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THEOREMS IN THE ADDITIVE THEORY OF NUMBERS

R. C. Bose and S. Chowla

Summary. This paper extends some earlier results on difference sets
and B2 sequences by Singer, Bose, Erdds and Turan, and Chowla.
1. Singer (6) proved that if m = p° (where p is a prime), then we
can find m + 1 integers
do, dl,..., dm
such that the m°+ m differences a,- dj(i £ 3, 1,3 = 0,1,...,m) when reduced
mod(m2+ m + 1), are all the different non-zero integéfs less than m2+ m + 1.

Bose (1) proved that if m = p" (where p is a prime), then we can find

m integers

dl’ d2, tes g dm

such that the m(m-1) differences di'dj'(i £ 3, 1,3 = 1,2,...,m) when reduced
mod(m?- 1), are all the different non-zero integers less than me- 1, which
are not divisible by m + 1.

From the theorems of Singer and Bose the following corollariesrare
obvious.

Corollary 1. If m = pn (where p is & prime), then we can find m + 1

integers
do, dl,...,dm

such that the sums di+ dj are all different mod(m2+ m + 1), where O <i<J<m.

Corollary 2. Ifm = pn (where p is prime), then we can find m integers

a5 dgyeeerdy

such that the sums 4,

i+ &4 are all different moa(n®- 1), where 0 <i<j<m
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We shall prove here the following two theorems generalizing corollaries
1 and 2.
Theorem 1. If m = pn (where p is prime) we can find m non-zero

integers (less than mr)

such that the sums
(1.1) d; +d, + ... +4d,
1 2 r
1514, <4, . . . <1 <mare all different mod (w - 1).
Proof. ILet o= 0, Qé’ cee s O be all the different elements of the

Galois field GF(pn). Let x be a primitive element of the extended field

nr).

GF(p Then x cannot satisfy any equation of degree less than r with

elements from GF(p"). Iet
(1.2)  xT=x+ae, 1=12,..,m dié o

then the required set of integers is

4y =1, dy .un, 4
If possible let
qp +@q +...d =4, +d, +...+d, mwod (m®-1)
1 1 r Y1 Ip

where 1 < il < 12 oo < ir < m, 1< jl < 32 <... < jr < m, and

'(il: 12: rveey ir) 74 (Jl’ 32: veey Jr)- Then

d d 4, d, a a
1 i2 r 9y 32 ir

(1.3) X X cee X =X X e X



Hence from (1.2)

(x + ail)(x + aﬁe) e (x o+ aﬁr)==(x + aji)(x + ajg) v (x + ajr)
After cancelling the highest power of x from both sides we are left with
an equation of the (r-1)-th degree in x, with coefficients from GF(p"), which
is impossible. Hence the theorem.

Example 1. Let pn= 5, r = 3. The roots of the equation x5= 2x + 3
are primitive elements of GF(55). [Bee Carmichael (2), p. 2627. If x is
any root then we can express the powers of x in the form ax + b where a and
b belong to the field GF(5). We get

xl= X + 0, x103= x +1, x119= x + 2, th= X + 3, x3h= X + 4

Hence the set of integers

4= 1, 4= 14, 4

1 = 3k, d,= 103, d = 119

3 5

is such that the sum of any three (repetitions allowed) is not equal to the
sum of any other three mod (124). This can be directly verified by calculating

the 35 sums 4

+ . 2
1.8+, 151y Sip<1, <5

1 2 3

Theorem 2. If m = pn (where p is a prime) and
+
(1.4) q= (@ 1)/ - 1)

we can find m + 1 integers (less than q)

(1.5) 4= 0, dy= 1, d 5. . -,d)
such the sums
(1.6) 4, +d4; + . .+ d
1l 2 r
0<i, i, <. .. <1 <m, are all different mod (q).



Proof. Let al= o, aé= 1, QB’ o v Oﬁ be all the elements of

GF(p"), and let x be a primitive element of the extended field GF(p™™ ™)

.

Then x2 and its various powers belong to GF(pn) and X cannot satisfy any
2
equation of degree less than r + 1, with coefficients from GF(pn). let

(hs B)s (Nl By« v oy (A

0 B)

be pairs of elements from GF(p-), such that the ratios Ko/uo, Kl/ul,...,hm/um

are all different, where infinity is regarded as one of the ratios. Thus we

may take for example

(}\O’uo) = (1’0):(}"1-_:“1) = (in:l)J i=1,2,...,m

We can find 4; < q (1 = 0,1,2,. . .,m), such that

di
(1.7) py X = hi+ WX

gi being a suitably chosen non-zerc element of GF(pn). Then the required

set of integers is

do= O’ dl= l, de, e ey dm-
If possible let

(1.8) a, +d, +. . .+d =4,+d,+...+d, (modq)
h o L, 4 9 Iy

where 0 < il < 12 <. < i, <m, 0Z< Jq < o <. .00 < Jr <m,

(il’ 12) R lr)#(ji’ 32: v jr)' Then
d1 dl di dj dJ dJ
X L X e .. x T=ax 1 X 2 x T

where O is an element of GF(pn). Substituting from (1.7) we have an equation
of degree r in x, with coefficients from GF(pn). This is impossible. Hence

the theorem.



Example 2. Let pn= 3, r = 3. The roots of the equation
xu= o0+ 2x°+ x + 1 are primitive elements of GF(Bh) /See Carmichael (2),
. 26g7. If x is any root then we can express the powers of x in the form
ax + b where a &nd b belong to the field GF(3). We get

x°= 1, xl= b. 2x26= 1+ x, 2x52= 2 +x

8,= 0, 4= 1, dy=26, dz=32

is such that the sum of any three (repetitions allowed) is not equal to the-
sum of any other three mod (40). This can be directly verified by calculating

the 20 sums 4, +4, +d, , 0<d4, <d
i i - i -

1 159453

1 2 3 1 2 3

3. A B2 sequence is & sequence of integers

l ,no.,d

3 k

in ascending order of magnitude, such that the sums di+ dJ (i < J) are all
different. Let F2(x) denote the maximum number of members which a B2 se-
guence can haﬁe, when no member of the sequence exceeds x, Clearly Fg(x)

is a non-decreasing function of x. Erd8s and Turan (4) proved that

(3.0) F2(m)/ Vo <1 +e¢€
for all positive € and m > m(e), and conjectured that

(3.1) It Fy(n)/Yo=1

n~-=>oe
Chowla (3) deduced from collaries 1 and 2, of section 1, that if m is
a prime power

(5.2) (1) Fy(u®) >m + 1, (i1) Fe(m2+ m+2)>m+2,



and proved the conjecture of Erdds and Turan.
We shall here generalize the notion of a 32 sequence and prove some
theorems about these generalized sequences.

A Br sequence (r > 2) may be defined as a sequence
.
d

d d

l, 2, 3’ lte,dk

of integers in ascending order of magnitude such that the suuns

d, +d, + ... +4, (1, <i,< . . .1)
il i, i, 1 2 r

are all different. Let Fr(x) the maximum number of members a'Br sequence can
have when no member of the sequence exceeds x. Clearly Fr(x) is a non-

decreasing function of x. We can then state the following theorems.

Theorem 3. If m = pn, where p is prime, and r > 2

r+l1
r . m -1
(3.3) (1) F(w') >m +1, (11) F, (L + —= ) >m + 2.
Proof of part (i). Ietm = p , and let 4, =1, 8, ..., 4 be

integers satisfying the conditions of Theorem 1. Then the sequence

T
(3.4) d; =1, dy «ee, &, d 0 =m

is a Br sequence. For if possible let

(3.5) d, +4, +...+d, =4, +d, + ... +4d,
L, L i, p

l < i <i < .;- _<- ir Sm'i.l, l S ,jl S jé S . ee S-JI.'" (il?ieli..q,ir)#{ai,ae’.'ojr)

Then the relation (3.5 also holds mod(m’-1), with any d . 's occuring in it

1
replaced by dl = 1. This contradicts Theorem 1. Hence (3.4) is B, sequenee with



r
m + 1 wembers, no member of which exceeds m . Hence Fr(mr) > + 1.

Proof of part (ii). Let m = p-, and let a.=0, &= 1, ay..0rd
satisfy conditions of Theorem 2. Then the sequence
(3.6) a=1, dy. . .4, & . =q d =q+l
where q = (mr+l- 1)/(m - 1) is a B, sequence. For if possible let
(3.7) dil+ d12+ e dir= dJl+ dJ2+ ..+ djr
where 0 < 1< 4. . o SA<wH, 0 §S 9K - - S S0,

(1., 500051 ) # (J.53.5++53.). Then the relation (3.7) also holds mod(q),
1’72 r 1°v2 T
where dﬁ's occurring in it are replaced by d°= 0, and dm+l's occurring in it

are replaced by d.= 1. This contradicts Theorem 2. Hence (3.6) is a Br

1
sequence with m+2 members, no member of vwhich exceeds g+l. Hence

r+1
=—=L)>mn+e

F (1 +
r m

Example 3. It follows from Examples 1 and 2, that
(1) 1, 14, 34, 103, 119, 125

(11) 1, 26, 32, 4o, 41

are B, sequences.

3
4, Teking n = 1 in Theorem 3(i), we have

(4.0) F(p')2p+1
where p is any prime. Let

(4.1) p<y/T<p



vhere p and p' are consecutive primes. It follows from a Theorem of Ingham (5),

that

(1.2) p'- p = 0(p?/3)

It follows from the monotonicity of Fr that

(4.3) F(y) >F (p") 2p +1

From (4.1) and (4.2)

(1.1) e + 02/

Since yl/r >p > %yl/r, D= o(yl/r). Hence from (4.k)
(k.5) P = yl/r- O(ye/jr)

From (4.3) and (4.5)
(4.6) F_(y) > ¥ o277

Hence we have.

) F.(¥)
Theorem 4. 1im >1 y = oc
_— I/r =*°
y

Erdds and Turam (4), proved that for r = 2

(47) m-ﬁiﬁ<l as y = oc

We may conjecture that (4.7) remains true for r > 3, though ve gather
from oral conversations with Professor Erd8s that this is still unproved. If

the conjecture is correct it will follow that

. F_(y)
lim r
(.8) y=> —;i7? =1

for r > 2., At present we only know this toAbe true for r = 2.
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