1 ADD TO WHEN YOU FIRST DEFINE
SHARP P

Empirically it seems that, for every natural problem A that is NP-complete,
#A is #P-complete. This is not a theorem, and it probably cannot be a
theorem since it is hard to define natural. Are there sets A € P for which
#A is #P-complete. Yes. We state two of them.

Theorem 1.1

1. Brightwell et al. [1] showed that counting the number of Fulerian Cir-
cuits in a graph is #P-complete. Note that detecting if a graph has an
Eucler Circuit is in P.

2. Jerrum [2] showed that counting the number of labeled trees in a graph
is #P-complete. Note that detecting if some subgraph of a graph is a
tree 1s trivial, the answer is always yes.

3. Valiant [6] showed that counting the number of bipartite matching is
#P-complete. We will see this as an easy corollary of PERM being
#P-complete. Note that finding a matching in a bipartite graph (even
a general graph) is in P. Vadhan [5] showed that this problem is still
#P-complete when G is restricted to bipartite graphs (1) with degree 4,
(2) planar of degree 6, or (3) k-regular for any k > 5. That paper has
many other problems in P whose counting version if #P-complete.

4. Valiant [6] showed that counting the number of Satisfying assignments
in a montone 2-SAT formula is #P-complete. Note that the problem
of determining if a monotone 2-SAT formula is satisfied is trivial, the
answer is always yes. Provan and Ball [3] extended this result.

2 Further Results

We list several other problems that are #P-complete.

e Counting the number of vertex covers of size < k in a bipartite Vertex
Cover. This was shown by Provan and Ball [3]. They also showed
several variants of this problem are #P-complete.
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e Minimum Cardinality (s,?) Cut: Given (G, s, t) where G is a graph and
s,t are vertices, find how many minimum-size edge cuts separating s
and ¢. This was shown by Pravan and Ball [3].

e Antichain. Given partial order (X, <) find the number of antichains
(sets with all elements pairwise incomparable). This was shown by
Provan and Ball [3]. They also showed several variants of the problem
are #P-complete.

Mention in the ASP section

Fillmat - Fillmat is a logic puzzle published by Nikoli. It was shown to be
both NP- and ASP-complete by Uejima and Suzuki [4].
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