms) can be adjoinedwowithout undoing

the intended meaning of ThnThm lays out gplicitly all the steps alleved in a proof, andven says that
these are the only ones alled. Thisexplicit sense of Thm roughly corresponds to the speci®cation of a
mechanical listing of all and only the fafthat can be established by g (a remghgienumerable, lit not

recursve, set of wffs).

But hov much of Thm is needed, wway, in actual use of a belief predicate? A reasoner need not

(and cannot) kne all about itself, t might well bene®t from kneing certainthings about itself.

In fact, Thm gies © much detail about proofs within a theory S that it xibe/ binds S aay from
ary new knowledge. Thus if S isxtended to SA, the syntactic de®nition of Thm, if it is tavnexpress
proofs in SA, must change. Monem, certain ficts will be ne smply because theare not proable within
S, and thus Thm cannotes express them with reference to the theory for which it is formulatecadn f
the same happens withyaprovability predicate, as we shall seegaing auto-epistemic kwdedge of

certain sorts.

Now, Montagues result shas that we must ge Yo schema Tif we ae to retain rule N and substitu-
tivity (and consisteng. That is, notall wffs of the form Bela .® a will be theorems of our agentsgthe-
ory S. What does this mean in terms of Thm? In&litf Thma ® a means that each theoreaof S is
true (in a ®ed standard model). Mpif S really has such a model, then each of these statementa Thm
ais correct; that these cannot allfrevablein S is an interesting limitation of a computational mechanism
to fully express its wn computational bel#or. This is closely allied with Gael's £cond incompleteness
theorem and also’lbs theorem, discussed latéfoweve, the underlying idea of the limitation has an intu-
itive £nse to it, and will be the basis for the general picture that willggm&he idea is that of section |,
that the actual processes of a reasoner g ozan be known in full detail by g itself, xcept by g5 gaining
this as ne& information which in turn changessgructure so that what g haaiged is adithful picture of

what itwas not what itis.



As | have gated, Knav a is often talken to mears is among those beliefs of g that are true. Then
Know a meansto gthata is one of its true beliefsyen though in general g cannot identify which these
are! Indeed, each ofgyteliefs is indvidually believed (by de®nition) by g; as soon asyamne is seen to be
false, it is no longer belied.?® So g cannot isolate its true beliefs from the rest; it simply can refer to them
in the abstract, just as it can refer to its entire belief set.féctefy may beliee that (the gtension of)
Know is a poper subset of (thexeension of) Bel, bt can gie o examples of the relate complement

(i.e., a Blse belief)!

Nevertheless, using Kne as true belief, we can mo employ schema T so that it applies to Kmo
rather than to BelThis manages to get around some of th@dlifties we hae £en. Speci®callythe fol-
lowing result preides one way to endw g with its avn knavledge and belief predicates and yebid
inconsisteng. This is a static approach, so that g will not be able to accommodateefiefs and yet

retain the intended meanings of Bel and Wno

Theorem 6: Let S be an consistent quali®edly substitugé ®rst-order theorynot containing
the symbol Bel.Then there is a consistent ®rst-order theorI§¥), which is an@ension of

S having predicate symbolsrilie, Bel, and Kne, and obging rule N for Bel, with axiom

Know a® Bela & Truea, where Fue satis®es schema GK.

Proof: Let True be as in GK, and then let Bel be Thm and letvKbe e dated, both asxéen-

sions by de®nitions. Rule N is automatic for Bel (inherited from Thm).

How much of S5 does this resultvgi is? We get rule N for Bel; schema T forrle and Knw;

schema K for Bel, lue, and Knw. Theorem 6 does not\g shema | for ap of True, Knav, or Bel.

Try to imagine a reasoner g\iag simultaneous beliefs Baland T ruea, as in | believe 1337 is prime, bt it is not!*

30n [30] a GK \ersion of rule N \as used for Kng: a** | Know a, where ** is the Gilmore operator applied to Kmoather
than to Tue. This has the unfortunate consequence theat graightforward (non-paradoxical) instances of theorems of g were not
provably Known by g. for instance, een mary harmlesgheorems such asv b did not hae mrresponding theorems Kwpsv 5.
Thus we hae dopped this approach and retained the Gilmore technique for the prediscateldne.Similarly, GK is rot very satis-
factory as a rule for Bel , for it serely undermines the introspection propertiest fstance, if Belbis a theorem, so should be
Bel Bel b; but GK will not provide this. Also, as for Kng, theorems of the fornv v 6 should hae munterpart theorems Belly
], but again GK will not pravide this in general.



However, we do get S45 positive introspection schema Posint for Bel, since Thm happens joTdim a

® ThmThma.3!

Example: Belief biconditionals and cats.

A key technique implicit in Montague'and Thomasors results, as well asafski's end Galel's, is
the Fixed Point or Diagonalization Lemma (e.g., see [22]). Thisvallos to ®nd, gien a pedicate P(x), a
wff a such thaa® P(" a') is provable in a suitable theory SSubstitutvity (quali®ed or not) is one crite-
rion that maks S suitable (see [31])The principal application for us is the folMing: Let Bel be a
monadic predicate symbol of a theory Se Yy then let BB be such that S has the theorerm@BEBel

BB (which | refer to as the belief biconditional).

Let C be (a formalization of) the sentencEhe cat is on the mag .g., On(cat,mat).That is, C is a
plain ordinary wf without self-reference, and without use of the predicate symbols Bel ov &mbrue or
Thm. lItstruth then should be determinateer if unknovn. Thus g should be safe in concluding not only
Cv Cand Knaw Cv Know C, but also Knev(C v C) and Knonv(Know C v Know C). Thisfollows

from Theorem 6, and forms an intersting contrast with tHi&8f Let S satisfy Theorem 6. Then

STAT(S) |-- Knav(C v C)

STAT(S) |-- Knav(Know C v Know C)

STAT(S) |-/- Knav(BB v BB)

STAT(S) |-/- Knav(Know BB v Know BB)

STAT(S) |-- Bela v a) for all wifs a.

1t is of interest that Asher and Kamp [1] similarly eerigt a (semantical) frameork for Bel, in which schema K and Poslnt
are preservd hut schemata | and T are not.Wver, as mentioned earliettheir treatment has no corresponding proof theory for direct
comparison to our ark.



Thus tautologies seem to b&hanell with respect to Bel, andrdinary wffs such as C also do so
with respect to Kne. But some eplicitly self-referential wfs like BB fail to do so.In short, SAT(S)
seems to represent a samhat reasonable static theory of belief andwdedge. Butit does not satisicto-
rily answer our doubts about schema T for Bedr this, we need to look more closely at what use beliefs

are put to, in order to assess what role schema T might or might not be reascpadttiydeto play

VII. Belief as intr ospection

Theorem 6 abge provides a ersion of Bel (and Kna, etc) that will su®ce for certain purposes,
such asnesting of belief sentenceés such it may be ®neBut more might be desired.et us see what
this might be, by returning to the issue of schemadw, we know we may not hae the full schema T
(for Bel) in g's theory S, if S is to olyerule N (for Bel). And perhaps not all instances of schema T (for
Bel) are &en plausiblefor g to conclude. But perhapsrtaininstances are both plausible and possisle.

®rst we should ask whether commonsense reasoning has need for these.

Another desideratum arises from rule N itself, for this rule does not necessary applyadams
that may be adjoined to Syem though the idea of rule N as an introspectiadility should require this.
We would like to havea formulation of Bel that is dynamic, in that asajrg nev beliefs, the broad charac-
teristics of Bel do not change, and thus that the rules for Bel should also not change simply because g has

some additional beliefsThat is, there should be a core theory of belief thatveriant under mere accre-

tion of (at least sonid information. Ifrule N is to be in this core, then it must be applicable o (fezal)

beliefs that arise.

We lead into this by observing that afdient approach to introspection than the “static' one of Thm
can be conceed. In particularas Lob's theorem will shay, certain wfs when adjoined to a theory S result
in the meaning of Thm becoming out of date, in the sense that Thixpri#iss preability in the original
but not the etended theoryThis is because Thm is so pinnedwvioby its arithmetical de®nition taxact

procedures of proof, that it cannot refer abstractly or generically to the general concept of proof. It is

%%that is, what we loosely calleddcal perturbationsi n section 1.



statically tied to one and only one set of conclusions. On the other hand, a reasoner g may lsot e

awae of its precise algorithm for reasoning, and yet refer to it genericallays that do not depend on

details (and therefore may remain consistent with a greatity of ectensionsy That is, perhaps a kind
of referring to ones theorems or beliefs can be made, witkplitily stating in detail just he they arise.
Possibly then Thm is then too ®ne-grained and unrealistic for commonsense reasoning, both conceptually

(who could ger know al their mental processes?) and formally lflotheorem belw).

Where does introspection arise in commonsense reasoning? One prominent place is in non-
monotonic reasoning, in which account iseakof not having (believing, proving) a certain wi For
instance, one can belea la Moore [24] that one alays knaws (or beli@es) that one has an elder brother

if this is in fact the case, without necessarily Wiy a way in which that conclusion or belief (that one had

an elder brother) auld be arned &.3* This is thengeneric or abstiact information about ones set of con-
clusions. Just he such a notion might be approached and fibshould difer from Galel's explicit Thm
will be taken up bela. The point havever is that an intelligent agent g may not need tovkmie any great
detail just hav its mental feats are accomplished; certainly human beings are in this situatict, luef
will see formal requirements virtually forcing us into this position when we tryve gito-epistemic

weight to Bel.

Now, can we think of a situation in which g ought to bedien instance of schema ie., of Bela
® a? Well, there are tvial cases, the ones in whiehis already a theorem. These of course are instances
which STAT(S) will also produce. So koabout non-trvial ones? Yes, following (or rather reersing) the
example of Moore.We can suppose g to belie "if | believe | havean elder brothetthen | hae an dder
brother' even if g does not belige "I have an dder brothet' T his would be a kind of irdllibility belief for
g, kut a special one gerding brothers, and it seems perfectly plausible that an agent mightgbad

grounds for such a belief as this.

%3This raises a number of issues, only some of which will be dealt with in the remainder of thisQuapéwmwill not touch, is
that of hierarchical ycles' of reasoning \r time, as the agent realizes more and more about its (changing) inference algorithm(s).
However, this would appear to be @l me for future vark. See [9] for ery interesting results on hierarchies of theories of arithmetic,
and [6] for an approach to commonsense reasonimgedi@s a step-likprocess.

%Hence, from th@ot knowing(of an elder brother), one concludes ting having



Moore's (unreversed) aample itself is also of interest; it has the fown® Bel a. Although this is
not an instance of schemaiflis dso not olvious that it is consistent with 8T(S) as long as Bel remains

a provability predicate. Of course, here too there angdti(or vacuous) cases, whem is a theorem of S.

Definition: A wff a is simple auto-epistemicver theory Sf a is of the form Belb® b, or b
® Bel b, or Bel b, wheres is in the language of S(S may or may not contain the symbol
Bel.) I name the three typedAE is the set of wis of the Moorean forndb ® Bel b, RAE of
the reverse form Belb ® b, and NAE of the ngative form Bel b. Note that MAE wfs
include instances of Posint, and all RAEfsvére instances of schema ITwill sometimes

abbreviate 'simple auto-epistemitas “simple AE.

This is not to say that all ¥& of interest in auto-epistemic reasoning must be of one of the three
given forms. Fr from it. Havever, these three types seem to be the simplest ones gnabér the com-

monest, and also plenty of questions arisam ¢or them.

Note that Thm does not satisfy schema T -- this is essentiatigl&theorem on consistepgroofs,
and also can be seen in Montagubieorem 3. That is, not all f&f Thma .® a will be theorems of g.
However, a theorem of L carries this much furtheso that not a singlénstanceof T will be provable
except trivial ones for whicha itself is pravable. Calla wif Thma .® a trivial if a is a theorem of SWe
suppose here (as throughout the paper) that S h@sisof substitution properties, in this case thee#ix

Point Lemma referred to earlier

Lob’s Theorem: [see 2,3,22,35] If P is a prability predicate for a consistent theory S, then

no non-trvial instance of schema T (for P) is pable in S

Corollary: No NAE or non-trivial RAE wffs are preable in S (if P is Bel).

%This is a ery striking result that seems counterintuitit ®rst. One consequence is tatwff of the form P a can be a the-
orem of S if S is consistent. This also arises out afeBotheorem on consistenproofs, which is easily pied from Ldb's theorem
and cowersely Godel's result -- his Second Incompleteness Theorem -- is that
(Egt()[Thm X & Thm x] is not a theorem of S.



Thus if Bel is formalized (de®ned) as Thm, themnon-trivial RAE wff is a heorem of S.This is
stronger than Montaguetesult thatsomeRAE wff will fail to be preable (i.e., schema T in its full form
clashes with rule N)Now we ae faced with thedct thatead instance of schema Tx@ept trvial ones)

clashes with the Thm interpretation of Bel.

What is going on here®fter all, if a system (or reasoner) g does happenye heliefs or theorems
that are true (in some standard interpretation for which Thm has the standard meaning), tte lathwf
® a will also be true in that interpretation. But wthen cannot g be made to peothis, since it is true?
WEell, on our suggested intuitions from section |, g cameto do so (by being geén this extra informa-
tion), kut in the process g will change (as a formal system) and Thm will then characterize vetsatngtw
what g is. Put dferently, the result of L'b tells us g cannot ke Thm to capture preciselys means of
drawing conclusions; indct it will not as soon as g thinks that it does! Or in Al terms, anftigatan
never fully catch up declarately with its ovn procedures for dwang conclusions’ For instance, the Vif
Bel 0=1 ® 0=1 will not, by L, be preable in S, &en though it will be consistent with suireasonable
such S.Now if we extend S to SA = S + Bel 0=®. 0=1, SA will be consistentub then Bel cannot be a
provability predicate for SA (unless SA is inconsisterithus praability predicates are statictheir proper

ties do not remain irariant over additions of &en very modest n& introspectie information.

Note that Pav P ais a kind of consisterycstatement for a prability predicate PSo Bel a v
Bel a can also be garded as a kind of self-consistgnioelief. Now, while this may in general be too
strong for a realistic agent g, still certain cases of it seem unassailabiastance, Bel 0=1 should be
concludable by g, on the basis that 0=1 and that Bel 0¥&t Ldb precludes this for pr@bility predi-
cates. Thus we separateotwtudies: static pnesbility systems, and dynamic introspection systems that
allow for the incorporation of me beliefs while retaining iariant general or generic information about

beliefs as a whole. The latter requireging up praability predicates as models for Bel; in their place we

%.e., consistent, logically omniscient, and Wiy sufRcient arithmetic.

S7A similar notion is eploited in [29] to characterize certain forms of aléf reasoning. Also #nolige [17] treats a similar
theme from a dferent formal perspeet.



substitute what we shall callntrospection predicatés.

Itis true that Ld's theorem applies to more than simply Thany provability predicate P(x) gies us
|-I- Pa for ary a. Howeve, the two postulates for a pr@bility predicate in addition to rule N, namely
PoslInt and schema K, are not ones we should necessarily assume foh@&e&, &en though thg may be
true about ¢ reasoning, theare not ficts g will necessarily kmoabout itself. We then hae the following

result, tavard a dynamic theory of belief.

Theorem 7: Let S be ap consistent quali®edly substitug ®rst-order theory not including the
predicate letter Bel in its language, and let AE besah of Moorean or reerse auto-epistemic

wffs over S. Then there is a consistenttension IYNA(S) in which all AE wfs are proable.

Proof: Let M be a model for S, and then form a model MA of S+AE by interpreting Bel as truth
in M; this will satisfy all auto-epistemic ¥ of AE. For given a wif Bel a .® a, if ais true in

M thena (and hence Bed .® a) dready holds in MA; and if: is not true in M, then Bek is

false in MA and so ajn Bela .® a holds. For a wf a ® Bel a, if a holds in MA then it also
holds in M and so Bet is true in MA, makinga ® Bel a true in MA; and ifa does not hold in
MA then a ® Bel a holds trivially. Then the theory of MAxtends S and has all fsfin AE as

theorems.

Corollary: DYNA(S) aboe can be takn to obg DYNA(S) |-- Bela whenever

St}-a.
Proof: The same model MA in the proof of Theorem 7 is a model o&Bet all theoremsa of

S, and so ajn the theory of MA seps.

It is necessary to restrict S and AE asv@boamely S must not contain the symbol Bel, so that AE

will not contain wfs in the language of &.1f a were allaved to be ay wff in the exendedlanguage

%8And thus the Corollary doesot provide the full rule N for Bel.



including Bel, then we could easily create Ligoe wfs and run into @rski's theorent® But we hae
already done what Thm (or yamprovability predicate) cannot do, in img even one non-tvial auto-
epistemic belief presentNote that in modelling Bel as prability for S, we hae rot made Bel the same as
Thm, for Bel is in the language of thetension S+AE, not of SThat is, Bel is not Thm for S+AE, and so
L6b does not apply to thexeension. But by the same &k, Bel then is not an introspection predicate in the

extension either

Do we get similar results to 8T(S) for cats and BB here®¥, from the Corollaryetting S hae

the GK schema forrtie, and de®ning Ko a be Bela & True a as before,we have:

DYNA(S) |-- Knw(C v C)

DYNA(S) |-/- Knav(BB v BB)

DYNA(S) |-- Belav a) for all wifs a in the language of S.

Some natural casesvyeabeen missed, since we arenking with a restricted language in which there
is no nesting of belief or kmdedge. Thuswve still have rot achieed our goal of making g highly intro-
spectve & to its avn beliefs. In particularule N is present only inery restricted form, applied to theo-
rems of S bt not to the etension in which the predicate Bel enters the languégarything else lacking?
What might we vant, for Bel to be anintrospection predicateBeveral things may suggest themsedv
However, among the simplest is what | shall call th@euble-Nrule, NN, which amounts to ouariliar rule
N from S5 and its carerse $N sup -13, that ig,is a theorem of gfifBel a is a theorem of g. Thus g can
recognize (pree) it hasa as a theorem (i.e., g can peoBel a), precisely when it really does\ea as the-
orem. Thismakes Bel in some sensedrrect’. Whether such a g is still realizable as a purely ®rst-order
theory is another matteie ae using rules of inference (N and its eense) outside of standard ®rst-order
logics, unless the logic in question gbeNN as a consequence of its axioms (note, for instance, that

schema T in a theory me& $N sup -1%$ is redundanffhm does happen to opaIN, although due to Twn

3%0r Montagues theorem; e.g., from MAE vig we would get rule N, and from RAE V& we would get schema, Tnaking the
by now familiar deadly mix.



this will not help us here.

Definition: P(x) is anintrospection pedicatefor a theory S if it obgs rule NN:

S }- Bel aiff S |- a for all wifs a.

Lemma: If P and Q are introspection predicates for S, thenenyderm t,

S} P() iff S |- Q(t).

Proof: trivial.

It might appear from the Lemma that at most one predicate (up teelemeie) could satisfy NN,
thus forcing it to coincide with ThmEor NN seems to characterize fully just what atoms of its associated
predicate (e.g., Bel) can hold. After all, Belwill be forced on g as a conclusion wheere(and only
when) a itself is a conclusion. This might then seem to limit our formal choices for &gl saerely,
indeed perhaps force us back to Thm and the loss of simple SEHRdvever, this is not necessarily the
case, and leads to an open problemvelRoughly, Lob might not ruin our chances at an auto-epistemic

formalization for Bel, because there might aise more than one introspection predicate for the same

theory*°

Now we might ask whether introspection should gerefurther than our rve de®nition. In particu-

lar, the folloving may seem reasonable to consider:

Definition: A theory S withintrospection predicate Bel fslly-introspectivaf whenever a wif
ain the language of S iota theorem of S, then Bek is a theorem of S.
A fully introspectve reasoner then ould alvays be able to tell correctly forvery wif whether it beliged

it or not: S |-- Bek or S |-- Bel a for eacha.

“The beliefs of g will still be (the same as) the theorems ofiiSt [s not olvious that this necessitates, s8y- Bela .® a iff
S}-Thma .® a, despite the Lemma.



Now, such a reasongif consistent and kmaing suf®cient arithmetic, wuld hare a ron-recursiely-
enumerable set of theorems. Still, it may be of epistemological interestwothkabin principle such rea-

soning could be etsioned. Havever, it is not to be.

Theorem 8:*! Every fully-introspectie quali®edly-substitutie ®rst-order theory S is inconsis-

tent.

Proof: We form BB as usual, so that BB Bel BB is a theorem of S. No ether BB is a
theorem of S or it is not. If BB is preble then (rule N, from Bed' being an introspection
predicate) so is Bel BB. But also from the biconditional we get BB, a contradiction. Suppose
then that BB is not pr@ble in S. Then by rggtive introspection we get Bel BB, hence (from

the biconditional agin) BB, and ®nally (rule N) Bel BB, contradiction. (Note that we used

only rule N, not full NN, so actually we ta a sronger result than the stated one.)

We sem to be stuck then with (at best) the more modest introspection notion of rule NN féoBel.
recapitulate: static notions of introspection as in Thm are subjecthtavhite auto-epistemicarsions of
Bel ought not to beWe @an do pretty well in a static (Thm- and NN-based) theory of béliefe avoid
consideration of AE W (Theorem 6). And caersely we can do pretty well in an AE theory of belfef

we avoid NN (Theorem 7).

It is getting both together that remains problemalite dfer as a'Belief Doctriné t hat Bel should
satisfy both NNanda wide variety of cases of MAE, RAE, andAi. It is then vorth seeing whether some
introspection predicate (other than Thm) might aghiiis. In short, what kind of theoriesyDA(S) obe/
rule NN? W know that if Bel is such a predicate, and if it gbgwithin a theory S) schema K, then bybLo
it cannot obg PosiInt and so wilhot coincide with Thm. In our terms Belowuld be dynamic and generic,
failing to correspond in detail to the actual reasoning mechanisms of g. Butverexaed that this is

appropriate for introspeeg reasoning. | leaée the istence of such an AE- and NN-basedt(bot Thm-

“This was inspired by a cesrsation with Richard \yhrauch, Sardinia, October 1986. This result is not necessagiives
Commonsense reasoners may well be inconsistent (see [29]), andeygitéesting formal properties ([6]).



based) Behs an open problem:

Open Problem: What subsets of MAE, RAE, andNE are consistent with NN?

Regarding RAE in particulgrwe know of course/ is ®ne (tale Bel to be Thm), and that usira
reverse wfs is neer so (Montague). In dct, we cannot include Bel BB BB for the same reason. But is
there ag non-empty subset of RAE that is consistent with NN? If so, then there can be more than one
introspection predicate for one and the same theory: \aljility predicate will not be the only choice,

despite the Lemma.

In terms of our notion of "attened layers, certain global statements such as Posint and K will not
allow mundane local statements such as RAE to be preHemé “force" them into an etension, we sim-
ply end up changing the theory so that we are, after all, looking back at the eamlieety' rather than
the present (ivé) one. The Open Problem then is askingshmuch local perturbation (indidual instances
of simple AE wfs) we can getwaay with and yet preseeva wseful amount of globality in the form of rule
NN. Note that we did get weakanswey in the Corollary to Theorem 7, since rule N is ydxk there for
wffs a that do not themsebs contain the symbol Bel, and this alreadsegia rumber of cases useful in

commonsense.

VIII. Conclusions

When a formal language is ended with self-referential capabilities, especially in the presence of
unquali®edly substitutie mechanisms, d®culties of contradiction can easily aris€his holds for modal
as well as (pure) ®rst-order logicklowever, the features of self-reference and substitiytiappear funda-
mental to ap broad knevledge representation medium. Maoven when remedies are tak, the modal
treatments seems tofef no adantage wver the ®rst-order ones, and indeed the latter carnamtdges of

their avn.

One can gjue that although an agent g d¢admowits beliefs to be true, still tlyemightbe true by
good luck (or by the cler design of the ager#t'reasoning déces by a godlig ati®cial intelligencer), and

all g's inference rules might be sound as well. But then, if g is an ideal reasonéin't it be gpropriate



for g to beliwe tis too? Wouldn't such an ideal g be able tbelieve Bel a .® a for all a? The odd
answer (which we h& $en in Montague' Theorem 3) is: not if g beliefs are to be consistent, which of
course the must be if thg are to be true. But this can be seen aswanlybold "attening of an essentially
layered concept of Kwa Of course, Thm is also a kind of "atteningt lone in which no ne information

is to be brought in, by theewy concept of Thm which pins @a precisely what is alleed.

In fact, Lt shows us gen more: that schema T can be alked forno a except trvial cases, unless
we give p provability as the measure of belief; then Posint and otkstiges of pinned-aa provability
must be left asideBut since auto-epistemic reasoning depends on (certain instances of) sclagerast
will have o rely on dynamic (perturbation-tolerant) reasoning about thveir loeliefs. They cannot fully
introspect; in particulathey will have  rely on pragmatic means to tell, for instance, that tteenot have

a certain belief.

| havebeen occupied here in shimg that, after all, a "attened picture of commonsense mayelie a
able, a once-and-fall set of wfs closed under certain procedures. This is wh&ll&(S) really does, and
it does so by leang out wfs that might force the meaning of Bel to no longer be an introspection predi-
cate. That is, the tradition of research thatvehkeen &ploring throughout this paper is in the mold of
®nding a ®ed set of conclusions that g can badjéut allowing a reasonable amount of introspeetielf-

reference at the same time.

Perhaps ironicallythe static and "attened pability predicates, such as Thm, which gleosint

and schema,Tand which were found to thavt some attempts at a commonsense,véee the ones that
would force a majochange in ary agent dealing with them, in g/cle of ever-expanding interpretations of

its graving mechanisms of proofThus our dynamicersion of Bel is not really one for a real-time agent at
all. Theconclusion, then, is that peopleveaought ®ed formulations for belief using what are intrinsi-
cally non-®ed notions of self-descriptior-or a sngle (and hence "attened) theory of belief to be viable,
it must deal with predicates that are tolerant of self-description in axtaftsimple AE wfs; such theo-
ries are what | hae alled dynamic.The real trouble is that if Bel is made to look at itself closely enough,

then it ends up describing a theoryfeliént from the one beinguestigated. Thiss ®ne if a gcle of ever-



stronger theories is the focus of intereldbwever, sngle theories areastly simpler to studyand so it is

worth seeing he far this "attened approach can be carried.

The formalization of (®&d theories of) kneledge and belief stilldfces conceptual ®tulties, espe-

cially in the case of agents whose beliefs are closed under logical consequence. In pértkulaiear
whether rule NN can be made consistent with reasonable commonsense instances of.sBheihal3o
appears that the study of agents with limited reasonimgipes has been initiated in [6,7,8,19,26,2i§

great needf further study Key o those approaches is thbsenceof the rule of inferencefrom a infer

Know a" (with respect to a dedugé engine which is sound and complete). Although some of these latter
efforts utilize modal formulations, ourakk here strongly suggests that this is more a matter of taste than
ary real technical distinction, and thus that it may be preferable to stick with a common formal language to

facilitate comparison in future avk.
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