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Next, we list multi-indices with �rst components ranging from 0 top � 1 and with entries in the second
to Mth components that add up to one, but grouped to have the same entries in those components:

.0; 0; : : : ; 0; 1/

.1; 0; : : : ; 0; 1/

:::

. p � 1; 0; : : : ; 0; 1/

.0; 0; : : : ; 1; 0/

.1; 0; : : : ; 1; 0/

:::

. p � 1; 0; : : : ; 1; 0/

: : : : : :

: : : : : :

: : : : : :

: : : : : :

.0; 1; : : : ; 0; 0/

.1; 1; : : : ; 0; 0/

:::

. p � 1; 1; : : : ; 0; 0/

This accounts for. M � 1/ � p basis functions.OG1 then hasM � 1 copies of a tridiagonal matrixTp
de�ned analogously toTpC1. We continue to order the multi-indices in this way until, �nally, we list
multi-indices that are 0 in the �rst component and in the second toMth components are the same and
have entries that add up top. Then, OG1 is a symmetric block tridiagonal matrix with multiple copies of
the symmetric tridiagonal matricesTpC1; Tp; : : : ; T1 D 0 as the diagonal blocks. The number of copies
of TpC1 is one and the number of copies ofTj ; j D 1 : p, that appear is

1
. p � j C 1/!

p� jY

r D0

. M � 1 C r /:

The eigenvalues ofOG1 are the eigenvalues of thefTj g. The eigenvalues of each tridiagonal block are
just roots of a characteristic polynomialpj .�/ that satis�es the recursion (3.8). That is,

pj C1.�/ D .� � 0/ pj .�/ � . �
p

j /2pj � 1.�/:

Hence,pj .�/ is the Hermite polynomial of degreej (seeGolub & Welsch, 1969, or Stoer & Bulirsch,
1980, Chapter 3). Since the roots of lower-degree Hermite polynomials are bounded by the extremal
eigenvalues of higher-degree polynomials, the maximum eigenvalue ofOG1 is the maximum root of the
. p C 1/th-degree polynomialHpC1 or, equivalently, the maximum eigenvalue ofTpC1. The minimum
eigenvalue is identical to the maximum eigenvalue but with a sign change.

Now, if the basis functions have not been chosen to giveOG1 explicitly as a block tridiagonal matrix,
there exists a permutation matrixP1 (corresponding to a reordering of the stochastic basis functions)
such thatQG1 D P1 OG1PT

1 is the block tridiagonal matrix described above. The eigenvalues ofQG1 are the
same as those ofOG1. The same argument applies for the other matricesOGk; k D 2 : M. There exists a
permutation matrixPk so that QGk D Pk OGk PT

k is block tridiagonal and whose extremal eigenvalues are
given by those ofTpC1. �

REMARK 3.2 The above result refers speci�cally to Gaussian random variables. However, it can be
easily extended to other types of random variables. The stochastic basis is always constructed from a
set of orthogonal univariate polynomials that satisfy a three-term recurrence. Hence,OGk is always a per-
mutation of a symmetric, block tridiagonal matrix. The characteristic polynomial for the eigenvalues of
each block always inherits the same three-term recurrence as the original set of orthogonal polynomials.
Further discussion and generalization of this point, as well as a discussion of other properties of the
matrices OGk, can be found inErnst & Ullmann(2008).

We specify the result in the case of uniform random variables as follows.
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TABLE 1 Example3:14: extremal eigenvalues of P� 1A and bounds on
extremal eigenvalues of P� 1A

M p � min. P� 1A/ � max. P� 1A/ Bounds Hmax
pC1

1 1 0.9155 1.0845 [0.9151, 1.0849] 1
2 0.8537 1.1463 [0.8529, 1.1471] 1.7321
3 0.8028 1.1972 [0.8017, 1.1983] 2.3344
4 0.7586 1.2414 [0.7573, 1.2427] 2.8570

2 1 0.9125 1.0875 [0.9037, 1.0963] 1
2 0.8485 1.1515 [0.7743, 1.2257] 1.7321
3 0.7959 1.2041 [0.6958, 1.3042] 2.3344
4 0.7502 1.2498 [0.6277, 1.3723] 2.8570

3 1 0.9107 1.0893 [0.8935, 1.1065] 1
2 0.8453 1.1547 [0.6957, 1.3043] 1.7321
3 0.7915 1.2085 [0.5899, 1.4101] 2.3344
4 0.7449 1.2551 [0.4981, 1.5019] 2.8570

TABLE 2 Example3:15: extremal eigenvalues of P� 1A and bounds on
extremal eigenvalues of P� 1A

M p � min. P� 1A/ � max. P� 1A/ Bounds Hmax
pC1

1 1 0.9916 1.0170 [0.9915, 1.0085] 1
2 0.9854 1.0146 [0.9853, 1.0147] 1.7321
3 0.9803 1.0197 [0.9802, 1.0198] 2.3344
4 0.9759 1.0241 [0.9757, 1.0243] 2.8570

2 1 0.9913 1.0176 [0.9904, 1.0096] 1
2 0.9849 1.0151 [0.9774, 1.0226] 1.7321
3 0.9796 1.0204 [0.9696, 1.0304] 2.3344
4 0.9750 1.0250 [0.9628, 1.0372] 2.8570

3 1 0.9911 1.0089 [0.9893, 1.0107] 1
2 0.9845 1.0155 [0.9696, 1.0304] 1.7321
3 0.9792 1.0208 [0.9590, 1.0410] 2.3344
4 0.9745 1.0255 [0.9498, 1.0502] 2.8570

EXAMPLE 3.17 Finally, consider the case where the covariance function is (2.11) with � D 0:1, � D 1,
c1 D 10 D c2 andh D 1

8. Here, the eigenvalues of the covariance functions decay more quickly than in
the �rst two examples. Eigenvalues of the preconditioned system are listed in Table4.

In all cases, the extremal eigenvalues ofP� 1A exhibit the behaviour anticipated by the bounds in
Theorems3.8and3.12. They are symmetric about one, increase very slightly withp and retract to one
for small variance. For small values of� , the dependence onp is not evident. These results together
with Theorem3.8 tell us that when Gaussian random variables are used, the preconditioned system is
positive de�nite only when the variance and the polynomial degree are not too large. Now we turn to
the question of implementation and focus on cases whereA is positive de�nite.






