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Abstract

We say that a graph F strongly arrows (G;H) and write F
(G;H) if for every edge-coloringof F with colors red and blue a red
G or a blue H occurs as an induced subgraph of F. Induced Ram-
sey numbers are dened by r (G;H) = minfifV(F)j: F (G;H)a.
The value of r (G;H) is nite for all graphs, and good upper bounds
on induced Ramsey numbers in general, and for particular families
of graphs are known. Most of these results, however, use the proba-
bilistic method, and therefore do no yield explicit constructions. This
paper provides seweral constructions for upper boundsonr (G;H)
including r (Cn) = 1 (Cn;Cn) W9 M? ¢ (T:K,) jTjniTileiTi
r (B;Cn) jBjY9"e* whereT is atree, B is bipartite, K, is the
complete graph on n vertices and C,, a cycle on n vertices. We also
have somenew upper bounds for small graphs: r (K3z+e€) 21, and
r (Ke € 46.

1 Intro duction

Any edge-coloringof a K 5 with red and blue will cortain a monochromatic
P, (path on four vertices). The proof is a standard Ramsey theory argu-
ment: x onevertex u of the Ks. There are at least two neighbors v and w
of u such that uv and uw have the samecolor, say red. Consider the four
edgesleaving v and w other than uv and uw. If one of theseedgesis red it
forms a red P4 with uv and uw, otherwisethe four edgesare blue and form
a blue C4 (cylce on four vertices) which, obviously, corntains a blue Py4.
What happensif we require the monochromatic P, subgraphto be in-
duced? The complete graph will no longer do, sinceit doesnot contain P4



as an induced subgraph at all, but the graph in Figure 1 will work, aswe
will show in Section6.1.

Figure 1. Graph with monochromatic, induced P4 in every two-coloring

It is not at all obvious that given graphs G and H there will always
be a graph F which for all two-coloringswill either contain a red induced
G or a blue induced H (in this casewe say that F strongly arrows G and
H, and write F (G;H)). This result is known as the Induced Graph
Theorem and was proved independertly by Deuber, by Erdps, Hajnal and
Posa, and by Redl in the sewerties [Die97]. In a later analysis, Erdps and

Hajnal showed that the graph F can be assumedto have at most 22n1
vertices[KPR98], wheren is the numer of verticesin G and H. The smallest
order jFj (number of vertices) of a graph F for which F (G;H) is called
r (G;H), orr (G) in the diagonal caseG = H. If we omit the condition
that subgraphs must be induced, we get the ordinary Ramsey numbers
r(G; H) which are well investigated [Rad99, GRS90].

Erdpsand Redl conjecturedr (G) d®i, wherec is a constart [CG98].
A recert paper by Kohayakawa, Promel, and Redl| establishedr (G)
2iGi(log j6))* [KPROS].

While this result tells us something about the order of induced Ramsey
graphs F for G, it doesnot allow us to construct F explicitly. Most con-
structions in Ramseytheory are randomized, usingthe probabilistic method
for proving existence. However, there are situations in which one needs
explicit constructions: fault-tolerant networks, for example [AC88], or the
study of the computational complexity of , the arrowing relation [Sth99].

A look at the proofs of the Induced Graph Theorem shows that most
of them have relied on the probabilistic method. The exceptions are the
proofs by Deuber and by Nesetril and Redl [Die97].1 However, both proofs

1Diestel [Die97] includes both proofs. Deuber's is the rst proof of Theorem 9.3.1,
and Nesetril's and Redl's is the second proof.



construct graphs of enormoussize (worsethan taking repeated exponerts,
but better than Ackermann's function). Perhapswe cannot expect better
results for the generalcase. In this paper we concerrate on explicit con-
structions for special families of graphs: complete graphs, bipartite graphs,
cycles, and trees. We conclude the introduction with a survey of our re-
sults in comparisonto previously known constructive and nonconstructive
results in the area.

Let us start with small graphs. We restrict ourselves to connected
graphs on four vertices. Smaller graphs are trivial, and we do not know of
any results for particular larger graphsthat are not either trivial (stars) or
belongto noninduced Ramseytheory (complete graphs). P, is the path on
four vertices, K 1.3 a star with three edges,C4 the cycle on four vertices,
K3 + e atriangle with an additional edgeattached to one of the vertices,
and K4 eacompletegraph on four verticeswith one of its edgesremoved.
Figure 2 collects the known results.

G r (G) Reference

P4 8 Harary, Nesetril, Redl [HNR83], Section 6.1
Kis 6 Harary [HNR83]

K3z 6 Gleasonand Greenwood [GRS9Q

Ca 10 Harary, Nesetril, Rodl [HNR83]

Kz+ e 21 Section6.2

Ks e 46 Section6.3

Ky 18 Gleasonand Greenwood [GRS9Q

Figure 2: Induced Diagonal RamseyNumbers for Small Graphs

Wealsoshowv that r (K3+e;K3) 18(Section6.2),r (K4 €;K3) 16
(Section6.3),andr (C3;C4) 14 (Section6.4). Thesearethe only bounds
for nondiagonal Ramsey numbers we are aware of (excluding trivial cases
and pairs of complete graphs).

The only true lower bound for induced Ramseynumbers we know of is
r (P4) 8 from the paper by Harary, Nesetil, and Redl [HNR83]. And
this is not only true for small graphs, but for the asymptotic caseas well.
All available lower bounds simply user (G;H) r(G;H).

Let us now turn to the asymptotic results. As we mertioned earlier,
there are seweral proofs of the Induced Graph Ramsey Theorem. The
current best upper bound is given in a paper by Kohayakawa, Proemel,
Redl [KPR98]:

r (G;H) jHjchjlog (H);

where c is a constart, (H) is the chromatic number of H, and jGj  jH].
This comescloseto the Erdps and Redl| conjecture that r (G) d®l.



The Erdps and Redl conjecture is true for bipartite graphs by a result
of Redl from his 1973 master's thesis? If one of the graphsis a tree, then
r behavespolynomially: r (T;H) ¢Tj?jHj*(logjTjjH]j%)? [KPR98] (the
actual bound is slightly better, but more complicated). If both graphs are
trees, then r (T)  jTj3(logjTj)* as Bedk showed [Bec9q. The caseof
induced paths and induced cycles was settled by a result of Haxell, Ko-
hayakawa, Luczak [HKL95 who showed that r (C,) c¢n, where C, is
the cycle on n vertices. As a matter of fact they showved more: even the
sizeRamseynumber (counting the number of edgesrather than vertices) is
linear in n. Furthermore the result is true for any number of colors (only
the constart ¢ dependson the number of colors). Luczak and Red| [LR96]
showed that for graphs of bounded maximum degreer (H) jH|® (where
¢ dependson the degreebound).

The only construtive result in the precedinglist is Redl's result for bi-
partite graphs. It is also tight in the sensethat there is an exponertial
lower bound to match it (for complete bipartite graphs, even in the non-
induced case). Figure 3 sumsup our result while comparing them to the
randomizedresults. In the table T is a tree, B a bipartite graph.

G H r (G;H) References
constructiv e random

T K, jTjniTilsiTi ¢Tj?n*(logjTjn?)? Theorem 3.1, [KPR98]

T Koo jTji%n ¢Tj2(2n)*(logjTj(2n)?)? Theorem 3.2, [KPR98

n JT] iTi“(2n)"(log jTj(2n)") [ ]

P, B jBjdleane cn?jBj*(log njBj?)? Corollary 4.8, [KPR98]

T B jBj®ITIOITD™®  (T2jBj*(logTjiBj?)?> Theorem 4.10, [KPR98
141,172 ey iTi%iBj"(logjTjiBj%) [ ]

T T @77 5T T3 (log jTj)? Corollary 4.11, [Bec9(]

B C, jBjdlogne ? Theorem 5.2

T C, |Tjdlones ¢jTi?n*(logjTjn?)? Corollary 5.3, [KPR98
) iTj"n"(logjTjn<) y [ ]

Cn Cm A4lo(mHog (M2 o (for m  n) Theorem 5.4, [HK L95]

Figure 3: Asymptotic Induced RamseyNumbers

2 De nitions

A graph F = (V;E) consists of a vertex set V and an edgeset E. The
order of F (written jFj) is the number of vertices, jVj, the size of F is
the number of edges,jEj. For the purposesof this paper, all graphs are
nite, undirected, and simple (without loops or multiple edges). We say

2The only published version of this result we could locate is in Diestel's book [Die97,
Lemma 9.3.3].



FO= (V%E9 isasulgraphof F = (V;E) if VO V andE®? E. We call
F9an induced sutgraphof F if EC= fuv2 E :u;v2 V%.

A graph F = (V;E) is bipartite, if its vertex set can be partitioned
into two sets such that all edgesof F are between the two sets that is
V=V[V,andE fuv:u2 Vi;v2 Vg

We usethe following notation for particular graphs: K, is the complete
graph on n vertices,K ., the completebipartite graph on n and m vertices
(and similarly Kn.m:o the completetripartite graph onn, m and o vertices),
Cn the cycle on n vertices, and P, the path on n vertices (of length n  1).
We will call K 1., astar. The star K1., hasonecenter and n outer vertices.

Connected, acyclic graphs are called trees. A rooted tree is a tree with
one of its nodes designated as a root. We think of the edgesas being
oriented away from the root, and, therefore, will talk about parents and
children with regardto nodesin a rooted tree. A rooted tree is called full if
all its vertices (with the exception of the leaves) have the samenumber of
children and all the leavesare at the samelevel. If the number of children
is d and the leavesare at level h, we speak of the full d-ary tree of heighth.

De nition 2.1 We say that a graph F arrows (G;H) and write F !
(G; H) if for every edge-oloring of F with colors red and blue, a red G or
a blueH occurs as a sulgraph. We say F strongly arrows (G; H) and write
F (G; H) if the sulgraphis induced (as a sulgraph of F). We de ne the
generalizedRamseynumbers

r(G;H) = minfn:K,! (G;H)g;

r (G;H) minfi V(F)j : F (G;H)ag:
The (induced) size Ramseynumbers are de ned as

re(G;H) minffE(F)j: F! (G;H)g;

r«(G;H) minfi E(F)j : F (G;H)ag:
De nition 2.2 The composition F[G] of two graphsF = (V;E) and G =
(VEE9 isagraphonV VOwith edgesbetween points (v1;VvS) and (v2;V9)
if vivo 2 E or vi = v, and vV 2 EO i.e. the vertices of F are replacd

with copies of G and the edgesof F with complete bipartite graphs (or
conversely).

As referenceswe use Diestel [Die97] for graph theory, and Graham,
Rothschild, Spencer[GRS9( for Ramseytheory.

3 Trees versus Complete Graphs

Theorem 3.1 Givenatree T andn 2 we can construct a graph F of
order at most jTjn3Til9iTi suchthat F (T;Kp).



Pro of. Let T be a tree of order t. We will construct graphs F,, induc-
tively such that F, (T; Kn).

Forn = 2wecanlet Fo = T which servesasthe baseof the construction.
For the inductiv e step we assumethat we have built a graph F,, such that
Fn (T;Kp). Considerthe graph F = T[F,], the composition of T and
Fn. We will show that F (T; K@+ yn) for some > 0dependingon T
only.

Fix a coloring of F in which F doesnot contain a red induced subgraph
T. Then eadt copy of F, will cortain a blue clique of order at least n.
Restrict F and its coloring to the union of these vertices, i.e. we get a
graph of the form F°= T[K ,] where eac copy of K , is colored blue and
FO9 does not contain a red T. Let us call the dierent copiesof K, the
layersof F % and call theselayersadjacert if the corresponding verticesin T
they replaceare adjacert. For a vertex v of T let L (v) denote the vertices
of F%which belongto the layer assaiated with v. We claim that there are
subsetsA and B of vertices of sometwo adjacert layerssuc that all edges
betweenA and B are blue and jAj+ jBj (1+ )n (we will determine
later). Then the verticesin A and B form a blue clique of order (1 + )n,
hence F itself contains a blue clique of this order. That meanswe can
increasethe order of cliguesby a factor of (1+ ) by multiplying the order
of the graph by t. Hencer (T;K,) t'*9w. n  ni=(og, 1+ 1))

We still have to prove the claim, so assumefor a contradiction that
for any two adjacert layers and any two subsetsA and B of these layers
with jAj+ jBj (1+ )n thereis ared edgebetweenA and B. Considera

verticesfrom the layer assaiated with v; in FOsudh that jR(v;)j (1 k )n
for somek 0. We claim that there is a subsetR(v) of the layer assiated
with v such that ead vertex w 2 R(v) is connectedby a red edgeto some
vertex in R(vj) foreah 1 i dandjR(v)] (@ dk+ 1) )n. The
basic obsenation is that if R is a subsetof a layer and L a subset of an
adjacert layer, then L contains a subsetof at leastjLj (n(1+ ) jRj)
vertices eat of which is connectedby a red edgeto a vertex in R; this
follows by taking subsetsA of L of ordern(1+ ) jRj. Letting R = R(vy)
and L = L(v) we obtain asetR%of (1 (k+ 1) )n verticesin L(v) all of
which are connectedby a red edgeto somevertex in R(v;). Repeating this
argumert with L = R%and R = R(Vv), etc. will give usthe set R(v) we
were looking for.

Now traversethe graph T in a breadth- rst way, letting R(v) = L(v) for
all the leavesv of T and using the procedure described above to compute
R(v) for inner nodes. An easycomputation shows that if v is the root of
the tree then jR(vV)] (1 (t 1) )n. Hencechoosing = 1=t, we know
that there is a red subtree isomorphic to T in F which contradicts the
assumption thereby establishing the claim.



Hence F (T; K@+ yn), and jFj  jTj jFqj. This implies that in
general jF,j  jTj%9= ne  jTjnaTilgiTi where we use the fact that
log;(1+ 1=t) 1=(2tlogt). 2

We can use the construction of the Theorem 3.1 to obtain results for
trees versus complete bipartite graphs. Remenber that the induced size
Ramsey number r(G; H) is the smallest number of edgesof a graph F
fullling F (G;H).

Theorem 3.2 If T is a tree, the following hold (constructively):
r (T;Knn) jTj%n.
re(T:Knn)  jTj®n2,
r (T;Cs) 2T}
The theorem follows from the following lemma.

Lemma 3.3 Given atree T of ordert and an integer n we can construct
a graph F of order at most t?n and size at most t(tn)? such that F
(T;Knn ) for everyn.

Pro of. UseF = T[K ]. As in the proof above one can shaw that there
is either ared T or a complete bipartite graph on 2tn=t vertices. We do not
needan inductiv e construction here sincewe can force the absenceof edges
within the two partitions of K., by using the complemen of a complete
graph. Note that F hasat most t°n vertices and t(tn)? edges. 2

4 Bipartite Graphs versus Trees

Redl shovedin his master'sthesisthat r (G)  2°€i for a bipartite graph G
using an explicit construction [Die97, Lemma 9.3.3]. Sincer (G) r(G)
2161 py a result of Chvatal and Harary [GRS90], this is a reasonablytight
bound. In this section we consider the restricted version in which one of
the graphsis a tree. We will give explicit constructions shawing that

r (G;Pn) jGjd9ne if G is bipartite,

r (G;T) jGj4d DlegiTie \whered is the maximum degreeof T, and
G is bipartite,

r (G;T) jTj jGj'9iTi for afull tree T and bipartite G,

r(G;T) jGj@TINeiT)™ if G is bipartite.



Note that the last result implies an upper bound of 4Ti"~*106°>*iTi for ¢ (T).
To simplify the preseration in this section we introduce an extension
of the composition notation.

De nition 4.1 LetF = (Vi [ V2, E) be a bipartite graph, F; = (W1;E1),
F, = (W3;Ep) two graphs,and A; Wi, A, . W,. We dene F[Vy !
FijA1;Vo | F2jAs] with vertexsetVs, Wi [ Vo W, to include the
following edges:

(i) an edge between (v;w) and (v;w® for eachww® 2 E; and v 2 V,
(wherei = 1;2),

(i) an edge between (v;w) and (V&w% for w® 2 E, v 2 Vi, V02 Vs,
w2 Ay, wo2 As.

We will drop A1, A, or both in the notation if they are maximal (Vy, or
Vo). We will drop V1 ! Fi1jA; or Vo ! F3jA, if no substitution on V; or
V, takesplace (i.e. F; or F; is a single vertex).

That is, we build F[V1 ! Fi1jA1;Vo ! F2jA;] from F by substituting
ead vertex of F by a copy of F; or F, (depending on whether it is from
V1 or V) and include complete bipartite graphs betweenthe vertices from
A; and Ao,

The next two results will shov two ways to build trees (versusa xed
bipartite graphs). For these (and later results) we will need a notion of
locating vertices of an arrowed tree in a coloring.

Denition 4.2 If F (G;T) wecall T locatedin F, if for eachv 2 V(T)
there is a A, V(F), such that the A, are pairwise disjoint, and if a
coloring of F does not contain a red induced G, then it contains a blue
induced copy of T with the copy of v in the set A, (we will also say: v is
located in F).

The rst lemma allows us to build trees along an edge.

Lemma 4.3 Let T be atree, and T, T, be two subtrees of T obtained by
removing one edgefrom T. If Fy (G;Ty), and F» (G; T) suchthat
T; is located in Fi, then we can build an F such that F (G;T), Tis
located in F, and jFj jGj maxfj Fij;jF2jg.

Pro of. Let G= (V1 [ Vo;E). Fix vi 2 T4, and v, 2 T, sudh that viv; is
the edgeremoved from T to obtain T, and T,. SinceT; and T, are located
in F; and F,, rsp., there are setsA; and A, sud that the copiesof v; and
Vo in F; and F, will occur in these sets. Consider an arbitrary coloring
of the graph F = G[V1 ! F1jA1;Vo ! F2jAz]. We can assumethat all



the copiesof F; contain a blue induced T; with v; in A; (otherwise we are
done). More precisely for eat v 2 V; there is a blue, induced tree Ty, in
F, its verticesfrom fvg F;, containing the vertexfv;vigin fvg A;. The
graph F restricted to thesefv;vig (v 2 V) is isomorphic to G. Hencethis
restricted graph it hasto contain a blue edge (otherwise we have a copy
of a red induced G) which (by construction) connectsa blue induced T; to
a blue induced T,. Again, more precisely there areu 2 Vi, and w 2 V,
sud that the edgeff u; vig; fw; v2ggis blue. Togetherwith Ty.1, and Ty:2
this completesa blue induced T. The bound on the sizeof F is immediate.
Furthermore T is locatedin F. This follows from the assumptionabout T3
and T, and the construction. 2

The secondlemma dealswith vertices.

Lemma 4.4 LetT beatreerooted in v and F be a graph suchthat F
(G;T) and v is located in F. Given d, de ne a tree T? by taking d copies
of T and identifying their roots v with the outer vertices of a K1.4. Then
we can construct F%suchthat F®  (G;T9 and the center of the K 1.4 is
located in FO FurthermorejFq djGj? jFj.

Before we prove the lemma we needto establish the following claim.

Claim 4.5 For every bipartite graph G there is a bipartite graph G° =
(V1 [ Vo, E) of order at most djGj? such that every coloring of G° either
contains a red induced G or a blue induced star K 1.4 with its root in Vi,
and its children in V5.

Proof. Let G = (W, [: Wy;E9 be a bipartite graph. Construct G°
by substituting ewvery vertex in W, by n := jWj(d 1) + 1 new vertices,
that isVp = Wy, Vo = Wy, fl;:::;ng, and E = fa(bji) : a2 Vp;b2

Vo;ab2 E,and 1 i ng. Assuming that there is no blue induced
K 1.4 with certer in V; one easily constructs a red induced G. Furthermore
JGY  jWij + jWajn = jWij + jWaj + jWojjWij(d 1)  jGj4d. 2

Pro of of Lemma 4.4. Fix G, F,v, T, dand T%asin the assumption
of the lemma, and selectA  V(F) such that v will lie in A if a coloring of
F cortains a blue induced T. ChooseG®= (Vi [ V»;E) as constructed in
the precedingclaim. Let FO= G9V, ! FjA]. Each copy of F cortains a
blue induced copy of T with v in A (otherwise we are done). If we restrict
F%to the copiesof thesev we get a graph isomorphic to G% Hencewe can
assumethat F°contains a blue induced K 1.4 with certer in V; and all of its
children copiesof v vertices. This completesa blue induced T® We have
iFY jGY jFj djGj?Fj, and the certer of the star is located in F°. 2



Let us seehow to apply theselemmas. The rst lemma givesus a good
handle on trees of small maximum degree. The reasonis the following
well-known result.

Lemma 4.6 For everytree T of maximum degree d there is a node of the
tree suchthat the subtree rooted in that node is of order between (jTj 1)=d
and (jTj) 1)(d 1)=d

Pro of. Root the tree in one of its leaves. Starting from there keep
selectinga child v of the current node such that the subtree T, rooted in
v hasmore than (jTj 1)(d 1)=d vertices (the unique child of the root
certainly fullls this property). Evertually we nd a vertex v for which
there is no sud child, i.e. for all children w of v the subtree T,, rooted in
w hasat most (jTj 1)(d 1)=dvertices. SincejT,j (jTj 1)(d 1)=d
we know that one of the (at mostd 1) children hasat least (jTj 1)=d
vertices, completing the proof. 2

Theorem 4.7 Let G be a bipartite graph, and T a tree on n vertices with
maximum degree d (d  2). Then we can construct a graph F of order at
most jGj4d Dlogne gychthat F (G;T) (and T is located in F).

Pro of. = WeuseLemmad4.6to split T into two parts ead of sizeat most
(d 1)=d(jTj 1). Recursively we can build T from these subtreesusing
Lemma4.3. If V(T) = fvg, we let F be the graph on a single vertex, and
A, contain that single vertex. This will do as a basefor the recursion. If
k (d 1)logn we have (d(d 1))k = (1+ 1=(d 1)k 2gn p,
hencethe construction will take at most d(d 1) log(n)e steps,hencejF|

jdo(d 1) log ne 2

One speci ¢ result seemsworth mertioning.

Corollary 4.8 For everybipartite graph G we can build a graphF of order
at most jGjd°9ne suchthat F  (G;P,) (and P, is located in F).

Lemma 4.4 works well with full trees. SupposeT is a full d-ary tree
of height h. Then we can apply the lemma recursively to get an F with
F (G T)andjFj d" jGj" |jTjjGj?'o94ITi,

Theorem 4.9 For every full d-ary tree T and every bipartite graph G we
can construct a graph F of order at most jTj jGj?'°94¢iTI suchthat F
(G:T).

The previous best constructive upper bound on bipartite graphs versus
trees is given by Redl's construction for bipartite graphs. We can im-
prove that bound by combining the two ideas above: we use Lemma 4.4

10



for vertices of high degree, and Lemma 4.3 for vertices of low degree.
Suppose we are given a tree T on n vertices with a vertex v of degree
d n=(nlogn=3)*2. Let Ty;:::; T4 be the trees rooted in the children

is a subgraph of T° where v; is mapped to v and the degreesequence
of T%is a subsequenceof the degreesequenceof T fvg. (To seethis,
consider all trees T° with root v° such that ewvery T, is a subgraph of T°
and v; is mapped to v%. Assume every node in T has smallest possible
degree, where we minimize the degreesof the vertices in a breadth- rst
order. Any vertex in that tree T° which does not coincide with a vertex
of the same degreefrom one of the T; could be substituted by a vertex
of smaller degreeall of whose grandchildren are the same tree, namely
the tree obtained from identifying the roots of all the grandchildren of the
original vertex.) Henceif we take d copiesof T? and identify the satellite
vertices of a K 1.4 with the roots of the copiesof T the resulting graph
will contain T as a subgraph. Therefore we can apply the construction
of Lemma 4.4 for vertex v. We now repeat the construction recursively
with T until all vertices have degreeat most n=(n logn=3)'=2. This will
take at most (nlogn=3)'=2 steps (by the condition on the degreesequence
of T% we are not introducing new vertices of high degree,and we are re-
moving at least one vertex of high degreeat ead step). At this point we
apply the construction from Theorem 4.7 which will give us a graph of size
jGj(n=(nlog n=3)""*)log n = jG;j@Enlog M)*™*) ' This graph we now useasthe base
for the (nlogn=3)*=? stepsof the Lemma 4.4 construction which givesus an
upper bound of (jGj jGj2)(n=(nlog n=3)1:2)jGj(3n log n)*=2) — jGj(®n log n)i=2)
which is what we set out to prove.

Theorem 4.10 Given a bipartite graph G and a tree T we can construct
a graph F of order at most jGj©®iTilgiTH™®) sychthat E (G;T).

Corollary 4.11 Given a tree T we can build a graph F of order at most
BT 0% ITi gychthat - (T;T).

5 Cycles

This section cortains constructions shawing the following bounds:
r (G;C,) jGjdegnets if G is bipartite.
r (T;:C,) jTjdo9nerl jf T s a tree.
[ (Cn:;Cm)  A4l0g(m)tog( m)?

There does not currently seemto be a randomized result better than
our upper boundonr (G;Cy).

11



5.1 Cycles and Bipartite Graphs
Lemma 5.1 If G hasmaximum degree d, then G[K4:1]  (G;K1.2).

Proof. LetF = G[Kg+1]and x acoloring in which F doesnot have a
blue induced K 1.,. We will show how to recursively embed a red induced G
in F. Each vertex of G hasd+ 1 possiblerepresenativ esto choosefrom. We
start with any vertex, and chooseany of its represerativ es. Assume now
that we have built a part of G in F and now want to add vertexv 2 V(G).
We have d + 1 choices. However we might have already embedded some of
the neighbors of v. Sincev hasat most d neighbors, and ead represenativ e
chosenfor one of these neighbors is incident to at least d red edgesto the
represenativ es of v (otherwise there would be a blue K .,) there is one
represenativ e of v which is connectedby red edgesto all represerativ esof
neighbors of v chosenso far. 2

Theorem 5.2 Given a bipartite graph G and a cycleC,, (n  3) we can
construct a graph F of order at most jGjd°9 "e*4 suchthat F  (G;Cp).

Pro of. Fix G = (V1 [ Vo;E) with maximum degreed. Construct a
tree T from a K1.4+1 by replacing eadh edgewith a P, 1. Combining the
ideas from Corollary 4.8 and Lemma 4.4, we obtain a graph H of order
at most (d + 1)jGj2 jGjdogne  jGjd+dogne gnd a set A V(H) such
that H (G;T). Furthermore if H doesnot cortain a red induced G,
it contains a blue induced T with its d + 1 leavesin the set A (since T
is induced this in partiular meansthat there are no edgesbetween those
leaves).

Considerthe graph F = G[V; ! HJjA;V, ! HjA]. Fix acoloring of F
without a red induced G subgraph. Then ead copy of H contains a blue
induced H with its d+ 1 leavesin A. Restrict F and its coloring to these
(d + 1)jGj leaves. By Lemma 5.1 this graph hasto contain a blue induced
K1:2. This blue induced K 1.2, however, completesa blue induced C, in F,
and we are done. 2

The use of Lemma 5.1 in the last theorem was necessaryto deal with
cyclesin the graph G. If G is acyclic, we can obtain slightly better bounds.

Corollary 5.3 For everytree T and everyn 3 we can build a graph F
of order at most jTj4°9 e+l sychthat F (T;C,).

5.2 Cycles versus Cycles

Theorem 5.4 For every Cn and C,, we can construct a graph F of order
at most 4009(n)*og (M)* gychthat F (Cp;Cm).
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We split the proof into two cases:one of n and m is even (Lemma 5.5),
or both are odd (Lemma 5.7). The casethat one of the cyclesis even is
coveredby Theorem 5.2, but we improve the construction to get a slightly
better bound.

Lemma 5.5 For everym and everyevenn we can build a graph F of order
at most 3=2n4°9 e+l gychthat F (Cp; Ch).

Pro of. Since n is even we can apply Corollary 4.8 to obtain a graph
Fmn Of order at most nd°9 M€ sych that F~ (Cp; Pm).

Construct a graph G by taking two points and connectingthem by three
three vertex-disjoint paths of length n=2 (seeFigure 4).

Figure 4: The three paths of G

Consider an arbitrary coloring of F = G[Fn., ]. If none of the copiesof
Fm:n contain ared Cp, they all contain a blue induced path of lengthm 2.
For every vertex v of G x the two endpoints a, and b, of such a path.
Let v and w be adjacert in G. If we restrict F to the K., on the vertices
fay;by;aw;byg we seethat either both a,a, and b,b, or both a,h, and
b,a, arered (otherwise one of the blue induced paths is extendedto a blue
induced Cy,). In the secondcasewe say that the edgevw in G switches
(meaning that the red edgesswitch from the a to the b vertices, and vice
versa). Of the three paths of length n=2 that connectthe two special points
in G we can selecttwo such that the parity of the total number of switching
edgeson the resulting cycle is even. Following this cycle of length n in F
(starting with an arbitrary a on the cycle) and switching from a, to b, or
b, to a, wheneer the corresponding edgeis switching, or remaining on the
a or b sideif the edgeis not switching, yields a red induced cycle of length
ninF. 2

For the following lemmaand theorem let Ty, bethe following tree: take
a full ternary tree of height h, and 3" paths of length *. Pair up the paths
with the leavesof the ternary tree, and identify one end of eat path with
the corresponding leaf of the ternary tree. Note that T, contains 3" paths
of length h+ ~ from its root to its leaves.

13



Lemma 5.6 For every n;m;h (with n odd) we can build a graph F of
order at most (nm)2h*d°g "¢ and pairwise disjoint A, V(F) suchthat F
contains either a red induced C,,, a blueinduced Cr,, or a blueinduced Ty
with each leaf v in A, (for all 3" leaves).

Pro of. Fix n (odd) and m. If we could apply Lemma 4.3, we could
build a graph strongly arrowing (Cn; Tn:, however, C, is not bipartite.
Fortunately, it is nearly bipartite.

Consider the graph G obtained by linking a certral point to eat point
of a C, by a path of length (n 1)=2. If a coloring of G doesnot contain a
red induced C,, oneof the edgesof the C,, hasto be blue, which forcesone
of the edgeson the two paths from that edgeto the certral point to bered.
Splitting up the verticesof G into setsV; and V, accordingto whether their
distance from the certral point is odd or even givesus a graph G which in
any coloring either corntains a red induced C,,, a blue induced C,, or a blue
edgebetweenthe two disjoint setsV; and V,. We cannow useG, Vi, and V,
in the construction from Lemma 4.3 to build a graph which in any coloring
either contains a red induced C,,, a blue induced C,, or a blue induced
Th: . We rst apply the lemma dlog e many times to obtain a graph suc
that any coloring of that graph cortains either a red induced C,,, a blue
induced C,, or a path of length *~ whoseendpoints are located. It now takes
us another 2h stepsto complete the ternary structure connectingthe paths
(two stepsfor ead level of the full ternary tree). HencejFj jGj2h*dog e,
implying, together with jGj nm, the upper bound. 2

We needto take a closerlook at the construction. Supposev and w
are two leavesof T» in Lemma5.6, and A, and A,, their assaiated sets
in F. Consider a coloring of F without a blue induced T-. F either
contains a red induced C,, or a blue induced C,. This doesnot changeif
we add edgesbetweenA, and A, (sincethey belongto dierent stagesof
the construction).

Lemma 5.7 Supmsen and m are odd, then we can build a graph F of
order at most (nm)2/e9(m+og (M) gychthat F (Cp;Cnm).

Pro of. Fix n m, both odd. Let h = dogz(n)e, " = (m 1)=2 h,
and chooseF and A, be asin Lemma 5.6. We can choose a sequence

Vi+1 mod n IN Tp> haslength precisely2((m 1)=2 h)+ 2h=m 1for all
i (we only have to make surethat v;j and vj+1 are not children of the same
child of the root; sincen is odd we needthree children of the root to achieve
this). To F we add complete bipartite graphsbetweenA,, and Ay,,, ...,
for all i. Call the resulting graph F° Fix a coloring of F° without a red
induced C,, or a blue induced C,,. By Lemma 5.6 there is a blue induced
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graph is an (induced) C,. If all of its edgesare red, we are done. Hence
at least one edge,v;vi+1 s&, is blue. This edge,however, completesa blue
induced Cy,, becausewe already have a blue P, from v; to vj,+; which as
a subgraphof F (rather than F9 is induced.

We get the upper bound on F by observing that 2h logn, and
dog'e logm. 2

6 Small Graphs

A fair amount of researt e ort has been directed towards determining
Ramseynumbersprecisely Currently all the numbersr(K;;Kj) fori+j 9
are known, and we also know that 43 r(Ks) 49[Rad99. It seemsas
if mathematicians want to prepare for the invasion of Erdes's hypothetical
alien force which will comedown to earth and ask us for the value of r (K 5).
They will be quite surprised if the aliens ask for induced Ramseynumbers
instead. It appearsthere has beenonly one paper sofar that investigates
induced Ramseynumbersfor small graphs[HNR83]. The paper shows that
r (C4) 10, sinceboth K 3.7 Cs and K55 C4, and that r (P4) 8.
The proof of r (P4) 8 is wrong, but we manageto get the sameresult
here. We show upper boundsforr (Kz+¢€),r (Ks €),r (K3 Kz+ €),
r (Ks;Ks €),andr (Cz;Cy). Although all of theseseemto be rather far
away from what we would expect the actual numbersto be, there have not
beenany previous upper bounds for these problems at all, sothey should
be consideredas a challengerather than the last word.

6.1 Py

In this section we will show that r (P4) 8. It was claimed earlier that
the Mobius ladder Mg strongly arrows P, [HNR83], but this is not the case
(color the outer edgealternatingly red and blue, and two of the spokesred,
and the other two blue suc that a blue induced C,4 results).

We claim that the graph in Figure 5 contains a monochromatic P, in
every two-coloring. For a contradiction assumethere is a coloring in which
it doesnot. Fix this coloring. At leasttwo of the edgesl, 2, and 3 have to
have the samecolor, say red. If 1 and 2 are red, then 4, 5, and 10 have to
be blue. Now 8, 9 and 11 are forced to be red (8, and 9 because4 and 5
are blue, and 11 becausel0 and 5 are blue) completing a red induced P,.
In casethat 1 and 3 are red we know that 4, 5, 6, and 7 all have to be blue.
This in turn forces8 and 9to bered. If 11is red, then 8, 11,9 form a red
induced P4, otherwise 5,11,6is a blue induced P,4. Finally, we can assume
that 2 and 3 arered, and 1 is blue. This forces7 to be blue. Then 6 hasto
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Figure 5: Graph strongly arrowing P4

be red (otherwise 8, 10, and 2 are a red induced P,), forcing 8 and 11 to
be blue which in turn forces4, 5 and 9 to form a red induced P4.

6.2 Kz+e

We will prove the following two upper boundsinvolving K3 + €
(i) r (Ks+e 21,

(i) r (Ks+ e;Kz) 18.

The best lower bounds are given by r(K3 + ¢;K3) = r(Kzg+e) = 7
(Chvatal, Harary [Rad99).

Let usstart with the rst result, the secondwill be an easymodi cation.
Let the graph H consistof a K 3 + e together with an isolated vertex. Take
three copiesH, Hy, and H3 of H, and a copy of a K¢ on verticesa; b;c;d; e
and f. Include complete bipartite graphs betweenfa;bg and H;, fc;dg
and H», and fe;f g and H3. Call the resulting graph F. We claim that
F K3+ e. Fix acoloring of F. The certral K g contains a monochromatic
triangle, say in red. At leastoneof the setsf a; bg, f c;dg, or f e;f gintersects
the triangle in exactly one vertex, supposeit is f a;bg, and the vertex is a.
Now all edgesbetween a and the vertices of H; have to be blue, since
otherwise we would have completed a red induced K3 + e. Within Hj is
an induced copy of K3 + e. If all the edgesred, we are done, hencewe can
assumethat one of the edgesis blue. This edge,together with a, and the
isolated vertex of H; form a blue induced K3 + e.

For the secondresult we can save three verticesby letting H beK3 + e
without an additional isolated vertex.
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6.3 Ky e

We will show two upper boundsinvolving K, e in this section:
(i) r (Kg;K4 € 16,
(i) r (Ky € 46.

We note that the bestlower boundsare through r(K3;K4 €)= 7,and
r(K4 €)= 10 (both by Chvatal, Harary [Rad99).

To prove (i), takea K1.3.4.4 and a copy of K, e and include all edges
betweenthem. For a contradicion assumethat there is a coloring of the
resulting graph which hasneither a red triangle nor a blue, inducedK 4 e.
Becauseof the later the copy of K4 ewill contain at leastonered edge,call
it f with endpoints u and v. Considerthe following situation: u is incident
to two red edgesleading to one partition (with endverticesxj; X»), and one
red edge leading to another partition (with endvertex y) of the K.3.4.4.
Since we do not have any red triangle the following edgesare forced to
be blue: yv, yxi1, yX2, vX1, VX, completing a blue induced K4, e (since
there is no edgex;Xz). Hencethis cannot occur, and we get one of the
following two cases:u is incident to two red edgesto one partition, and no
red edgeto any other partition, or u is incident to at most one red edgein
ead partition. In either case,the graph contains a blue K ;.7 (not induced)
certered in u the edgesof which split up as1+ 3+ 3 amongthe partitions.
Call the single vertex w, and the groups of three vertices A and B. If there
were two blue edgesfrom w to either A or B this would complete a blue
induced K4 e, hencew is incident to at least two red edgesto ead of A
and B. Let A%be the red neighbors of w in A, and B be the red neighbors
of w in B. As before all edgesbetween A and B? are forced to be blue.
Sinceall the verticesin A® and B° are connectedto u by blue edges,this
again completesa blue induced K, e

For (ii) we rst note that K1.3.6 (K4 e;Ki:3). Supposethis was
false. Let the partitions of K1.3.6 be A; B and C with jAj = 1, jBj = 3,
jCj = 6. Then there is a red edgeuv from A to B (since there is no blue
induced K 1.3). Again the absenceof a blue induced K ;.3 forcesat least
four red edgesfrom u to C and four red edgesfrom v to C. Henceu and
v have at least two common red neighbors in C completing a red induced
Ks e

Construct a graph F asfollows: take a K and four copiesof K 1.3.¢6 and
include all edgesfrom the K¢ to the other four graphs. Considera coloring
which contains neither a red, nor a blue induced K4, e. Now K¢ corntains
a monochromatic triangle, say in red. Supposethat every copy of K1.3.6
contains a vertex which hasat least two red edgesleading to that triangle.
Then for two such vertices the red neighbors in the red triangle must be
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identical (sincethere are four copies,and only three two elemen subsetsof
the three vertices) completing a red induced K4, e. Hencein one of the
copiesof K 1.3.6 all vertices have at most one red edgeto the red triangle.
SinceK 1.3.6 doesnot corntain a red induced K4 e it doescontain a blue
induced K 1.3. Each of its four vertices is connectedby at least two blue
edgesto the red triangle. It follows that one of the triangle points has at
least three outgoing blue edges,one to the certer of the K 1.3 and two to
outer vertices of the K1.3. This, however, would complete a blue induced
Ks e

6.4 C;versus C,

Weshawthat r (C3;C4) 14. The bestlowerboundisthrough r(Cs; Cy4) =
7 (by Faudree,Sdcelp, Rosta[Rad99). To show the upper bound construct
agraph F asfollows: take a K 4.4.4 together with two isolated verticesu and
v, and include a complete bipartite graph betweenfu;vg and the K 4.4.4.
We claim that F (C3;Cy4). Fix acoloring of F. If there are two paths
(of length two) consisting of blue edgesonly from u to v whosemidpoints
belongto the samepartition of the K 4.4.4 we get a blue induced C4. Hence
there is at most one blue path from u to v through ead partition. We
can therefore restrict F to u, v, and a K3.3.3 sudh that there is no blue
path from u to v. Henceead vertex of the K 3.3.3 has a red neighbor in
fu;vg. Label eadh vertex in K 3.3.3 with sudh a neighbor. In ead partition

of the K 3.3.3 one of the labelsoccursat least twice, and sincewe have three
partitions, there are two partitions in which the samelabel occurs at least
twice. Hencewe have four verticesfrom the K 3.3.3 with the samelabel (say
u) which split acrosspartitions as2+ 2+ 0. If any of the edgesbetween
thesefour verticesis red it completesa red C3 (with u). Otherwise the four
verticesinduce a blue Cy4.

Ac knowledgmen t. Thanks to Stan Radziszawski for helpful com-
merts, and the anonymous refereefor catching several errors.
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