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0.1 Every Set of Positive Upper Density has
a 3-AP

0.1.1 Combinatorial Proof

Consider the following statement:
If AC [n]and |A]|is ‘big’ then A must have a 3-AP.

This statement, made rigorous, is true. In particular, the following is true
and easy:
Let n > 3. If A C [n] and |A| > 0.7n then A must have a 3-AP.

Can we lower the constant 0.77 We can lower it as far as we like if we
allow n to start later:
Roth [?, 7, 7] proved the following using analytic means.
(VA > 0)(3ng € N)(VYn > ng)(VA C [n])[|JA| > A\n = A has a 3-AP].

The analogous theorem for 4-APs was later proven by Szemeredi [?, 7]
by a combinatorial proof. Szemeredi [?] later (with a much harder proof)
generalized from 4 to any k.

We prove the k = 3 case using the combinatorial techniques of Szemeredi.
Our proof is essentially the same as in the book Ramsey Theory by Graham,
Rothschild, and Spencer [?].

More is known. A summary of what else is known will be presented in
the next section.

Def 0.1.1 Let sz(n) be the least number such that, for all A C [n], if |A| >
sz(n) then A has a 3-AP. Note that if A C [a,a + n — 1] and |A| > sz(n)
then A has a 3-AP. Note also that if A C {a,2a,3a,...,na} and |A| > sz(n)
then A has a 3-AP. More generally, if A is a subset of any equally spaced
set of size n, and |A| > sz(n), then A has a 3-AP.

We will need the following Definition and Lemma.

Def 0.1.2 Let k,e,dy,...,d, € N. The cube on (e, di,...,dy), denoted
Cl(e,dy,...,dy), is the set {e + bydy + -+ + bpdy | by,..., b € {0,1}}. A

k-cube is a cube with k d’s.
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Lemma 0.1.3 Let I be an interval of [1,n] of length L. If |B| C I then
there is a cube (e,dy,...,dy) contained in B with k = Q(loglog|B|) and
(Vi)[d; < LJ.

Proof:
The following procedure produces the desired cube.

1.

2.

Let Bl = B and ﬁl = ’Bl‘

Let Dy be all (’621) positive differences of elements of B;. Since B; C [n]
all of the differences are in [n]. Hence some difference must occur
(,4321)/” ~ (%/2n times. Let that difference be d;. Note that d; < L.

Let By = {xr € B, : x+d, € B;}. Note that |By| > %/2n. Let
| Bs| = fB2. Note the trivial fact that

re B, = z+d; € B.

Let D, be all (’6;) positive differences of elements of Bs. Since By C [n]

all of the differences are in [n]. Hence some difference must occur
(gl)/n ~ [2/2n times. Let that difference be do. Note that dy < L.

Let By = {x € By : ©+dy € By}. Note that |Bs| > £3/2n. Let
| B3| = B3. Note that

re€By = rv+dy, €B

r€By; — xr€By, — v+di€B

r€By — v+dy€By, — x+di+dy€B

Keep repeating this procedure until By o = (). (We leave the details of
the definition to the reader.) Note that if i < k + 1 then

reB, — x+bidy+---+b_1d;_1 € B for any bl,--‘,bz‘—l S {0,1}

Let e be any element of By, ;. Note that we have e+byd;+- - -+bpdy, € B
for any by,...,b, € {0,1}.

We leave it as an exercise to formally show that C(e,dy,...,dy) is con-
tained in B and that k = Q(loglog |B|). |



The next lemma states that if A is ‘big’ and 3-free then it is somewhat
uniform. There cannot be sparse intervals of A. The intuition is that if A
has a sparse interval then the rest of A has to be dense to make up for it,
and it might have to be so dense that it has a 3-AP.

Lemma 0.1.4 Let n,ng € Ny A\, \g € (0,1). Assume A < Xy and (Vm >
no)[sz(m) < Aom]. Let A C [n] be a 3-free set such that |A| > An.

1. Let a,b be such that a < b, a > ng, and n — b > ng. Then A\o(b — a) —
n(Ao—A) <|AN|a,b|

2. Let a be such that n —a > ng. Then \ga —n(Ao — A) < |AN[L, all.

Proof:

1) Since A is 3-free and a > ng and n — b > ny we have [AN[l,a — 1]| <
Mo(a —1) < Aga and |[AN[b+ 1,n]| < Ag(n —b). Hence

an < |Al= |AN[l,a—1]|+|AN]a,b]| +|AN[b+1,n]
An < Xga+|AN[a,b]| + Xo(n —b)
An — Agn + Agb — Noa < |AN [a, b]|
M(b—a)—n(ro—A) < |AN]a,b]l.

2) Since A is 3-free and n—a > ny we have |[AN[a+1,n]| < A\g(n—a). Hence

An < |Al = [AN][L ]

an < JAN(1,aq]

An — Agn + Na < ‘Aﬂ[l ]
Xa— (N —A)n < |AN[L,d]

Lemma 0.1.5 Let n,ng € N and A\, A\g € (0,1). Assume that A < Ny and
that (Ym > ng)[sz(m) < Xom]. Assume that § > ng. Let a,L € N such
that a < 5, L < § —a, and a > ng. Let A C [n] be a 3-free set such that
|A| > An.

1. There is an interval I C [a, 5] of length < L such that

2L

n — 2a

AN 2 | 250 - )= aia - ).
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2. Let o be such that 0 < o < % If a = an and \/n << § —an then there

is an interval I C [a, 5] of length < O(y/n) such that

40112 | 72000 — Oa =) - )| = 2V

Proof: By Lemma 0.1.4 with b = 3, |[AN [a, §]| > A(5 —a —n(Ao — ).

Divide [a, 2] into [2:2¢] intervals of size < L. There must exist an interval
I such that
2L n
> ——a)— — .
|ANI| > {n — 2a()\0(2 a) —n(Ao )\))J

If L =7Ty/n] and a = an then

AN > 2 (No(f —a) = (Ao —N))]
> | 2255 ((% — an) —n(d — )|
> | 24500 — @) = (o = W) | = 2(vn).

Theorem 0.1.6 For all A\, 0 < X\ < 1, there exists ng € N such that for all
n > ng, sz(n) < An.

Proof:
Let S(A) be the statement

there exists ng such that, for all n > ng, sz(n) < An.

It is a trivial exercise to show that S(0.7) is true.
Let
C={ASWN}.

C' is closed upwards. Since 0.7 € C' we know C # (). Assume, by way of
contradiction, that C' # (0,1). Then there exists A < Ay such that A ¢ C
and \g € C. We can take \g — A\ to be as small as we like. Let ng be such
that S(\g) is true via ng. Let n > ng and let A C [n] such that |A| > An but
A is 3-free. At the end we will fix values for the parameters that (a) allow
the proof to go through, and (b) imply |A| < An, a contradiction.



PLAN : We will obtain a 7 C A that will help us. We will soon see
what properties 7" needs to help us. Consider the bit string in {0, 1}" that
represents 7' C [n]. Say its first 30 bits looks like this:

T(0)T(1)T(2)T(3)---T(29) = 000111111100001110010111100000

The set A lives in the blocks of 0’s of T' (henceforth 0-blocks). We will
bound |A| by looking at A on the ‘small’ and on the ‘large’ 0-blocks of T'.
Assume there are ¢t 1-blocks. Then there are ¢t + 1 0-blocks. We call a 0-
block small if it has < ngy elements, and big otherwise. Assume there are
tsmall gmall 0-blocks and t*# big 0-blocks. Note that tsmall P& = ¢ 11 50
gomall ¢bie <+ 1 1 Let the small 0-blocks be Bimau, . ,ij?nill}, let their union
be B*mall let the big 0-blocks be BY'®,..., BhZ, and let their union be B™.
It is easy to see that

]Aﬂ Bsmall’ < tsmalln0 S (t + 1)”0

Since each B is bigger than ng we must have, for all 4, [A N BY¢| <
Xo| BY®| (else AN BY® has a 3-AP and hence A does). It is easy to see that

big {big thig
ANBY[ =) JANB <) Mol B[ < X ) [B®] < Mo(n—|T)).

=1 =1 =1

Since A can only live in the (big and small) 0-blocks of T" we have

|A| = |AN B™| 4 |AN BY8| < (t+ 1)ng + Xo(n — |T)).

In order to use this inequality to bound |A| we will need T to be big and
t to be small, so we want T" to be a big set that has few blocks.
If only it was that simple. Actually we can now reveal the

REAL PLAN: The real plan is similar to the easy version given above.
We obtain a set T C A and a parameter d. A 1-block is a maximal AP with
difference d that is contained in 7" (that is, if FIRST and LAST are the first
and last elements of the 1-block then FIRST —d ¢ T and LAST +d ¢ T).
A 0-block is a maximal AP with difference d that is contained in 7. Partition
T into 1-blocks. Assume there are t of them.

Let [n] be partitioned into N°U---UN9 where N; = {z |z <nAz=j
(mod d)}.
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Fix j, 0 < j < d—1. Consider the bit string in {0, 1}1"/4) that represents
T'N N; Say the first 30 bits of 7'M NN; look like

T ()T (d+5)T(2d+5)T(3d+j) - - - T(29d+3) = 00011111110000111001011111100

During PLAN we had an intuitive notion of what a 0-block or 1-block
was. Note that if we restrict to /V; then that intuitive notion is still valid.
For example the first block of 1’s in the above example represents 7'(3d + 7),
T4d+ 7), T(5d + j), ..., T(9d + j) which is a 1-block as defined formally.

Each 1-block is contained in a particular N;. Let t; be the number of
1-blocks that are contained in N;. Note that Zj;é t; = t. The number of
O-blocks that are in N; is at most ¢; + 1.

Let 7 be such that 0 < j < d — 1. By reasoning similar to that in the
above PLAN we obtain

|A N NJ| S (tj + 1)710 + /\Q(Nj - |T|)
We sum both sides over all j = 0 to d — 1 to obtain

Al < (t+d)no + do(n — |T1)

In order to use this inequality to bound |A| we need T' to be big and ¢, d
to be small. Hence we want a big set 1" which when looked at mod d, for
some small d, decomposes into a small number of blocks.

What is a 1-block within /V;?7 For example, lets look at d = 3 and the
bits sequence for T is

123456 789 10 11 12 13 14 15 16 17,
oo06011110110 1 1 1 1 0 0 O
Note that T" looked at on Ny UT has bit sequence

2 5 8 11 14 17,
011 1 1 0

The numbers 5,8,11, 14 are all in 7" and form a 1-block in the Ny part.
Note that they also from an arithmetic progression with spacing d = 3. Also
note that this is a maximal arithmetic progression with spacing d = 3 since
0 ¢ T and 17 ¢ T. More generally 1-blocks of T within N; are mazimal
arithmetic progressions with spacing d. With that in mind we can restate
the kind of set 7" that we want.

We want a set T C A and a parameter d such that



1. T is big (so that Ao(n — |T'|) is small),
2. d is small (see next item), and

3. the number of maximal arithmetic progressions of length d within T,
which is the parameter ¢ above, is small (so that (¢ + d)ng is small).

How do we obtain a big subset of A? We will obtain many pairs z,y € A
such that 2y — x < n. Note that since z,y,2y —x is a 3-AP and z,y € A we
must have 2y — z € A.

Let o, 0 < a < %, be a parameter to be determined later. (For those
keeping track, the parameters to be determined later are now Ag, A, n, and
a. The parameter ny depends on Ag so is not included in this list.)

We want to apply Lemma 0.1.5.2.b to n,ng,a = an. Hence we need the

following conditions.

an > nyg

n
5 =MNo

g—an >4/n
Assuming these conditions hold, we proceed. By Lemma 0.1.5.b there is
an interval I C [an, §] of length O(y/n) such that

2\/n 1
AT > =Y (= —a) = (Ao = N) | = Q(va).
40112 | 72000l — ) - o= )| = 2vA)
By Lemma 0.1.3 there is a cube C'(e, dy, ..., dj) contained in |A N I| with
k = Q(loglog |[ANI|) = Q(loglog v/n) = Q(loglogn) and d > \/n.
For ¢ such that 1 <14 < k we define the following.

1. Define Cy = {e} and, for 1 <1i < k, define C; = C(e, dy, ..., d;).

2. T; is the third terms of AP’s with the first term in AN[1,e— 1] and the
second term in C;. Formally T; = {2m—x | x € AN[l,e—1]Am € C;}.

Note that, for all 7, T; N A = (). Hence we look for a large T; that can be
decomposed into a small number of blocks. We will end up using d = 2d, ;.

Note that Ty € T7 C Ty C --- C Ty. Hence to obtain a large T; it suffices
to show that Tp is large and then any of the 7; will be large (though not
necessarily consist of a small number of blocks).

Since Cy = {e} we have
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Ty={2m—z |z e An[l,e—1]Am e Cp} ={2e—x |z € AN[l,e—1]}.

Clearly there is a bijection from A N [1,e — 1] to Ty, hence |To| = |[AN
[1,e —1]|. Since e € [an, §] we have [AN[1,e]| > [AN[L, an]|.

We want to use Lemma 0.1.4.2 on AN[1, an]. Hence we need the condition

n —an > ng.

By Lemma 0.1.4
|T0| Z |A n [1, om]| Z )\oom - n()\g - /\) = n(>\00é — ()\0 — )\))
In order for this to be useful we need the following condition

A=A+ >0
/\00[ >)\0—)\

We now show that some 7; has a small number of blocks. Since |T| < n
(a rather generous estimate) there must exist an 7 such that |[T;,; — T3] < 7.
Let ¢t = 7 (¢ will end up bounding the number of 1-blocks).

Partition 7} into maximal AP’s with difference 2d;,,. We call these max-
imal AP’s 1-blocks. We will show that there are < ¢ 1-blocks by showing a
bijection between the blocks and T;,; — T;.

If z € T; then z = 2m — x where x € AN[1l,an — 1] and m € C;. By the
definitions of C; and C;1; we know m+d,; 1 € Ciyq. Hence 2(m+d;11) —x €
T;+1. Note that 2(m + d;y1) — x = 2+ 2d;41. In short we have

zel, = Z+2di+1 ET;_,_L
NEED PICTURE

We can now state the bijection. Let 21, ..., 2z, be a block in T;. We know
that z,, + 2d;41 ¢ T; since if it was the block would have been extended
to include it. However, since z,, € T; we know z,, + 2d,;1 € T;y;. Hence
Zm + 2d;11 € T; 1 — T;. This is the bijection: map a block to what would be
the next element if it was extended. This is clearly a bijection. Hence the
number of 1-blocks is at most t = |T;1; — T;| < n/k.

To recap, we have

Al < (t+d)no + do(n — |T1)
=0(="—),d=0(y/n), and |T| > n(Aoax— (Ao — A)). Hence

with t < ]
oglogn

we have

n
k
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1A] < O(( V/)no) +ndo(1— A+ Ao — Aoa).

loglogn

We want this to be < An. The term O((;f5,5 + v/7)no) can be ignored
since for n large enough this is less than any fraction of n. For the second

term we need

)\0(1—)\+)\0—)\006)<)\

We now gather together all of the conditions and see how to satisfy them
all at the same time.

an > ng
5 = no
L—an >+/n
n—an > ng
A > Ag— A
)\0(1—)\+)\0—)\0a) <A

We first choose A and Ao such that \g — A < 107'X2. This is possible
by first picking an initial (A, \j) pair and then picking (A, \g) such that
N <A< XA < Ayand \g — A < 1071 (V)2 < 107'A2. The choice of A
determines ng. We then chose o = 107!, The last two conditions are satisfied:

Aot > Ao — A becomes

107 > 10712
1 > )\0

which is clearly true.
Mo(1 — A+ X — Aoar) < A becomes

)\0(1 — 1071/\(2) — 1071/\0) <A
Ao — 107N — 107102 < A
A= A—1071A3 —1071A2 <0
10712 — 10713 — 10712 <0
—1071A3 <0
which is clearly true.

Once A, \g, ng are picked, you can easily pick n large enough to make the
other inequalities hold. |
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0.1.2 Analytic Proof

Consider the following statement:

If AC [n] and #(A) is ‘big’ then A must have a 3-AP.

This statement, made rigorous, is true. In particular, the following is true
and easy:
Let n > 3. If A C [n] and #(A) > 0.7n then A must have a 3-AP.

Can we lower the constant 0.77 We can lower it as far as we like if we
allow n to start later:
Roth [?, 7, 7] proved the following using analytic means.
(VA > 0)(Ing € N)(Vn > ng)(VA C [n])[#(A) > A\n = A has a 3-AP].

The analogous theorem for 4-APs was later proven by Szemeredi [?, 7]
by a combinatorial proof. Szemeredi [?] later (with a much harder proof)
generalized from 4 to any k.

We prove the k = 3 case using the analytic techniques of Roth; however,
we rely heavily on Gowers [?, ?]

Def 0.1.7 Let sz(n) be the least number such that, for all A C [n], if #(A) >
sz(n) then A has a 3-AP. Note that if A C [a,a +n — 1] and #(A) > sz(n)
then A has a 3-AP. Note also that if A C {a,2a,3a,...,na} and #(A) >
sz(n) then A has a 3-AP. More generally, if A is a subset of any equally
spaced set of size n, and #(A) > sz(n), then A has a 3-AP.

Throughout this section the following hold.

1. n € N is a fixed large prime.

2. Zn ={1,...,n} with modular arithmetic.

3. w= e,

4. If a is a complex number then |a| is its length.

5. If Ais a set then |A] is its cardinality.

Counting 3-AP’s
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Lemma 0.1.8 Let A, B,C C [n]|. The number of (x,y,z) € Ax B x C such
that © 4+ z = 2y (mod n) is

LS awBwoe Y wre

z,y,2€[n]
Proof:
We break the sum into two parts:
Part 1:

n

LY AWBEOE) Y e,

z,Y,2€[n],z+2=2y (mod n) r=1

Note that we can replace w™"®=2%2) with w® = 1. We can then replace
>, 1 with n. Hence we have

% 3 A(x)B(y)C(2)n = 3 A(z)B(y)C(2)

z,y,2€[n],x+2=2y (mod n) z,y,2€[n],x+2=2y (mod n)

This is the number of (z,y, z) € Ax B x C such that x+2z = 2y (mod n).
Part 2:

LY AWBLICE) Y e,

2,y,2€[n]a+2#£2y  (mod n)

We break this sum up depending on what the (nonzero) value of w =
r+ 2z —2y (mod n). Let

S, = > A(x)B(y)C(2) Y w™™.

,Y,2€ [n} ,I—2y+Z:2

Since u #0, " w™ =" w " =0. Hence S, = 0.
Note that

LY AWBECE) Y e = 235, =0

z,y,2€[n],x+2#£2y (mod n) r=1 u=1

The lemma follows from Part 1 and Part 2. |
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Lemma 0.1.9 Let A C [n]. Let B=C = ANn/3,2n/3|. The number of
(x,y,2z) € Ax B x C such that x,y, z forms a 3-AP is at least

% S A@)BE)C(:) S w @) o),

x?yVZG [n]

Proof: By Lemma 0.1.8

n

LY ADBHICE) Y e
J

967%26[” r=1

is the number of (z,y,2) € A x B x C such that x + z = 2y (mod n). This
counts three types of triples:

e Those that have x = y = z. There are n/3 of them.
e Those that have x + z = 2y + n. There are O(1) of them.
e Those that have x # vy, y # 2z, © # 2, and © + z = 2y.

Hence

#{(,y,2) : (w+2z = 2y)Ax # yNy # 2/\e # z}) = % Y. A@)B)C(z) Y w T —0(n).

x’szE [n]

We are not done yet. Note that (5,10,15) may show up as (15, 10,5).
Every triple appears at most twice. Hence

#({(z,y,2) : (w+z=2) NaFyNy# 2z Nz #z2})

< 2#({(wy.2) (@ <y <2)A(@@+z=2) Az £ YAy # 2z Az # z}).

Therefore

n

1
o Z A(x)B(y)C(2) Zw‘r(x_29+z)—0(n) < the number of 3-AP’s withx € A,y e B, z€ C'.
z,y,2€[n] r=1
i

We will need to re-express this sum. For that we will use Fourier Analysis.

Fourier Analysis
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Def 0.1.10 If fZ, — N then fZ, — C is

fry=>" fls)w.

s€[n]

A

f is called the Fourier Transform of f.

What does f tell us? We look at the case where f is the characteristic
function of a set A C [n]. Henceforth we will use A(z) instead of f(x).
We will need the following facts.

Lemma 0.1.11 Let AC{1,...,n}.

Proof:
Note that w™ = 1. Hence

Aln) =D As)w™ = Als) = #(A).

s€[n] s€[n]

Also note that

A =1 A< D AW < D AB)llw™[ < Y JA(s)] = #(4A).
sefn]

s€[n] s€[n] s€[n]
|

Informal Claim: If A(r) is large then there is an arithmetic progression
P with difference 7~! (mod n) such that #(A N P) is large.
We need a lemma before we can proof the claim.
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Lemma 0.1.12 Let n,m € N, s1,...,8,, and 0 < X\, a,e < 1 be given
(no order on X, a € is implied). Assume that (A — “=(X +¢€)) > 0. Let
f@y, . z) = | 2000 mjw™|. The mazimum value that f(xy,...,zm) can

achieve subject to the following two constraints (1) 37", x; > An, and (2)
(V[0 < 2 < (A +€)72] is bounded above by emn + (A + €)7o >0, w|

Proof:
Assume that the maximum value of f, subject to the constraints, is
achieved at (z1,...,x,). Let MIN be the minimum value that any vari-

able x; takes on (there may be several variables that take this value). What
is the smallest that MIN could be? By the constraints this would occur
when all but one of the variables is (A + ¢)” and the remaining variable has
value MIN. Since ) > An we have

MIN + (m )()\+e) > \n

MIN + mml()\+ e)n > n

MIN > Xn —Z=L(A +€)n

MIN > (A= 22X +€))n

Hence note that, for all j,

— MIN <z;— (A="1(A+e)n
Using the bound on z; from constraint (2) we obtain

zj— MIN <(A+e)2—A-21A+¢€)n
< (A + e)% — (A — mT_l(/\ +€)))n
< (()\+€)wiZ - A mT—l()\+€))n
< en
Note that

’Z;'n:lxjwsj|2 |Z;n1(xj MIN )w 8]+ZT:1M]NWSj|
|25 (xj = MIN)w* | + | 3200 MINw|
> o [(xj = MIN)||w* |+ MIN[ 3T w|
ijlen+M]N|Z:1wsf|

emn + MIN| Y w]

emn + (A + €)= >0 w|

VARVAVANRVAR VAN
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Lemma 0.1.13 Let A C [n], 7 € [n], and 0 < a < 1. If |A(r)] > an and
|A| > An then there exists m € N, 0 < € < 1, and an arithmetic progression

P within Z,, of length * £+ O(1) such that #(ANP) > (A + €)~. The
parameters € and m will depend on A and o but not n.
Proof: Let m and e be parameters to be picked later. We will note
constraints on them as we go along. (Note that ¢ will not be used for a
while.)

Let 1 =a; <as <--- < amns1 =n be picked so that

Ay — a1 = A3 — Ay = +++ = Ay — Q1 ANA Q11 — Gy, 1S as close to ag — ay

as possible.
For 1 <j <mlet

P,={sen|:a; <rs (modn)<aj}.

Let us look at the elements of P;. Let r~! be the inverse of » mod n.

1. s such that a; = rs (mod n), that is, s = a;r~' (mod n).

2. s such that a; +1 =rs (mod n), that is s = (a; + 1)r ' = a;r~t +7r7!
(mod n).

3. ssuch that a;+2 =rs (mod n), that is s = (a;+2)r ' = a;r—t +2r~!
(mod n).

4. .

Hence P; is an arithmetic progression within Z, which has difference r~.
Also note that P, ..., P, form a partition of Z, into m parts of size > +0O(1)
each.

Recall that

A(r) =" A(s)w™".
s€[n]

Lets look at s € P;. We have that a; < rs (mod n) < aj4;. Therefore
the values of {w™ : s € P;} are all very close together. We will pick s; € P;
carefully. In particular we will constrain m so that it is possible to pick
s; € P; such that Z;nzl w™ " = 0. For s € P; we will approximate w™~"* by
w~"%. We skip the details of how good the approximation is.
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We break up the sum over s via P;.

Alr) = Xoep Als)w™™
= 27:1 Zsepj A(s)w™"
~ ik > sep, Als)w™
= Z;nﬂ W Zser A(s)
Z;‘n:l w™ (AN Py)
X Z;n=1 #(AN Pyw™"
an <[A(r)] = [ 2255, #(AN Pjw™|
We will not use e. We intend to use Lemma 0.1.12; therefore we have the
constraint (A — “=L(X +¢)) > 0.
Assume, by way of contradiction, that (Vj)[[ANP;| < (A+€) . Applying
Lemma 0.1.12 we obtain

m m
—rs. n s
|Z#(AHP])W r8,7| S emn + (A+€)E|Zw 7”8J| = emn.

j=1 7j=1
Hence we have
an < emn
a < em.
In order to get a contradiction we pick e and m such that a > em.
Having done that we now have that (35)[|[AN Pj| > (A +€)£].
We now list all of the constraints introduced and say how to satisfy them.
1. mis such that there exists s; € Py, ..., s,, € P,, such that 27:1 w T =

0, and

2. A=A +¢)) >0.
3. em < «.

First pick m to satisfy item 1. Then pick € small enough to satisfy items
2,3. 1

Lemma 0.1.14 Let A, B,C C [n]. The number of 3-AP’s (z,y,z) € A %
B x C' 1s bounded below by

2
n r=1
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Proof:
The number of 3-AP’s is bounded below by

2n Z A(x)B(y)C(2) Y Jw ™) — O(n) =

z,y,2€[n

We look at the inner sum.

Z A(z)B(y)C() ZW*T(%%H) _

w?sze [n]

Z Z A —'r’zB ) 2yrc(2)w—7'z:
r=1 z,y,z€[n|
5 s o
r=1 z€[n] y€(n] 2€Ly

> A(r)B(=2r)C(r).

The Lemma follows. |

Main Theorem

Theorem 0.1.15 For all A\, 0 < A < 1, there exists ng € N such that for all
n > ng, sz(n) < An.

Proof:
Let S(A) be the statement

there exists ng such that, for alln > ny, sz(n) < An.

It is a trivial exercise to show that S(0.7) is true.
Let
C={x:5\)}.

C' is closed upwards. Since 0.7 € C' we know C' # (). Assume, by way of
contradiction, that C' # (0,1). Then there exists A < )¢ such that A ¢ C
and Ay € C. We can take \g — A to be as small as we like. Let ng be such



0.1. EVERY SET OF POSITIVE UPPER DENSITY HAS A 3-AP 19

that S(Ag) is true via ng. Let n > ng and let A C [n] such that #(A) > An
but A is 3-free.

Let B=C=AnN[n/3,2n/3|.

By Lemma 0.1.14 the number of 3-AP’s of A is bounded below by

n

% A B(=2r)C(r) = O(n).

r=1

We will show that either this is positive or there exists a set P C [n] that
is an AP of length XXX and has density larger than A\. Hence P will have a
3-AP.

By Lemma 0.1.11 we have A(n) = #(A), B(n) = #(B), and C(n) =
#(C). Hence

%A(n)é(n)é(n) + % 2 A(r)B(=2r)C(r) — O(n) =
L HAEBIRC) + 5 3 ACB(-2)0(r) — O(n).

By Lemma 0.1.5 we can take #(B),#(C) > nA/4. We already have
#(A) > An. This makes the lead term Q(n?); hence we can omit the O(n)
term. More precisely we have that the number of 3-AP’s in A is bounded
below by

)\3 2 1 n—1 R ) R
IS AMB(=20C(r) < 0
16 n
A\3n?2 1 ot
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Since the left hand side is positive we have

< XS AMB20Cm)
< LlmaxrA(r) 02 | B(=20)[|C(r)

By the Cauchy Schwartz inequality we know that

n—1 n—1

|B(=2)IC(r)] < ( Z I 102

=1

M

i=1
Hence

n—1

/\3 2 —1 .
<l max |4 Z ) ICE)P)).

=1

By Parsaval’s inequality and the definition of B and C' we have

—

n— A A 2
[B(=2r)P)" < n#(B) = =
i=1
and
— An?
G2 < () = 25
=1
Hence
A3n? A 1 \n? o n
6 < (15133_1 IA(T)I)ET = (155125_1 IA(T)|)§~
Therefore

|A(r) > 3

0.1.3 What more is known?

The following is known.

Theorem 0.1.16 For every A > 0 there exists ng such that for all n > ny,
sz(n) < An.

This has been improved by Heath-Brown [?] and Szemeredi [?]
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Theorem 0.1.17 There ezists ¢ such that sz(n) = Q(n (1og1n)c)' (Szemeredi
estimates ¢ < 1/20).

Bourgain [?] improved this further to obtain the following.

Theorem 0.1.18 sz(n) = Q(n,/b{f}%).



