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Abstract
We introduce a techniquefor model-freerelational
reinforcementlearning in inde�nite horizon undis-
counteddomainswith boundedreward.Previouswork
hasrepresentedthe value function as a groundrela-
tionalnaiveBayesnetandhasleveragedBayesnetpa-
rameterandstructurelearningtechniquesto re�ne suc-
cessive approximationsof the valuefunction. Unfor-
tunately, while value function evaluationandparam-
eterinferencearevery ef�cient underthis framework,
evengreedyoptimallearningof highly restrictednaive
Bayesnetstructurecanbecomputationallyprohibitive
in practice.In this paper, we proposea novel learning
algorithmthatfocusesBayesnetstructurelearningon
thefrequentlyvisitedportionsof statespace.Inspired
by theApriori frequent-itemsetdataminingalgorithm,
this structurelearningalgorithmhasthedualbene�ts
of ef�ciency andlow-varianceparameterestimates.To
demonstratetheef�cacy of this approach,we present
encouraginginitial resultsin thegamedomainsof Tic-
Tac-Toe,Backgammon,andOthello.

1. Intr oduction

Relationalreinforcementlearning(RRL) hasemerged in
recentyearsasa majorareaof focusin the reinforcement
learningcommunity(Tadepalliet al., 2004;vanOtterlo&
Kersting,2004). Relationalrepresentationsare a natural
paradigmfor modelinglearningdomainswherestatescon-
sist of con�gurationsof objectsandthe relationsbetween
them. While RRL is an attractive approachfor learning
from delayedrewardin suchstaterepresentations,its gen-
erality doesnot comewithout severerepresentationaland
computationaldrawbacks:

� As the domainsizeandthe arity of the relationsin-
crease,thereis a combinatorialexplosionin thenum-
berof groundrelationsthatdescribea state.This re-
sults in an intractablylarge statespace,even if there
areonly a few relationsin theproblemspeci�cation.
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� One must carefully decideon the hypothesisspace
from which a valuefunctionor policy is selected.In
mostnon-trivial domains,acompactrepresentationof
the optimal valuefunction is impossiblethusrequir-
ing thatthevaluefunctionbeapproximated.However,
the approximaterepresentationof the value function
cangreatly impact its quality: A representationthat
is toosimplemaynotadequatelyapproximatetheop-
timal value function, resultingin poor policies; And
a morecomplex representationcapableof a goodap-
proximationof the optimal value function may have
intractabledatacomplexity requirementsfor learning
a low-varianceestimateof thevaluefunction.

In the specialcaseof reinforcementlearningin inde�nite
horizon undiscounteddomainswith a single terminal re-
ward of successor failure (e.g. planningtasksor games
with stationaryopponents),thevaluefunctionhasaproba-
bilistic interpretation:it is simply theconditionalprobabil-
ity of eventualsuccess(or failure)givenanobservedstate.1

Armed with this insight, previous work (Sanner, 2005)
hassoughtto mitigate the aforementionedcomputational
andrepresentationaldrawbacksof relationalreinforcement
learningby representingthevaluefunctionasa groundre-
lational naive Bayesnet. Under this approach,the value
functionandrestrictedversionsof its internalstructurecan
becompactlyapproximatedandwell-known Bayesnetpa-
rameterand structuralinferencetechniquescan be lever-
agedto do this. Giventhatthis techniqueproposedto learn
both the parametersandstructureof the valuefunction, it
hasbeenlabelledstructure andvaluerelational reinforce-
mentlearning(SVRRL).

SVRRL relieson the commonrelationaldomainassump-
tion thatmany fewer groundliteralsappearpositively than
negatively in a givenstate.2 Basedon this, it canbeshown
thatpolicy evaluationandparameterinferencein thenaive

1Wecaneasilyhandleany domainwith boundedrewardin this
settingby normalizingall rewardsto the range[0; 1] andtrans-
forming the terminalnodesof the domainto stochasticallytran-
sition to success(failure)with a probabilityequalto (oneminus)
the normalizedreward. The optimal policy in this transformed
domainwill be equivalent to the optimal policy for the original
domain.

2This is exploited in the closed-world assumptionof Prolog
thatallows it to compactlyrepresentmany relationaldomains.



Bayesnet value function can be computedef�ciently by
recordingonly therelationalatomsoccurringpositively in
a state. Unfortunately, this ef�ciency doesnot extend to
naive Bayesnet structurelearning. In this casethe com-
putationaloverheadof theSVRRLapproachhasprevented
any known practicalimplementationasidefrom a severely
restrictedversionknown asFAA-SVRRL (Sanner, 2005).

However, in somesensethe original SVRRL algorithmis
too eagerto learnvaluefunctionstructureandwe cantake
a morepragmaticapproachin practice. That is, SVRRL
maintainsjoint parameterestimatesover all nodesin its
naive Bayesnetwork in order to greedily determinethe
structurethat shouldbe learned.However, many portions
of statespaceare visited too infrequently to yield low-
varianceestimatesof joint probabilities. For theserea-
sons,it only makes senseto focus structurelearningon
frequentlyvisited portionsof statespace.Inspiredby the
Apriori frequent-itemsetdatamining (DM) algorithm,we
presenta novel structurelearningalgorithmDM-SVRRL,
which hasthedualbene�ts of ef�ciency andlow-variance
parameterestimates.To demonstratetheef�cacy of thisap-
proach,we presentencouraginginitial resultsin thegame
domainsof Tic-Tac-Toe,Backgammon,andOthello.

2. MDPs and ReinforcementLearning

Reinforcementlearning (RL) tasks are often cast in a
Markov decisionprocess(MDP) framework. Formally, a
�nite stateand action MDP (Puterman,1994) is a tuple
hS; A; T; Ri where:S is a�nite statespace;A is a�nite set
of actions;T : S � A � S ! [0; 1] is a transitionfunction,
with T(s;a; �) a distribution over S for all s 2 S; a 2 A;
andR : S � A ! R is a boundedreward function. Our
goal is to �nd a policy � that maximizesthe value func-
tion, de�ned usingthe in�nite horizon,discountedreward
criterion: Vπ(s) = Eπ[

P 1
t=0 
 t � r tjS0 = s], wherer t is a

rewardobtainedat time t, 0 � 
 < 1 is a discountfactor,
andS0 is theinitial state.

A stationarypolicy takesthe form � : S ! A, with � (s)
denotingthe actionto be executedin states. Policy � is
optimalif Vπ(s) � Vπ0(s) for all s 2 S andall policies� 0.
TheoptimalvaluefunctionV � is thevalueof any optimal
policy andsatis�esthefollowing:

V � (s) = max
a

"

R(s;a) + 

X

t2 S

T(s;a; t) � V � (t)

#

(1)

In this paper, we will assumethat the horizon is inde�-
nite(i.e.,startingfrom any state,thesystemwill eventually
transitionto a terminalstatewith probability1), thereward
is undiscounted(i.e., 
 = 1), andthereis a singlereward
of success(1) or failure (0) upon transition into the ter-
minal absorbingstates.As mentionedpreviously, domains
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Figure1. An exampleMarkov chaincorrespondingto an undis-
countedMDP evaluatedundera�x edpolicy � . Statesareindexed
by a uniqueID andtransitionsbetweenstatesarelabelledwith a
reward r whenit is non-zero. Note that in this restrictedsetting,
thereis only a single reward of success(1) or failure (0) upon
transitioninto theterminalabsorbingstates.Thus,thevalueof a
givenstateundera policy canbeinterpretedastheprobabilityof
reachingthesuccessstatefrom thegivenstatein thein�nite limit.

with boundedrewardcanbeeasilytransformedto this set-
ting while preservingpolicy optimality. Consequently, this
settingis adequatefor modellingmany stochasticplanning
tasksor game-playingwith stationaryopponents.Undera
�x ed policy � , sucha restrictedMDP reducesto a sim-
ple Markov chain as demonstratedin Figure 1. Letting
w denotethat an eventualwin or successstateis reached
(St= 1 = success), wederive thefollowing simpleproba-
bilistic interpretationfor avaluefunctionunderapolicy:

Vπ(s) = Eπ[
1X

t=0

r tjSt=0 = s]

= P(St= 1 = successjSt=0 = s) = P(wjs)

We notethat this probabilisticinterpretationof a policy is
very intuitive – it statesthat the valueof any stateunder
a �x ed policy is just the probability of reachinga success
statein thein�nite limit. Oneway of estimatingthis value
is simple Monte Carlo reinforcementlearning(Sutton&
Barto,1998)wherewesamplethevaluefunctionfromreal-
world or simulatedexperience.In thein�nite limit of sam-
ples,it is known that thevaluefunctionestimatewill con-
vergeto its truevalue.

Sofar, we have discussedhow to determinethevalueof a
policy, but we have not discussedhow to �nd the optimal
policy. Oneapproachto doingthis in a model-basedMDP
settingis known aspolicy iteration (Puterman,1994):

1. Pickanarbitrarydecisionpolicy � 0 andseti = 0.

2. Policy evaluation: Given� i, determineVπi (s).

3. Policy improvement: Find a new policy � i+1 (s) =
argmaxa2 A

�
R(s;a) + 


P
t2 S T(s;a; t) � Vπi (s)

	

4. If � i+1 6= � i incrementi & go to (2) elsereturn� i+1 .

Now, if we were to apply policy iteration to the RL set-
ting, we would noticethatwhile MonteCarloRL suf�ces



to provide an estimateof Vπi (s), we do not have the lux-
ury of obtainingan in�nite numberof samplesso that it
convergesto theexactestimate.Nonetheless,we notethat
usinga �nite but largenumberof MonteCarlosamplesfor
policy evaluationin step2 still allows policy iteration to
convergein many practicalapplications.

Settingasideconvergenceissuesof policy evaluation,we
alsonotethatwe have a representationalproblem.In most
practicalproblemsthe statespaceis often too large to al-
low anexplicit representationof P(wjs), sowemustoften
approximatethis probability in practice.This bringsus to
thetopicof thenext section.

3. Structur eand ValueRelational RL

In many RL applications,the stateoften admitsa com-
pactrelationaldescription.Consequently, in the restricted
RL settingdescribedabove wherethe value function un-
der a policy canbe representedas the conditionalproba-
bility P(wjs), wemight try approximatingthisvaluefunc-
tion with a relationalnaive Bayesnet. In doing this, we
would ideally like to learnboth the structure andparam-
eters(i.e. value) of this Bayesnet. This is preciselythe
objectiveof thestructureandvaluerelationalRL algorithm
(SVRRL) (Sanner, 2005).

3.1.ValueLearning

In theSVRRL framework, we assumethat thestateis de-
scribedusinga �x ed setof relationsR = f R1; : : : ; Rig,
eachhaving some�nite arity. Eachrelation argumentis
assignedan attribute type from a setA = f A1; : : : ; Ajg
whereeachattributetakesanassignmentfrom asetof legal
values.Wereferto arelationandtheattributespeci�cation
for its argumentsasa relationtemplate.

To make this more concrete, we use the example of
Tic-Tac-Toe where we use a single relation template
At (M ark; Row; Col) where M ark = f X ; Og and
Row = Col = f 1; 2; 3g. This leadsto 2 � 3 � 3 = 18
possiblegroundrelationalfeatures,eachof which canbe
treatedasabinarypropositiontakingatruthassignmentfor
every possiblestate.Theentiregamestateof Tic-Tac-Toe
canbe determinedby a truth assignmentto eachof these
18groundrelations.

In thefollowing discussion,we usebinarypropositionsFi

to denotegenericgroundatoms(a.k.a.features)whichcan
takeon thevaluetruedenotedby f i andthevaluefalsede-
notedby f̄ i. For representationalparsimony, weassumethe
stateis representedby only thepositive(true)atoms,which
we arbitrarily label f f 1; : : : ; f pg. Then, given that that
thereareatotalof n groundatomsin aproblemdomain,we
usetheclosed-world assumptionto infer thattheremaining
atomsf f̄ p+1 ; : : : ; f̄ ng arefalse. We let F = f F1 : : : Fng

Win

...

Relational Naive Bayes Net

At(X,1,1)

At(X,1,2)

At(O,3,3)

At(O,3,2)

At(X,1,3) At(O,3,1)

Figure2. Theinitial relationalnaiveBayesnetusedin thegameof
Tic-Tac-Toe. In all, thebinary-valuedW in nodehas18 binary-
valuedchildren correspondingto eachof the groundrelational
featuresF i in the statedescription.This representationrequires
oneconditionalprobability table(CPT) for P (W in ) and18 in-
dividual CPTsP(F i jW in ); i 2 f 1 : : : 18g. In value learning,
thegoal is to learntheparametersof this Bayesnet to maximize
log-likelihood. In structurelearning,thegoal is to learn which
child nodesto join to maximizethe log-liklihood. The dashed
lines show two differentsetsof nodejoins that canbe useful in
Tic-Tac-Toe– if all individualnodestake thevaluetrue, they rep-
resenta line of X' sacrossthetop row anda line of O'sacrossthe
bottomrow.

(all groundatoms)andrepresenta stateinstantiations 2
f F1 � � � � � Fng ass = f f 1; : : : ; f p f̄ p+1 ; : : : ; f̄ ng (a truth
assignmentto all groundatoms). The omissionof nega-
tive atomsfrom thestateoftenyieldsa compactrepresen-
tation sincethe numberof positive atomsis usuallysmall
(andeasilyidenti�able) in comparisonto thetotal number
of atoms(i.e.,p � n).

Evenvery small relationalRL domainscanhave hundreds
of groundatomsand it would be impossibleto represent
the exact distribution, which in its fully enumeratedform
would requireroughlyoneprobabilityentry for every dis-
tinct truth assignmentto groundatoms. For 100 ground
atoms,thiswouldrequireapproximately2100 distinctprob-
ability entries,which is clearly intractable.Thus,we need
to focuson a compact,factoredrepresentationof P(wjs).
SVRRLdoesthisby representingP(wjs) usingthesimple
relationalnaive Bayesstructuregivenin Figure2. For our
previous exampleof a relationaldomainwith 100 ground
atoms,we needonly record201 probability entriesto ap-
proximate the value of P(wjs); two probability entries
P(f ijw) andP(f ijw̄) for eachgroundatomandoneen-
try P(w) for theprior over winning. While this is only an
approximation,weshow thatwecan“patchup” thissimple
representationthroughstructurelearning.But, �rst we fo-
cusonhow to learnthevalue(parameters)of thisnetwork.

Figure3 shows the learningtask. Given a numberof tri-
als, eachinvolving some�nite numberof time steps,the
learneris presentedwith a relationalspeci�cation of the
positive statefeaturesf f 1; : : : ; f pg andchoosesan action
accordingto a �x ed policy. This is repeatedin eachtrial
until the terminalstateis reachedandthe terminalreward
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Figure3. A diagramdepictinga singletrainingtrial of two SVR-
RLs agentin thedomainof Tic-Tac-Toe. In Tic-Tac-Toe,players
alternateturns,placingtheirmarkin afreesquareuntil oneplayer
winsby completinga line, or bothplayersdraw by runningoutof
moves. On every turn, the playerextractsthe true groundrela-
tional featuresf f 1 ; : : : ; f pg of thegamestate.TheAt (�; �; �) re-
lation hasrespective attributesindicatingthemarkplacedandits
row andcolumnposition. At theendof thegame,eachSVRRL
agentrecordsall featuresresulting from its moves and imme-
diately updatestheir conditionalprobability tablesP(F i jW ) as
well astheglobalwinningprior P (W ). Trainingcanproceedfor
any numberof thesetrials.

is received. At the endof eachtrial, the overall win/loss
count is immediatelyupdatedalong with that of the fea-
turesfor theafter-states3 occurringin themove historyfor
theplayer.

How doesSVRRL learntheparametersof thevaluefunc-
tion duringtrainingandusethevaluefunctionto determine
a policy? For parameterlearningit is well-known thatthe
max-likelihoodparametersof a Bayesnet aresimply the
observedprobabilities(denotedby P̂ ) for eachCPT, sowe
canef�ciently determinethemax-likelihoodvaluefunction
by trackingoverall andfeature-speci�cwin/losscounts.

Now, in orderto executetheoptimalpolicyw.r.t. to thecur-
rentparametersin our naive Bayesnetvaluefunction,we
leveragethefact that thestates which maximizesP̂(wjs)

will alsomaximizethelog winningoddslog( P̂ (wjs)
P̂ ( �wjs)

). Pre-
viouswork (Sanner, 2005)showedthatwe canexpressthe

3An after-state(Sutton& Barto,1998)is simply thestatere-
sulting from anagent's actionbeforeany otheragent,if present,
haschosenits respectiveaction.

log winning oddsof a statedescribedby only the set of
positivefeature instances:

log
P̂ (wjs)

P̂ ( �wjs)
= C +

pX

i =1

 

log
P̂ (f i jw)

P̂ (f i j �w)
� log

P̂ ( �f i jw)

P̂ ( �f i j �w)

!

(2)

SinceC is a constantcommonto all states,we canignore
it duringcomparisonsof log winning oddsof states.Thus,
even in a relationalnaive Bayesnet with a large number
of negative features,it is still possibleto ef�ciently deter-
mine the highest-valuedafter-statein a comparative man-
ner. This suf�ces to executethe optimal policy w.r.t. a
valuefunction.

3.2.Exploiting Relational Structur e

Before we continueit is important to note that we can
uselocally weightedregressiontechniques(Atkesonet al.,
1997)to exploit relationalstructurein theconditionalprob-
ability tables(CPTs)of the Bayesnet. While the ground
Bayesnet techniquewe have proposedso far is not rela-
tional in thetraditionalsense,it is alsonot purelyproposi-
tionaldueto thefactthatwecanexploit relationalstructure
in theCPTrepresentationto reducememoryusageandin-
creaselearninggeneralization.

OurTic-Tac-Toeexamplehasbeendidacticfrom thestand-
point of structurelearningbut therelationalrepresentation
is too simpleto demonstratehow we canexploit structure
within theCPTs.For this, we needto examinemorecom-
plex domainssuchasBackgammonandOthello.4

In Backgammon, we�nd it usefulto usethefollowing � ve
featureattributes:(1) PT: Pointon theboardf 1; : : : ; 24g
wherethe featureoccurs.(2) B AR: Numberof opponent
piecesf 0; : : : ; 15g onthebarthatmustescapeto theboard
before the opponentcan resumenormal play. (3) ON :
Numberof opponentpiecesf 0; : : : ; 15g nearby, i.e. within
6 pointsof thecurrentpoint. (4) OA: Total numberof op-
ponentpiecesf 0; : : : ; 15g aheadof thepoint. (5) SZ : Size
of a block f 1; : : : ; 7g, i.e. numberof contiguouspoints
with at leasttwo of theplayer's pieces.We thenusethese
attributesto build thefollowing threerelationalfeatures:

1. Attack (PT; B AR ): The currentplayerhasattacked
anexposedopponentonapoint,moving it to thebar.

2. Expose(PT; B AR; ON; OA): The current player
hasexposedapiecealoneonapoint.

3. B lock(PT; B AR; ON; OA; SZ ): Thecurrentplayer
hasbuilt a block of consecutive points,impedingthe
progressof opponentsaheadof theblock.

4While space limitations provide us from describ-
ing Backgammon and Othello here, we refer the reader
to the web sites http://www.bkgm.com/rules.html and
http://www.rainfall.com/othello/rules/othellorules.asp for a
quick illustratedoverview of therespective rulesfor thesegames.



In Othello, we usea very simple representationthat ab-
stractsheavily over theboardstate.While in futurework,
we plan to extend this representationto more accurately
capturespatialpatternson theboard(Buro,1998),we �nd
that the currentrelational representationsuf�ces for rea-
sonableperformanceagainst intermediateopponents. In
our representation,weusethefollowing two attributes:(1)
CT: A countf 0; : : : ; 64g of boardpositionssatisfyingthe
feature.(2)TURN : Theturnnumberf 1; : : : ; 60gatwhich
thefeatureoccurs.Strategy in Othellois highly dependent
upongamestageandtheuseof this lastattributeallows us
to capturethisdependency. Weusetheseattributesto build
thefollowing � ve relationalfeatures:

1. P ieces(CT; TURN ): A simplecountof thenumber
of thecurrentplayer's pieceson theboard.Maximiz-
ing piecesis the objective of Othello althoughit can
beharmfulif donetooearlyin thegame.

2. M obility (CT; TURN ): A count of the numberof
movesavailableto thecurrentplayer.

3. Adj acent(CT; TURN ): The numberof openposi-
tionsadjacentto acurrentplayer's pieces.

4. Edges(CT; TURN ): The number of the current
player's piecesat thenon-corneredgesof theboard.

5. Corner(CT; TURN ): The numberof the current
player's piecesat thecornersof theboard.

Giventhefeaturedescriptionsfor thesetwo games,wecan
now envision how we might exploit relationalstructureof
thesefeaturesto reducememoryusageandincreaselearn-
ing generalization.Supposethat we have learnedthat the
BackgammonfeatureB lock(PT = 14; B AR = 0; ON =
7; OA = 8; SZ = 4) is predictive of a win. However,
supposethat in the future, we can encounterthe feature
B lock(PT = 13; B AR = 0; ON = 6; OA = 7; SZ =
5), for which we have no previous experience.Given the
intuitivesimilarity of thesetwo features,weshouldbeable
to predicta win for thesecond.Likewisein Othello,if we
know that the featurePieces(CT = 16; TURN = 24)
is bad, then we should also be able to generalizethat
P ieces(CT = 17; TURN = 26) is potentiallybadeven
if we have never encounteredit before. However, we can
saylessaboutPieces(CT = 34; TURN = 56) givenin-
formationaboutPieces(CT = 16; TURN = 24) since
thesetwo featuresaremuchlesssimilar.

To formalize theseintuitions, we can treat groundatoms
of an n-arity relationasa point in n-D space. To de�ne
the distancemeasurebetweenpoints,we assigncompari-
sonmetricsfor attributes.In our experiments,we usedthe
following threeattributedistancemeasures:

1. Linear(Lin): Thedistancebetweenoneattributevalue
andanotheris thedifferenceof thevaluesnormalized
by theattributespan(soasto have a rangeof [0; 1]).

This is anaturaldistancemeasurefor thePT, SZ and
TURN attributes.

2. Zero-Diff-Linear (ZDL): This distanceis identical to
Linearexceptthattheattributevalue0 hasa maximal
distanceof 1 to all otherattribute values. This mea-
sureis usefulin featuresthatdo countingwherethe0
count is extremelydissimilar to any count � 1. For
example,in Backgammon,having 0 opponentson the
barallows for normalplay whereashaving � 1 oppo-
nenton thebarseverely restrictstheopponent's play.
B AR, ON , OA, andCT usethisdistancemetric.

3. No similarity (NS): Herethemaxdistanceof 1 is as-
signedbetweenall attribute values. This is usedfor
the Tic-Tac-Toe attributesof M ark, Row, and Col
andexplainswhy we cannotexploit groundrelational
structurein this domain. The discretenatureof each
of theseattributesmakesit dif�cult to generalizefrom
oneattributevalueto anotherin this case.5

Now that we have assigneda distancemeasureappropri-
ate for eachattribute we can easily de�ne the total Eu-
clidean distanceD (Fi; Fj) betweentwo ground atoms
Fi = R(vi,1; : : : ; vi,k) andFj = R(vj,1; : : : ; vj,k) of the
samek-arity relation templateR(A1; : : : ; Ak). To make
this concrete,we computethe following function where
d(A; v1; v2) computestheassigneddistancemeasure(i.e.,
(Lin , Z DL or N S) for attributeA givenvaluesv1 andv2:

D (Fi; Fj) =

vu
u
t

kX

p=1

(d(Ap; vi,p; vj,p))
2 (3)

Now, whenweencountera truegroundatomtargetfeature
t at runtime,we �rst look in our groundfeature cache for
t 's relationto seeif wecan�nd asetof featuresF = f f 2
groundfeaturecachej D (t; f ) � � g. If we can,we assign
eachfeaturef 2 F a matchsimilarity weightnormalized
by thesumof all matchsimilarity weightsfor F :

f :match-weight =

p
k � D (t; f )

P
g2 F

p
k � D (t; g)

(4)

Then for each f 2 F , we compute P(t jw) �P
f2 F P(f jw) � f :match-weight . Likewisewhenwe up-

date featureCPTsat the end of the trial, we updatethe
respective wins or lossesof f by f :match-weight to re-
�ect f 'sexpectedcontributionto theoutcome.Ontheother
hand,if F = ; , thenwe addt to our groundfeaturecache
with a win-biasedinitial CPTandupdateit with weight1
at theendof thetrial.6 In this way, � servesasa parameter
thatdetermineshow denselywe populateour feature/CPT
cache.Thelower� is, themorefeatures/CPTswewill store
andthe lesswe will generalize– albeit for the tradeoff of
higherpredictionaccuracy with suf�cient experience.

5We could exploit relationalstructurein Tic-Tac-Toe in the
form of spatialsymmetry, but this is not yet implemented.

6Thisoptimisticbiasguaranteesexplorationof new features.



3.3.Structur e Learning

Theabove framework permitsus to learna valuefunction
basedon a simple relationalnaive Bayesnet and to ef�-
ciently executea policy derived from this valuefunction,
but often the naive Bayesstructureis too impoverished
to adequatelyapproximatethe optimal valuefunction. To
remedythis problem,previous work (Sanner, 2005) pre-
sentedtwo typesof relationalBayesnetstructurelearning:
featureattributeaugmentation(FAA) andfeatureconjunc-
tion (FC). While FAA wasintendedto �ne-tune theprob-
ability estimatesin anindividual CPT, FC wasintendedas
themain featurediscovery componentandis thestructure
learningthatwe focusonhere.

The conceptof FC-learningis simple: at eachstructure
learningstep,greedilyconjointheCPTsfor thetwo feature
nodesthat yield the greatestincreasein log likelihoodof
thenaive Bayesnet. Joiningfeaturenodesis a usefultype
of structurelearning since it can learn non-independent
correlationsbetweenfeatureswhile maintainingthe naive
Bayesstructurethatmakespolicy evaluationef�cient. As
shown previously (Sanner, 2005),thefeaturejoin yielding
thehighestlog-likehoodl � (� jD ) of thenetwork parameters
� giventhedataD is theonethatmaximizesthefollowing
expressionwhereM is the numberof datasamples,C is
a constant,andI (Fa; FbjW ) is themutualconditionalen-
tropy of two featuresgiventheoutcomeW :

l � (� jD ) = C + M � I (Fa; FbjW ) (5)

The drawback of this structure learning algorithm is
that it requiresmaintainingthe joint probability over all
node pairs in the naive Bayesnet in order to calculate
I (Fa; FbjW ). For a relationalnaive Bayesnet with only
100 groundfeatures,this requiresmaintaining10000 ad-
ditional probability estimates. It can be seenthat this
quadraticgrowth quickly becomesintractableasthenum-
ber of ground atoms increases. Dealing with this in-
tractabilityis themaincontributionof thispaper.

4. Data Mining SVRRL Algorithm
Our goal is to learnstructurein therelationalnaive Bayes
netthatmaximizesutility to thelearningagent.In attempt-
ing this,the�rst issuewenoteis thatmany portionsof state
spacearevisitedtooinfrequentlytoyield low-varianceesti-
matesof joint probabilities(or mutualconditionalentropies
for that matter). Thus, it makes senseto focusstructure
learning on thoseportionsof statespacethat are visited
frequentlyin orderto maximizethepayoff of learningthe
structurewhile minimizing thevariance(andnoise)of the
joint probabilityestimatesof thelearnedfeatures.

One popular method used in data mining for identify-
ing frequentitemsetsis theApriori algorithm(Agrawal &
Srikant,1994).ThebasicmotivatingideaunderlyingApri-

ori is thatasetof featurescanonly positively co-occurwith
someminimum frequency if all propersubsetsalsoposi-
tively co-occurwith at leastthat minimum frequency. By
building up frequentitemsetsfrom the frequentsingleton
features,onecanvery ef�ciently �nd all setsof frequently
positively co-occuringfeatures.

In datamining SVRRL (DM-SVRRL), our goal is to dis-
cover structurein the form of frequently positively co-
ocurringfeatures.7 TheApriori algorithmgivesusan im-
mediatemethodfor doingthis: Whenever two featuresco-
occurin a statewith someminimum thresholdfrequency,
we build a new joint featureandkeeptrackof its joint fre-
quency (via its win/losscount). This servestwo purposes:
Thejoint frequency estimateallowsusto keeptrackof fre-
quency estimateswhenbuilding even larger joint features
andit alsogivesustheparametersfor theCPTrepresenting
this joint nodein thenaiveBayesnet.Thus,asabyproduct
of applyingan Apriori algorithmvariant to a datastream
of after-statefeaturesoccurring during training, we can
alsolearnjoint probabilityestimatesfor all frequentlyco-
occurringfeatures!

To make the DM-SVRRL algorithmconcrete,we present
the training andupdateproceduresfor a gamecontext in
Algorithms1 and2. WenotethateachDM-SVRRL player
maintainsits own win/losscounts(overall, for eachcached
groundfeature,andfor eachlearnedconjoinedfeature)in
addition to recordingall after-statesfrom the game. The
Tr ain proceduresimply plays the gamefor a numberof
trials andupdateseachplayeruponreceiving an outcome
(a draw is considereda win for both). TheUpdate proce-
duretrackstheoverall win/losscountsaswell aswin/loss
countsfor groundandconjoinedfeaturesoccurringin the
recordedafter-states.Whenaconjoinedfeaturereachesthe
min frequency threshold,it becomesavailableto theplayer
for valueestimationduringnormalgameplay. Finally we
notethat this algorithmalwaysexecutesthegreedypolicy
w.r.t. it' smostrecentlyupdatedvaluefunction.While there
areno convergenceguaranteesfor suchinterleavedpolicy
evaluationandupdatemethods,we�nd thatweobtaincon-
vergentpoliciesin practice.

5. Empirical Evaluation
We appliedthe DM-SVRRL algorithmto the domainsof
Tic-Tac-Toe(18 groundfeatures),Othello (13,200ground
features),andBackgammon(786,816groundfeatures).We
usedthesamerelationalfeaturesandattributedistancemet-
rics asoutlinedfor eachgamein Sections3.1 and3.2. In
addition,weset� to 0:02 (seeSection3.2).

7Ideally we would like to learnjoint probabilitiesfor pairsof
positive andnegative featuresaswell. Unfortunately, this is non-
trivial sincemostgroundfeaturesoccurnegatively in a stateand
this would returnusto thesamedif�culty thatmadeFC-learning
in SVRRL intractable.



Algorithm 1: Tr ain (tr ial s; min -cache-f r eq)

input : trials, min-cache-freq: numberof trials to train andmin freq
for usingconjoinedfeatures

begin
// Both players maintain win/loss counts as well counts for all cached
// ground atom features, conjoined features they have learned so far,
// and a record of all after-states from each game
for (i := 1 . . . trials) do

whose-turn := randomchoiceof BLACK or WHITE;
Initialize gamestate;
while (who-has-won() = NEITHER) do

Generatesetof after-states for all possiblemoves;
foreachstate 2 after-states do

TargetState := all positive groundfeaturesfor state;
F := ; ;
foreacht 2 TargetState do

F := F [ f f 2 ground feature cache jD(t, f ) � εg
// Note 1: D(t,f) is calculated according to Eq. 3.
// Note 2: Each f is assigned a match-weight from Eq. 4.

Replacesetsof groundatomsin F with maximalsubsuming
conjoinedfeaturesfrom conjoined-features;

state := beststate 2 after-states accordingto Eq.2;
Makemovecorrespondingto state andrecordfor player;
whose-turn := get-other-player(whose-turn) ;

Update(WHITE,who-has-won() , min-cache-freq) ;
Update(BLACK,who-has-won() , min-cache-freq) ;

end

We trained for 5000 games in our experiments. In
Tic-Tac-Toe, we trained against an optimal player,
in Backgammon we trained against the linear neural
network player PubEval provided by Gerry Tesauro
(www.netadelica.com/bg/bot/bpubeval.html), and in Oth-
ello, wetrainedagainstanopponentusingexhaustive4-ply
lookaheadwith a specializedevaluationfunction(interme-
diatelevel play). We evaluatedthreealgorithms,SVRRL
withoutstructurelearning(VRRL), DM-SVRRL (F1)with
a min -cache-f r eq settingof 1 (i.e., it learnsevery joint
combinationof featuresseenduring a game), and DM-
SVRRL (F50)with a min -cache-f r eqsettingof 50. DM-
SVRRL (F1) was cappedat learningthe �rst 2000 joint
featuressince its unrestrictedfeaturelearningwould ex-
ceedmemorylimits otherwise. Having donethis, it only
seemedfair to limit DM-SVRRL (F50)to its �rst 2000fea-
turesto avoid the possibility that DM-SVRRL (F50) per-
formedbetteron accountof having morefeatures– in this
way, wehopeto obtaina reasonablygoodindicationof the
quality of the featureslearnedby eachalgorithm. Table1
provides�nal performanceresultsplayingthetrainedplay-
ersagainsttheir trainingopponentsfor 1000games.

Training timeson a 3.2 Ghz Pentiumrangedfrom 2 min.
for Tic-Tac-Toe to 20 min. for Backgammon. Memory
requirementsrangedfrom 200 Kb for Tic-Tac-Toe to 3
Mb for Backgammon.For Tic-Tac-Toe,DM-SVRRL (F1)
learnsto playoptimallysinceit canquickly learnall possi-
ble joint features(therearelessthan1000).If wetrain long
enoughfor all joint featuresto meettheminimumthresh-
old of DM-SVRRL (F50), it learnsthe optimal policy as

Algorithm 2: Update(player; who-won; min -cache-f r eq)

input : player, who-won, min-cache-freq: the player (WHITE or
BLACK), who won thegame,andthemin freq for usingconjoined
features

begin
// All updates are local to player
for (i := 1 . . . # moves in game) do

if who-won = player then
total-wins := total-wins + 1;

else
total-losses := total-losses + 1;

L1 := all positive featuresfor after-statefrom move #i;
foreachf 2 L1 do

if who-won = player then
f.wins := f.wins + f.match-weight;

else
f.losses := f.losses + f.match-weight;

// Use Apriori style alg. to find/update frequent joint feature sets
k := 2;
while (Lk � 1 6= ; ) do

Ck := all sizek supersetsof Lk � 1 whereall sizek � 1 subsets
meetmin-cache-freq;
foreachcf 2 Ck do

if who-won = player then
cf.wins := cf.wins + 1;

else
cf.losses := cf.losses + 1;

Lk := subsetof Ck thatmeetmin-cache-freq;
conjoined-features := conjoined-features [ Lk ;
k := k + 1;

end

well; unfortunatelyits learningperformanceis muchworse
in the�rst 5000games.On theotherhand,theinability to
learnconjoinedfeaturesseverelyhurtsVRRL. In Othello,
thereare more possiblejoint featuresthan can be stored
in memoryso it is usefulto learnonly thehigh frequency
featuresasevidencedby the fact that DM-SVRRL (F50)
nearlydoublestheperformanceof DM-SVRRL (F1). DM-
SVRRL (F50)alsofar outperformsits non-structurelearn-
ing variantVRRL. VRRL outperformsDM-SVRRL (F1)
becausethe latter's low frequency joint featureprobabil-
ities add considerablestatisticalnoise to the value func-
tion. In Backgammon,DM-SVRRL (F50)hasaslightedge
over theothertwo learners.SinceBackgammonis ahighly
stochasticgame,even a small increasein performanceis
evidenceof astrategic advantage.

Overall, theseresultssupporttwo observations:(1) online
featurediscovery canhelp the systempredictvaluebetter
than the non-structurelearningversion,and (2) focusing
featurediscovery on frequentlyco-occurringfeaturescan
outperformnear-randomstructurelearningwhenthe rela-
tional statespaceis very large andthe numberof learned
featuresis boundedby memoryconstraints.

6. RelatedWork

While all of the model-freerelationalRL approachesare
too numerousto mention,many algorithmsarevariantsof



ALGORITHM WIN/DRAW % DOMAIN

VRRL 28.3 %
DM-SVRRL (F1) 100.0 % TIC-TAC-TOE
DM-SVRRL (F50) 45.8 %
VRRL 61.3 %
DM-SVRRL (F1) 49.4 % OTHELLO
DM-SVRRL (F50) 99.1 %
VRRL 46.5 %
DM-SVRRL (F1) 45.4 % BACKGAMMON
DM-SVRRL (F50) 51.5 %

Table1. Win/Draw % (� 1.6%) of VRRL andDM-SVRRL vari-
antsin Tic-Tac-Toe,Othello,andBackgammonvs. training op-
ponents.Draws arenot possiblein Backgammonso the values
reportedaresimply theWin %.

anapproachthatapproximatesthevalueor Q-functionwith
logical regressiontrees(Dzeroskiet al., 1998). While this
learningapproachis top-down in that it recursively parti-
tions thestatespaceinto �ner valuedistinctions,morere-
centwork (Walkeretal.,2004;Croonenborghsetal.,2004)
hastaken a bottom-upapproachto �nding usefulfeatures
for predictingvalueandcombiningthemto makeapredic-
tiveestimationof statevalue.While DM-SVRRL takesthis
latterapproach,it is theonly known relationalRL system
to focuson ef�cient online featurediscovery usinga rela-
tionalnaiveBayesnetrepresentationof thevaluefunction.

Our featurediscovery ideasaresimilar in spirit to previ-
ouswork in conjunctive featureconstructionin thecontext
of game-playing(Buro, 1998). This work alsofocusedon
constructingfrequentfeaturesets,but it exploredthis in an
of�ine supervisedlearningsettingwherefrequentconjunc-
tive patternswereminedfrom a large collectionof expert
andperfectlyevaluatedtrainingpositions.Usingthissetof
trainingdata,thealgorithmusediterative gradient-descent
algorithmsto �t the featureweightsof its linear evalua-
tion function. In contrast,while our featureconstruction
andevaluationfunctionsarequite similar, our algorithms
areintendedfor anonlinereinforcementlearningsettingin
the absenceof expert or perfectlyevaluatedtraining data.
Consequently, onecancharacterizeour approachasasyn-
chronouspolicy iterationthat continuouslybootstrapsthe
valuefunctionfrom previouspolicy evaluations.To dothis
ef�ciently we have useda probabilisticintepretationof the
valuefunctionthatpermitsef�cient closed-formparameter
updatesandwehaveexploitedrelationalstructureto reduce
memoryusageandincreaselearninggeneralization.

7. Concluding Remarks
We have presenteda tractabledatamining variant of the
SVRRL algorithmthat hasallowed us to ef�ciently com-
binefeaturediscovery with relationalreinforcementlearn-
ing. The empirical resultsare encouragingand the ap-
proachhasa remarkablylow resourceconsumptionfor the
largefeaturedomainsof BackgammonandOthello.

Thereareanumberof directionsfor futurework, whichwe
divide into two categories: learningmorecomplex struc-
ture andlearningin morecomplex domains. For the for-
mer, wewouldliketo investigatelearninghigherlevel rela-
tionalstructuresuchasquanti�ers,variablematching,rules
(e.g.,(Landwehret al., 2005)),andprobabilisticrelational
model(PRM)structure(Friedmanetal.,1999).For thelat-
ter, we would like to investigatepartially observableMDP
(POMDP)(Kaelblingetal., 1998)andpredictivestaterep-
resentation(PSR)(Littmanetal., 2001)frameworkswhere
we can introducetemporalattributes in our featuresre-
quiredto learnpoliciesin thesedomains.Finally, we note
that sinceDM-SVRRL learnsto compressstatedescrip-
tions by representingstateswith successively larger joint
features,it could be usedas a meansof learninga hier-
archicalabstractionof the domainto which model-based
techniquescouldbeapplied.Altogetherthesepossibleex-
tensionsof theDM-SVRRL algorithmmake it anexciting
areafor futurework.

References

Agrawal, R., & Srikant,R. (1994). Fastalgorithmsfor mining
associationrules. In Proceedingsof VLDB-94(pp.487–499).

Atkeson,C. G., Moore, A. W., & Schaal,S. (1997). Locally
weightedlearning.Arti�cial IntelligenceReview, 11, 11–73.

Buro,M. (1998).Fromsimplefeaturesto sophisticatedevaluation
functions.In Proc.of ComputersandGames(CG'98).

Croonenborghs,T., Ramon,J., & Bruynooghe,M. (2004). To-
wardsinformedreinforcementlearning. ICML-04 Workshop
onRelationalRL.

Dzeroski,S., de Raedt,L., , & Blockeel, H. (1998). Relational
reinforcementlearning.ICML-1998(pp.11–22).

Friedman,N., Getoor, L., Koller, D., & Pfeffer, A. (1999).Learn-
ing probabilisticrelationalmodels.IJCAI (pp.1300–1309).

Kaelbling,L. P., Littman,M. L., & Cassandra,A. R. (1998).Plan-
ningandactingin partiallyobservablestochasticdomains.Ar-
tif. Intell., 101, 99–134.

Landwehr, N., Kersting,K., & deRaedt,L. (2005).nFOIL: Inte-
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