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Abstract
Algorithmsthatusepoint-cloudmodelsmake heavyuseof theneighborhoodsof thepoints.Theseneighborhoods
are usedto computethe surfacenormalsfor each point, molli�cation, andnoiseremoval. All of theseprimitive
operationsrequire theseeminglyrepetitiveprocessof �nding thek nearestneighbors of each point. Thesealgo-
rithms are primarily designedto run in main memory. However, rapid advancesin scanningtechnologieshave
madeavailablepoint-cloudmodelsthatare too large to �t in themainmemoryof a computer. Thiscalls for more
ef�cient methodsof computingthek nearestneighbors of a largecollectionof pointsmanyof which arealreadyin
closeproximity. A fastk nearestneighboralgorithmis presentedthatmakesuseof thelocality of successivepoints
whosek nearestneighborsaresoughtto signi�cantly reducethetimeneededto computetheneighborhoodneeded
for the primitive operation as well as enableit to operate in an environmentwhere the data is on disk.Results
of experimentsdemonstratean orderof magnitudeimprovementin thetime to performthealgorithmandseveral
ordersof magnitudeimprovementin work ef�ciency whencomparedwith several prominentexistingmethod.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.6 [ComputerGraphics]:MethodologyandTech-
niques;I.3.8 [ComputerGraphics]:Applications;

1. Intr oduction

In recentyearstherehasbeena marked shift from using
trianglesto using points as object modelingprimitives in
computergraphicsapplications(e.g., [AGPS04, HDD � 92,
JDD03,LPC� 00,PKKG03]). A point-model(often referred
to asa point-cloud) usuallycontainsmillions of points.Im-
proved scanningtechnologies[LPC� 00] have resultedin
even larger objectsbeing scannedinto point-clouds.Note
that a point-cloud is nothing more than a collection of
scannedpoints and may not even containany topological
information.However, mostof the topologicalinformation
canbededucedby applyingsuitablealgorithmsonthepoint-
clouds.Someof thefundamentaloperationsperformedon a
freshlyscannedpoint-cloudincludethecomputationof sur-
facenormalsin order to be able to illuminate the scanned
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object,applicationsof noise-�lters to remove any residual
noisefrom the scanningprocess,andtools that changethe
samplingrateof thepoint-modelto thedesiredlevel. What
is commonto all threeof theseoperationsis that they work
by computingthe k nearestneighborsfor eachpoint in the
point-cloud.Therearetwo importantdistinctionsfrom other
applicationswherethecomputationof neighborsis required.
First of all, neighborsneedto be computedfor all points
in the dataset,althoughthereis a potentialscopeto opti-
mize this task.Second,no assumptioncan be madeabout
the size of the dataset.In this paper, we discussthe k-
nearest-neighbor( kNN) algorithm, also known as the all-
points k-nearest-neighboralgorithm, which takes a point-
clouddatasetRasaninputandcomputesthek nearestneigh-
borsfor eachpoint in R.

We startby comparingandcontrastingourwork from the
relatedwork of Clarkson[Cla83] andVaidya[Vai89]. Clark-
sonproposesanO � nlogd� algorithmfor computingthenear-
estneighborto eachof n pointsin adatasetS, whered is the
ratio of thediameterof Sandthedistancebetweentheclos-
estpairof pointsin S. ClarksonusesaPR-quadtree[Sam06]
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Q on the points in S. The running time of his algorithm
dependson the depthd � d of Q. This dependenceon the
depthis removedby Vaidyawhoproposesusinga hierarchy
of boxes,termedBox tree,to computethe k nearestneigh-
borsto eachof the n pointsin S in O � knlogn� time. There
aretwo key differencesbetweenour algorithmandthoseof
ClarksonandVaidya.First of all, our algorithm can work
on most disk-based(out of core) data structureswhether
they arebasedon a regulardecompositionof theunderlying
spacesuchasa PMR quadtree[Sam06] or on objecthier-
archiessuchasan R-tree[Gut84]. In contrastto our algo-
rithm, themethodsof ClarksonandVaidyahave only been
appliedto memory-based(i.e., incore)datastructuressuch
asthePRquadtreeandBox tree,respectively. Consequently,
theirapproachesarelimited by theamountof physicalmem-
ory presentin thecomputeronwhich they areexecuted.The
seconddifferenceis thatour algorithmcanbe easilymodi-
�ed to producenearestneighborsincrementally, i.e., we are
able to provide a variablenumberof nearestneighborsto
eachpoint in S dependingon a condition,which is speci-
�ed at run-time.Theincrementalbehavior hasimportantap-
plicationsin computergraphics.For example,the number
of neighborsusedin computingthe normal to a point in a
point-cloudcanbedependenton thecurvatureof a point.

The developmentof ef�cient algorithmsfor �nding the
nearestneighborsfor a single point or a small collec-
tion of points hasbeenan active areaof research[HS95,
RKV95]. The mostprominentneighbor�nding algorithms
useDepth-FirstSearch(DFS)[RKV95] or Best-FirstSearch
(BFS) [HS95] methodsto computeneighbors.Both algo-
rithmsmakeuseof asearchhierarchywhichis aspatialdata-
structuresuchasanR-tree[Gut84] or avariantof aquadtree
or octree(e.g., [Sam06]). The DFS algorithm,alsoknown
as branch-and-bound,traversesthe elementsof the search
hierarchyin a prede�nedorderandkeepstrackof theclos-
estobjectsso far from the querypoint. On the otherhand,
the BFS algorithmtraversesthe elementsof the searchhi-
erarchyin anorderde�ned by their distancefrom thequery
point.TheBFSalgorithmthatweuse,storesbothpointsand
blocksin apriority queue.It retrievespointsin anincreasing
orderof their distancefrom thequerypoint.This algorithm
is incrementalasthenumberof nearestneighborsk neednot
beknown in advance.Successive neighborsareobtainedas
points are removed from the priority queue.A brute force
methodto perform the kNN algorithm would be to com-
putethedistancebetweenevery pair of pointsin thedataset
andthento choosethetop k resultsfor eachpoint.Alterna-
tively, we alsoobserve that repeatedapplicationof a neigh-
bor �nding technique[MA97] on eachpoint in the dataset
alsoamountsto performinga kNNalgorithm.However, like
the brute-forcemethod,suchan algorithmperformswaste-
ful repeatedwork aspointsin proximity shareneighborsand
ideally it is desirableto avoid recomputingtheseneighbors.

Someof the work in computingthe k nearestneighbors
can be reducedby making use of the approximatenear-

est neighbors[MA97]. In this case,the approximationis
achievedby makinguseof anerror-bounde which restricts
the ratio of the distancefrom the query point q to an ap-
proximateneighborandthe distanceto theactualneighbor
to be within 1

�

e. When usedin the context of a point-
cloud algorithm, this methodmay lead to inaccuraciesin
the�nal result.In particular, point-cloudalgorithmsthatde-
terminelocal surfacepropertiesby analyzingthe points in
theneighborhoodmaybesensitive to suchinaccuracies.For
example,suchproblemscan arise in algorithmsfor com-
puting normals,estimatinglocal curvature,aswell assam-
pling rate and local point-cloud operatorssuch as noise-
�ltering [JDD03, FDCO03], molli�cation and removal of
outliers [WPH� 04]. In general,the correctcomputationof
neighborsis importantin two mainclassesof point-cloudal-
gorithms:algorithmsthatidentify or computepropertiesthat
arecommonto all of thepointsin theneighborhood,andal-
gorithmsthatstudyvariationsof someof theseproperties.

An important considerationwhen dealing with point-
modelsthat is often ignoredis the size of the point-cloud
datasets.The modelsare scannedat a high �delity in or-
der to createan illusion of a smoothsurface.The resul-
tantpoint-modelscanbeon theorderof severalmillions of
points in size.Existing algorithmssuchasnormalcompu-
tation [MN03] which make useof the suite of algorithms
and data structuresin the ApproximateNearestNeighbor
(ANN) library [MA97] arelimited by theamountof physi-
cal memorypresentin the computeron which they areex-
ecuted.This is becausethe ANN library makes useof in-
core datastructuressuchas the k-d tree [Ben75] and the
BBD-tree[AMN � 94]. As largerobjectsarebeingconverted
to point-models,thereis a needto examineneighborhood
�nding techniquesthat work with datathat is out of core
andandthusout-of-coredatastructuresshouldbeused.Of
course,althoughthedrawbackof out-of-coremethodsis the
incurrenceof I/O coststherebyreducingtheir attractiveness
for real-timeprocessing,thefactthatmostof thetechniques
thatinvolvepoint cloudsareperformedof�ine mitigatesthis
drawback.

Therehasbeena considerableamountof work on ef�-
cient disk-basednearestneighbor�nding methods[HS95,
RKV95,XLOH04]. Recently, therehasalsobeensomework
on the kNN algorithm[BK04, XLOH04]. In particular, the
algorithmby Böhm [BK04], termedMuX usesthe DFS al-
gorithm to computethe neighborhoodsof one block, say
b, at a time (i.e., it computesthe k nearestneighborsof
all points in b before proceedingto computethe k near-
est neighborsin other blocks) by maintainingand updat-
ing a best set of neighborsfor each point in the block
as the algorithm progresses.The rationaleis that this will
minimize disk I/O as the k nearestneighborsof points in
the sameblock are likely to be in the samesetof blocks.
The GORDER method[XLOH04] takes a slightly differ-
entapproachin thatalthoughit wasoriginally designedfor
high-dimensionaldata-points(e.g.similarity retrieval in im-
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ageprocessingapplications),it canalsobe appliedto low-
dimensionaldatasets.In particular, this algorithm�rst per-
formsa PrincipalComponentAnalysis(PCA) to determine
the �rst few dominantdirectionsin thedataspaceandthen
all of theobjectsareprojectedto this reducedspacethereby
resulting in drastic reductionin the dimensionalityof the
pointdataset.Theresultingblocksareorganizedusingareg-
ular grid, andat this point, a kNN algorithmis performed
which is reallyasequentialsearchof theblocks

Even though both Xia [XLOH04] and Böhm [BK04]
methodscomputetheneighborhoodof all pointsin a block
beforeproceedingto processpoints in anotherblock, each
point in theblock keepstrackof its k-nearestneighborsen-
counteredthus far. Thus this work is performedindepen-
dentlyandin isolationby eachpointwith no reuseof neigh-
borsof onepoint asneighborsof a point in spatialproxim-
ity. Instead,we identify a region in spacethatcontainsall of
the k nearestneighborsof a collectionof points(the space
is termedlocality). Oncethe bestpossiblelocality is built,
eachpoint searchesonly the locality for the correctsetof
k nearestneighbors.This resultsin largesavings.Also, our
methodmakesnoassumptionaboutthesizeof thedatasetor
thesampling-rateof thedata.Experiments(section6) show
thatouralgorithmis fasterthantheGORDER approachand
performssubstantiallyfewer distancecomputations.

The restof the paperis organizedas follows. Section2
de�nes the conceptsthat we useandprovidesa high level
descriptionof our algorithm.Section3 describesthe local-
ity building processfor blocks. Section4 describesan in-
crementalvariant of our kNN algorithm,while Section5
describesa non-incrementalvariantof our kNN algorithm.
Section6 discussesresultsof experiments,while Section7
discussesrelatedapplicationsthatcanbene�t from usingour
algorithm. Finally, concludingremarksare drawn in Sec-
tion 8.

2. Preliminaries

In this paperwe assumethat thedataconsistsof pointsin a
multi-dimensionalspaceandthat they arerepresentedby a
hierarchicalspatialdatastructure.Our algorithmmakesuse
of adisk-basedquadtreevariantthatrecursively decomposes
theunderlyingspaceinto blocksuntil thenumberof points
in a block is lessthansomethresholdlimit (B) [Sam06]. In
fact, any other hierarchicalspatialdatastructurecould be
usedincluding somethat are basedon object hierarchies
suchas the R-tree[Gut84]. The blocks are representedas
nodesin a treeaccessstructurewhich enablespoint query
searchingin time proportionalto thelogarithmof thewidth
of the underlying space.The tree containstwo types of
nodes:leaf and non-leaf.Eachnon-leafnodehasat most
2d nonemptychildren, whered correspondsto the dimen-
sion of the underlyingspace.A child nodeoccupiesa re-
gion in spacethat is fully containedin its parentnode.Each
leaf nodecontainsa pointer to a bucket that storesat most

B points. The root of the tree is a specialblock that cor-
respondsto the entireunderlyingspacewhich containsthe
dataset.While theblocksof theaccessstructurearestoredin
main-memory, thebucketsthatcontainthepointsarestored
ondisk. In our implementation,a countis maintainedof the
numberof points that are containedwithin the subtree of
which thecorrespondingblock b is theroot anda minimum
boundingboxof thespaceoccupiedby thepointsthatb con-
tains.

MAXDIST

Qb
S

MINDIST

Figure 1: Exampleillustrating the valuesof the M INDIST

andMAXDIST distanceestimatesfor blocksQbandS.

WeusetheEuclideanmetric(L2) for computingdistances.
Our kNNalgorithmcanbeeasilymodi�ed to accommodate
otherdistancemetrics.Our implementationmakesextensive
useof the two distanceestimatesM INDIST andMAXDIST

(Figure1). M INDIST � q � e� betweentwo blocksQb andS
refersto theminimum possibledistancebetweenany point
q in Qb ande in S. Whena list of blocksis orderedby their
M INDIST valuewith respectto a referenceblock or a point,
theorderingis calleda M INDIST ordering.MAXDIST � q � e�

refersto themaximumpossibledistancebetweenany possi-
ble q ande in Qb andS respectively. An orderingbasedon
MAXDIST is calleda MAXDIST ordering.The kNN algo-
rithm identi�es thek nearestneighborsfor eachpoint in the
dataset.We referto thesetof k nearestneighborsof a point
o astheneighborhoodof o. While theneighborhoodis used
in the context of points,locality de�nes a neighborhoodof
blocks.Intuitively, the locality of a block b is the region in
spacethat containsall the k nearestneighborsof all points
in b. We make oneotherdistinctionbetweenthe concepts
of neighborhoodandlocality. While neighborhoodscontain
no otherpoint otherthanthek nearestneighbors,locality is
moreof anapproximationandthusthelocality of a block b
may containpointsthat do not belongto the neighborhood
of any of thepointscontainedwithin b.

Our algorithm hasthe following high-level structure.It
�rst builds the locality for a block and later searchesthe
locality to build neighborhoodfor each point contained
within theblock.Thepseudo-codepresentedin Algorithm 1
explains the high level workings of the kNN algorithm.
Lines 1-2 traverseeachblock in thedatasetR andbuild an
approximatelocality. Lines3-4 build a neighborhoodusing
theapproximatelocality for all pointsin b.

Algorithm 1
Procedure kNN(R� k)
( � high-level descriptionof kNN algorithm � )
1. for eachblockb in R
2. do Build locality l for b in R
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3. for eachpoint p in b
4. do Build neighborhoodof p usingl andk
5. return

3. Building the Locality of a Block

As the locality de�nes a region in space,we needa mea-
surethat de�nes the extent of the locality. Given a query
block, sucha measurewould implicitly determineif a point
or a block belongs to the locality. We specify the ex-
tent of a locality by a distance-basedmeasurethat we call
PRUNEDIST. All pointsandblockswhosedistancefrom the
queryblock is lessthanPRUNEDIST belongto the locality.
The challengein building localities is to �nd a good esti-
matefor PRUNEDIST. Finding the smallestpossiblevalue
of PRUNEDIST requiresthatwe examineevery point which
defeatsthepurposeof ouralgorithmwhich is why weresort
to estimatingit.

We proceedasfollows.Assumethatthequeryblock(Qb)
is in the vicinity of otherblocksof varioussizes.We want
to �nd a setof blockssothatthetotal numberof pointsthat
they containisatleastk, whilekeepingPRUNEDIST assmall
aspossible.We do this by processingtheblocksin increas-
ing orderof theirMAXDIST orderfrom Qbandaddingthem
to the locality. In particular, we sumthecountsof thenum-
berof pointsin theblocksuntil thetotalnumberof pointsin
theblocksthathave beenencounteredexceedsk andrecord
the currentvalue M of MAXDIST. At this point, we pro-
cessthe remainingblocksaccordingto their M INDIST or-
derfrom Qb andaddthemto thelocality until encountering
a block b whoseM INDIST valueexceedsM. All remaining
blocksneednot be examinedfurther andare insertedinto
list PRUNEDL IST. Note thatan alternative approachwould
beto initially processtheblocksin M INDIST order, adding
themto the locality, andusethe MAXDIST valueM when
thesumof thecountsis greaterthank to pruneevery block
whoseM INDIST is greaterthanM. This approachdoesnot
yield astight anestimatefor PRUNEDIST ascanbeseenin
theexamplein Figure2.

MIND IST

MIND IST

MAXD IST (Qb,B)

MAXD IST (Qb,A)

Qb

B,20

A,10

(Qb,A)

(Qb,B)

Figure2: Queryblock Qb in thevicinity of twootherblocks
A and B containing10 and 20 pointsrespectively. Whenk
is 15, choosingA with a smallerM INDIST valuedoesnot
providethelowestpossiblePRUNEDIST bound.

Thepseudo-codefor thelocality building processis given
below in Algorithm 2. The initial inputs to the BUILDLO-
CALITY procedurearethequeryblock(Qb), theinitial local-

ity locality, andk. Using theseinputs, the algorithmcom-
putesa new locality for Qb. Lines 4-8 selectblocks in the
MAXDIST orderingfrom Qb. The loop terminateswhenk
or morepointshave beenfound which is kept track of by
detectingwhentheallowancevariableis lessthanor equal
to 0 having beeninitialized to k at the start of the algo-
rithm. Lines10-14 furtheraddblocksto the locality whose
M INDIST to Qb is closerthanPRUNEDIST. Line 15 returns
thenew locality andtheprunedlist of blocks.

Themechanicsof thealgorithmareillustratedin Figure3.
The�gure shows Qb in thevicinity of severalotherblocks.
Each block has a label and the numberof points it con-
tains.For example,supposethattheallowanceis initialized
to 3. Thealgorithmselectsblocksby the MAXDIST order-
ing from Qb until 3 pointsare found. Hence,X andY are
selectedand PRUNEDIST is now known. The next stepis
to chooseall blockswhoseM INDIST from Qb is lessthan
PRUNEDIST andthusB � E � F � I � D � P� R� V � M � andO arecho-
sen.

Qb

X1 Y2

A2

C1

J2

L2

B3

D1

E1 F1

I1

V2

M1

O2

P1 R1

Figure3: Illustrationof theworkingsof theBUILDLOCAL -
ITY algorithm.Thelabelingschemeassignseach block a la-
bel concatenatedwith thenumberof pointsthat it contains.
Qb is the queryblock. Blocks X and Y are selectedbased
on the valueof MAXDIST, while blocks B,E,F,I,D,P,R,V,M,
andO are alsoselectedastheir M INDIST valuefromQb �

PRUNEDIST.

Algorithm 2
Procedure BUILDLOCALITY[Qb,locality,k ]
Input: Qb is theQuerypoint.
Input: locality is a list of blocks;denotesinitial locality
Output: newlocality is theprunedlocality of Qb
( � Countis thenumberof pointscontainedin a block � )
1. ( � maxorderstoresthe locality in increasingorder of

MAXDIST with respectto Qb � )
2. ( � PRUNEDL IST is a list of prunedblocks � )
3. allowance� k
4. while (allowance� 0)
5. do blocki � Next(maxorder)
6. PRUNEDIST � MAXDIST (Qb,blocki )
7. allowance� allowance- Count(blocki )
8. newlocality.Insert(blocki )
9. ( � minorderis a list; denotingthe remainingblocksin

maxorderin a M INDIST orderingfrom Qb � )
10. while (Exists(minorder))
11. do blocki = Next(minorder)
12. if (M INDIST (Qb,blocki )

� PRUNEDIST)
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13. then newlocality.Insert(blocki )
14. else PRUNEDL IST.Insert(blocki)
15. return newlocality,PRUNEDL IST

4. Incr emental kNN Algorithm

We brie�y describethe working of an incrementalvariant
of our kNN algorithm.This algorithmis usefulwhenvari-
ablenumberof neighborsarerequiredfor eachpoint in the
dataset.For example,whendealingwith certainpoint-cloud
operations,wherethe numberof neighborsrequiredfor a
point p is a function of its local characteristics(e.g., cur-
vature),the valueof k cannotbe pre-determinedfor all the
pointsin thedataset,i.e., few of thepointsmayrequiremore
thank neighbors.The incremental kNN algorithmasseen
in Algorithm 3, canproduceasmany neighborsasrequired
by thepoint-cloudoperation.This is contrastto theANN al-
gorithm[MA97], whereretrieving thek

�

1th neighborof p,
would entail recomputingall of the �rst k

�

1 neighborsto
p.

If Qb in Algorithm 2 is a leaf-block,thenfor eachpoint
p � Qb, Algorithm INCKNN(p, locality of Qb) is invoked.
A priority queueQ in line 3 that retrieveselementsby their
M INDIST from p, is initialized with the locality of Qb. If
an elementE retrieved from the top of Q is a BLOCK, it is
replacedwith its children blocks (line 6–7). Note that the
locality of Qb is only guaranteedto containthe�rst k near-
estneighborsof any p � Qb, afterwhich the PRUNEDL IST

(subsequently, an ancestor)of Qb is addedto Q, asshown
in lines9–14. If E is a point, it is reported(line 15) andthe
control of the programreturnsbackto the user. Additional
neighborsof p areretrieved by makingsubsequentinvoca-
tionsto thealgorithm.

Algorithm 3
Procedure INCKNN[p,locality ]
Input: p is theQuerypoint
Input: locality is a list of blocks
1. PB � PARENT(p)
2. PDIST � PRUNEDIST(PB)
3. Q � Priority Queueinitializedwith locality
4. while (Q not EMPTY)
5. do E � Q � pop � �

6. if (E is BLOCK)
7. then insertchildrenof E in Q
8. else ( � E is a POINT

� )
9. if (DIST � E � PB ��� PDIST)
10. then insertPRUNEDL IST of PB in Q
11. if PB is ROOT

12. then PDIST ���

13. else PB � PARENT(PB)
14. PDIST � PRUNEDIST(PB)
15. reportE asnext neighbor(andreturn)

5. Non-Incremental kNN Algorithm

In this section,we describeour kNN algorithmthat com-
putesk neighborsto eachpoint in the dataset.A point a
whosek neighborsarebeingcomputed,is termedthequery
point.An orderedsetcontainingthek nearestneighborsto a
is collectively termedtheneighborhoodn � a� of a. Although
the examplesin this sectionusea two-dimensionalsetup,
theconceptshold truefor any arbitrarydimension.Let n � a�

= � qa
1 � qa

2 � qa
3 ����� qa

k �

betheneighborhoodof point a, suchthat
qa

i is theith nearestneighborof a, 1 	 i 	 k with qa
1 beingthe

closest.WerepresenttheL2 distanceof apoint,qa
i � n � a� as

La
2 � qi � ��
 qi �

a 
 or da
i . Note that,all points in the neigh-

borhoodqa
i � n � a� aredrawn from thelocality.

Theneighborhoodof a successionof querypointsis ob-
tained as follows. Supposethat the neighborhoodof the
querypoint a hasbeendeterminedby a searchprocess.qa

k
is thefarthestpoint in theneighborhoodandall k neighbors
arecontainedwithin acircle(ahyperspherein higherdimen-
sions)of radiusda

k centeredat a. Let b be the next query
point underconsideration.As mentionedearlier, the algo-
rithm bene�tsfrom choosingb to becloseto a. Without loss
of generality, assumethatb is to theeastandnorth of a. As
botha andb arespatiallycloseto eachother, they mayshare
many commonneighborsandthuswelet b usetheneighbor-
hoodof a asaninitial estimateof b'sneighborhood,termed
the approximateneighborhoodof b anddenotedby an� b� ,
andthentry to improve uponit. At this point, let dk

b record
thedistancefrom b to thefarthestpoint in an� b� , theapprox-
imateneighborhoodof b.

Of course,someof thepointsin an� b� maynot be in the
setof k nearestneighborsof b. Thefact thatwe usetheL2
distancemetricmeansthatn � a� , theneighborhoodof a, has
a circular shape.Therefore,asshown in Figure4a, we see
that someof the k nearestneighborsof b may lie in the
shadedcrescent-shapedregion formedby takingthesetdif-
ferenceof thecircleof radiusdk

b centeredatb andthecircle
of radiusdk

a centeredat a (i.e., n � a� ). Thusin orderto en-
surethat we obtain the k nearestneighborsof b, we must
also searchthis crescent-shapedregion whosepoints may
displacesomeof thepointsin an� b� . However, it is noteasy
to searchsucha region dueto its shape,andthusthe kNN
algorithmwouldbene�t if theshapeof theregioncontaining
theneighborhoodcouldbealteredto enableef�cient search
while still ensuringthat it containthek nearestneighboring
pointsalthoughit could containa limited numberof addi-
tionalpoints.

We achieve sucha resultby de�ning a simplersearchre-
gion which is in the form of a hyper-rectangularbounding
boxaroundn � a� whichwe call theboundingbox(BBox � a� )
of n � a� . BBox � a� is a square-shapedregion centeredat
a with width 2 
 dk

a. Once we have such a searchregion
BBox � a� for a querypoint a, we obtaina similarly-shaped
hyper-rectangular, but not necessarilysquare,searchregion
BBox� � b� for the next query point b by adding 4 simple
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hyper-rectangularregionstoBBox � a� asshown in Figure4b.
In generalfor a d dimensionalspace,2d suchregions are
formed.Thisprocessis deceptively simplebut mayhave the
unfortunateconsequencethat its successive applicationto
querypointswill resultin largerandlargerboundingboxes.
Thiswoulddefeattheideaof usinglocality to limit thecom-
putationalcomplexity of the kNN algorithm.We avoid this
repeatedgrowth by following the determinationof dk

b us-
ing BBox� � b� with acomputationof asmallerBBox � b� with
width 2 
 dk

b.

Fromtheabove we seethat thecomputationof BBox � a�

of n � a� is animportantstepin ouralgorithmandits pseudo-
codeisgivenbyAlgorithm 4. NotethatBBox � a� containsall
pointsoi thatsatisfyLa�

� oi � 	 dk
a. BBox � a� containsatleast

k points and all points of n � a� . While estimatinga bound
on numberof pointsin BBox � a� is dif�cult, at leastin two-
dimensionalspaceweknow thattheratioof thenon-overlap
spaceoccupiedby BBox � a� to n � a� is 4 � p

p . Consequently,
the expectednumberof points in the non-overlapregion is
proportionatelylargerthann � a� .

K=6
qo=b

a
da

kqa
k

b

Non-overlap
region

(a)

a
da

kqa
k

b

Non-overlap
region

dx

dy

dab
dab+dx

dab+dy

dab-dy

dab+dx

BBox(a)

12

3

4

(b)
Figure4: a) Searchingtheshadedregionfor pointscloserto
b thanqb

k is suf�cient. b) To computeBBox� b� fromBBox� a�

requiresfour simpleregion searches.Comparedto thecres-
centshapedregion, theseregion searchesare easyto per-
form.

Theinput to Algorithm 4 is a locality consistingof anini-
tial setof pointsandaquerypointa. n � a� isbuilt in lines3-5,
by choosingthe �rst k closestpoints.This is doneby mak-
ing useof anincrementalnearestneighbor�nding algorithm
suchas BFS. Note that at this stage,we could also make
useof anapproximateversionof BFSaspointedout in Sec-
tion 1. Oncethe k closestpoints have beenidenti�ed, the
valueof da

k is known (line 6). At this point we addthe re-
mainingpointsthat arein BBox � a� asthey may be needed
for the computationof the neighborhoodof the next query
point b (i.e.,n � b� ). In particular, BBox � a� is constructedby
addingpointso thatsatisfytheLa�

� o� 	 da
k distancecrite-

rion (lines8-10).

Algorithm 4
Procedure BUILDBBOX[localitya,a ]
Input: localitya list of pointsin thelocality of a
( � localitya storespointsin orderof increasingdistancefrom a � )

1. count � 0

2. BBoxa � empty
3. while (count � k)
4. do BBoxa.INSERT(NEXTNEARESTNEIGHBOR(localitya))
5. count � count+1
6. da

k � La
2(BBoxa[k ])

7. ( � addall pointsthatsatisfytheL � criterion � )
8. while (La�

� localitya ��	 da
k )

9. do BBoxa.INSERT(NEXTNEARESTNEIGHBOR(localitya))
10. count � count+ 1
11. return

6. Experiments

A numberof experimentswere performedto evaluatethe
performanceof our kNN algorithm.Theexperimentswere
run on a QuadIntel Xeon server runningLinux(2.4.2)op-
eratingsystemwith oneGigabyteof RAM andSCSIhard
disks.The datasetusedfor evaluationconsistedof several
commonlyused3D scannedmodels.Thethree-dimensional
point-cloudmodelsrangefrom 2k to 3200kpoints.We de-
velopeda toolkit in C++ using STL that implementsthe
kNNalgorithm.Theperformanceof ouralgorithmwaseval-
uatedby varyinga numberof parametersthatareknown to
in�uence its performance.We collectedstatisticsaboutthe
performanceof the algorithmunderthe experimentalenvi-
ronment.For a datasetcontainingn points,a goodbench-
mark for evaluatinga kNN algorithmis thedistancesensi-
tivity [XLOH04] which is de�ned asfollows.

distancesensitivity �

Totaldistancecalculations
nlogn

A reasonablealgorithmshouldhavealow, and,moreimpor-
tantly, a constantdistancesensitivity value.

We evaluated our algorithm by comparing its execu-
tion time and its distance sensitivity with that of the
GORDER method[XLOH04] andthemethodof Böhm et
al. [BK04]. We also includedtraditional methodslike the
nested-join[UGMW01] anda variantof theBFSalgorithm
that invoked a BFSalgorithmfor eachpoint in the dataset,
wereusedin thecomparison.We usebotha PMR quadtree
and an R-treevariant of the algorithm in the comparative
study. Ourevaluationwasin termsof three-dimensionaldata
as we are primarily interestedin databasesfor computer
graphicsapplications.Our algorithmwastestedwith a disk
pagesize(B) of 32. Notehowever, that thevaluesof B and
k are chosenindependentof eachother. We retained10%
of the disk pagesin the main memoryusinga LRU based
pagereplacementpolicy. For the GORDER algorithm,we
usedthe parametervaluesthat led to its bestperformance,
accordingto its developers[XLOH04]. In particular, thesize
of asub-segmentwaschosento be1000,thenumberof grids
weresetto 100,andthesizeof thedatasetbufferswascho-
sento be morethan10% of the datasetsize.For the MuX
basedmethod,a pagecapacityof 100bucketsanda bucket
capacityof 1024 objectswas adopted.We useda bucket
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Figure 5: The plot showsthe performanceof our kNN algo-
rithm alongwith theBFS,GORDER,MuXandtheNested-joinalgo-
rithms.Thepseudoname'kNN-Q' in theplotsreferto thequadtree
implementationof our algorithmwhile 'kNN-R' refers to theR-tree
implementationof our method.Plots a–b show the performance
of the techniqueson the StanfordBunny modelcontaining35947
pointsfor valuesof k rangingbetween1 and256. (a) Records the
distancesensitivity, and(b) thetimetakento performthealgorithm.
Plotsc–drecord theperformanceof all thetechniquesondatasetsof
varioussizesfor k � 8. (c) Thetimetakento performthealgorithm,
and(d) theresultantdistancesensitivity.

capacityof 1024 for the BFS andnested-join[UGMW01]
methods.Theresultsof ourexperimentswereasfollows.

1. Our algorithm clearly out-performsall the other meth-
odsfor all valuesof k on the StanfordBunny modelas
shown in Figure5a–b. The MuX methodperformssig-
ni�cantly betterthanthe GORDER methodwhoseper-
formancewascomparableto theBFSandthenested-join
methods.However, our algorithmleadsto at leastanor-
derof magnitudeimprovementin thedistancesensitivity
over theMuX methodfor smallervaluesof k ( 	 32) and
at least50% improvementfor larger k ( � 256) asseen
in Figure5a. We recordatleast50%improvementin the
time to performthealgorithm(Figure5b).

2. However, as size of the input datasetis increasedthe
performanceof the MuX algorithm was comparableto
thenested,BFSandtheGORDER basedmethods(Fig-
ure 5c). Moreover, our methodhasan almostconstant
distancesensitivity even for largedatasets.Thedistance
sensitivity of the comparative algorithmsareat leastan
orderof magnitudehigherfor smallerdatasetsandup to
severalordersof magnitudehigherfor thelargerdatasets
in comparisonto ourmethod(Figure5d). Werecordsim-
ilar time speedupsasseenin Figure5c.

3. Figure5c–dshow similarperformancefor theR-treeand
thePMRQuadtreevariantsof our algorithm.

Having establishedthat our algorithm performedbetter
than the GORDER method,we next evaluatedthe useof
our algorithmin a numberof applicationsfor differentdata
setsthat includedseveralpublicly availableanda few large
syntheticallygeneratedpoint-cloudmodels.Thesizeof the
modelsrangedfrom 35k points(Stanford Bunnymodel) to
50 million points(Syn-50model).We have developeda few
graphicalapplicationsthat works in conjunctionwith our
kNNalgorithm.They includecomputingthesurfacenormals
to eachpoint in thepoint-cloudusinga variantof thealgo-
rithm by Hoppeet al. [HDD

�
92] andremoving noisefrom

the point surface using a variant of the bilateral �ltering
method[JDD03,FDCO03]. Figure6 shows thetime needed
to compute8 neighborsfor eachpoint in the point-cloud
model.Wealsoprovide in Figure6 thetimeneededto com-
putethesurfacenormalsandto correctnoisewhena neigh-
borhoodcontaining8 pointsis employed.As wecansee,use
of ouralgorithmresultsin scalableperformanceevenasthe
sizeof thedatasetis increasedto a point that it exceedsby
several ordersof magnitudethe amountof availablephysi-
cal memoryin thecomputer. Thescalablenatureof our ap-
proachis alsoapparentfrom thealmostuniformrateof �nd-
ing theneighborhoods,i.e.,5900neighborhoods

�

secondfor
theStanfordBunny modeland7779neighborhoods

�

second
for theSyn-50point-cloudmodels.

7. RelatedApplications

The most obvious applicationof the kNN algorithm is in
the constructionof kNN graphs. kNN graphsare use-
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Femme(F) 0.04 7.13 10.5 13.9
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Dog(Do) 0.195 32.9 53.4 64.45
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Buddha(Bu) 0.54 93.04 152.3 157.25
Blade(Bl) 0.88 185.92 304.2 270.0

Dragon(Ld) 3.9 663.84 900 1209.8
Thai(T) 5 940.04 1240 1215.7
Lucy(L) 14 2657.9 3504 3877.78

Syn-38(S) 37.5 4741.79 - -
Syn-50(M) 50 6427.5 - -

(a) (b)

Figure6: (a) Executiontimeof the kNN algorithmfor differentpointmodels,and(b) thetimeto executea numberof operations
(i.e., normalcomputationandnoiseremoval) which make useof the kNN algorithm.All resultsare for k = 8.

(a)

(b) (c)
Figure 7: Threenoisymodelswhich were de-noisedusing
�ltering andmolli�cation techniques.In thepairs of �gures
shownfor each of the models,the �gure on the left is the
noisy model,while the �gure on the right is the corrected
point-model.The(a) Igeaand(b) dogmodelsweredenoised
with the �ltering method,while the (c) femmemodelwas
denoisedusingthemolli�cation technique.

ful whenrepeatednearestneighborqueriesneedto be per-
formedonadataset.Our kNNalgorithmmayalsobeusedin
point reaction-diffusion[Tur91] algorithms,in orderto cre-
atemostnaturallyoccurringpatternsin nature.We have ap-
pliedouralgorithmto thebilateral mesh�ltering algorithms
in [JDD03,FDCO03], theresultsareshown in Figure7.

Weyrich et. al. [WPH� 04] have identi�ed useful point-
cloudoperationsthatmake useof themoving leastsquares
(MLS) [ABCO

�
01] techniqueof Alexaet al. Of theseoper-

ations,we believe thatMLS point-relaxation, MLS smooth-

(a) (b)
Figure 8: (a) A noisymesh-modelof a dragon,and (b) the
correspondingmodelwhosesurfacenormalswere recom-
putedusingour kNN algorithm.Thealgorithmtookabout
118secondsandused8 neighbors.

ing, andMLS basedupscalingwouldbene�t from usingour
kNN algorithm.

Toolsthatperformupscaling[GH97,PGK02] anddown-
scaling[ABCO � 01] of point-cloudscan useour kNN al-
gorithm to generatedatasetsat various levels of detail
(LOD) [LRC � 03]. Using the quadratic error simpli�cation
techniquesin [GH97,PGK02], wewe have generatedpoint-
modelsat differentlevelsof details,asshown in Figure9.

8. Concluding Remarks

We have presenteda new kNN algorithmthatyieldsanim-
provementof several ordersof magnitudefor distancesen-
sitivity andat leastoneorderof magnitudeimprovementin
executiontimeoveranexistingmethodknown asGORDER
methoddesignedfor dealing with large volumesof data
thataredisk-resident.Wehave appliedour methodto point-
cloudsof varying size including someas large as 50 mil-
lion points with good performance.A numberof applica-
tions of the algorithmwerepresented.Although our focus
wason thecomputationof correctk neighbors,our methods
canalsobe appliedto work with approximatek neighbors
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14k,70s 48k,87s 78k,104s 99k,114s 111k,120s 135k,original

Figure9: Sizesandexecutiontimesfor theresultof applyinga variantof theTheIgeapoint-modelof a simpli�cation algorithm
[GH97] usingthe kNN algorithmto theIgeapoint-modelof size135k.

by simply stoppingthe searchfor the k nearestneighbors
whenk neighborsof thequerypointwithin eof thetruedis-
tanceof thekth neighborhave beenfound.We alsoplan to
explore theapplicability of someof theconceptsdiscussed
in this paperto high-dimensionaldatasetsusingtechniques
in [DIIM04,GPB05,XLOH04].
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Figure9: Sizesandexecutiontimesfor theresultof applyingavariantof theTheIgeapoint-modelof asimpli�cation algorithm
of GarlandandHeckbert[GH97] usingthe kNN algorithmto theIgeapoint-modelof size135k.

(a) (b) (c)

Figure 7: Threenoisymodelswhich werede-noisedusing�ltering andmolli�cation techniques.In thepairsof �gures shown
for eachof the models,the �gure on the left is the noisy model,while the �gure on the right is the correctedpoint-model.
The(a) Igeaand(b) dog modelsweredenoisedwith the �ltering method,while the(c) femmemodelwasdenoisedusingthe
molli�cation technique.

 0.25

 1

 4

 16

 64

 256

 1024

 1  2  4  8  16  32  64  128 256

D
is

t-
ca

lls
/n

lo
gn

(lo
g-

sc
al

e)

K (log-scale)

Distance sensitivity

MuX
Knn-Q

BFS
Nested
Gorder
Knn-R  1

 10

 100

 1  2  4  8  16  32  64  128  256

S
ec

on
ds

K (log-scale)

Time Comparison

MuX
Knn-Q

BFS
Nested
Gorder
Knn-R

(a) (b)

 1

 10

 100

 1000

 10000

 100000  1e+06

se
co

nd
s 

(lo
g-

sc
al

e)

Number of points (log-scale)

Time comparison

BF

V A Do
Dr Bu

Bl

Knn-Q
Gorder

BFS
Nested
Knn-R

MuX

 1

 10

 100

 1000

 10000

 1000  10000  100000  1e+06D
is

t-
ca

lls
/n

lo
gn

 (
lo

g-
sc

al
e)

Number of points (log-scale)

Sensitivity analysis

Ap

Co

B

F

V

A

Do

Dr

Bu

Bl

Knn-Q
MuX
BFS

Nested
Gorder
Knn-R

(c) (d)

Figure 5: The plot shows the perfor-
manceof our kNN algorithmalongwith
theBFS,GORDER,MuX andtheNested-
join algorithms.Thepseudoname'kNN-
Q' in theplotsreferto thequadtreeimple-
mentationof our algorithm while 'kNN-
R' refersto theR-treeimplementationof
our method.Plots a–b show the perfor-
manceof the techniqueson the Stanford
Bunnymodelcontaining35947pointsfor
valuesof k rangingbetween1 and256.(a)
Recordsthe distancesensitivity, and (b)
the time taken to perform the algorithm.
Plotsc–drecordtheperformanceof all the
techniquesondatasetsof varioussizesfor
k � 8. (c) The time taken to performthe
algorithm, and (d) the resultantdistance
sensitivity.
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