DAY, <5

Information
Processing
Letters

ELSEVIER

Information Processing Letters 62 (1997) 103-110

Transforming comparison model lower bounds
to the parallel-random-access-machine

Dany Breslauer *', Artur Czumaj ™', Devdatt P. Dubhashi ",
Friedhelm Meyer auf der Heide >'?

 BRICS ~ Basic Research in Computer Science, Centre of the Danish National Research Foundation, Department of Computer Science,
Universiry of Aarhus, DK-8000 Aarhus C, Denmark
® Heinz Nixdorf Institute, University of Paderborn. D-33095 Paderborn, Germany
¢ Department of Mathematics and Computer Science. University of Paderborn, D-33095 Paderborn, Germany

Received 19 July 1995
Communicated by F. Dehne

Abstract

We provide general transformations of lower bounds in Valiant’s parallel-comparison-decision-tree model to lower
bounds in the priority concurrent-read concurrent-write parallel-random-access-machine model. The proofs rely on standard
Ramsey-theoretic arguments that simplify the structure of the computation by restricting the input domain. The transforma-
tion of comparison model lower bounds, which are usually easier to obtain, to the parallel-random-access-machine, unifies

some known lower bounds and gives new lower bounds for several problems.
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1. Introduction

Valiant’s parallel-comparison-decision-tree model
[26] is very attractive for studying parallel algorithms
and lower bounds for order invariant problems
whose solution depends on equality or order rela-
tions between the input variables. One of the major
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drawbacks of this model, however, is that the infor-
mation obtained by determining the relations be-
tween input variables becomes ‘‘common knowl-
edge’’ and the model fails to capture the difficulty in
communicating information between various pro-
cessing units that run in parallel. In this respect, the
parallel-random-access-machine model (PRAM) is
more realistic because it captures some issues of
communication between the different processing
units, that makes it a more natural model to describe
parallel algorithms.

The two models, however, are not comparable in
general. While some problems in the comparison
model, e.g. finding the maximum {26], have similar
algorithms in the PRAM model [25], for other prob-
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lems, e.g. finding the median [1,5], only much slower

PRAM algorithms [7] are known for any polynomial

number of processors. On the other hand, there exist

problems, e.g. element distinctness, that have slow
comparison model algorithms [6] and constant-time

PRAM algorithms on integer input domains.

Since comparison model lower bounds are often
easier to obtain than PRAM lower bounds, it can
sometimes be useful to translate comparison model
lower bounds into PRAM lower bounds. Clearly, if a
PRAM algorithm can only access its input by deter-
mining the relations between the input variables,
then the comparison model lower bounds will hold
for the PRAM. However, this assumption prevents
PRAM algorithms from using their powerful capabil-
ities. Moreover, solutions to problems that are de-
fined in the equality-comparison model sometimes
benefit from the introduction of an arbitrary order on
the input domain so that order comparisons can be
used; e.g. element distinctness. Since the input vari-
ables on the PRAM are usually assumed to be
integers, the input domain is naturally ordered. This
makes lower bounds in the equality-comparison
model inapplicable to the PRAM model.

This note gives two general translations of lower
bounds in the order-comparison model to lower
bounds in the priority CRCW-PRAM model:

(1) Any comparison model lower bound can be con-
verted into a corresponding lower bound in the
priority CRCW-PRAM with bounded memory.
By bounded memory we mean that the memory
size is not permitted to grow as a function of the
input domain size.

(2) Any comparison model lower bound that holds if
the input variables are known to be all distinct
can be converted into a corresponding lower
bound in the priority CRCW-PRAM with infi-
nite memory.

The proof techniques used are standard multi-
variable Ramsey-theoretic arguments that were de-
veloped by several authors for studying specific
problems [9,19,21-24]. The main idea is that one
can restrict the original input domain in such a way
that the processors must communicate in a manner
that depends only on the relative order between the
input variables. This implies that the PRAM can only
determine the relations between input variables that
were communicated to a given processor and not by

the communication pattern itself. We then apply
comparison model lower bounds to obtain lower
bounds on the PRAM.

The transformation of the comparison model lower
bounds provides a unified way to obtain lower bounds
for the PRAM. It generalizes previous results and
provides PRAM lower bounds for problems that had
only comparison model lower bounds. Some of the
lower bounds obtainable by the transformation, for
input of size n on a p processor PRAM, are:

(1) Sorting requires

‘Q‘(n/p +10g[(p/n) log n+l]n)

time [9,21].
(2) Element distinctness requires

Q(”/P + ]Og[(p/n) log n+ |1”)

time if the memory size is bounded [9,16].
(3) Finding the maximum and merging require

Q(n/p +log log;, .+ I]”)

time [19,24].
(4) String matching and some related problems on
strings require

Q(n/p+loglog,, .. 1)

time, if the memory size is bounded.

(5) Finding an approximate maximum, namely, an
element whose rank belongs in the top &n ranks,
requires

Q(n/p+log lOg[p/nH\(l/g)

+log*n—~log"( p/n))

time *, for 1/n<e<1/2.

The last two lower bounds are new. The paper is
organized as follows. Sections 2 and 3 review
Valiant’s parallel-comparison-decision-tree and the
parallel-random-access-machine models. Section 4
gives the general PRAM lower bounds and Section 5
shows how these lower bounds are applied to spe-
cific problems. Conclusions and open problems are
given in Section 6.

* Define log® n=n, log!” n=loglog!' " n and log*n=
min{i|log'” n< 1}. In this paper log n = max{0, log, n}.






