f(m,3) to f(m,9)

Kenneth Tan

July 03, 2018

Muffins divided into pieces
Students get shares

FC thm:

fon) < masin 2

We get our upper bounds in one of three ways:

1. From the FC thm with the min part and the upper bound is not % This is
most of our cases so we do not comment on it.

2. From the FC thm with upper bound from the % We call these %-exceptions
(There is only one case where the min part equals %, thats f(4,3).) In this
case the procedures we give below are not optimal so we give another one.

3. Using a technique that is not FC. These are called exceptions. We note them
and state what techniques do give the upper bound and give the procedure.
There should be a reason our formulas do not work (e.g., they involve giving
someone —1 muffins).



1 f(m,3)

1.1 f(3k+1,3)

f(3k+1,3) =2 for k> 1:

1. 2k muffins divided (2, 3EH)

2. k + 1 muffins divided (%, %)

3. Give 1 student |2k : 2

4. Give 2 students [k : %] and [k +1

1.2 f(3k+2,3)

f(3k+2,3) = 3M2 for | > 1:

" 6k+6

1. 2k + 2 muffins divided (2@—12, g’i—ié)

2. k muffins divided (%, 1)

: . 3kt2
3. Give 1 student [2k 42 : 5=¢]

4. Give 2 students [k + 1 : 2%2] and [k :

[

N |



2 f(m,4)

2.1 f(4k+1,4)

f(4k+1,4) = &L for k> 1:

1. 4k muffins divided (£, 4EH)

2. 1 muffin divided (3, 3)

3. Give 2 students 2k shares of size 21
4. Give 2 students 1 share of size % and 2k shares of size 4’;—;1

2.2 f(4k+}3,4)

f(4k +3,4) = g5 for k> 1:

1. 4k + 2 muffins divided (gz—i}l, ;”]:—ﬁ)

2. 1 muffin divided (3, 3)

3. Give 2 students 2k + 1 shares of size %ﬁ

4. Give 2 students 2k + 1 shares of size % and 1 share of size %



3 f(m,5)

3.1 f(5k+1,5)

f(ok+1,5) = L for k> 1, k # 2:

10k+5

If k=0 (mod 3):

1. 4k + 2 muffins divided (150’“;;157 15012145)

2. 2 muffins divided (22, 243

3. k — 3 muffins UNDIVIDED

4. Give 2 students [2k + 1 : =]

5. Give 2 students [#5 ﬁ)kk—fé] and [1 :

] and [% 1]

6. Give 1 student [4 : S5t4] and [2: 2k43

10k+5

If k=1 (mod 3):

1. 4k + 2 muffins divided [150’71:5, 150kk145]

2. k — 1 muffins UNDIVIDED

3. Give 2 students [2k + 1 : =]

10k+5] and [% 1]

4. Give 3 students [#52 : 2244] and [E1 1]

3 10k+5



If k=2 (mod 3) and k # 2:

1. 4k + 2 muffins divided [150’2115, 150’2145

2. 2 muffins divided [fokkfg)a 150161;35

3. k — 3 muffins UNDIVIDED

4. Give 2 students [2k + 1 : 150]{&15]

5. Give 2 students [#£51 - 2] and [1: 2555 ] and [A2 ;1]

6. Give 1 student [#£ : 2E1] and [2 : 2=2] and [552 : 1] (Since k = 2

(mod 3), K =2,5,8,.... When k = 2 step 6 involves —3 shares which is impossible.)

EXCEPTION: f(11,5) = %. Upper bound by HALF,INT ,MID

1. 8 muffins divided [%, %

2. 2 muffins divided [12, 18

307 30

3. 1 muffins divided [£2, 2

307 30

4. Give 2 students [é—é, %, %, %]

5. Give 2 students [%, ;’—g, %, %]

6. Give 1 students [%, %, é—g, %]



3.2 f(5k+2,5)

f(5k +2,5) = 2%=2 for k > 2:

If £ is odd and k£ > 2:

1. 2k muffins divided (242, 9k=2)

2. 2 muffins divided (%> % )

3. 3k muffins divided (3, 1)

; . k42
4. Give 1 student [2k : 25=]

5. Give 2 students [M1 : 3=2] 11 : BEEL) apq [3E-L 1]

6. Give 2 student [*51:2=2] and [1: %=1] and [35H 1]

;-EXCEPTION: f(7,5) = 5. Upper bound by HALF, INT, MID
1. 3 muffins divided [, 2, 2|

2. 2 muffins divided [%, %]

3. 2 muffins divided [%, %]

4. Give 2 students [%, %, %, %]
5. Give 1 students [%, 1%, 1—85]
6. Give 2 students [%, 1—75, 1%]

If £ is even:

1. 2k muffins divided (%, 5%3)

2. 3k + 2 muffins divided (%, %)

] . Bk42
3. Give 1 student [2k : TJ;;]

4. Give 4 students [£ : %=2] and [3542 . 1]



3.3 f(5k+3,5)

f(5k +3,5) = s for k > 1:

If £ is odd:

1. 4k + 4 muffins divided (705555, 2E)

2. k — 1 muffins divided (%, %)

3. 1 student gets [2k + 2 : lgiﬁo]

4. 4 students get [EH - 18112—1530] and [k 4+ 1: 182110] and [ ]

If k is even:

1. 2k + 2 muffins divided (182151‘0, lgi_ﬂo)

5k+4  5ki6
2. 2 muffins divided <10k+1ov 10k+10)

3. 3k — 1 muffins divided (3, 3)

4. 1 student gets [2k + 2 : 1821?0]

5. 2 students get [££2 : {255 and [1:32155] and [252 - 4]

6. 2 students get [£ : l‘gﬁﬂo] and [1: 18:1?0] and [2 : 1]



3.4 f(5k+4,5)

f(5k +4,5) = 2L for k > 1:

It k

If k

If k

10k+5
=0 (mod 3):
1. 4k + 2 muffins divided (2 5 150?;45)

2. 2 muffins divided ({322, 2453)

3. k muffins UNDIVIDED

I

. Give 2 students [2k + 1 : 10k+5]

5. Give 2 students [#£55 - 22L] and [1:

10k+5

(@)

. Give 1 student [4F : 150k+5] and [2:

2] and [£:1]

10k+5

=1 (mod 3):
1. 4k + 2 muflins divided (150’2_4;157 15012145)

2. k 4+ 2 muffins UNDIVIDED

3. Give 2 students [2k + 1 :

10k+5]

4. Give 3 students [#2 : Z2L] and [&£2 ;1]

=2 (mod 3):

1. 4k 4 2 muffins divided (33t 5 150]“,;45)

2. 2 muffins divided (%, 242)

3. k muffins UNDIVIDED

4. Give 2 students [2k + 1 : 10k+5]

5. Give 2 students [#5 : S8tL] and [1: 2KE2] and [AEL .

10k+5 10k+5

6. Give 1 student [ 1501215] and [2 : 150kk135] and [

3] and [£:1]



4 f(m,6)

4.1 f(6k+1,6)

f(6k+1,6) = L for | £ 1:

12k+6

1. 4k + 2 muffins divided (1621116, 162?;56)

2. 2 muffins divided (162kk:26, S

3. 2k — 3 muffins divided (3, 1)

272

4. Give 2 students [2k + 1 : 5]

5. Give 2 students [k +1: 325] and [1: 5] and [k —2: ] (If k = 1 then

this gives a k — 2 = —1 muffins which is impossible.)

6. Give 2 students [k : 162kk156] and [1: 162’“]:*6} and [k —1: ]

EXCEPTION: f(7,6) = % Upper bound by HALF, INT, MID, EBM
1. 4 muffins divided [%, %7 %]
2. 3 muffins divided [%, %]

3. Give 6 students [%, %, %]



4.2 f(6k+5,6)

f(6k +5,6) = &L for k> 1:

1

2.

12k+-6

4k + 2 muffins divided (162]“&167 162161;56)

2 muffins divided (162";;267 162’24;46)

. 2k + 1 muffins divided (%, %)

. Give 2 students [2k + 1 : S5 ]

12k+-6

. Give 2 students [k +1: 24L]) and [1:

12k+6

12k+6

10

162kki46] and [k :

. Give 2 students [k : 5] and [1: 52] and [k +1:

N |

D=



5 f(m,7)

51 £(7k,7)

Give every student k whole muffins.

5.2 f(7k+1,7)

f(Tk+1,7) = 2L for k> 2:

14k+7

If k=0 (mod 5):

1. 4k + 2 muffins divided (£t

14k+4-77 14k+7

2. 3k — 7 muffins UNDIVIDED

3. 6 muffins divided (-3 Tkt

14k+4-77 14k+7

4. Give 2 students [2k + 1 : 174?;17

5. Give 2 students [#£5 . TH6] anq |

5 14k+4-7

)
]

6. Give 3 students [ : 5] and |

14k+7

If k=1 (mod 5) and k > 2:

1. 4k 4 2 muffins divided (£

14k+77 14k+7

2. 3k — 5 muflins UNDIVIDED

3. 4 muffins divided (&3 Tkt

14k+477 14k+7

4. Give 2 students [2k + 1 : 175;17

5. Give 4 students [2EH . TE£61 and [—Skgg :

5 14k+17

6. Give 1 student [*£H6 %]

(mod 5), k = 1,6,11,.... When k = 1

impossible.)

)
]

and |

11

1] and [3:

:1] and [2:

1] and [1:

] (Since k =1
step 6 involves 3k — 13 = —10, so this is



EXCEPTION: (8,7) = 2. Upper bound by HALF, INT, MID, EBM
1. 4 muffins divided (2, &

2. 2 muffins divided (1%, 8

3. 2 muffins divided (%, ﬁ)

4. Give 2 students [%, %, 1%]

5. Give 4 students [1—74, 1%]

6. Give 1 students [%, 1—84]

12



If k=2 (mod 5):

1. 4k + 2 muffins divided (14k+7’ 174kk—~—_~—67 )

2. 3k — 1 muflins UNDIVIDED

3. Give 2 students [2k + 1 :

14k+7]

4. Give 5 students [#2 : 0] and [#=1 ;1]

If k=3 (mod 5):

1. 4k + 2 muffins divided ({2 L 174kk:67>

2. 3k — 5 muflins UNDIVIDED

3. 4 muffins divided (L= +37, 175;47)

4. Give 2 students [2k + 1 : E;ﬂ

5. Give 4 students [#£5 175;67] and [#24 ;1] and [1: 174]{&37]

6. Give 1 student [#2 : T ] and [22: 1] and [4 : 4]

If k=4 (mod 5):

1. 4k 4 2 muffins divided (1 i +7, 174kk167)

2. 3k — 7 muffins UNDIVIDED

3. 6 muffins divided (1 o +7, 174kk:47)

4. Give 2 students [2k + 1 : 11]“;;17]

5. Give 2 students [#=1 : T2 ] and [T 1] and [3 : {25]

6. Give 3 students [M : 175;67] and [% t1] and [2: 174kk137]

13



5.3 f(Tk+2,7)

f(7k_|_2’7):71k4—’k?fork21:

If £ is odd:

1. 6k muffins divided (%, 7{64_22)

2. 2 muffins divided (%> % )

3. k muffins divided (3, 1)
4. 3 students get [2k : Tt2]
5. 2 students get [L;l : =21 and [1: Tkl

6. 2 students get [3£-1: 2] and [1: L

If £ is even:

1. 6k muffins divided (%7 751—22)

2. k + 2 muffins divided (2, 1)

2732

3. 3 students get [2k : 7%3]

4. 4 students get [2 : =2 and [E22 1]

14



5.4 f(Tk+3,7)

f(Tk+3,7) = =3 for k # 1

14k

If k£ is odd and £k # 1:

1.

2.

w

6.

7.

2k muffins divided (%2, Tts)

2k muffins divided (Tt Thtl)

14k 7 14k

. 3k + 3 muffins divided (2

27 2>

. 1 student gets [2k : T3]

14k
2 students get [®1 : ™3] and |
2 students get [251 : T3] and |

2 students get [k : %=1 and [k + 1 :

14k

Bt and [k —1:

14k

) and [k + 3 :

14k

]

N =

N |+
iy

D=
R

If k£ = 1 then the above procedure gives f(10,7) > % which is true but we
can do better.

%-EXCEPTION: £(10,7) = % Upper bound by FC, EBM

1.

2.

4 muffins divided (21 o)

217 21

3 muffins divided (3, 52)
)

. 3 muffins divided (2—0 ;—

Give 3 students [%, %, 2—71, %]

. Give 3 students [~, i1, 12]

210217 21

. Give 1 students [£2, 19 10]

217 217 21

15



If £ is even:

1. 2k muffins divided (%, 71k4—+,:’)

[\]

. 3k + 3 muffins divided (%, %)

3. 2k muffins divided (%, 7lk4—+,€1)

. Tk43
4. 1 student gets [2k : ﬁ]

 Thi1]

5. 4 students get [£: 23] and [k + 1: 3] and [£ : TEL

14k

|

6. 2 students get [k: 1] and [k + 1 :

DO~
i

16



5.5 f(Tk+4,7)

f(Tk+4,7) = ot for k> 1

If £ is odd:

1. 2k + 2 muffins divided (1171:‘11 - 174211&)

2. 3k muffins divided (3, 3)

3. 2k + 2 muffins divided (7525, Th257)

4. 1 student gets [2k 4 2 : 111214114]

5. 4 students get [E4 : JH0] and [k : 5] and [ 10

6. 2 students get [k + 1 : ;=5 ] and [k : §]

If £ is even:

1. 2k + 2 muffins divided (1471]121111 - lzkkf&)

2. 2k + 2 muffins divided (7585, £55%)

3. 3k muffins divided (%, %)

4. 1 student gets [2k 4 2 : 11’214114]

5. 2 students get [&£2 : 0] and [22 020 and [k — 2 4]

6. 2 students get [& : 0] and [552 : 0] and [k +2: ]

7. 2 students get [k +1: 7545;] and [k : 3]

17



5.6 f(Tk15,7)

[Tk +5,7) = {2 for k=1 and k > 3:

If £ is odd:

1. 6k + 6 muffins divided (11721‘;’ - 1121?4)

2. k — 1 muffins divided (%, %)

3. 3 students get [2k + 2 : 2]

4. 4 students get [ : I ] and [55E

N[
kil

If k is even and k& > 4:

1. 6k 4 6 muffins divided (7522, {585,)

frt 7k+6 7k+8
2.2 mufﬁns lelded (m, m)

3. k — 3 muffins divided (%, %)

4. 3 students get [2k + 2 : 1121?4]

5. 2 students get [352 © T ] and [1 : 725 ] and [55* : §] (Since k

is even, k = 2,4,6,.... When k£ = 2 step 5 involves k — 4 = —2 shares which is
impossible.)

6. 2 students get 322 : 11:1?4] and [1: 11:1334] and [552 : 1]

EXCEPTION: f(19,7) = %. Upper bound by HALF, INT, MID.

1. 12 muffins divided (g—g, %)

2. 6 muffins divided (%, %)

3. 1 muffins divided (%, %)

: 25 25 25 25 26
4. Give 3 students [z, ¢, 25, 25, ¢

: 28 31 31 31 31
5. Give 2 students [, 5, 55, 55, 55

18



5.7 f(7Tk+6,7)

f(Tk+6,7) = {4 for k> 1:

If k=0 (mod 5):

1. 4k 4 2 muffins divided (11";;17’ 1Zkk:67)

2. 3k — 2 mufins UNDIVIDED

3. 6 muffins divided ({2, L)

4. Give 2 students [2k + 1 : 174&167]

5. Give 2 students [#5 - TL] and [22 - 1] and [3 : {25]

6. Give 3 students [4 : 175;57] and [% : 1] and [2: 174kk137]

If k=1 (mod 5):

1. 4k + 2 muffins divided ({2 Tht0)

2. 3k muffins UNDIVIDED

3. 4 muffins divided ({2, 742 )

4. Give 2 students [2k + 1 : {{=C]

5. Give 4 students [#H lzkél?] and [#:42 : 1] and [1: 1741137]

6. Give 1 student [@ : %] and [3’%—_8 1] and [4 : 11k1€:47]
If k=2 (mod 5):

1. 4k 4 2 muffins divided (2%, £28)

2. 3k + 4 muffins UNDIVIDED

3. Give 2 students [2k + 1 : 5]

4. Give 5 students [*£2 : %] and [3£4H4 1]

19



If k=3 (mod 5):

1.

2.

4k + 2 muffins divided (174kk:177 lilkk—f?)

3k muffins UNDIVIDED

. 4 muffins divided (-&£3  Thtd)

14k+4-77 14k+7

. Give 2 students [2k + 1 : {56 ]

14k+7

5 14k+7

14k+-7 5

If k=4 (mod 5):

1.

2.

4k + 2 muffins divided (11’“];17, 174’“];67)

3k — 2 muffins UNDIVIDED

. 6 muffins divided (:&£3 Thtd)

14k+77 14k+7

. Give 2 students [2k + 1 : 7k+6]

14k+7

5  ° 14k+7

5 ° 14k+7

20

. Give 1 student [%7_2 TG and [

. Give 2 students [ : TEEL] and [22=2

. Give 3 students [2£4 . Thtl] apg [3k=2

5

- Give 4 students [ : THL] and [225 2 1] and [1: 5%

:1] and [4 :

: 1] and [3:

1] and [2:

Tk+4

Tk+3 ]
14k+7

Tk+3
14k+7

Tk+4
14k+7

]

]
]



6 f(m,8)

6.1 f(8k+1,8)

f(8k +1,8) = 3k

16k+8"

1. 4k 4 2 muffins divided (1861118, 186?;78)

2. 4k — 4 muffins divided (186’2138, 186?;58)

3. 3 muffins divided (3, 3)

4. Give 2 students [2k + 1 : 186?;18]

5. Give 4 students [k — 1 : 322] and [k : {525] and [1 : 3]

6. Give 2 students [2k — 2 : 186'2158] and [1 : 186kk17g] and [1 : 1]

21



6.2 f(8k+3,8)

f(8k+3,8) = =3 for k # 1

1. 4k muffins divided (ﬁ, %)

2. 4k — 8 muffins divided (ﬁ, ngzl)

3. 4 muffins divided (T_,f, %)

4. 7 muffins divided (3, 3)

5. Give 2 students [2k : 8:2]

6. Give 4 students [k : %} and [k —2: %—Jrkl] and [1 : 81166_+k2] and [2: %]

7. Give 2 students [2 : 81’“6—_13] and [2k — 4 : 81k6—_k1] and [3 : %]

If £ =1 then line 6 says to give a student £ — 2 = —1 shares and Line 7

says to give a student 2k —4 = —2 shares. Hence the procedure does not work when

k = 1. The formula gives the bound f(11,

LEXCEPTION: f(11,8) =

é
24

3)
3. 3 muffins divided (—i 2)

1. 2 muffins divided (5

_,;|oo
oo

2. 6 muffins divided (3

2=
2le

11

—_

1

3240

11

4

4. Give 2

students |

]

12 11]

N
=
o
[\

247240 24

5. Give 6 students [

8) =

%. Actually we can do better.

%. Upper bound by FC, EBM.

)

22



6.3 f(8k-+5,8)

f(8k +5,8) = (25 for k > 1:

1. 4k 4 4 muffins divided (7522, S

2. 4k — 4 muffins divided (fg:izﬁ, 12:1?6)

s 8k+6_ 8k+10
3. 4 muffins divided (15775, 155516

4. 1 muffins divided (3, 1)

5. Give 2 students [2k + 2 : 5545]

6. Give 4 students [k + 1 : 186’211116] and [k —1: 12’;116] and [1 : 12’;1‘;6]

7. Give 2 students [2 : 186kk:1106] and [2k — 2 : 12’;1?6] and [1 : 1]

6.4 f(8k+7,8)

f(8k +7,8) = ftL for k > 1:

1. 4k + 2 muffins divided (16,C T8 186kk178)

2. 4k — 4 muffins divided ({255, 545

3. 9 muffins divided (3, 1)

4. Give 2 students [2k + 1 : 16k+8]

5. Give 4 students [k — 1 : 245 ] and [k : St and [3: ]

16l~c+8 16k+8

6. Give 2 students [2k —2: 32 ] and [1: S4] and [3: 4]

23



7 f(m,9)

7.1 f(9k+1,9)

f9k +1,9) = 2EL for k> 2:

18k+9

If k=0 (mod 7):

1. 4k 4 2 muffins divided (198?;19, 198]2189)

2. 10 muffins divided ({225, 245

3. bk — 11 muffins UNDIVIDED

4. Give 2 students [2k + 1 : $52]

5. Give 5 students [% : lggkkigg] and [2: lgskkfg] and [T - 1]

6. Give 2 students [T 198kk189] and [5 : lgskkit] and [22L 1]

If k=1 (mod 7) and k > 2:

1. 4k + 2 muffins divided (lggkkfg, 198?;89)

2. 6 muflins divided (198’2:49, lgskkfg)

3. 5k — 7 muffins UNDIVIDED

4. Give 2 students [2k + 1 : lgskkfg]

5. Give 6 students [#42 : 48] and [1: 4] and [%£-2 ;1]

6. Give 1 student [#=4 : 28] and [6 : S5E5] and [222 - 1] Since k = 1
(mod 7), k =1,8,15,.... If k =1 then step 6 involves 5k — 19 = —14 shares which

is impossible.

24



EXCEPTION: £(10,9) = 1. Upper bound by INT, EBM, MID.
33

) §§)

)

o)

]

1. 4 muffins divided (

©Olw

Y

2. 6 muffins divided (

Ol
oot

3. Give 6 students [3,

©Olw

4. Give 3 students [g,

oot

If k=2 (mod 7):

1. 4k 4 2 muffins divided (198]6;.31197 38]2:89)

2. 3 muffins divided ({375, 2=45)

3. 6 muffins divided (198’2149, 198’“;;59)

4. 5k — 10 muffins UNDIVIDED

5. Give 2 students [2k + 1 : 244

6. Give 3 students [#£56 : JEE8] and [1: FE2] and [1: 243 and [2£10

18k+9 18k+9 18k+9 7

7. Give 3 students [#£=1 . 2580 and [2: 24 ) and [1: 24T and [3410 .

7 18k+9 18k+9 18k+9 7

8. Give 1 student [#=1 . B8] and [3 : {251 and [0 : 1]

If k=3 (mod 7):

L. 4k + 2 muffins divided (198kk119’ 198kk—~—_~—89)

2. 5k — 1 muflins UNDIVIDED

3. Give 2 students [2k + 1 : lgskkfg]

4. Give 7 students [*2 : %] and [2=1 1]

25



If k=4 (mod 7):

1. 4k + 2 muffins divided (198kk:19’ 198kk—~—_~—89)

2. 3 muffins divided ({55, 225)

3. 6 muffins divided (1375, 222)

4. 5k — 10 muffins UNDIVIDED

5. Give 2 students [2k + 1 : {225]

6. Give 3 students [#2 : 198kk189] and [1 ; 198kki49] and [1 : 1982—:79] and [0 :

7. Give 3 students [4]%5 ; 198kk189] and [1 : 198":;29] and [2 : 19812159] and [51@;13 :

8. Give 1 student [#45 : #48] and [3: 2EL] and [242 ;1]

If k=5 (mod 7):

1. 4k + 2 muffins divided (lggkkfg, 198kk189)

2. 6 muffins divided (198’2149, 198]“&59)

3. 5k — 7 muffins UNDIVIDED

4. Give 2 students [2k + 1 : lgskkfg]

5. Give 6 students [#4 : 28] and [1: 2E2] and [ : 1]

6. Give 1 student [#£2 . B8] and [6 : {55] and [25222 : 1]

26



If k=6 (mod 7):

1.

2.

4k + 2 muffins divided (198kk:19, 198’“&89)

10 muffins divided ({555, fors)

. 5k — 11 muffins UNDIVIDED

. Give 2 students [2k + 1 : 2L ]

18k+9

. Give 5 students [2:4 ;. %5481 and [2 :

7 " 18k+9

. Give 2 students [#£=2 . 981 anq [5

7 " 18k+9
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9k+4
18k+9

9k+5
18k+9

] and |

] and |

5k—9
7

5k—16
7

: 1]

: 1]



7.2 f(9k+2,9)

f9k +2,9) = 222 for k < 1,3,4,5

If k=0 (mod 5) and k # 5:

1. 8%k + 4 muffins divided (18k+9, fgkkfg)

2. 4 muffins divided (7514 el 198]“,6159)

3. k — 6 muffins UNDIVIDED

4. Give 4 students [2k + 1 : 18k+9]

5. Give 4 students [#£55 - S2T] and [1: f25] and [52 : 1]
6. Give 1 student [% : %kk—i)] and [4 : lgskkf’g] and [*£12 : 1] (Since k = 0

(mod 5), k = 5,10,. When k =5 this step involves k — 10 = —5 shares which is
impossible.)
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EXCEPTION: f(47,9) = %. Upper Bound by INT.

1. 40 muffins divided (L1, 123)

2. 4 muffins divided (;il))—i, %i)

3. 2 muffins divided (;3%, é—i)

3. 1 muffins divided (%, % )

4. Give 4 students [10 : % | 1: 53%]

: 117 122 122 . 123
5. lee 2 Students [ﬁ’ 9347 234 || 7 . ﬁ]

6. Give 1 students [ﬁ, ;3%7 | 8: %31}

7. Give 2 students [%7 I|9: %]
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If k=1 (mod 5) and k # 1:

1. 8k + 4 muffins divided (-2 Ik +7

2. 2 muffins divided (75 =, 198?;69)

3. 2 muffins divided ({375, 225)

4. k — 6 muffins UNDIVIDED

5. Give 4 students [2k + 1 : 242 ]

18k+9

6. Give 2 students [#

18k+9

7. Give 2 students [%T”LQ © T8kE9

8. Give 1 student [3:£2 :
(mod 5), k=1,6,11,.
which is 1mp0881ble.)

18k+9

EXCEPTION: f(11,9) = 3

1. 4 muffins divided (3

CDlOQ

2
36

2. 2 muffins divided (3

gl=
g

)
22)
3. 4 muffins divided (32, 2)

&lo
8=

3. 1 muffins divided (22, 18)

367 36

4. Give 2 students [£2 13 18]

367 367 36

5. Give 2

14 15 15
students [35, 3¢, 36

6. Give 1 students [%, %]

7. Give 4 students [%, %]

30

18k+9 > 18k+9

9k+7] and [1
9k+7] and [1 :

9k+7] and [2 . 9k+5] and [k_gﬁ

* 18k+9
. If K =1 then the steps 7 and 8 involve k — 6 = —5 pieces

1] (Since k =1

. Upper Bound by INT, EBM, MID.



If k=2 (mod 5):

1. 8k + 4 muffins divided (198kk:29’ 198kk—~—_~—79)

2. k — 2 muffins UNDIVIDED

3. Give 4 students [2k + 1 : 198]6,6129]

4. Give 5 students [3 : %] and [%22 : 1]

If k=3 (mod 5) and k # 3:

1. 8k + 4 muffins divided (lggkk—:?ga 198kk:79>

2. 6 muffins divided ($5t%, 2eE2)

3. k — 8 muffins UNDIVIDED

4. Give 4 students [2k + 1 : 198k,€129]

5. Give 3 students [*556 - SE] and [2 : 34

6. Give 2 students [#2H - S2T] and [3: f2252
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EXCEPTION: f(29,9) = &. Upper Bound by HALF, INT, MID.

1. 22 muffins divided (%, %)

2. 3 muffins divided (%, %)

3. 3 muffins divided (%, %)

3. 1 muffins divided (%, %)

: 41 41 41 41 41 41 44
4. Give 1 students (35, 55 93+ 55> 907 597 o0

, 41 41 41 41 42 42 42
5. Give 1 students [35, 55> 55+ 55> 957 967 90

~ 45 49 49 49 49 49
6. Give 2 students [g5, 55> 55> 50 50> 90

~

: 46 48 49 49 49 49
Give 2 students [%, 88,8 %, %]

If k=4 (mod 5) and k # 4:

—_

. 8k 4+ 4 muffins divided (198]“&29, 198?:9)

[\]

- Ok+3  9k+6
. 1 muffin divided (3575, 1555s)

3. 3 muffins divided (198’2:49, lgskkfg)

4. k — 6 muffins UNDIVIDED

5. Give 4 students [2k + 1 : lgskkfg]

6. Give 3 students [# %] and [1 : 198?;59] and [54 ¢ 1]

7. Give 1 student [3522  38EE] and [2: 34T and [1: 28] and [552 2 1]

8. Give 1 student [32 : S5E] and [1: 222] and [1: 555] and [52 ;1]

(When k = 4 steps 7 and 8 involve —5 shares which is impossible.)
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EXCEPTION: £(38,9) = -2-. Upper Bound by HALF, INT.

126 °

1. 32 muffins divided (2%, 87

2. 4 muffins divided (%, %66)

3. 2 muffins divided (%, %36)

4. Give 4 students [%, || 8: %]

5. Give 4 students [%, || 7: %]

6. Give 1 students [4 : % || 4: %76}
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7.3 f(9k+4,9)

F(Ok +4,9) = 24 for k # 1

If k is odd and k # 1:

1. 2k muffins divided (%2, %)

2. 4k muffins divided (%, 91168—21)

3. 3k + 4 muffins divided (2, 1)

272

. k44
4. 1 student gets [2k : 244]

5. 2 students get [A1 : %=4] and [k + 2 : 221] and [552

]

6. 2 students get [*51 : 224] and [k — 2 : 241] and [57 : 1] (When k =1

step 6 involves —1 shares which is impossible.)

D=

7. 4 students get [k : 2=1] and [k + 1 : 1]

%-EXCEPTION: f(13,9) = % Upper bound by FC, EBM.
H)

)
5]

]

1. 7 muffins divided (

©olw

2. 6 muffins divided (

Ol
oot

)

Y

3. Give 6 students [g,

©olw
©olw

4. Give 3 students |

©olw
oot
Nelld}}

)
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If £ is even:

1. 2k muffins divided (%, Sﬁ—Jr,f)

2. 4k muffins divided (%, 91]%—21)

3. 3k + 4 muffins divided (%, %)

. Ok+4
4. 1 student gets 2k : ﬁ]

5. 4 students get [£ : 2-4] and [k : 2] and [£2 : 1]

6. 4 students get [k : 2=1] and [k + 1 : 1]
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7.4 f(9k+5,9)

F(9k +5,9) = 245 for k > 1:

If £ is odd:

1. 2k + 2 muffins divided (1271:“;’87 198’211138)

2. 4k + 4 mulffins divided szﬁsv 198’“1611108)

3. 3k — 1 muffins divided (%, %)

4. 1 student gets [2k 4 2 : _1221?8]

5. 4 students get [E1 : B8] and [k +1: 355 and [552 - 4]

6. 4 students get [k + 1 : FHE] and [k : §]

If £ is even:

1. 2k + 2 muffins divided (1321?8, 198’211138)

f 9k+7  9k+11
2. 4 muffins divided (18k+18, 18k+18)

3. 4k — 4 muffins divided (122151‘8, 198’“;;1108)

4. 3k + 3 muffins divided (%, %)

5. 1 student gets [2k + 2 : 12’;1?8]

6. 2 students got [F52 P50 and 25 255F) and [ 15 8845] and

7. 2 students get [§ : 3] and [k — 1 : ;98] and [24 : ]]

8. 4 students get [k — 1 : 198’211108] and [1 : 198’211118] and [k +1: 3]
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7.5 f£(9k+7,9)

fOk+7,9) = 2E2 for k > 1:

18k+9

If k=0 (mod 5):

If k

1

2

. 8k + 4 muffins divided (

. 4 muffins divided (&t

4

9k+2  9k+47 )
18k+49° 18k+9

9k+5 )

18k+97 18k+9

. k — 1 muffins UNDIVIDED

. Give 4 students [2k + 1 :

. Give 4 students [3£2 .

5

. Give 1 student [ : 22

=1 (mod 5):

—_

(=)

oo

. 8k + 4 mutffins divided (

. 2 muffins divided (2%

3

9k+7 ]
18619
198kki29] and [1 : 198kk159] and [% :1]
Ok+4

| and [4:

Okt2  9hLT )
18k+97 18k+9

9k+6

18k+497 18k+9 )

. 2 muffins divided (-2+4

9k+5 )

18k+97 18k+9

. £k — 1 muffins UNDIVIDED

. Give 4 students [2k + 1 :
. Give 2 students [3:7
. Give 2 students [#£2

. Give 1 student [Skg)_H * 18k19

9k+7 ]
18k+9

Okt2) and [1 :

18k+9

Ok t2] and [1 :

18k+9

9k+2

| and [2:
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18k+9

| and [k—? 1]




If k=2 (mod 5):

If k

If k

1.

2.

3.

4.

1.

[\]

(=2}

)—l

Do

. Give 4 students [2k + 1 :

8k + 4 muffins divided ({5t2 LS lggkkfg)

k + 3 muffins UNDIVIDED

Give 4 students [2k + 1 :

18k+9]

Give 5 students [*5 : S82] and [5£2 . 1]

3 (mod 5):

8k + 4 muffins divided ({512 =5 198kk:79>

. 6 muffins divided (&t Ik+5)

18k+9° 18k+9

. k — 3 muffins UNDIVIDED

18k+9]

. Give 3 students [3550 : S542] and [2: 245 and [222 1]

18k+9

. Give 2 students [82H . 95421 and [3: 2K44] apd [E23 1 1]

5 18k+9

4 (mod 5):

. 8k + 4 muffins divided ({522 o 198kk179)

- 1 muffins divided ({£%, 256

. 3 muffins divided (-2t 9k+5)

18k+497 18k+9

. k — 1 muffins UNDIVIDED

. Give 4 students [2k + 1 : 9k+7]

18k+9

. Give 3 students [3553 : JEE29 anqg [1: 2544 ] and [EE 1]

18k+9

Give 1 student [3£3 . 198’2129] and [1: 23] and [2: 243 and [£x2 : 1]

. Give 1 student [3558 : BH2] and [1: B8] and [1: 5225 and [%2 1 1]

18k+9
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7.6 f(9k-+8,9)

f(9k +8,9) = {45 for k > 2:

If k=0 (mod 7):

1. 4k + 2 muffins divided (S22, S8

2. 10 muffins divided ({255, 2£5%)

3. 5k — 4 muffins UNDIVIDED

4. Give 2 students [2k + 1 : 198?;89]

5. Give 5 students [2 : 2EtL] apd [2: 2244] and [2 : 1]

7 18k+9

6. Give 2 students [*£ fgkk—fg] and [5 :

If k=1 (mod 7) and k > 2:

1. 4k 4 2 muffins divided ({345, %)

2. 6 muffins divided ({35, 225)

3. 5k muffins UNDIVIDED

4. Give 2 students [2k + 1 : 5]

5. Give 6 students [ 198'“]?119] and [1 :

6. Give 1 student [#2 : L] and [6 -

39

18k+9

198kki59] and [Sk;14 : 1]

198kki59] and [L;ﬂ 1]

k k=12 .
istro) and [ 1]




If k=2 (mod 7):

1. 4k + 2 muffins divided (198kk:19’ 198kk—~—_~—89)

2. 3 muffins divided ({55, 225)

3. 6 muffins divided (1375, 222)

4. 5k — 3 muffins UNDIVIDED

5. Give 2 students [2k + 1 : 225

6. Give 3 students [#0 - S80-] and [1: 5] and [1: $525] and 22 - 1]

7. Give 3 students [#£-1 198?;19] and [2 : 198kk:59] and [1: 242] apd [553 . 1]

8. Give 1 student [#-1 : 198’“,:9] and [3: 198kk14§] and [23 ;1]

If k=3 (mod 7):

1. 4k + 2 muffins divided (198]“,;19, 198kk189)

2. bk + 6 muffins UNDIVIDED

3. Give 2 students [2k + 1 : 7525 ]

4. Give 7 students [*£2 : %kk—i)] and [%£46 1]
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If k=4 (mod 7):

1.

2.

4k + 2 muffins divided (198kk:19, 198’“&89)

3 muffins divided ({372, 4T)

. 6 muffins divided (-2t k45

18k+97 18k+9

. 5k — 3 muffins UNDIVIDED

. Give 2 students [2k + 1 : 218 ]

18k+9

. Give 3 students [#-2 : 2XtL] and 1 :

7 18k+9

Give 3 students [*£ : 198?;19] and [1 :

. Give 1 student [#£52 : 2541] and [3

18k+9

If k=5 (mod 7):

1.

2.

4k + 2 muffins divided (lgskkfg, lgskkfrsg)

6 muffins divided (f2t%, S22

. 5k muffins UNDIVIDED

. Give 2 students [2k + 1 : 2£48]

18k+9

. Give 6 students [ : 35l and [1

18k+9

. Give 1 student [#£8 : 2] and [6

18k+9

41

198kki59] and [1: 1982—:29] and
198kk—:-79] and [2 : 198]2149] and |
9k 5k—6 .
Tsiro) and [270 0 1]

Ot4 5k43 .

181:1—9 and [ : 1]
198kkJ—r|-59] and 5k;18 1]




1. 4k + 2 muffins divided (-2l Ikt8)

2. 10 muffins divided (

9k

18k+9° 18k+9

+4  9k+5 )
18k+9° 18%k+9

3. 5k — 4 muffins UNDIVIDED

4. Give 2 students [2k + 1 : 2xt8]

5. Give 5 students |

6. Give 2 students |

4k+4 .

7

4k—3

7

18k+9

© 18k+9

: 198]?:%19] and [5 :

42

9k+4
18k+9
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8 f(m,10)

8.1 f(10k,10)

Give every student k whole muffins.

8.2 f(10k+1,10)

F(10k +1,10) =
1.

2.

EXCEPTION: f(11,10) = 5.

. 4 muffins divided ( 10k+4

. Give 2

. Give 4 students [k :

. Give 2 students |1

10k+1

S0%710 for k= 2:

s 10k+1 1
4k + 2 muffins divided (2(%10, QOOkkjlgo)

4k — 4 muffins divided (2100,5:130, 2100;:170)

10k+6 )
20k+107 20k+10

. 2k — 1 muffins divided (%, %)

students [2k + 1 : 4oktL)

20k+10

20k+10

Give 2 students [1 : 222 and [1

* 20k+10

 soig0) and [k :

1. 4 muffins divided (55, 3

e

)
2)

%)

4. 1 muffins divided (%, %)

2. 2 muffins divided (5

o|°°
8ls

3. 4 muffins divided (3

gl=
gl=

5. Give 2 students [2 :

6. Give 4 students [%, %]

7. Give 2 students [53, 1]

8. Give 2 students [%7 %]

43

LWkt9.] and [k —1:

10k+3] and [1

20k+10

! sopat0) and [k —

 soig0) and [k —

2 508710

%]

1

. 10k+4]
© 20k+10

k471 and [k : %]

Upper Bound by INT, EBM,MID.



8.3 f(10k+3,10)

F(10k +3,10) = 193 for | > 2:

8.4 f(10k+7,10)

f(10k +7,10) = ST for k > 2:

20k+20

8.5 f(10k+9,10)

k .
f(10k 4 9,10) = 5EEs for k> 2:

1. 4k + 2 muffins divided (2100;:110, 2100::190)

2. 4k — 4 muffins divided (32, JPEED)

s 10k+4  10k+6
3. 4 muffins divided (357755 305210

4. 2k 4+ 7 muffins divided (%, %)

5. Give 2 students [2k + 1 : 21[)0,i“j190]

6. Give 4 students [k : gofEb] and [k —1: 3g=5E] and [1: 59558 ] and [2 : 3]

7. Give 2 students [1 : 5555] and [1: 95 ] and [k —2 1 =] and [k +2 : 4]

8. Give 2 students [1 : 5055t] and [k : g0t ] and [k 41 : 3]

9 f(m,11)

9.1 f(11k,11)

Give every student £ whole muffins.
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9.2 f(11k+1,11)
9.3 f(11k+2,11)
9.4 f(11k+3,11)
9.5 f(11k+4,11)
9.6 f(11k+5,11)

f(11k +5,11) = 12 for k> 2:

If k is odd and k > 2:

1. 2k muffins divided (111/;;5, 1111;:5)

2. 6k — 12 muffins divided (11 LEEL)

3. 6 muffins divided (12 1kt2)

4. 3k + 11 muffins divided (%, %)

5. 1 student gets [2k : 11E£3)

22k
6. 2 students get [EEL : UE=8] anq [35=T . LEE] apg [3: HEE2] and [1: 1]

7. 2 students get [E1 : L8] and [3£5 : UEH] and [4: 1]

8. 6 students get [1: 2] and [k —2: 1Lt and [k +2: 3]

If £ is even:

1. 2k muffins divided (12 13)

2. 6k muffins divided (252, 2452)

3. 3k + 5 muffins divided (1, 1)

272

. 11k45
4. 1 student gets [2k : —222 ]

5. 4 students get [£ : L8] and [38 ; UEE) apqd [1: 1]

6. 6 students get [k : 45-1] and [k + 1 : 1]
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9.7 f(11k+6,11)

__ 11k+46 .
f(11k +6,11) = Lk6,

If £ is odd:

9.8 f(11k+7,11)
9.9 f(11k+8,11)

9.10 f(11k+9,11)

_ 11k+42 .
f(1lk +9,11) = Lki2,

If k=0 (mod 7):

1. 8k + 4 muffins divided (5’;13, 2121::191)

2. 12 muffins divided (;;;jfl, 2121;j161)

3. 3k — 7 muffins UNDIVIDED

4. Give 4 students [2k + 1 : 2121;4?1]

5. Give 4 students [#47 : JHEE2] and [3: 58] and [T : 1]

6. Give 3 students [% : JEEZ] and [4 : ] and [#57 - 1]

If k=1 (mod 7):

If k=2 (mod 7):

—_

- 1k+2  11k+9
- 8k + 4 muffins divided (55557, 355717

s Uk+d  11k+7
2. 2 muffins divided (35,757 35 91)

s Uk+5  11k+6
3. 4 muffins divided (35,7257 25507)

W

. 3k — 1 muffins UNDIVIDED

5. Give 4 students [2k + 1 : ;;,fjlgl]

=)

. Give 4 students [ : HEEZ] and [1: 5] and [5H - 1]

7. Give 2 students [*85 . D2 and [2 © ] and |1
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11k42
22k+11

8. Give 1 student [#:2 ] and [2:

If k=3 (mod 7):

1. 8k + 4 muffins divided (Zirt2 k9

22k+117 22k+11

2. 3k + 5 muffins UNDIVIDED

3. Give 4 students [2k + 1 : LEt9]

22k+11

4. Give 7 students [3 : ;;,fjfl

If k=4 (mod 7):

1. 8k + 4 muffins divided (

11k42  11k49 )
22k+97 22k+11

2. 2 muffins divided (Zitd LEET)

22k+117 22k+11

3. 4 muffins divided (LHEt3  Llk+6)

22k+117 22k+11

4. 3k — 1 muffins UNDIVIDED

5. Give 4 students [2k + 1 : 11k+9 ]

22k+11

6. Give 4 students [@ : 2121::121

7. Give 2 students [Sk%g P ST]

11k+2

8. Give 1 student [Sk%m . oRtil

| and [2:

If k=5 (mod 7):

1. 8k + 4 muffins divided (

11k42  11k49 )
22k+97 22k+11

11k+3  11k+8

2. 2 muffins divided (55;757 355001)

3. 6 muffins divided (L5 1lk£6)

22k+117 22k+11

4. 3k — 3 muffins UNDIVIDED

11k49

5. Give 4 students [2k + 1 : 22k+11]

6. Give 3 students [32 . %] and [2 :

47

22k+11

] and [1:

L2 and 1 -

Lk+d ] and [&7“ : 1]

] and [32£2 : ]

11k+5
22k+11

] and [32£2 : 1]

11k4+-4
22k+11

11k4+-6
22k+11

| and [2 :

] and

11k+7

3k—5 .
22k+11] and [+

7

1]

11k+5
22k+11

] and [ ;1]



7. Give 2 students [32 ; LE£2] apq

8.

7 22k+11

Give 2 student [ : 2] and [1:

If k=6 (mod 7):

1.

2.

8k + 4 muffins divided (353, 5575 )

- 1kt5  11kt6
12 muffins divided (55757, s5p017)

. 3k — 7 muffins UNDIVIDED

. Give 4 students [2k + 1 : 2kt9]

22k+11

. Give 4 students [3£¢ . Lkt2] and [3 .

7" 22k+11

. Give 3 students [3£H : HEE2T and [4:

22k+11
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[1: 33&E2] and 3

212115++181] and [&771 :1]

2121::151] and [%%4 :1]

2121kk-|—-|—161] and [Sk;H . 1]

11k4-6
22k+11

] and
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