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Abstract. Wedemonstrate the performance of a fast computational algorithm for modeling the design of a micro°uidic
mixing device. The device usesan electrokinetic process,induced charge electroosmosis [17], by which a °ow through the
device is driven by a set of charged obstacles in it. Its design is realized by manipulating the shape and orientation of
the obstacles in order to maximize the amount of °uid mixing within the device. The computation entails the solution
of a constrained optimization problem in which function evaluations require the numerical solution of a set of partial
di®erential equations: a potential equation, the incompressible Navier-Stok es equations, and a mass transp ort equation.
The most expensive component of the function evaluation (which must be performed at every step of an iteration for
the optimization) is the solution of the Navier-Stok es equations. We show that by using some new robust algorithms for
this task [11, 16], based on certain preconditioners that take advantage of the structure of the linearized problem, this
computation can be done exciently. Using this computational strategy, in conjunction with a derivativ e-free pattern search
algorithm for the optimization, applied to a nite element discretization of the problem, we are able to determine optimal
con gurations of micro°uidic devices.

1. Intro duction. Improvemeris in techniquesfor manufacturing devicesat small length scaleshave
created a growing interest in the construction of miniature devicesfor usein biomedical screeningand
chemical analysis. Thesemicro®uidic deviees manipulate °uid °ows over small length scales,between10
and 100'm , with alow °uid volume, and correspondingly low Reynoldsnumber. This resultsin laminar
°ow of the type commonly found in blood samples, bacterial cell suspensions, or protein/an tib ody
solutions. Methods for cortrolling and manipulating °uids at suc length scalesare a key ingrediert
in this process[18]. Howewer, robust strategies for pumping and mixing in micro°uidic devicesare in
short supply. Although mixing is one of the most time-consuming stepsin biological agert detection,
researti and developmert of micro°uidic mixing systemsis relatively new. In this paper, we develop an
excient numerical algorithm for modeling this processusing Induced Charge Electro-osmosis(ICEO)
[17]. Our goalis to usethis model to determine an optimal mixing designfor a micro°uidic device by
manipulating the shape of the obstructions in the °ow domain.

In the course of modeling the mixing process,we need to compute the numerical solution of a
collection of partial di®erertial equations: a potential equation, a mass transport equation, and the
incompressibleNavier-Stokes equations. Solving the third of theseis by the far the most complex and
time consuming and one of our aims is to demonstrate the utilit y of some new solution algorithms
for performing this task exciently. Moreover, the systemsof equations have on the order 10° to 1C?
unknowns, and these sets of humerical computations must be performed for the function evaluations
required at every step of an algorithm usedto optimize the structure of the ICEO device. Thus, it is
critical that the solutions are computed exciently.

The methods we useto solve the algebraic systemsfor the incompressibleNavier-Stokes equations
are built from preconditioners using \approximate commutator" methods [2]. These methods are based
on the approximation of the Schur complemen operator by a technique proposed by Kay, Loghin,
Wathen [11], Silvester, EIman, Kay, Wathen [16], and Elman, Howle, Shadid, Shuttleworth, and Tu-
minaro [4]. They use multi-level multigrid methods and in our particular case, algebraic multi-lev el
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Fig. 1. Double layer °ows around a circular and triangular conductor as described in [10].

methods (AMG), as building blocks for the linear solver.

The paper is organizedasfollows. Section2 givesa brief description and justi cation of the physical
motivation for modeling ICEO mixing devices. Section 3 describesthe stepsnecessaryto model ICEO
°ows. Section 4 describes the Navier-Stokes solver used in this problem. Section 5 provides a brief
overview of the parallel implemertation of the optimization processincluding the choicesof nonlinear
and linear solvers. Details of the numerical experiments and the results of theseexperiments are described
in Section 6. Concluding remarks are provided in Section 7.

2. Background. We are concernedwith mixing chemical or biological sampleswith reagens for
the detection of speci ¢ agerts. Micro°uidic mixing strategies can be divided into two general classes,
passiwe (pressure/capillary) and active (electric/magnetic) mixing. Passive mixing, which occurs when
liquids are forced through winding paths (ba2es, turns, etc), continually dilutes the sampleaslong as
the processcortin ues. Such pressure-driven °ows are commonly usedin micro°uidic devicesand can be
very e®ective when the channel dimensionsare not too small (> 10'm ). Howewer, these methods scale
poorly with miniaturization, dispersethe sample,and do not o®erlocal control of °ow direction [10].

Activ e mixing doesnot su®erfrom theseditculties becausean independen sourceof motion is used
to mix liquids. Strategiesfor active mixing include production of recirculating °ows by ultrasonic means
or by electrokinetic instabilities [15). The drawbadk of ultrasonic methods is that these strategies are
only usefulfor large and bulky mixing platforms. Generating °ows by electrokinetic instabilities requires
di®erert conductivities in the two liquids being mixed and large voltages. From our perspective, Induced
Charge Electro-osmosis(ICEO) has advantagesover theseapproactesbecauset hasbeenshovn to mix
dyesin a few secondsand scaleswell for smaller devices[10].

ICEO occurs when an electrical conductor is placed in a liquid with dissolved electrolytes in the
presenceof an electric eld. Considera cylindrical conductor immersedin a liquid in the presenceof an
electric "eld, asshown in Figure 1 (left). The conductor is free of current and is electrically °oating soit
becomespolarized, thus making the "eld within it zero. Then the charge on the surfaceof the conductor
attracts counter ions in the surrounding liquid so an electric double layer which acts like a capacitor is
formed adjacert to the conductor surface. The applied "eld acts on this ionic charge layer, which has
been created by the “eld, causingthe ions to move. The mobile ions move in responseto the electric
“eld, and the ions drag the surrounding °uid with them by viscousforces. This producesan e®ectie
\slip" velocity at the conductor surfacewhich is proportional to the product of the electric "eld squared
and the characteristic length of the conductor [17].

This ICEO processfor mixing °uids is produced by placemen of one or more electrically °oating
obstructions in a microchannel which are subjected to an applied voltage to create the electrokinetic
motion. The shape and layout of the obstructions or posts are designedto generate streamlines that
crosshetweenthe two °uids being mixed, e®ectiely stretching their interface so di®usioncan act more
quickly. ICEO provides a bounty of desirable e®ects,including generating velocities proportional to the
squareof the voltage, scalingwell to smaller devices,and enabling a range of possiblecon gurations for
di®erert applications. In addition, the posts can be chargedto a xed potential, allowing more cortrol
over the °ow “eld, although this is more costly. A nal advantage is that ICEO °ows can be made to
recirculate within a given volume to reducedispersionin the mixing operation [10].
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Fig. 2. Sample initial domain for the multiple cylinder problem, with plot of the initial horizontal velocity.

The ICEO °ow pattern depends on the shape of the conductor(s). A symmetric shape typically
results in symmetric recirculating °ows surrounding the conductor. For a single cylindrical conductor
such asthat shawvn on the left of Figure 1, the °ow will be composedof four symmetric vortices. If there
are many of these conductors a periodic °ow pattern is produced. An asymmetric shape, such as the
triangle shawvn on the right of Figure 1, createsa non-symmetric °ow which can transport °uid between
the top and bottom halvesto promote mixing. One initial con guration we have investigated can be
found in Figure 2.

The objective of this work is to generateand solve numerically a model of an ICEO drivenmicro°uidic
mixing device for combining a sample °uid with a reagen. This device could be useful as part of
a miniaturized biological detector. Howewer, the best shapes and topology for the conductors which
generate the ICEO °ow is currently unknown. Our goal is to investigate this issue by solving an
optimization problem to maximize the mixing of two °uids by manipulating the shape and topology of
the chargedregion. At ead step of the optimization algorithm, a sequenceof computationally expensive
°uid problems must be solved. Therefore, scalable linear solvers are neededto e®ectiely solve this
optimization problem.

3. Mo del Description. A "nite elemernt model was usedto calculate the electric “eld, the ICEO
°ow asdescribed in [12, 17], and the masstransport for a multi-sp eciesliquid. The DC "eld is assumed
to bein aliquid with neutral charge. Under these conditions the electric "eld is governed by Laplace's
equation,

E=r2A=0; (1)

where A is the electric potential and E is the calculated electric “eld. The boundary conditions for (1)
are Neumann conditions (zero normal gradient of the potential) at the channel boundariesand Diric hlet
conditions (speci ed potential of 0.05) at the electrodes. Note that the insulating boundary condition
applied on the surfacesof the posts is the sameas that for the remainder of the channel walls. The
metallized posts are assumedto be completely shieldedfrom the "eld by the double layer.

The electric "eld, E, inducesa °ow in the device, which is modeled by the incompressibleNavier-
Stokes equations

i °r 2u+ (uc¢gradyu + gradp= f 2)
idivu=0 3)

in - % RY(d = 2 or 3) and usedto calculate momertum transport. Here u is the °uid velocity, p
represens the hydrodynamic pressure,® the kinematic viscosity, and f the body forces. No-slip velocity
boundary conditions were used on all channel surfaceson @ except the metallized post surfaces,for
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which the boundary conditions, determined by E, are

23E
u= —( (4)

where 2 is the °uid permittivit y, 3 is the potential drop acrossthe electrical double layer, E; is the
tangertial electric "eld obtained from solving (1), and ! is the °uid viscosity [17].

Once the velocities are obtained from the Navier-Stokes equations, the massfraction of the solute
is determined by the masstransport (or advection-di®usion)equation,

u¢r m= Dr ?m (5)

where m is the massfraction of solute and D is the di®usivity.

The masstransport equation in (5) is a useful formula to model mixing becauseit corresponds
to a masstransfer processthat occurs through a combination of corvection and di®usion. The °uids
of interest here are liquids, where di®usive mass transport is very slov over the distancestypical of
microchannels. Thus, cornvective transport is usedto stretch and fold the liquids, i.e. to increase
interfacial area betweenthe two liquid volumesand to reducethe distancesover which di®usion must
occur. We chosethe di®usivity coetcient, D = 1:8£ 10 9%, which represerts » 3 1 m particles in an
aqueoussolution. This value was usedin [10]. It correspondsto a relatively small di®usivity constan,
sothat the problem is corvection-dominated. A (mildly di®usive) model of this type createsa challenge
for mixing and makesthis a good test casefor modeling a mixing device. A small value of D results
in alarge (» 10°) Peclet number, Pe = uL=D, where L is the characteristic length scaleof the device,
so much of the masstransport neededfor mixing occurs by advection. For the boundary conditions in
this equation, we use Neumann zero °ux conditions on the solid surfacesand Dirichlet conditions of 1
on onein°ow boundary and O on the other in°®ow boundary.

A mixing metric, de ned in [10], was usedto quartify the extent of mixing basedon the calculated
results,

R
(mj m)2dVv
v ;
where m is the averageconcerration of solute in the liquid mixture and the integral is over the volume,
V, of the mixing domain. The initial value of this metric dependson the degreeof segregationat the
beginning of the mixing processand after the loading processfor our initial con guration. As the shape
of the obstructions are changedin the courseof the optimization, the metric decreaseslf perfect mixing
is approached, the metric is zero.
Our goal is to determine an optimal mixing strategy for this micro°uidic problem by varying the
shape and orientation of the electrically charged posts. This requires us to solve a seriesof problems
(1),(2)-(3), and (5) at ead step of the optimization strategy where we want to

M = (6)

minimize M subject to (7)
d, 0 (8)

where d; is a multi-dimensional componert design variable related to the shape and orientation of the
charged posts and the objective function, M, is the mixing metric de ned in (6). We have tested a
number of designcon gurations which we describe in Section 6.

4. The Pressure Convection-Di®usion Navier-Stok es Preconditioner. In the courseof the
optimization process(i.e. solving a seriesof problems (1),(2), (3), and (5)) the dominant costin terms
of CPU time is in solving the Navier-Stokes equations. We use a solution algorithm with cornvergence
rates independert of the meshsizethat we describe in this section.

We solve the nonlinear systemsby Picard iteration, which is derived by lagging the convection
coexcient in the quadratic term, (u ¢grad)u. For a low Reynolds number °ow such asthis one, Picard's
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method is an adequate choice of a nonlinear solver. This procedure begins with an initial guessu©
for the velocities and p©@ for the pressure,and updatesto the velocities and pressuresare computed by
solving the Oseen equations

i or 2(¢ u®) + (u® ¢grad)e uk) + grade pk)
i dive u®

fi (or?2w®)+ (u® egradyu® + gradp®))
divu(®

)
The iterated sequencds determined by u*D) = uk) + ¢ u® and pk* = p) + ¢ pk), The discrete
linear systemhasthe form

W BTﬂ“d:ukﬂ_qu'fﬂ_ o
B O epk T fy

where F is a discrete cornvection-di®usionoperator, BT is the discrete gradient operator, and B is the
discrete divergenceoperator. The right hand side vector, (f,;f,)", contains respectively the nonlinear
residual for the momertum and continuity equations.

The strategies we employ for solving (10) are derived from the LD U block factorization of this
coexcient matrix where the diagonal (D) and upper triangular (U) factors are grouped together,

e gr T H  oTHe gr 1)
B 0 ~ BFi! | 0 iS

and
S=BFi1BT (12)

is the Schur complemen (of F in A). For large-scalecomputations, the Schur complemert is a dense
matrix, soits not feasibleto useit in computations. For our preconditioner, we only usethe upper
triangular factor of (11), and replacethe Schur complement S by someapproximation S (to be speci ed
later).

We motivate this strategy by examining the computational issuesassaiated with applying this
upper triangular preconditioner in a Krylov subspaceiteration. At ead step, the application of the
action of the inverse of this operator to a vector is needed. By expressingthis operation in factored
form,

H e BTﬂil_“Filoﬂ“| ;BTﬂ“| o !

0 S - 0o | 0o 1 0 jsit

two potentially di+cult operations canbe seen:Si ! must be applied to a vector in the discrete pressure

space,and Fi 1 must be applied to a vector in the discrete velocity space. The application of Fi 1 can

be performed relatively cheaply using an iterativ e technique, such as multigrid. Howewver applying Si !

to a vector is too expensive. An e®ective preconditioner can be built by replacing this operation with an

inexpensive approximation. We discussthe pressurecornvection-di®usionpreconditioners (P-CD) where

the basic idea hinges on the notion of an approximate commutator. Consider a corvection-di®usion
operator of the form

(°r 2+ (w ¢grad)): (13)

When w is an approximation to the velocity obtained from the previous nonlinear step, (13) is an Oseen
linearization of the nonlinear term in (2). Supposethere is an analogousoperator de ned on the pressure
space,

(°r 2+ (w ¢grad))p:
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Considerthe commutator of these operators with the gradiert:
2= (or 2+ (w egrad))r i r (°r 2+ (w ¢grad))p: (14)
Supposing that 2 is small, multiplication on both sidesof (14) by the divergenceoperator gives
r2Cr 2+ (w ¢grad), * var ¢(°r 2+ (w ¢grad))' 'r (15)
In discrete form, using nite elemerts, this usually takesthe form

(Qh *Ap)(Q) *Fp) * ¥4 (Q)*B)(Q) TF) Q) *BT)
ApF) 'Qp ¥4 (BFI1BT)

where here F represers a discrete corvection-di®usionoperator on the velocity space,F is the discrete
corvection-di®usionoperator de ned on the pressurespace,A, is a discrete Laplacian operator, Q, the
velocity massmatrix, and Q, is a pressuremassmatrix (or a lumped version of it). This suggeststhe
approximation for the Schur complemern

S¥%S= AF} 'Qp (16)

for a stable nite elemen discretization. A similiar approximation can be made for stabilized nite
elemen discretizations [2, 5].

Applying the action of the inverseof Ay FJ 1Qp to avector requiressolving a systemof equationswith
a discrete Laplacian operator, then multiplication by the matrix F,, and solving a system of equations
with the pressuremassmatrix. In practice, Q, can be replacedby its lumped approximation with little
deterioration of e®ectivness. Both the corvection-di®usion system, F, and the Laplace system, A,
can also be handled using multigrid with little deterioration of e®ectiveness.Considerableevidencefor
two and three-dimensional problems indicates that this preconditioning strategy is e®ectie, leading to
convergencerates that are independert of mesh size and mildly dependert on Reynolds numbers for
steady °ow problems|[3, 6, 11, 16]. A proof that convergencerates are independert of the meshis given
in [13]. For this micro°uidic problem, this new methodology enablesthe excient solution of the ICEO
model.

5. Implemen tation and Testing Environmen t. We have modeled the ICEO mixing process
using Sundance,a nite elemen code dewveloped at Sandia National Laboratory [14]. To minimize the
objective function we use APPSPACK which is an Asynchronous Parallel Pattern Seard code also
deweloped at SandiaNational Laboratory. We describe both Sundanceand APPSPACK in this section.

At ead step of the optimization loop we needto perform a seriesof computations. Given the new
set of design variables, which determine the domain -, we automatically generatea meshon - from
a template. We usethat meshto solve a seriesof problemsto model the ICEO °ow and the mixing
process.We generatethe meshusing the software packageCUBIT, which is developed at SandiaNational
Laboratory [1]. The unstructured mesheausetriangular elemeris with an extra level of re nement around
the conducting surfaces. This is doneto accurately capture the wall-parallel °ow and e®ectof the post
on the potential "eld. Then we model the ICEO °ow, by solving a potential equation, (1), which we
useto implement a slip velocity boundary condition, (4), for the Navier-Stokes equations (2)-(3). The
calculated velocity value from the solution of the Navier-Stokes equationsis usedin the mass-transport
equation, (5). The massfraction, calculated from the masstransport equation, is usedto evaluate the
mixing metric, (6), which is the value we want to minimize. Theseare the major calculations required at
ead step of the optimization algorithm. In the remainder of this section we describe the discretization
details for ead equation, our solver choicefor ead of the discrete systemsof equations, and the software
usedfor modeling the ICEO optimization process.

We discretizethe potential equation using piecewisequadratic, P,, nite elemeris integrated with
secondorder Gaussianquadrature. For solving the linear systemresulting from the discretization of the

6



potential equation we useconjugate gradient (CG) preconditioned with two levels of algebraic multigrid.
The smoother for this problem is an incomplete LU factorization. We terminate this iteration when the
residual is reducedby a factor of 10' 1°, j.e.

kbij AAk- 10 °kbk: (17)

We discretize the incompressible Navier Stok es equations using Taylor-Hood P, i P; nite
elemens with fourth order Gaussianquadrature [2]. This is a stable choice of nite elemen pairs, so
no stabilization is required. The nonlinear systemis solved by Picard's method where the structure of
a two-dimensional steady version of F is a 2 £ 2 block matrix consisting of a discrete version of the
operator

u 1

i°¢ + u er 0
|
0 i°o¢ + ul ¢r (18)
where u®) is a velocity value from a previous iteration. We terminate the nonlinear iteration when the
relative error in the residual is 10' 4, i.e.

oM

o
o

e oM, T3
fui (F(Wu+BTp) o oae fu o
) o - 10‘ o o . (19)
fp i Bu fp
At ead step of the nonlinear iteration, we terminate the linear iteration with the Oseensystem, when
the residual is reducedbe a factor of 10' °, i.e.

Z”fukﬂ_“F BTﬂ“¢ukﬂ‘; 10.52“fuk ﬂZ_ (20)
o | o - o O,
fx B 0 ¢ p fx

with zero initial guess. We solwve the resulting linear system using GMRES with a Krylov subspace
size of 300 and a maximum of 600 iterations, preconditioned with the pressure convection-di®usion
preconditioner. We described this method in Section4 and have found it to work well on somerealistic
bencdhmark problemsin [2, 5]. This method is scalable, meshindependent and is built using algebraic
multigrid for its core operations. This makes this strategy straightforward to construct and apply.
Moreover, this strategy is robust to grids and grid spacing,soit is advantageousfor a problem lik e this
one where the grid is automatically generatedwith parametersfrom the optimization code.

The operators Fp, Ap, and Q, required by the pressurecorvection-di®usionstrategy are generated
by the application code, Sundance. For the pressurecorvection-di®usion preconditioner, we solve the
subsidiary pressurePoissontype and corvection-di®usionsubproblemsto a tolerance of 107 °; i.e. this
iteration for the convection-di®usionproblem is terminated when

ky i Fuk- 10 Skyk: (21)

For this system, we use GMRES preconditioned with four levels of smoothed aggregation algebraic
multigrid, and for the pressurePoissonproblem (with coexcient matrix A,), we useCG preconditioned
with four levels of smoothed aggregation algebraic multigrid. For both the corvection-di®usion and
pressurePoissonproblem, a traditional point GS smoother is used for the smoothing operations. For
the coarsestlevel in the multigrid schemewe useda direct LU solve.

We discretizethe mass transp ort equation (5) usingP, nite elemeris with fourth order Gaussian
guadrature. For solving (5), we use GMRES preconditioned with three levels of smoothed aggregation
algebraic multigrid. The smoother at the nest two levels is an incomplete LU factorization. On the
coarsestlevel, we usea direct LU solve. We terminate this iteration when the residual is reducedby a
factor of 10 °, i.e.

kbi Amk - 10 Skbk: (22)
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For the optimization loop, wherewe want to minimize the objective function found in (7) and deter-
mine the optimal mixing strategy for a micro°uidic deviceby manipulating the shape of the obstruction
we use APPSPACK, which is a derivative-free Asynchronous Parallel Pattern Seard code dewveloped at
Sandia National Laboratory. This code minimizes the objective function by asyndronous parallel Gen-
erating Set Seard (GSS), which is an extensionof pattern seard to handle linear constraints. To prevent
false convergenceto suboptimal points, GSSmethods usea core set of seard directions that conform to
the local geometry of the feasibleregion, permitting tangential movemert along nearby constraints. A
bound on optimalit y conditions is derived in terms of the maximum step size and corvergenceis deter-
mined when the step size for eac seard direction drops below a user speci ed tolerance. The ability
to perform computationally expensiwe function evaluations asyndironously in parallel can dramatically
reducesolvetime and CPU ine+cienciesdueto load imbalance. APPSPACK is written in C++ and uses
MPI for parallelism. Our approac for using APPSPACK to solve optimization problemsis that only
function valuesare required for the optimization, soit can be applied easily We have a small number
of designvariables (i.e., n - 100), but expensive objective function evaluations. Parallelism is achieved
by assigningthe individual function evaluations to di®erent processors.The asyndirony enablesbetter
load balancing.

APPSPACK can solve optimization problems of the basic form

min M (m) (23)
subjectto ¢ - Ajm- ¢y (24)
Aem=b (25)

- m- u (26)

where M (m) is the objective function, the inequality constraints are denoted by the matrix A, and the
upper and lower bounds by ¢, and cy respectively. The equality constraints are denoted by the matrix
Age and the right hand side, b . Finally, | and u denote lower and upper bounds on the componert
variables [7, 8]. For our problem, we only usethe linear constraints found in (26) which we describe
further in Section6. The objective function, M (m), is the expressionfound in (6). The evaluation of this
expressionrequires the solution of (1), (2)-(3), and (5), which all depend on the shape and orientation
of the charged poststhat are varied by the optimization algorithm. We have a nonlinear constraint that
is not directly handled by APPSPACK. This constraint is the requiremert that the shape being meshed
by Cubit is realistic. If Cubit successfullymeshesthe shape, then we evaluate the function and solve
the ICEO °ow. If Cubit fails to meshthe shape, then we return a large value to APPSPACK.

We use Sundance[14] for the Tnite elemen discretization, which is a tool for specifying, building,
and deweloping "nite-element solutions of partial di®ererial equations developed at Sandia National
Laboratory. It usesautomatic di®ereniation for symbolic objects, which allows the user to create
di®ereniable simulations for use in optimization problems. Another feature of Sundanceis that it
allows a user to abstractly code a nite elemert problem, while providing a set of componerts with
which the user can set up, describe, and solve a problem without worrying about bookkeeping details.
This approach allows a high degreeof °exibilit y in the formulation, design, discretization, and solution
of a problem [14].

Our implemertation of the pressurecorvection-di®usionpreconditioner and the other solversfor the
discrete systems of equations usesTrilinos [9], a software ervironment deweloped at Sandia National
Laboratories for implementing parallel solution algorithms using a collection of object-oriented software
padkagesfor large-scale,parallel multiph ysics simulations. The main Trilinos componerts we use are
Meros, Epetra, TSF/Th yra, AztecOO, and ML. Meros provides scalableblock preconditioning for prob-
lems with coupled simultaneous solution variables. The pressure convection-di®usion preconditioner
studied here is implemerted in this pacage. Epetra provides the fundamental routines and operations
neededfor serial and parallel linear algebra libraries. Epetra also facilitates matrix construction on
parallel distributed machines. TSF/Thyr a provides an abstract interfaceto other Trilinos padages. The
AztecOO padkageis a massiwely parallel iterativ e solver library for sparselinear systems. It suppliesall
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of the Krylov methods usedin solving (10), the F, and Schur complemen approximation subsystems.
We usethe multilev el algebraic multigrid preconditioning padckage, ML with AztecOO to solwve the po-
tential equation system, the masstransport system, as well as the subsidiary systemsrequired for the
preconditioner for (10).

In Section 6, we include details on the optimization processand choice of objective function, and
include a few sample meshesand numerical results that were created in the courseof the optimization
loop. The results were obtained in parallel on Sandia’s Institutional Computing Cluster (ICC) using 8
to 100 processorger run. Each of this cluster's compute nodesare dual Intel 3.6 GHz Xenon processors
with 2GB of RAM.

6. Simulation and Numerical Results. Our goalis to optimize the shape of the micro°uidic
mixing deviceto maximize the amount of mixing being donein the channel. We have tested two di®erert
initial con gurations consisting of circular posts (Figure 2) and alternating triangular postsasdescribed
in [10]. All of these designsusethe mixing metric described in (6). We have also tested a continuous
°ow mixer, which we describe in Section 6.3, wherethe °ow “eld is driven by both ICEO and an in®ow
boundary condition.

In Section 3, we described the stepsneededto solve our optimization problem. In this section, we
show a variety of °ow “elds obtained from various steps of the optimization loop and include the value
of the mixing metric to shaw the quality of mixing for that particular mesh. We show the performance
of the solvers with tabulated listings of iteration counts and CPU times for the various steps of the
computation together with other costssuc as meshgenerationand matrix assenbly. The solver for the
Navier-Stokes componert of the ICEO °ow was GMRES preconditioned with the pressurecornvection-
di®usionpreconditioner. This method generatedscalableresults in other applied settings [5] and we see
similar trends when applying this technology to this problem.

6.1. Circle Initial Con guration. For our “rst con guration, we begin with 10 circular posts.
We usethe objective function (6) constrainedto 38 designvariables. We parameterizeeat post asa set
of piecewiseline segmeits that connect 10 points asin Figure 3. Each of these points is characterized
in polar coordinates by a radius from the certer of the post together with an angle with respect to the
horizontal axis of our system. This resultsin 20 designvariables. The o®setvalue s linearly constrained,
see(26), to have a value between 0.001 and 0.005 microns. Likewise, the angle is constrained to be
between0 and 360 degrees.We require ead of the 10 poststo have the sameshape. Each of the posts
is o®setby a distance from the certer of the previous post and rotated by an angle, giving 18 more
variables. The linear constraint for the distance from the certral post is bounded between 0.01 and
0.02 microns, and the rotation angle is bounded between 0 and 360 degrees. Each corner is smoothed
to a radius of 5 microns which allows the points to be collocated, helps with meshgeneration, and is a
toleranceto permit an acceptablephysically manufacturable device.

The original con guration of the circular posts, shavn in Figure 2, has an initial mixing metric
value of 0.0287106. The optimization strategy improves on this value by manipulating the posts. In
Figures 4 through 8 we shaw the °ow “eld at various points of the optimization and list the value of
the mixing metric in the caption of eacd "gure. Notice that the posts are dimpled. The optimization
strategy tests somecon gurations that increasethe metric and rejects them. Figure 4 is one of these.
This con guration producesa °ow eld wherethe fth and sixth posts have beenstretched apart; this
resulted in an increasein the mixing metric from the initial value. Due to this increase,the pattern
seart algorithm tended to stay away from con gurations of this type. Figures 5, 6, and 7 show a few
sample®ow “elds wherethe mixing function value is decreasing,but the obstructions are not aligned for
optimal mixing. Figures 8 and 9shawv two con gurations for a low mixing metric (valuesof 0.000811796
and 0.00092394).The value of the mixing metric in thesetwo examplesis signi cantly lower than the
value of the original mixing metric. It is interesting to note that the nal con gurations retained a
strong memory to the initial con guration. This suggeststhat this initial con guration (symmetric
circles) leadsto a local minimum. We considerthis to be an adequatereduction in the cost function.
However, we expect the circle con guration to perform poorly becauseit allows little cross-°ov between
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Fig. 3. Sample mesh for the multiple cylinder domain.

Fig. 4. Preliminary design with mixing value of 0.032451.

the two liquids. In the next section, we changethe initial post con guration from circlesto alternating
triangles and seewhat changethis hason the nal post con guration and ICEO mixing process.

Figure | Total CPU | Mesh Generation Matrix Solver CPU

Number | Time (sec) Time (sec) Assenbly (sec) | Time (sec)
2 20765.1 907.1 680.1 17714.1
4 20874.1 909.2 679.1 17987.2
5 19923.9 991.7 684.5 16505.4
6 19643.1 947.2 691.2 16410.9
7 19173.8 958.1 672.9 16008.4
9 195155 932.3 668.1 16689.1
8 19488.9 899.1 690.1 16340.1

Table 1

CPU time for each major computational component.

In Table 1, we list the CPU costsfor ead major componert of the function evaluation required for
these computations. In column one of this table we list the "gure number, followed by the total CPU
time for a given function evaluation in column two, the total CPU time for Cubit to generatethe mesh
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Fig. 5. Interme diate design with mixing value of 0.0249871.

Fig. 6. Interme diate design with mixing value of 0.018406.

in column three, followed by the time to assenble the matrices in column four and the solver CPU time
in column "ve. The CPU times are very consistert from one type of con guration to another. The
dominant costsare in solving the discretized PDE systemsrequired by the ICEO mixing process. We
further break down thesetimes in Table 2.

In this table, we list the iteration courts and CPU time required for eady computation required in
the ICEO mixing process.Welist the "gure number in column one, the total solver CPU time in column
two, followed by the number of iterations and CPU time required for the potential equation in column
three. In column four we list the number of iterations and CPU time required to solve the Navier-Stokes
equations, followed by the iterations and CPU time required to solve the mass-transport equation in
column v e. The CPU time required to solve the potential equation and mass-transprt equationsis very
modest when comparedwith the time to solve the Navier-Stokesequations. The iteration courts for this
problem are all in the range of 60to 70 averageiterations per nonlinear Picard step. This suggeststhat
changesin the obstruction have little e®ecton the solver for the discrete Navier-Stokes linear systems
of equations. Note that in the iteration counts for the Navier-Stokes equations the nonlinear iteration
requires between5 and 8 nonlinear stepsto convergeto the speci ed tolerance of (19).

6.2. Triangle Initial Con guration.  Herewebeginwith aninitial con guration of 10alternating
triangular posts. We use the objective function found in (6) constrained to 38 design variables. We
parameterize ead triangular post in a similiar way as the circle initial con guration, i.e. as a set of
piecewiseline segmeis that connect 10 points. Each of these points is de ned in polar coordinates
using a distance and angle with respect to the origin of our system. The di®erencefrom the circular
con guration is that we placethree of thesepoints at two of the triangle verticesand four at the alternate
vertex. This results in 20 designvariables. Again, ead of the other 9 postsis o®setby a distance from
the certral post and rotated by an angle, giving 18 more variables.
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Fig. 7. Interme diate design with mixing value of 0.00127773.

Fig. 8. Interme diate design with mixing value of 0.000923394.

Figures 10 through 15 showv examplesof designcon gurations produced during the optimization of
this initial con guration. Note that the optimized design (Figure 15) consistsof non-convex obstacles.
In Table 3, we list the CPU costsfor each major componert of the function evaluation. In column one
of this table we list the "gure number, followed by the total CPU time for a given function evaluation in
column two, the total CPU time for Cubit to generatethe meshin column three, followed by the time to
assenble the matrices in column four and the solver CPU time in column v e. The CPU times are very
consistert from onetype of con guration to another. The dominant costsare in solving the discretized
PDE systemsrequired by the ICEO mixing process.

In Table 4, we list the number of iterations and CPU time required for eatd subsequeh computation
required in the ICEO mixing process. We list the "gure number in column one, the total solver CPU
time in column two, followed by the number of iterations and CPU time required for the potential
equation in column three. In column four we list the number of iterations and CPU time required to
solve the Navier-Stokesequations, followed by the number of iterations and CPU time required to solve
the mass-transprt equation in column v e. The CPU time required to solve the potential equation and
mass-transrt equationsis relatively modest when comparedwith the time to solve the Navier-Stokes
equations. The number of iterations for this problem are all in the range of 60 to 70 averageiterations
per nonlinear Picard step. The shape of the obstaclehas no impact on performance.
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Fig. 9. Final design with mixing value of 0.000811796.

Figure Solver Potential Equation | Navier-StokesEq | Mass-transport

Number | CPU Time | iters time iters time iters time
2 17714.1 21 2.6 64.0 174121 6 25
4 17987.2 17 2.2 67.1 17643.2 8 2.8
5 16505.4 18 2.3 66.1 16284.2 5 2.3
6 16410.9 14 1.8 68.2 16105.1 6 2.4
7 16008.4 16 1.9 69.2  15698.2 7 2.7
9 16689.1 20 25 60.4 16300.1 5 2.4
8 16340.1 18 2.3 67.3 15901.1 8 2.8

Table 2

CPU time and iteration count break down for solving the ICEO optimization of a multiple circular post micr o°uidic
problem.

Fig. 10. Initial design with mixing value of 0.00610832.
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Fig. 11. Interme diate design with mixing value of 0.00489152.

Fig. 12. Interme diate design with mixing value of 0.00086896.

Fig. 13. Interme diate design with mixing value of 0.00079312.

Figure | Total CPU | Mesh Generation Matrix Solver CPU

Number | Time (sec) Time (sec) Assenbly (sec) | Time (sec)
10 19876.8 997.2 730.6 17949.2
11 20786.8 1007.2 704.3 18321.2
12 23474.2 1031.7 743.2 19867.2
13 19912.7 1207.8 709.1 17692.1
14 20643.4 1186.2 720.1 17810.1
15 21710.3 1020.0 705.1 18615.2

Table 3

CPU time for each major computational component.
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Fig. 14. Interme diate design with mixing value of 0.000626595.

Fig. 15. Final design with mixing value of 0.000489152.

Figure Solver Potential Equation | Navier-StokesEq | Mass-transport

Number | CPU Time | iters time iters time iters time
10 17949.2 19 4.1 60.1 17591.1 5 2.2
11 18321.2 27 5.6 62.1 17892.1 6 2.3
12 19867.2 21 4.4 67.1 19302.1 7 29
13 17692.1 24 4.8 61.2 17092.1 6 2.2
14 17810.1 15 4.1 62.2 17110.2 6 2.2
15 18615.2 25 5.2 63.2 18005.1 5 21

Table 4

CPU time and iteration count break down for solving the ICEO optimization of a multiple cylinder micro°uidic
problem.
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Fig. 16. Mixing Value: 0.00073088

Fig. 17. Mixing Value: 0.000032701

6.3. Contin uous Flow Mixer. In the previoustwo sections,we examinedthe quality of mixing
for two "xed mode initial con gurations. Here we explore a continuous °ow ICEO mixer and examine
the quality of mixing for this mode. For this example,we begin with the triangle con guration discussed
in Section 6.2 with a xed in°ow boundary condition (i.e. uy = 5 microns per secondand uy, = 0) on
the left inlet for the Navier-Stokesequations. The quality of mixing is measuredusing a mixing metric
similiar to (6), but de ned only at the out°ow. In other words,

R
(mi m)2dA
— QA

M = (27)
where i is the averageconceriration of solute in the liquid mixture and the integral is evaluated over
the out°ow area, A, of the mixing domain. Being concernedonly with the quality of mixing along the
out°ow is a realistic goal for a designerof a micro°uidic device sincethis is the place where the °uid is
to be analyzed.

In the processof optimizing this micro°uidic device, we have seena signi cant reduction of the
mixing metric using the continuous °ow mixer comparedwith the xed volume con gurations discussed
in the previous subsections. For the cortinuous °ow case,in the courseof the optimization algorithm,
we were able to reducethe mixing metric from 0.00073088Figure 16) to 8:562£ 10 ° (Figure 20). It
seemsthat the addition of a cross®owv componert to the ICEO °ow has helped to mix the °uids at the
outlet. We alsotested the mixing metric de ned in (6) which is de ned over the entire °ow domain and
saw a similar reduction in this metric for the corntinuous °ow problem.

In Tables5 and 6, we describe the performanceof the solver for the various componerts of the ICEO
°ow. We have found that the solvers perform in a similar mannerto the xed volume case.In Table 5 we
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Fig. 18. Mixing Value: 0.0000006605

Fig. 19. Mixing Value: 0.000000297

list the CPU costsfor eady major componert of the function evaluation required for thesecomputations.
The dominant costsare in solving the discretized PDE systemsrequired by the ICEO mixing process,
which we discussfurther in Table 6. In this table, we list the iteration counts and CPU time required
for eadh subsequeh computation required in the ICEO mixing process.The CPU time required to solve
the potential equation and mass-transport equationsis relatively modest when comparedwith the time

to solve the Navier-Stokes equations. The iteration courts for solving the Navier-Stokes problem with

the pressureconvection-di®usion preconditioner are all in the range of 50 to 60 averageiterations per
nonlinear Picard step. This suggeststhat changesin the obstruction have little e®ecton the solver for
the discrete Navier-Stokeslinear systemsof equations. Note that in the nonlinear (Picard) iteration for
the Navier-Stokesequations, 5-7 nonlinear stepsare neededto convergeto the speci ed tolerance found
in (19).

7. Conclusions. In this paper, we have explored the numerical solution of the optimization prob-
lemsthat arisein modelsin of ICEO mixing in micro°uidic mixing devices. We have useda combination
of derivative-free optimization together with iterativ e solution of the collection of partial di®ereriial
equationsthat determine function values. We have explored seweral models of devices,including di®er-
ent con gurations of obstacleshapesde ning the devicesand se\eral mixing metrics, and we have shovn
the solution algorithms usedto optimize mixing metrics to be robust and excient with respect to device
topology and choice of metric. The numerical solution strategies are basedon e®ectie preconditioned
Krylo v subspacesolvers for the incompressibleNavier-Stokesequations, and the computations were per-
formed using a derivativ e-freeoptimization code, APPSPACK, together with two software ervironments,
Sundanceand Trilinos.
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Fig. 20. Mixing Value: 0.000000008562

Figure | Total CPU | Mesh Generation Matrix Solver CPU

Number | Time (sec) Time (sec) Assenbly (sec) | Time (sec)
16 15212.3 907.1 656.3 13721.3
17 15859.9 897.4 698.2 14214.1
18 14486.9 912.3 604.3 12821.6
19 15765.1 951.8 675.2 14044.9
20 15045.1 964.2 665.4 13331.8

Table 5

CPU time for each major computational component.
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