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Abstract

We introduce a techniquefor model-freerelational
reinforcementlearning in inde nite horizon undis-
counteddomainswith boundedeward. Previouswork
hasrepresentedhe value function as a groundrela-
tional naive BayesnetandhasleveragedBayesnetpa-
rameterndstructurdearningtechniqueso re ne suc-
cessve approximationf the value function. Unfor-
tunately while value function evaluationand param-
eterinferencearevery ef cient underthis framework,
evengreedyoptimallearningof highly restrictechaive
Bayesnetstructurecanbecomputationallyprohibitive
in practice.In this paperwe proposea novel learning
algorithmthatfocusesBayesnetstructurelearningon
thefrequentlyvisited portionsof statespace.Inspired
by theApriori frequent-itemsedataminingalgorithm,
this structurelearningalgorithmhasthe dual bene ts
of ef ciency andlow-varianceparameteestimatesTo
demonstratehe ef cacy of this approachwe present
encouragingnitial resultsin thegamedomainsof Tic-
Tac-Toe,Backgammon,andOthello.

1. Intr oduction

Relationalreinforcementiearning (RRL) hasemepgedin
recentyearsasa major areaof focusin the reinforcement
learningcommunity(Tadepalliet al., 2004; van Otterlo &
Kersting,2004). Relationalrepresentationare a natural
paradigmfor modelinglearningdomainswherestateson-
sistof con gurationsof objectsandthe relationsbetween
them. While RRL is an attractve approachfor learning
from delayedrewardin suchstaterepresentationsts gen-
erality doesnot comewithout severerepresentationand
computationatiravbacks:

As the domainsize andthe arity of the relationsin-
creasethereis a combinatoriakexplosionin the num-
ber of groundrelationsthat describea state. This re-
sultsin anintractablylarge statespacegvenif there
areonly afew relationsin the problemspeci cation.
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One must carefully decide on the hypothesisspace
from which a valuefunction or policy is selected.In
mostnon-trivial domainsacompactepresentatioof
the optimal value function is impossiblethus requir
ing thatthevaluefunctionbeapproximatedHowever,
the approximaterepresentatiomf the value function
cangreatlyimpactits quality: A representatiothat
is too simplemaynotadequatelyapproximatehe op-
timal value function, resultingin poor policies; And
amorecomple representatiocapableof a goodap-
proximationof the optimal value function may have
intractabledatacompleity requirementgor learning
alow-varianceestimateof the valuefunction.

In the specialcaseof reinforcementearningin inde nite
horizon undiscounteddlomainswith a single terminal re-
ward of succesr failure (e.g. planningtasksor games
with stationaryopponents)thevaluefunctionhasa proba-
bilistic interpretationit is simply the conditionalprobabil-
ity of eventualsuccessor failure)givenanobseredstate?
Armed with this insight, previous work (Sanner 2005)
hassoughtto mitigate the aforementionedomputational
andrepresentationaravbacksof relationalreinforcement
learningby representinghe valuefunctionasagroundre-
lational naive Bayesnet. Underthis approachthe value
functionandrestrictedversionsof its internalstructurecan
be compactlyapproximatecdndwell-knovn Bayesnetpa-
rameterand structuralinferencetechniquescan be lever-
agedto dothis. Giventhatthistechniqueproposedo learn
both the parametersandstructureof the valuefunction, it
hasbeenlabelledstructue and valuerelational reinforce-
mentlearning(SVRRL).

SVRRL relieson the commonrelationaldomainassump-
tion thatmary fewer groundliterals appeaipositively than
negatively in a givenstate? Basedon this, it canbe shavn
thatpolicy evaluationandparameteimferencein the naive

1We caneasilyhandleany domainwith boundedewardin this
settingby normalizingall rewardsto the range[0; 1] andtrans-
forming the terminalnodesof the domainto stochasticallytran-
sition to succesgfailure) with a probability equalto (oneminus)
the normalizedreward. The optimal policy in this transformed
domainwill be equivalentto the optimal policy for the original
domain.

2This is exploited in the closed-vorld assumptiorof Prolog
thatallows it to compactlyrepresentary relationaldomains.



Bayesnet value function can be computedef ciently by
recordingonly therelationalatomsoccurringpositively in

a state. Unfortunately this ef ciency doesnot extend to
naive Bayesnet structurelearning. In this casethe com-
putationaloverheadf the SVRRL approacthasprevented
ary known practicalimplementatiorasidefrom a severely
restrictedversionknown asFAA-SVRRL (Sanner2005).

However, in somesensehe original SVRRL algorithmis

too eagetto learnvaluefunction structureandwe cantake
a more pragmaticapproachin practice. Thatis, SVRRL
maintainsjoint parametetestimatesover all nodesin its

nave Bayesnetwork in orderto greedily determinethe
structurethat shouldbe learned. However, mary portions
of statespaceare visited too infrequently to yield low-

varianceestimatesof joint probabilities. For theserea-
sons,it only makes senseto focus structurelearningon

frequentlyvisited portionsof statespace.Inspiredby the
Apriori frequent-itemsetlatamining (DM) algorithm,we
presenta novel structurelearningalgorithm DM-SVRRL,

which hasthe dualbene ts of ef ciency andlow-variance
parameteestimatesTo demonstratéheef cacy of thisap-
proach,we presentencouragingnitial resultsin the game
domainsof Tic-Tac-Toe,Backgammon,andOthello.

2. MDPs and ReinforcementLearning

Reinforcementlearning (RL) tasks are often castin a
Markov decisionprocesgMDP) framewnork. Formally, a
nite stateand action MDP (Puterman,1994)is a tuple
hS; A; T; Ri where:Sisa nite statespaceA isa nite set
ofactions;T : S A S! [0;1]isatransitionfunction,
with T (s;a; ) adistributionover S foralls 2 S;a 2 A;
andR : S A ! Risaboundedrewardfunction. Our
goalis to nd apolicy that maximizesthe valuefunc-
tion, de ned usingthegl nite horizon,discountedreward
criterion: V. (s) = E[ tl:o t r!jSy = s], wherertisa
reward obtainedattimet, 0 < 1 is adiscountfactor
andS, is theinitial state.

A stationarypolicy takestheform : S! A, with (s)
denotingthe actionto be executedin states. Policy is
optimalif V.(s)  Vyo(s) for alls 2 S andall policies °
The optimalvaluefunctionV is thevalueof arny optimal
policy andsatis esthefollowing:

" #
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V (s) = max R(s;a) +

In this paper we will assumethat the horizonis inde -
nite (i.e., startingfrom ary state the systemwill eventually
transitionto aterminalstatewith probability1), thereward
is undiscountedi.e., = 1), andthereis a singlereward
of succesq1) or failure (0) upon transitioninto the ter
minal absorbingstates As mentionedoreviously, domains

Figurel. An exampleMarkov chaincorrespondingo an undis-
countedMIDP evaluatedundera x edpolicy . Statesareindexed
by auniquelD andtransitionsbetweerstatesarelabelledwith a
rewvardr whenit is non-zeo. Notethatin this restrictedsetting,
thereis only a single reward of succesg1) or failure (0) upon
transitioninto the terminalabsorbingstates.Thus,the valueof a
givenstateundera policy canbeinterpretedasthe probability of
reachinghesuccesstatefrom thegivenstatein thein nite limit.

with boundedreward canbe easilytransformedo this set-
ting while preservingpolicy optimality. Consequentlythis

settingis adequatéor modellingmary stochastig@lanning
tasksor game-playingwith stationaryopponentsUndera

x ed policy , sucha restrictedMDP reducesto a sim-

ple Markov chain as demonstratedn Figure 1. Letting

w denotethat an eventualwin or successtateis reached
(S*¥1 = succesy, we derive thefollowing simpleproba-
bilistic interpretatiorfor a valuefunctionunderapolicy:

rtjst:O _ S]
t=0
=P (S”! =succes$S™ =s) = P(wjs)
We notethatthis probabilisticinterpretationof a policy is
very intuitive — it statesthat the value of ary stateunder
a x edpolicy is just the probability of reachinga success
statein thein nite limit. Oneway of estimatingthis value
is simple Monte Carlo reinforcementiearning (Sutton &
Barto,1998)wherewe samplehevaluefunctionfrom real-
world or simulatedexperienceln thein nite limit of sam-
ples,it is known thatthe valuefunction estimatewill con-
vergeto its truevalue.

Sofar, we have discussedhow to determinethe valueof a
policy, but we have not discussedow to nd the optimal
policy. Oneapproacho doingthisin amodel-basedDP
settingis known aspolicy iteration (Puterman1994):

1. Pickanarbitrarydecisionpolicy ¢ andseti = 0.

2. Policy evaluation Given ;, determineVy, (s).

3. Policy improvement Findsa new policy 41 (S) =
agmaxe 4 R(s;a)+ g T(siajt) Vg (S)

4. If ;41 6 ,increment & goto (2)elsereturn ;41 .

Now, if we wereto apply policy iterationto the RL set-
ting, we would noticethatwhile Monte Carlo RL sufces



to provide an estimateof V,, (s), we do not have the lux-
ury of obtainingan in nite numberof samplesso that it
convergesto the exactestimate .Nonethelessye notethat
usinga nite but large numberof Monte Carlosampledor
policy evaluationin step?2 still allows policy iterationto
convergein mary practicalapplications.

Settingasidecorvergenceissuesof policy evaluation,we
alsonotethatwe have arepresentationgdroblem.In most
practicalproblemsthe statespaceis oftentoo largeto al-
low anexplicit representatioof P (wjs), sowe mustoften
approximatethis probability in practice. This bringsusto
thetopic of the next section.

3. Structur e and Value Relational RL

In mary RL applications,the state often admitsa com-
pactrelationaldescription.Consequentlyin the restricted
RL settingdescribedabose wherethe value function un-
der a policy canbe representeds the conditional proba-
bility P (wjs), we mighttry approximatinghis valuefunc-
tion with a relationalnaive Bayesnet. In doing this, we
would ideally like to learn both the structue and param-
eters(i.e. valug of this Bayesnet. This is preciselythe
objectie of the structureandvaluerelationalRL algorithm
(SVRRL) (Sanner2005).

3.1.Value Learning

In the SVRRL frameawork, we assumehatthe stateis de-

whereeachattributetakesanassignmentrom asetof legal
values.Wereferto arelationandthe attribute speci cation
for its amumentsasarelationtemplate

To make this more concrete, we use the example of
Tic-Tac-Toe where we use a single relation template
At (M ark; Row; Col) where Mark = fX;0Og and
Row = Col = f1;2;3g. Thisleadsto2 3 3 =18
possiblegroundrelationalfeatures,eachof which canbe
treatedasabinarypropositiontakingatruth assignmenfor
every possiblestate. The entiregamestateof Tic-Tac-Toe
canbe determinedby a truth assignmento eachof these
18groundrelations.

In thefollowing discussionwe usebinary propositiong=;
to denotegenericgroundatoms(a.k.a.features)hich can
take onthevaluetrue denotedoy f ; andthevaluefalsede-
notedby f ;. For representationgdarsimory, we assumehe
stateis representetly only thepositive (true)atoms which

thereareatotal of n groundatomsin aproblemdomain,we
usetheclosed-vorld assumptionio infer thattheremaining
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Figure2. Theinitial relationalnaive Bayesnetusedn thegameof

Tic-Tac-Toe. In all, the binary-valuedW in nodehas18 binary-
valued children correspondingo eachof the groundrelational
featuresF; in the statedescription. This representatiomequires
one conditionalprobability table (CPT) for P (Win) and18in-

dividual CPTsP (F;jWin);i 2 f1:::18g. In valuelearning,
the goalis to learnthe parametersf this Bayesnetto maximize
log-likelihood. In structurelearning,thegoal is to learn which

child nodesto join to maximizethe log-liklihood. The dashed
lines shav two differentsetsof nodejoins that canbe usefulin

Tic-Tac-Toe—if all individual nodegtake thevaluetrue, they rep-
resentaline of X'sacrosghetop row andaline of O'sacrosshe
bottomrow.

(all groundatoms)andrepresent stateinstantiations 2
fFy

assignmento all groundatoms). The omissionof nega-
tive atomsfrom the stateoftenyields a compactrepresen-
tation sincethe numberof positive atomsis usuallysmall
(andeasilyidenti able) in comparisorto thetotal number
of atoms(i.e.,p  n).

Evenvery smallrelationalRL domainscanhave hundreds
of groundatomsandit would be impossibleto represent
the exact distribution, which in its fully enumeratedorm
would requireroughly one probability entry for every dis-
tinct truth assignmento groundatoms. For 100 ground
atoms thiswould requireapproximately2® distinctprob-
ability entries,which s clearlyintractable. Thus,we need
to focuson a compactfactoredrepresentationf P (wjs).
SVRRL doesthis by representing® (wjs) usingthesimple
relationalnaive Bayesstructuregivenin Figure2. For our
previous exampleof a relationaldomainwith 100 ground
atoms,we needonly record201 probability entriesto ap-
proximate the value of P (wjs); two probability entries
P (f;jw) andP (f;jw) for eachgroundatomandone en-
try P (w) for the prior over winning. While thisis only an
approximationwe shav thatwe can“patchup” thissimple
representatiothroughstructurelearning.But, rst we fo-
cuson how to learnthevalue (parametersf this network.

Figure 3 shaws the learningtask. Given a numberof tri-
als, eachinvolving some nite numberof time steps,the
learneris presentedvith a relational speci cation of the

accordingto a x ed policy. This is repeatedn eachtrial
until the terminalstateis reachedandthe terminal reward



Before Move State Description After Move
State 1, Turn X {} X
o
State 2, Turn O X {AtX,22y ——————————— X
o o |/
State 3, Turn X X {At(X,2,2), At(O,1,3)} ———— X |
< %
o o |0
State 4, Turn O X {At(X,2,2), At(0,1,3), At(X,3,3)} —>= X
X X
Ol |9 (At(X,2,2), A(O,1,3), At(X,3,3 O1%|0
State 5, Turn X X A ). All ). AL — X
< AYO0,1,1)} <
O X0 1A1(X,2,2), At(O,1,3), At(X,3,3) o[xjo
State 6, Turn O X — X
< At(0,1,1), A(X,1,2)} ol Tx

O] X| O o) o)
State 7, Turn X O {Ax2.2). AO.L3) AX3Y)
AY(0,1,1), At(X,1,2), A(O,3,1)}

ol Ix ,
X Wins. O L Update +1 Win\J/
ins, O Loses Update +1 Loss -~

Figure3. A diagramdepictinga singletrainingtrial of two SVR-
RLs agentin thedomainof Tic-Tac-Toe. In Tic-Tac-Toe, players
alternateurns,placingtheirmarkin afreesquareuntil oneplayer
wins by completingaline, or bothplayersdraw by runningout of
moves. On every turn, the player extractsthe true groundrela-

Outcome

lation hasrespectre attributesindicatingthe mark placedandits
row andcolumnposition. At the endof the game,eachSVRRL
agentrecordsall featuresresulting from its moves and imme-
diately updategtheir conditionalprobability tablesP (F;jW) as
well astheglobalwinning prior P (W). Trainingcanproceedor
ary numberof thesetrials.

is receized. At the end of eachtrial, the overall win/loss
countis immediatelyupdatedalong with that of the fea-
turesfor the after-states occurringin the move historyfor
theplayet

How doesSVRRL learnthe parametersf the valuefunc-

tion duringtrainingandusethevaluefunctionto determine
apolicy? For parameterlearningit is well-known thatthe

max-likelihood parameter®f a Bayesnet are simply the

obsered probabilities(denotecby P) for eachCPT, sowe

canefciently determinghemax-likelihoodvaluefunction

by trackingoverall andfeature-speci cwin/losscounts.

Now, in orderto executetheoptimalpolicy w.r.t. to thecur
rentparametersn our nave Bayesnetvaluefunction, we
leveragethe factthatthe states which maximizesP (wjs)

will alsomaximizethelog winning oddslog( izzg ). Pre-

viouswork (Sanner2005)shavedthatwe canexpressthe

3An afterstate(Sutton& Barto, 1998)is simply the statere-
sulting from an agents actionbeforeary otheragent,if present,
haschoserits respectie action.

log winning odds of a statedescribedby only the set of
positivefeature instances

|
P(fijw)
B (fijw)

P(fijw)
P(fijw)

P(wis) _
B (wis)

log

log (2)

SinceC is a constantommonto all stateswe canignore
it duringcomparison®f log winning oddsof states.Thus,
evenin a relationalnaive Bayesnet with a large number
of negative featuresit is still possibleto ef ciently deter

mine the highest-aluedafterstatein a comparatie man-
ner This sufces to executethe optimal policy w.r.t. a
valuefunction.

3.2.Exploiting Relational Structure

Before we continueit is importantto note that we can
uselocally weightedregressiortechniquegAtkesonetal.,

1997)to exploit relationalstructuran theconditionalprob-
ability tables(CPTs)of the Bayesnet. While the ground
Bayesnet techniquewe have proposedso far is not rela-
tional in thetraditionalsenseit is alsonot purely proposi-
tional dueto thefactthatwe canexploit relationalstructure
in the CPT representatioto reducememoryusageandin-

creasdearninggeneralization.

OurTic-Tac-Toeexamplehasbeendidacticfrom thestand-
point of structurelearningbut the relationalrepresentation
is too simpleto demonstraténov we canexploit structure
within the CPTs. For this, we needto examinemorecom-
plex domainssuchasBackgammonandOthello?

In Backgammon we nd it usefulto usethefollowing ve

with at leasttwo of the player's pieces.We thenusethese
attributesto build the following threerelationalfeatures:

1. Attack (PT; BAR): Thecurrentplayerhasattacled
anexposedopponenbn a point, moving it to the bar

2. ExposePT;BAR;ON;OA): The current player
hasexposeda piecealoneon a point.

3. Block(PT;BAR; ON;OA; SZ): Thecurrentplayer
hasbuilt a block of consecutie points,impedingthe
progresof opponentaheadf the block.

“While space limitations provide us from describ-
ing Backgammon and Othello here, we refer the reader
to the web sites http://wwwbkgm.com/rules.html and
http://wwwrainfall.com/othello/rules/othellorules.asp for a
quickillustratedoverview of therespectre rulesfor thesegames.



In Othello, we usea very simple representationthat ab-
stractsheavily overthe boardstate.While in future work,
we plan to extend this representatiorito more accurately
capturespatialpatternson the board(Buro, 1998),we nd
that the currentrelational representatiorsufces for rea-
sonableperformanceagainst intermediateopponents. In
our representationye usethefollowing two attributes: (1)

thefeatureoccurs.Stratgy in Othellois highly dependent
upongamestageandthe useof this lastattribute allows us
to capturethis dependengc We usetheseattributesto build
thefollowing ve relationalfeatures:

1. Pieces(CT; TURN): A simplecountof the number
of the currentplayer's pieceson the board. Maximiz-
ing piecesis the objective of Othello althoughit can
be harmfulif donetoo earlyin thegame.

2. M obility (CT; TURN ): A countof the numberof
movesavailableto the currentplayer

3. Adj acent(CT; TURN): The numberof openposi-
tionsadjacento a currentplayers pieces.

4. Edges(CT; TURN): The number of the current
player's piecesatthenon-corneredgesf theboard.

5. Corner(CT; TURN): The numberof the current
players piecesatthe cornersof theboard.

Giventhefeaturedescriptiondor thesetwo gameswe can
now ervision how we might exploit relationalstructureof
thesefeaturego reducememoryusageandincreasdearn-
ing generalization.Supposdhat we have learnedthatthe
BackgammonfeatureBlock(PT = 14;BAR = 0;ON =

7,0A = 8;SZ = 4) is predictve of awin. However,

supposehat in the future, we can encounterthe feature
Block(PT = 13;BAR = 0;ON = 6;0A = T7,SZ =

5), for which we have no previous experience.Given the
intuitive similarity of thesetwo featureswe shouldbeable
to predictawin for thesecond.Likewisein Othello,if we
know thatthe featurePieces(CT = 16; TURN = 24)

is bad, then we should also be able to generalizethat
Pieces(CT = 17;TURN = 26) is potentiallybadeven
if we have never encounteredt before. However, we can
saylessaboutPieces(CT = 34; TURN = 56) givenin-

formationaboutPieces(CT = 16;TURN = 24) since
thesetwo featuresaremuchlesssimilar.

To formalize theseintuitions, we cantreatgroundatoms
of an n-arity relationasa point in n-D space. To de ne

the distancemeasureébetweenpoints, we assigncompatri-
sonmetricsfor attributes.In our experimentswe usedthe
following threeattribute distancemeasures:

1. Linear(Lin): Thedistancebetweeroneattributevalue
andanotheiis the differenceof the valuesnormalized
by the attribute span(so asto have arangeof [0; 1]).

Thisis anaturaldistancaneasurdor theP T, SZ and
TURN attributes.

2. Zen-Diff-Linear (ZDL): This distanceis identicalto
Linear exceptthattheattribute value0 hasa maximal
distanceof 1 to all otherattribute values. This mea-
sureis usefulin featureghatdo countingwherethe 0
countis extremelydissimilarto ary count 1. For
example,in Backgammon having 0 opponent®nthe
barallows for normalplay whereashaving 1 oppo-
nenton the bar severelyrestrictsthe opponent play.
BAR, ON, OA, andCT usethis distancemetric.

3. No similarity (NS) Herethe maxdistanceof 1 is as-
signedbetweenall attribute values. This is usedfor
the Tic-Tac-Toe attributesof M ark, Row, and Col
andexplainswhy we cannotexploit groundrelational
structurein this domain. The discretenatureof each
of theseattributesmakesit dif cult to generalizérom
oneattribute valueto anotheiin this case?

Now that we have assigneda distancemeasureappropri-
ate for eachattribute we can easily de ne the total Eu-
clidean distanceD (F;; F;) betweentwo ground atoms

this concrete,we computethe following function where
d(A; v1;v2) computeghe assignediistancemeasurdi.e.,

(Lin,ZDL orNS) for attribute A givenvaluesv; andvs:

4

D(FiiFy) =t

(d(Ap;V’i,p;ijp))z ©))
p=1
Now, whenwe encounter true groundatomtargetfeature
t atruntime,we rst look in our groundfeature cace for
t'srelationto seeif we can nd asetof featured= =ff 2
groundfeatue cachej D (t; f) g. If we can,we assign
eachfeaturef 2 F a matchsimilarity weightnormalized
by thesumof all matchsimilari%weightsfor F:
k_D(tf)
g2 F "k D (t9)
hen for eachf 2 F, we compute P (tjw)
r2r P(fjw) f:match-weight. Likewisewhenwe up-
datefeatureCPTsat the end of the trial, we updatethe
respectre wins or lossesof f by f :match-weight to re-
ect f 'sexpecteccontritutionto theoutcome Ontheother
hand,if F = ;, thenwe addt to our groundfeaturecache
with awin-biasedinitial CPT andupdateit with weight 1
attheendof thetrial.® In thisway, senesasaparameter
thatdetermineshow denselywe populateour feature/CPT
cacheThelower is,themorefeatures/CPTwewill store
andthe lesswe will generalize- albeitfor the tradeof of
higherpredictionaccurag with sufcient experience.

f :match-weight = P

(4)

SWe could exploit relationalstructurein Tic-Tac-Toe in the
form of spatialsymmetry but thisis notyetimplemented.
®This optimisticbiasguaranteesxplorationof new features.



3.3.Structur e Learning

The above framenvork permitsusto learna valuefunction
basedon a simple relationalnaive Bayesnet andto ef-
ciently executea policy derived from this value function,
but often the naive Bayesstructureis too impoverished
to adequatelyapproximatethe optimal valuefunction. To
remedythis problem, previous work (Sanner 2005) pre-
sentedwo typesof relationalBayesnetstructurdearning:
featureattribute augmentatiorfFAA) andfeatureconjunc-
tion (FC). While FAA wasintendedto ne-tune the prob-
ability estimatesn anindividual CPT, FC wasintendedas
the main featurediscorery componentandis the structure
learningthatwe focuson here.

The conceptof FC-learningis simple: at eachstructure
learningstep,greedilyconjointhe CPTsfor thetwo feature
nodesthat yield the greatestincreasein log likelihood of
the naive Bayesnet. Joiningfeaturenodesis a usefultype
of structurelearning sinceit can learn non-independent
correlationshetweenfeatureswhile maintainingthe nave
Bayesstructurethat makespolicy evaluationef cient. As
shawvn previously (Sanner2005),the featurejoin yielding
thehighestog-likehood ( jD) of thenetwork parameters

giventhedataD is theonethatmaximizesthefollowing
expressionwhereM is the numberof datasamplesC is
aconstantandl (F,; FpjW) is the mutualconditionalen-
tropy of two featureggiventheoutcomew :

I (JD)=C+M 1(Fq;FupjW) )

The dravback of this structure learning algorithm is
that it requiresmaintainingthe joint probability over all
node pairs in the naive Bayesnet in order to calculate
| (F,; FpJW). For arelationalnaive Bayesnet with only
100 groundfeatures.this requiresmaintaining10000 ad-
ditional probability estimates. It can be seenthat this
guadraticgrowth quickly becomesntractableasthe num-
ber of ground atomsincreases. Dealing with this in-
tractabilityis the main contrikution of this paper

4. Data Mining SVRRL Algorithm

Our goalis to learnstructurein therelationalnave Bayes
netthatmaximizesutility to thelearningagent.ln attempt-
ing this, the rst issuewe noteis thatmary portionsof state
spacearevisitedtooinfrequentlyto yield low-varianceesti-

mateof joint probabilities(or mutualconditionalentropies
for that matter). Thus, it males senseto focusstructue

learning on thoseportions of statespacethat are visited
frequentlyin orderto maximizethe payof of learningthe

structurewhile minimizing the variance(andnoise)of the

joint probability estimate®f thelearnedfeatures.

One popular method usedin data mining for identify-
ing frequentitemsetss the Apriori algorithm(Agrawal &
Srikant,1994). ThebasicmotivatingideaunderlyingApri-

ori is thata setof featurescanonly positively co-occurwith
someminimum frequeng if all propersubsetsalso posi-
tively co-occurwith at leastthatminimumfrequeng. By
building up frequentitemsetsfrom the frequentsingleton
featurespnecanvery efciently nd all setsof frequently
positively co-occuringfeatures.

In datamining SVRRL (DM-SVRRL), our goalis to dis-
cover structurein the form of frequently positively co-
ocurringfeatures. The Apriori algorithmgivesus anim-
mediatemethodfor doingthis: Wheneer two featuresco-
occurin a statewith someminimum thresholdfrequeng,
we build a new joint featureandkeeptrack of its joint fre-
gueng (via its win/losscount). This senestwo purposes:
Thejoint frequeng estimateallows usto keeptrackof fre-
gueny estimatesvhenbuilding even larger joint features
andit alsogivesusthe parameterfor the CPTrepresenting
thisjoint nodein the naive Bayesnet. Thus,asabyproduct
of applyingan Apriori algorithmvariantto a datastream
of afterstatefeaturesoccurring during training, we can
alsolearnjoint probability estimatedor all frequentlyco-
occurringfeatures!

To make the DM-SVRRL algorithm concrete we present
the training and updateproceduredor a gamecontet in
Algorithms1 and2. We notethateachDM-SVRRL player
maintaingts own win/losscounts(overall, for eachcached
groundfeature,andfor eachlearnedconjoinedfeature)in
additionto recordingall afterstatesfrom the game. The
Train proceduresimply playsthe gamefor a numberof
trials and updateseachplayeruponreceving an outcome
(adraw is considereda win for both). The Update proce-
duretracksthe overall win/losscountsaswell aswin/loss
countsfor groundand conjoinedfeaturesoccurringin the
recordedafterstatesWhenaconjoinedfeaturereacheshe
min frequeng thresholdjt becomeswvailableto the player
for valueestimationduring normalgameplay. Finally we
notethatthis algorithmalwaysexecuteshe greedypolicy
w.r.t. it' smostrecentlyupdatedraluefunction. While there
areno corvergenceguarantee$or suchinterleared policy
evaluationandupdatemethodswe nd thatwe obtaincon-
vergentpoliciesin practice.

5. Empirical Evaluation

We appliedthe DM-SVRRL algorithmto the domainsof
Tic-Tac-Toe (18 groundfeatures) Othello (13,200ground
features)andBackgammon(786,816groundfeatures) We
usedthesamerelationalfeaturesaandattributedistancemet-
rics asoutlinedfor eachgamein Sections3.1and3.2. In
addition,we set to 0:02 (seeSection3.2).

"Ideally we would like to learnjoint probabilitiesfor pairsof
positive andnegative featuresaswell. Unfortunatelythis is non-
trivial sincemostgroundfeaturesoccurnegatively in a stateand
this would returnusto the samedif culty thatmadeFC-learning
in SVRRLintractable.



Algorithm 1: Train (tr ial s; min -cachef req)

Algorithm 2: Update(player; who-won; min -cachef req)

input i trials, min-cache-freq: numberof trials to train and min freq
for usingconjoinedfeatures
begin
/I Both players maintain win/loss counts as well counts for all cached
/I ground atom features, conjoined features they have learned so far,
/l'and a record of all after-states from each game
for (i := 1...trials)do
whose-turn = randomchoiceof BLACK or WHITE;
Initialize gamestate;
while (who-has-won() = NEITHER) do
Generatesetof a fter-states for all possiblemoves;
foreachstate 2 after-states do
TargetState = all positive groundfeaturedor state;
F= 3,
foreacht 2 TargetState do
F = F[ f f 2 ground feature cache j D(¢t, f) €g
/I Note 1: D(t,f) is calculated according to Eq. 3.
/I Note 2: Each f is assigned a match-weight from Eq. 4.

Replacesetsof groundatomsin F' with maximalsubsuming
conjoinedfeaturesrom conjoined- features;

state = beststate 2 after-states accordingo Eq.2;
Make move correspondingo state andrecordfor player;
whose-turn = get-other-player(whose-turn);

Update(WHITE,who-has-won() , min-cache-freq);
| Update(BLACK,who-has-won() , min-cache-freq);

end

We trained for 5000 gamesin our experiments. In

Tic-Tac-Toe, we trained against an optimal player

in Backgammon we trained against the linear neural
network player PubEval provided by Gerry Tesauro
(wwwnetadelica.com/bg/bot/pubeval.htm), andin Oth-

ello, we trainedagainstanopponentsingexhaustve 4-ply

lookaheadwith a specializedevaluationfunction (interme-
diatelevel play). We evaluatedthreealgorithms,SVRRL

withoutstructurdearning(VRRL), DM-SVRRL (F1) with

a min -cachef req settingof 1 (i.e., it learnsevery joint

combinationof featuresseenduring a game), and DM-

SVRRL (F50)with amin -cachef reqsettingof 50. DM-

SVRRL (F1) was cappedat learningthe rst 2000 joint

featuressinceits unrestrictedfeaturelearningwould ex-

ceedmemorylimits otherwise. Having donethis, it only

seemedair to limit DM-SVRRL (F50)to its rst 2000fea-
turesto avoid the possibility that DM-SVRRL (F50) per

formedbetteron accountof having morefeatures- in this

way, we hopeto obtainareasonablygoodindicationof the
quality of the featuredearnedby eachalgorithm. Table 1

provides nal performanceesultsplayingthetrainedplay-

ersagainsttheirtrainingopponentgor 1000games.

Trainingtimeson a 3.2 Ghz Pentiumrangedfrom 2 min.
for Tic-Tac-Toe to 20 min. for Backgammon. Memory
requirementgangedfrom 200 Kb for Tic-Tac-Toe to 3
Mb for Backgammon.For Tic-Tac-Toe, DM-SVRRL (F1)
learnsto play optimally sinceit canquickly learnall possi-
blejoint featureqtherearelessthan1000).If wetrainlong
enoughfor all joint featureso meetthe minimum thresh-
old of DM-SVRRL (F50), it learnsthe optimal policy as

input i player, who-won, min-cache-freq: the player (WHITE or
BLACK), who won the game,andthe min freq for usingconjoined
features

begin

/I All updates are local to player
for (¢ := 1...#movesin game) do
if who-won = player then
‘ total-wins = total-wins + 1;
else
L total-losses = total-losses + 1,
L1 := all positive featuredor afterstatefrom move #i;
foreachf 2 L; do
if who-won = player then
‘ fwins = fawins+ f.match-weight;
else
| f.losses:= f.losses+ f.match-weight,

=~

!

Use Apriori style alg. to find/update frequent joint feature sets
= o

hile (Ly 1 6 ;)do
Cy := all sizek supersetef Ly 1 whereall sizek
meetmin-cache-freq;
foreachcf 2 Ck do
if who-won = player then
| cfawins = cf.wins+ 1;
else
| cf.losses:= cf.losses+ 1,

s >

1 subsets

Lg := subsebf Cx thatmeetmin-cache-freq;

conjoined-features ;= conjoined-features|[ Ly;
L k= k+ 1;

end

well; unfortunatelits learningperformanceés muchworse
in the rst 5000games.On the otherhand,theinability to
learnconjoinedfeaturesseverely hurtsVRRL. In Othello,
thereare more possiblejoint featuresthan can be stored
in memorysoit is usefulto learnonly the high frequeng

featuresas evidencedby the fact that DM-SVRRL (F50)
nearlydoubleghe performancef DM-SVRRL (F1). DM-

SVRRL (F50)alsofar outperformdts non-structurdearn-
ing variant VRRL. VRRL outperformsDM-SVRRL (F1)
becausdhe latter's low frequeng joint featureprobabil-
ities add considerablestatisticalnoiseto the value func-
tion. In Backgammon DM-SVRRL (F50)hasaslightedge
overtheothertwo learners SinceBackgammonis a highly
stochastiogame, even a small increasein performances
evidenceof a strat@ic adwantage.

Overall, theseresultssupporttwo obsenations: (1) online
featurediscovery canhelp the systempredictvalue better
than the non-structurdearning version, and (2) focusing
featurediscovery on frequently co-occurringfeaturescan
outperformnearrandomstructurelearningwhenthe rela-
tional statespaceis very large andthe numberof learned
featureds boundedoy memoryconstraints.

6. Related Work

While all of the model-freerelational RL approachesre
too numerougo mention,mary algorithmsarevariantsof



ALGORITHM WIN/DRAW % DOMAIN
VRRL 28.3%
DM-SVRRL (F1) 100.0 % Tic-TAC-TOE
DM-SVRRL (F50) | 45.8%
VRRL 61.3 %
DM-SVRRL (F1) 49.4 % OTHELLO
DM-SVRRL (F50) 99.1 %
VRRL 46.5 %
DM-SVRRL (F1) 45.4% BACKGAMMON
DM-SVRRL (F50) 51.5 %

Tablel. Win/Draw % ( 1.6%) of VRRL andDM-SVRRL vari-
antsin Tic-Tac-Toe, Othello, and Backgammonvs. training op-
ponents. Draws are not possiblein Backgammonso the values
reportedaresimply the Win %.

anapproachhatapproximateshevalueor Q-functionwith
logical regressiortrees(Dzeroskiet al., 1998). While this
learningapproachs top-dawn in thatit recursvely parti-
tionsthe statespaceinto ner valuedistinctions,morere-
centwork (Walkeretal.,2004;Croonenbaghsetal., 2004)
hastaken a bottom-upapproachto nding usefulfeatures
for predictingvalueandcombiningthemto make a predic-
tive estimatiorof statevalue. While DM-SVRRL takesthis
latter approachit is the only known relationalRL system
to focuson ef cient online featurediscovery usingarela-
tional naive Bayesnetrepresentatioof the valuefunction.

Our featurediscovery ideasare similar in spirit to previ-
ouswork in conjunctize featureconstructiorin the context
of game-playing(Buro, 1998). This work alsofocusedon
constructingrequentfeaturesets but it exploredthisin an
of ine supervisedearningsettingwherefrequentconjunc-
tive patternswere minedfrom a large collectionof expert
andperfectlyevaluatedraining positions.Usingthis setof
training data,the algorithmusediterative gradient-descent
algorithmsto t the featureweightsof its linear evalua-
tion function. In contrast,while our featureconstruction
and evaluationfunctionsare quite similar, our algorithms
areintendedor anonlinereinforcementearningsettingin
the absenceof expert or perfectly evaluatedtraining data.
Consequentlyonecancharacterizeur approachasasyn-
chronouspolicy iterationthat continuouslybootstrapghe
valuefunctionfrom previous policy evaluations.To do this
efciently we have useda probabilisticintepretatiorof the
valuefunctionthatpermitsef cient closed-formparameter
updatesndwe have exploitedrelationalstructureto reduce
memoryusageandincreasdearninggeneralization.

7. Concluding Remarks

We have presentedh tractabledatamining variant of the
SVRRL algorithmthat hasallowed us to ef ciently com-
bine featurediscorery with relationalreinforcementearn-
ing. The empirical resultsare encouragingand the ap-
proachhasaremarkablylow resourceconsumptiorfor the
large featuredomainsof BackgammonandOthello.

Thereareanumberof directionsfor futurework, whichwe
divide into two categories: learningmore comple struc-
ture andlearningin more complex domains. For the for-
mer, wewouldliketo investicatelearninghigherlevel rela-
tionalstructuresuchasquanti ers, variablematchingrules
(e.g.,(Landwehret al., 2005)),andprobabilisticrelational
model(PRM) structureg(Friedmanretal., 1999).For thelat-
ter, we would lik e to investicgate partially obsernable MDP
(POMDP)(Kaelblingetal., 1998)andpredictive staterep-
resentatiofPSR)(Littman etal., 2001)framevorkswhere
we can introducetemporalattributesin our featuresre-
quiredto learnpoliciesin thesedomains.Finally, we note
that since DM-SVRRL learnsto compressstatedescrip-
tions by representingstateswith successiely larger joint
features,it could be usedas a meansof learninga hier-
archicalabstractionof the domainto which model-based
techniquesould be applied. Altogetherthesepossibleex-
tensionsof the DM-SVRRL algorithmmale it anexciting
areafor futurework.
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