Loaded Dice



Fair Dice Yield Unfair Sums

Fair Die:
Pr(l)=Pr(2)=Pr(3)=Pr(4)=Pr(5)=Pr(6) = 1/6 ~ 0.167
Roll TWO of them.

Pr(Sum=2)=1/36 (This is Min Pr(Sum))
Pr(Sum=7)=1/6. (This is Max Pr(Sum))
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Fair Dice Yield Unfair Sums

Fair Die:
Pr(l)=Pr(2)=Pr(3)=Pr(4)=Pr(5)=Pr(6) = 1/6 ~ 0.167
Roll TWO of them.

Pr(Sum=2)=1/36 (This is Min Pr(Sum))
Pr(Sum=7)=1/6. (This is Max Pr(Sum))

Sums are Unfair!

How Unfair?: 1/6 - 1/36 ~ 0.139 unfair.
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What are Loaded Dice?

Def A Die is a 6-tuple (p1, p2, p3, pa, ps, ps) such that 0 < p; <1
and Z?:l pi = 1.

Our Questions:
1) Does there exist a pair of dice such that the sums all have equal

probability 1/117

What Do You Think?

VOTE

1) There exists a way to load dice so that all sums are prob 1—11
2) There is no way to load dice so that all the sums are prob %
No such dice can exist!



Polynomials are our Friends!

Assume that are dice that yield fair sums. Let (p1,...,ps) and
(q1,-..,96) be those dice.
KEY:

(prx+ p2x® + -+ pex®)(@1x + @2x + + Gox°)

Coefficient of x° is

P14 + P2g3 + p3q2 + pagr = Prob(sum = 5)

Coefficient of x’ is Prob(sum = i).



Fair Sums- NOT!

Let (p1,...,ps) and (g1, .., ge) be dice. Assume they yield FAIR
SUMS, all sums have prob 1/11. Then

(prx+ -+ pex®)(qux + -+ + qex®) = (1/11) (P + x> + - + x'2)

So

(Pt +pex°)(qL+ -+ q6x°) = (L/11)(1+x+ x> 4+ x)



Two Polynomials

Recap If (p1,...,ps) and (g1, .., qe) are two loaded dice that
yield fair sums then:

(Pr+--+pex)(qr+ -+ qex’) = (1/11)(1+x+ X" +-- -+ x')
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Two Polynomials

Recap If (p1,...,ps) and (g1, .., qe) are two loaded dice that
yield fair sums then:

(Pr+--+pex)(qr+ -+ qex’) = (1/11)(1+x+ X" +-- -+ x')

x11 -1
(1+x+-+x19 = hence
x—1
11
~1
(pr+ -+ pox®)(qu + -+ Gox°) = (1/11)—= hence

1(pr+-+pex®)(qr+ -+ qx°)(x—1)=x"—1
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Real Roots of Left Polynomials

11(p1+ -+ pex®)(qr+ -+ + gex°)(x — 1) = x' — 1

p1 + - - + pex®: odd degree, real coefficients, so has > 1 real root.
g1+ - -+ gex°: odd degree, real coefficients, so has > 1 real root.
(x — 1) has 1 real root.

Upshot The Left poly has > 3 real roots.
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Real Roots of Right Polynomials (I1)

11(py+ -+ pex®)(qu+ -+ + gex°)(x — 1) = x' =1

Recall Upshot The Left poly has > 3 real roots.

Lets look at the roots of the right poly:

x1—1=0

x1=1

All roots on complex unit circle. Hence < 2 real roots.

Upshot The Right poly has < 2 real roots.

Final Upshot The left and right poly DIFFER on the number of
real roots, so they cannot be the same. Contradiction!



