ON SETS OF NATURAL NUMBERS WHOSE DIFFERENCE
SET CONTAINS NO SQUARES
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ABSTRACT

We show that if a sequence & of natural numbers has no pair of elements whose difference is a positive
square, then the density of &/ n{l,...,n} is O(1/logn)*), ¢, - co. This improves previous results which
showed that the density converges to zero, but at a slower rate. We use a technique based on the method
of Hardy and Littlewood together with a combinatorial result that is of independent interest. The approach
may be useful for other problems in additive number theory.

1. Introduction

In this paper we study the density of strictly monotone increasing sequences of
natural numbers whose difference set does not contain any positive square. If .o/ is an
increasing sequence of natural numbers, write &, for &/ n{l,...,n}, 0 = || for the
cardinality, and d(«,) = o/n for the density of &,. The asymptotic density of & is
the limit, if it exists, of d(«7,).

Earlier density results are due to Furstenberg [2] and to Sarkézy [3, 4, 5]. They
showed that if o/ — .o/ does not contain a positive square, it cannot have a positive
density. In fact if d(&/) > 0, then o/, — &/, will have more than c+/n squares for
infinitely many values of n,c > 0. Sarko6zy [4] later showed that if &/, — &/, contains
no positive squares then for large n, d(#,) = O((loglog n)g/(]og n)%). Our main result
is the following.

THEOREM 1.  There exist positive constants c, and c, such that for any sequence <,
if n> ¢, and o, — A, contains no positive squares, then

d(#,) < ¢,/ (log n)tiolostoslosmiz, W

The argument uses the method of Hardy and Littlewood (see [6], for example)
together with a combinatorial construction in which, if &/, has a square-free
difference set, we can find a more concentrated subset with the same property. This
already allows us to infer that the density is O((log log 7)**/log n). Then we employ an
iteration scheme in which, at each step, we find more values where the Fourier
transform of the sequence is large. Parseval’s identity applies to limit the density to
the bound given in (1).
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2. Preliminaries

Write a| b if a divides b and a 4 b otherwise ; write [x] for the integer part of x. We
begin by articulating some properties possessed by the trigonometric series used in the
method. As usual e(x) means e** and

% ni e(at/n) =

t=0

{] ifn|a,

0 ifnfa. @

Take n to be a large integer and write L =logn and /= loglogn. To simplify
notation, we write & for «/,. Thus from now on given n, we denote by & the
sequence 1 < a, <... <a, <n of length || = ¢ < n and density y =a/n < 1.
A basic feature of the method is the Fourier transform of the characteristic
function of &,
Fa)=e(a,0)+ ... +e(a,0) = Y, e(a,a). (3)

aedf

The Parseval identity applied to F shows that

¥ 1Py = on

t=0

and, if it is applied to the function

flo) = Ka)/o,
we see that

T A = njo = . @)

t=0

Write n, = }n, and consider the following functions:

gt<n, g<m

S@= Y elgm2g/vn, Sam= Y e(gza)Zg,}
®)

s(®) = S(0)/[v ]

all sums are over positive integers unless stated otherwise. Now S'is a weighted Fourier
transform for the squares less than n,; weighting g by 2g/+/n, makes the weighted
squares in [0, /n,] uniform. We shall develop some bounds on S and s for certain a.
First, we consider the case where « is rational: a =a/q, (a,9) =1, g # 1.
Define
B(a/q,m) =}, e(g’a/q)

gsm

and B,(q) = B(a/q,q). If m < q, B(a/q,m) << (q logq)! by [1, Lemma 3], where, as
usual, if fand g are functions and g has only non-negative real values, f << g means
|f1 = O(g). From Abel’s inequality,

S(a/gq,m) << m max {B(a/q,)),j < m} << m(q log g)i.

Therefore, if g = v/n,,
S(a/q) << (g logg). (6)
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Otherwise if ¢ < m, write m = hg+1, h > 1. Using Abel’s inequality and the previous
estimate for B(a/q, m) we obtain

S(a/q,m)= ). e(g’a/q){24l(g—1)/q]+28—24l(g—1)/q]}

g<hg+l

h-1

= Y 2jgB,(q)+2hqB(a/q, )+ O(hq(q log g)?)

j=0
= h(h—1) gB,(g)+ O(hq(q log 9)?)
= (m+ 0(9))(m/q+ O(1)) B,(g) + O(m(q log 9)*)
= B,(q) m*/q+ O(m(q log g)}).
This means that
S(@/q) = B.(9)v/m/9+0((g log f{)%),} @
s(a/q) = B,(g)/9+ O(((q log q)/n)}).

Now we consider the case where « is a fixed distance # from a specific rational;
namely, take a = a/q+1, (a,q) = 1. Clearly

S(a,m) = Y, e(ag®/q)2ge(g’n) = ). {S(a/q,8)—S(a/q,g—1)}e(g’n)
= Y S(a/q,g){e(g’n)—e(n(g+1)*)}+ S(a/q, m) e(n(m+ 1)?).

Similarly we again use partial summation to calculate

B,(q)S(n,m)/q = q7'B,(q) ). g(g+1){e(g’n)—e(n(g+1)*)}

gsm
+47'B,(q@) m(m+1) e(n(m + 1)*).
If we subtract this equation from the preceding one and use the fact that

S(a/q,8) = g(g+1) B,(9)/q+ O(g(q log g)*),
we see that

S(,m)—B,(q) S(n,m)/q = O (m(q log q)%{ 1+ i le(g*n) —e((g + 1)217)I})

= O(m(q log g)(1 +Inlm?),
which implies that

S(a) = B,(q) S(n)/q+ O((g log g)<(1 + |n|n)) }
s(o) = B,(9) s(n)/q+ O(((q log )/n)(1 +|n|n)).

When 7 = 0, this result agrees with (7) because S(0) = +/n;.
We can say more if # # 0 is small. Suppose that # =h/n, & < |h| < T, h not
necessarily an integer, T a large number that will be specified later. From (5),

SOl vn =2 T elghin2g

g <3n

@®

2 3r1-1 T-1

=2 S Sewhmts T gz O)

N koo =0 ki <gi<in

where the third sum is over {g:n(k+;/T)/h < g* < n(k+(j+1)/T)/h}. Breaking up



222 JANOS PINTZ, W. L. STEIGER AND ENDRE SZEMEREDI

the sum over g* in this way, g®h/n is an integer plus j/T plus a small remainder and
therefore the first term in (9), the triple sum, reduces to

[—h] 1 7T-1

p Z 2. e(j/TH{Y 284+ 0(n™) Z 2¢g/T.

k=0 j=0 gi<in

The last sum in (9) can be empty. It may be written as O(I/h), where Iis 1 if h is not
an even integer, and 0 otherwise. Using the estimate

f 2g=J\/32tdt+0(\/B)=B—A+O(\/B),
vAa

g=vA
we obtain
2 dn1-1 7- 1ne(j/T)

=3 2 L4

The inner sum is zero, in view of (2), so if we take T = n? it follows that

+O(hT+/n/n)+0(1/T)+OU/h).

h/n) ={O(l/né) if h is an even integer, (10)

O(1/|n)) if his not an even integer.

REMARK. Davenport and Heilbronn [1} analysed the unweighted version of S in
(5) and obtained results similar to the foregoing; for example (8) holds in both cases.
However without weighting (10) would only give s(h/n) = O(lh ), and this is not
sufficient for our purposes later on.

We complete this section with a result that is basic in the proof of Theorem 1.
Define

tam= U (f—n,§+n), C@= ¥ fun).

axq:(a,g)=1 q 0O<tgn-1
tinet(q,n

An important ingredient is the property of C,(g) revealed in the following
combinatorial result.

MAIN LEMMA. Take q and n such that ¢ > 1 and n™' < yn, and write D =
[1/(g*nL®)). If o has density y and sf — of has no positive squares, then we can construct
a set 4’ c [1, D] with density d(«¢") > (1+|C(g))(1 +O(L™)) y and o4’ — o’ contains
no positive square.

Proof. Write B=[L]D. We start with the set = {b,=q*v:1 <v< B} of
multiples of ¢* and the shorter set 2 = {b,e #:1 < v < D}.
We count the number of solutions, J, of the congruence

a;,—a; = b,—b (modn), a,aesd,b,b,eB, (1)
using the function

g(@) = B Y e(b, ).

v=1
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If |t/n—a/q| <7, then b,t/n = aqv+ O(Bq*y), which implies that e(b,t/n)—1 =
O(L™). Therefore if t/net(q,n),g(t/n) = 1+ O(L™) and using (2) we obtain

J = (0*BY/n) . it/ m)iTm) gt/ m) 5T (12)

> (0B /n)(1+|C,(@)) (1 + O(L™)).

We now approximate J in a different way. For fixed u, 0 <u <n—(D—1)¢?%
fi

define L) = {a,e s :a, = u+jgt,0 <j < D—1}
and o(u) = |/(u)|. Then a(u) counts the number of a, that belong to the shorter
progression of length D, beginning at u, with difference ¢ It will turn out that the
average over the u is more than yD. This means that &/ is more concentrated in some
arithmetic progression of length D < B. The lemma is proved by transforming this
progression back into [1, D).

First we count the number of solutions, J’, of

a,—a;=b,—b,=(v-wq* < (B-1)¢%, a,aesl,b,becAB. (13)

v Y
The integers from 1 to » may be decomposed into residue classes mod ¢* and we group
the consecutive elements in the same class into non-overlapping blocks of length D.
For example, a typical block for the residue class r(mod ¢*) is the progression
H(r,k) = {r+kDg*r+(kD+1) g% ...,r+((k+1)D—1)g%.

If a, and g, satisfy (13), they must be in the same class and cannot differ by more
than Bg®; more precisely a,€ o/ (kDg*+r) and a,€ &/ (mDg*+r) for some r,1 <r < ¢?,
and |k—m| < [L). Equivalently,

D(k—m|—1) <la,~a)/g" = [v—p| < D(k—m|+1),
so if a, and g, satisfy (13) then there are B—|a,—a,|/q* choices for the pair (v, u);
as |k—m| <[L] the number of pairs lies between B{l—(k—m|+1)/[L]} and
B{1—(lk—m|—1)/[L]}.
This observation allows us to write

¢’ n/(e’D) 19 n
J'=Y Y o(¢Dk+r) Y a’(qZD(k+h)+r)B(]___.+0(L—1))‘
r=1 k=0 h=—(L] (L]

The first sum is over all the residue classes for a, and a,. The second and third
enumerate all the a,, g, pairs in class r(mod ¢°) that are in adjacent big blocks. The last
expression covers the v, z pairs. If we write N = max (6(u), u < n) then

{L]
J'<oNB ) (1 —ﬂ+0(L‘1)) = gNB([L]+ O(1)). (14)
h=—[L] [L]

A quadruple that satisfies the congruence in (11) must either obey the equation in

(13) or the relation
a,—a;=b,—b,tn.

Let J” denote the number of solutions to the above equation. Consider the plus case.
Then the b differ by one of the following values: 0, — g% —24% ..., —(B—1) ¢% This
implies at most Bg® choices for a,, then at most N choices for a;, and finally at most
B choices for the pair of b,, a total of at most NB%¢? choices. Since the minus case is
the same, J” is no more than

2NB%q® < 2NB/(1L) < 26NB/L.
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Combining this with (12) and (14),
a*Bn (1 +|C(g)) (1 +O(L™) < J < aNB[L)(1+O(L™)).
This implies the existence of a set &/ (u) of size N = o(u),
N2 oB/([L) (1 +IC (1 +O(L™) = yD(1 +|C (@) (1 +OL™).  (19)
We map /(u) linearly into [1, D] by a; = 1+ (a,—u)/q* and obtain the set
A ={j+1:u+jq*e oL (u)}.

If o’—of’ contains squares, say j—k = m? then (u+(j—1)¢*)—(u+(k—1)g®) =
(mq)?, but this is forbidden. Finally, o/’ satisfies the lemma because, from (15), it has
the asserted density.

The proof of Theorem 1 will be accomplished by induction on ». If n is the first
large integer for which (1) fails then the Main Lemma applies to give an upper bound
on |Cy(g)l.

COROLLARY A. Suppose that of is a set of integers less than or equal to n and that
& — s contains no positive squares. If (1) is false but for all m < n it is true, then
Clq) <<P/Lifn<Q/nand q< Q for any Q <e™.

Proof. The assumptions guarantee that D > n/Q* = n'"% where we write
B =logQ/logn and note that f < 2/2/L. Therefore, for | <k <,

log* D = (1—-4p)* log*n = (log"n)/(1+ 5kB) = (log*n)/(1 +10P/L). (16)

Write log, =log and log,, =log(log). An easy calculation shows that
log,n—log, D = O(4f/11ogl) so that

(log n)ose 108,12 < | 4 B/ a7
If |C,(g)| = 13P/L then the induction hypothesis and the Main Lemma imply that
LU+o@LM)de) _ ¢
< 1+]C,| = (1+ 12 /L) (log D)™ P12
¢(1+10P/L) o

S T+ 12F/L) (log n)™P™® = (log n) &2’

the last line is a consequence of (17) and then (16) with k =log,D/12. This
contradiction proves the corollary.

In the next section we show that the Main Lemma is already strong enough to
imply a bound of (loglogn)**/logn on the density of any sequence whose difference
set has no non-trivial squares. This finding may be iterated to give the bound stated
in Theorem 1. The details appear in the subsequent sections.

3. The starting step
We write &, for o/ n{l,...,[n]}, o, for LN {1+[}n],...,n}, and, for i = 1,2,
F)= Y e(ld), f(o)=F(a)/o

aes;
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where, as always, we write ¢ = |&/|. Using (2) it is easy to verify that

n-1 n-1 2
I ,;, F(t/n)E(t/n)S(t/n) =}, 5—2, % g(:) F(t/n) E(t/n)S(t/n) = ;’, \/‘il, (18)

where & ={g<v/n:g*=a,—a,aed,aes} and ¥, ={g<v/n,:g"=a,—a,
a,e o/ ,a,€ s,}. Assuming that o/ —/ contains no positive squares, both sums in
(18) are zero and we have

n-1

X fe/m)fl/n)s(e/n) =

t=0
and

n~-1
2 1A/ mfe/m) s(t/n)| = | 0)£(0) s(0)1,

i=1,2. We may take f,(0) > 1. If not, d(«/) > 3y and, roughly speaking, if this
situation were iterated, we would have a bound of 1/n'~¢in (1). A precise argument
would follow the proof of Corollary A. Because f{0) = s(0) = 1, we now have

ﬂf |fe/m) f(t/n)s(t/n)| > 1, i=1,2. (19)

Using (4) we see that it is permissible to neglect all ¢ in (19) for which |s(z/n)| < y/100;
they contribute no more than

0. 01?{ 2 /)l Z If; (t/n)|2} < 0.015{( YR = L.

t=0 t=0

In an analogous way we can neglect those terms in (19) for which |f{t/n)| or
|fi(t/n)| < ¥4/ L, since their contribution is no more than

(T If(t/n)l2> (E asemiy) ( b |s(z/n)|4)%

t=0 t=0 t=0

< (ALY YL [V n)')F = O/ LY () (L9) = O(L);

here we use
1'& IS@/n)t =1 %) [12e/1v/m) < 18 > % rem) = 0),
l-o t=1 m=1

where r(m) = ) 2,52, 1, and the sum above runs over gi+g2 = g2+ g%, g2 < n,.

Write K(a, 0) for (a—J, a+ J), the open interval of width é centred at a. The above
calculations and the bounds on s in (8) imply that we need only consider those ¢ in
(19) w1th t/nel(b/k, Q/(kn)), k < Q, for which |f(t/n)| and |f,(¢/n)| exceed @, where
Q = ¢". Therefore there must exist K < @ and U < Q such that

LT Sl >> (20)

K<k<2K (b,k)=1

(the third sum is over {t:t/nel(b/k,Q/(kn)), U™ < max (|f{¢/n),|f(t/n)]) < 2U ).
Again, using (8) and (10), for 1 < k < Q% and (b, k) =1,

Y Ist/m)| << ((logk)/k)} Z o << (;)F @n
t/nel(blk, @%n)

a statement that enables us to choose just one value of ¢/n from any interval

8 JLM 37
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I(b/k,Q/(kn)). Combining (20) and (21), there must be at least P intervals
I(b/k, Q/(kn)) with 1 < b < k, K < k < 2K, each of which has at least one value of t/n
with the relevant properties, and P >> U?K?#/I". The following result shows that values
where 0 < |t| << Q% may be neglected because their contribution to the sum in (19) is
small.

LemMa 2. flt/n) << P/L if t << Q2.

Proof. Let T= Q* Then
67'F(t/n) =07 Y. e(at/n)

acsdf

oY ¥ Yeat/n) =0T T Y {e(j/T)+0(T)
1=0 j=0 of =0 j=0 ofy

=g IZ Z e(]/T){ +a‘,}+0(7"1)
{=0 j=0

&, is the set {ae o :nt™(i+j/T) <a<nt™(i+(j+1)/T)} and o, = | |—a/(tT).
As in the proof of Corollary A, o, < (136/(tT))(P/L) and since ). o, =0,

t-1 T-
Z Z lo,| << oP/L.

It now follows that

t-1 T-1
fit/n) = — Z Y e(j/T)+0(c7'%6B/L)+O(T™") = 0+ O(B/L)+ O(T™") = O(P/L).
1-0 i=0
Using |f(t/n)] <1 and (10), we have the following simple consequence of
Lemma 2.

COROLLARY 3.

5
Y s <5 % £
o<ltl<< Q2 L 0<|t|<< Q? 'tl L

For any a€[0, 1] we can choose relatively prime integers @ and ¢,1 < ¢ < n/Q,
with ae l(a/q, Q/(ng)). Since f = f, +f, we have either U™ < |f(t/n)| < 2U* for at
least 1P values of t/n or U™ < |f{t/n)| < 2U! for at least 1P values. This establishes
the following.

LEMMA 4. There exists a set
P ={t/nellb/k,Q/(kn)), K < k < 2K, no two t/n in the same interval},

such that for either i = 1 or i = 2, |f(t/n)| = RQU)™ for at least } of the elements in P
and |P|| U > Ki/T.

Now, a similar argument to the Main Lemma and Corollary A of Section 2 shows
that Corollary A remains true if we replace f by f; or f; in the definition of C,(g). (First
we show that if (1) fails for & but it is true for m < n then f,(0) = 3y)(1+ O(// L)),
i=1,2; afterwards, the proof of Corollary A runs as it stands.) Thus, with
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Lemma 4 and the statement that K/l << |2|/U? < KPP/I, we see that K >> L?/P°. As
in (4) we apply Parseval’s identity to f, and obtain

L |2| . a

— << << — << t <<y

& I 2 E, |f (t/n)| Y
which is clearly the same as y << (loglogn)'”/logn. Although this bound is weaker
than the statement in (1), it already improves the earlier density results. The next

section shows how it may be successively improved to give the bound in (1) via an
iteration scheme.

4. The Iteration Lemma
We just showed that
Z Lft/m)? > (*)

t=0
by exhibiting a relatively sparse set 2 of values of ¢/n for which the sums of squares
of Fourier coefficients exceed L/I'"; Parseval’s identity immediately gives y << I*"/L.
Starting with & we shall perform an iteration step in which we produce a new set #

with the property that o rl
X IAOE = (X 1)) L. (*+)
TeR pe?
Together with () this lowers the bound on y by a factor of L75. The same procedure
may now be applied to £, etc., until after I steps, we shall have deduced the
bound

y << LB,
Finally, in the last section, we show that I may be as large as (log, n)/4 and still it is

valid to apply the iteration step. In this way we shall have (1). The exact details are
given in the following.

ITERATION LEMMA. ~ Given numbers Q' and K, Q < Q' < 3Q%and K >> L,andi = 1
or 2, suppose that we have a set P of elements of the form u/n <1 with
lu/n—b/kl < Q'/n, (bk)=1, 0<b<k, K<k<2K, U?<|f(u/n) <207,
max (U, K) < Z < L'*"**° and they have the property that at most one point u/ne P
is in any interval I(b,k) = [b/k—Q’/n,b/k+ Q' /n]. Then there are numbers V and H,
H > L and another set & of numbers of the form v/n < 1 with [v/n—c/h| <7Q’/n,
eh=1,0<c<h HSh<2H, V< |f(v/n)| <2V, with max (V, H) < y™*Z°L°
and there is at most one v/n in any interval I'(c,h) = (c/h—7Q’/n, c/h+7Q'/n); if
y = L18U100 then glso

|21/ V2 = (2| U?) L& (22)

Proof. We need only argue the case for i = 1, the other case being identical. Take
o= u/ne. Since & —.of contains no positive squares,

- Z Ft/n)F(a+t/n)S(t/n) =Y e(— aa,) (23)

(the second sum is over {g*®=a,—q,:q,e,a,€,,8 < \/nl}). Therefore, as in
19),

nil LAt/ mfi(o+t/m)s(t/n)| = | fi(@)] = U (24)

t=1

8-2
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For each ae 2 we shall identify a large set G, of values of ¢/n such that | fi(a+t/n)|
is large. We construct & from these sets. For each a we can choose a number a/q such
that ael(a/q,Q/(qn)),q < n/Q. Using Parseval’s identity as in Section 3 we can
neglect terms where

my(t) = min (| fit/m)l, | fy(a+ t/m)l,Is(e/m))) < #/(Z°L)

and (24) will still remain true for the remaining terms, as long as we multiply the right-
hand side by 0.99. We treat three cases.

I. First assume that for at least one per cent of the points ae 2 we have
o
T UmAiet sl > L, 25)
0<|t]<6Q’ 100
Then, similarly to Corollary 3,
Lfi(@)] , P
L <max(fia+t/m),0 <1 < 6Q) ¥ fu/msie/ml << |fio/mI T
0<|t|<6Q"

the maximum being attained at the point a+u/n=uv/n. For these v/n we have
lv/n—b/k| <7Q’/n so we can choose a subset # of cardinality |%| >> |2|/F such
that V! < |fi(v/n) < 2V, V << PU/L; thus

1B/ V2 >> (1P|/P)(LAOU?) > |2|URLA,

II. Next suppose that for at least one per cent of the points ae 2

Y M —a+t/m)f(t/n) s —a+t/n)| > L@ S 00y, (26)

o<ii<6Q’ 100
Then, using |f(B)| = |f(1—p)| and (21),

(100U) ! < max(|Ra—t/m),0<t<6Q) Y Is(u/n) < If(v/")lﬁ,
u/nel(b/k, Q¥n) Ki
where the maximum is attained at a—u/n = v/n. Now if |fi(v/n)| = §| fAv/n)| for at
least half of the points v/n we get the new system with ¥ << UP/ K3, | %] >> |2|/P and

thus
|2/ V? >> |2|K/(U*F) = (PI(U)(L/P).

ITII. The final case treats the set &, of ae 2 for which both (25) and (26) fail to
hold; clearly |%,)| > 0.98|%2|. For any fe[0,1] we choose a/q with ¢ < n/(5Q"),
(a,q) = 1, and such that |—a/q| < 5Q’/(¢qn). If |B—a/q| = n, with 1 < g < Q* and
Q’/n <n < 5Q’/n, then from (10) we know that s(f) << (Q')"".

Take ae, with |a—b/k| < Q’/n according to our condition. Then in (24)
the remaining values ¢/n in the two intervals 1(0,5Q'/n) = {#:0 < f < 5Q'/n or
1>p8>=1-50Q'/n} and I(b/k, 5Q’/n) may be neglected.

Taking ae I(b/k, Q' /n) consider the set

G, = {t/ne[0,1):t/n¢ I(0,5Q’ /n), t/n¢ I(b/k,5Q [n), m(f) = ¥}/(Z*L)}.
Then
Y IRt/ file+t/n)s(t/n) > U

tineG,
Write X = y™*Z°L*. If we have t/nel(a/m,5Q’/(nm)) for some t/ne G, then since
0> Q' > Q> X, (8) implies that m < X, using the bound on m(?).
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Now for every a we can choose M, T, V as suitable positive powers of 2 in such
a way that there exists a set G, = G, of values that satisfy t/nel(a/m, 5Q’/(nm)),
M<m<2M, 2< T <|fit/n) < 2T, VE < |fi(e+t/n) < 2V7Y, and such that
max (M, T,V) < X, and
1 1 1
> —.
Y At/ fi(a+t/n) s(t/n)| > Ulog3X>> Ulog’0 > UF

t/neG,

Also, using (21) we get a reduced set G, with at most one value of ¢/n from any
interval I(a/m, 5Q’/(nm)) and

Y f/n)fia+t/n) > My/(UP);
tineG,
this says |G| > MiTV/(UP).

If a+t/n could be equal to f+u/n for many different values of « and fin & and
t/neGy, u/ne Gy, then it would be difficult to give a lower bound for the sum of
squares of Fourier coefficients. We now show that no value of &+ ¢/n can occur too
frequently (Lemma A). Let D, = max (z(n),n < 2MK)?), where 7 is the divisor
function. Fixing k, we let

B(k) = {b:Jae I(b/k, Q' /n), ae P,}.

Clearly we can choose a pair of divisors of k, d, and f,, with f|d.|k (we put
e, = d,/f,), such that there is #'(k) c B(k), |#'(k) = |®B(k)|/D: and for each
ael(b/k,Q’/n), be &'(k), there is a reduced set G, < G, with

|G| > M:TV/(D:UP) (27

that satisfies the following property. If t¢/neG., t/nel(a/m,5Q’/(mn)) then
(k,m) = d,, and if we write b/k+a/m as c/p, (c,p) = 1, then ¢ = (bm+ak)/(d.f.),
where p =km/(d,.f.). Introducing the notation m’ =m/d,, k' =k/d,, we have
b/k'+a/m = c/(k'm’e), with (c,k'm’e) = 1. Also (b,k") = (a,m’) = 1 which implies
that (k’m’,bm’ +ak’) = 1. This means also that (f,,k") = (f,,m") = 1.

Consider now £, ={ae%;:acl(b/k,Q’/(kn)),K <k <2K,be#'(k)}. Then
clearly |%,| >> |2|/D}. Suppose that 8’(k) possesses (k) different values of b modulo
(f)- We can choose a set )" of numbers k and the corresponding subset %, = 2,
of a values such that there exist integers D, E, F, B with D < d, < 2D, E<e, < 2E,
F <f, < 2F, B < f(k) < 2B,and |%,| >> |#,|I°. Denote the corresponding set of b/k by
2y and for ae?,, aclb/k,Q’ /n), consider the attached set G*(b/k) of rational
numbers a/m, where t/neG;, t/nella/m,5Q’/(mn)). It is easy to establish the
following.

LEMMA A. Given ay/myeG*(b,/k,) and b,/k,e€ P; suppose that we have
a/meG*(b/k) and b/ke P¥. Then the number of quadruples (a,m,b,k) that satisfy
the equation a/m+b/k = a,/my,+b,/k, is << DBD:.

Proof. There are at most D choices for the triple (k’, m’, e) since k'm’e = kymye,.
Suppose that k', m" and e are fixed. Then there are at most 2F choices for f, and
this finally determines m and k. Now

bm' +ak’ = cf,, = ¢, [

so bm’ = ¢, f, mod (k). In view of (k’,m’) = 1, b is uniquely determined modulo k'
and so we have at most 4BE choices for b.
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The next result clarifies a connection between the many parameters that have been
used. It provides the final step in establishing the asserted bound on |4)|.

LEMMA B. Given ke X,
BTVM%/(Dg UP) << | | G*(b/k)| << MT*F/(LD).

bed'(k)

Proof. The upper bound is a trivial consequence of the Main Lemma. For a fixed
m there are << T%3/L different values of t/n in intervals of type I(a/m, 5Q’ /(mn)) for
which |f{t/n)l = T . Since (m,k) = d, > D there are <<M/D choices for m.

To prove the lower bound, in view of (27) we need only show that if b, is not
congruent to b, modulo (f,), b€ #'(k), then G*(b,/k) and G*(b,/k) are disjoint, since
we have at least B different values of b modulo (f,). But if a/me G*(b,/k) n G*(b,/k)
then b, m’ +ak’ = b,m’ +ak’ = 0 mod (f,). This implies that b, m" = b,m" mod (f})
and therefore b, = b, mod (f,), because (m',f,) = 1.

To complete the proof of the Iteration Lemma we have from Lemma A and (27)
that there are
|9 >> (12,| ATV /(D} UP))/(DBD})

>> |P|MTV/(UDBDS 1'%

different values of a/m+b/k, a/meG*(b/k), be®'(k), ke KX, and therefore
at least as many different values of t/n+a=v/nella/m+b/k,6Q’/n) with
V< |fy(v/n)| < 2V71; all intervals are disjoint.
Since Lemma B implies that
L/(D:I?U) << MT/(BDV),
we see from the lower bound on |%] that
RV >> (1/(D§ ) (121/ U)(MET/(VDB)) >> (L/(D} F)(2|/ U?) > LA/ U,

Thiswill prove the Iteration Lemma. We use max (M, K) << L'*¥*°and thus, D, << L%,
From the construction of e,/h = a/m+b/k,(e,,h) = 1, it is clear that

MK/(DF) << h << MK/(DF) << y~'Z°L".

The relation H> L follows by HPL™ >> |&|V2> LYP|U2 > LM, the same
argument that was made for X in Section 3.

5. Proof of the theorem

In each iteration the parameter Z changes from Z to Z’' < Z". After [ iterations
the initial Z is bounded by Z''. As this quantity must also be at most L°*¥1 if the
iteration lemma is to be applied, the rapid growth of Z!*' forces a fairly strict bound
on I, the number of allowable iterations, as follows. The starting set satisfies
|2|/U? > L/, If we can make 3/—2 iteration steps we shall have

n-1
L' << Y 1fi¢t/n) < onfa® =77 (28)
t=0
that is, y << L™'. Suppose now that y > L™'.
We may also suppose that K, < L%, since otherwise %, (cf. Section 3) leads
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to |#,|U;? > Ki/I > L'. Again, from the starting step we may take U, < L¥
since smaller values of f or f, are neglected (cf. Section 3). Thus we may choose
Z,= L* as well, and so

max (V, H) = max (U, K,) < yZ L’ < Z}°.

After 31—2 iteration steps we shall have Z,, , < Z1" < L', Now Z,,_, will
remain less than L'°8%1% if we take

I=[loglog!/(5log10)] > loglogi/12.
Using this in (28) we arrive at the bound given (1).

REMARK. We have not violated the bounds on Q needed for the Iteration Lemma.
After 37—2 steps we still have Qg,_, = Q6°2 < Q log! < Qe" = Q°.
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