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Abstract

This paper studies 3-dimensional visibility representations of graphs in which objects in 3-d
correspond to vertices and vertical visibilities between these objects correspond to edges. We ask
which classes of simple objects are universal, i.e. powerful enough to represent all graphs. In
particular, we show that there is no constant k£ for which the class of all polygons having k or
fewer sides is universal. However, we show by construction that every graph on n vertices can be
represented by polygons each having at most 2n sides. The construction can be carried out by an
O(n?) algorithm. We also study the universality of classes of simple objects (translates of a single,
not necessarily polygonal object) relative to cliques K, and similarly relative to complete bipartite
graphs K, .

1 Introduction

This paper considers 3-dimensional visi ili represen a ions or raphs er ices are represen ed
-dimensional o ec s oain in 3-d parallel o he -plane hese o ecscan es ep in he
direc ion o orm hic o ecsi desired Thereisaned ein he raphi andonl i heo ecs

correspondin 0 i s endpoin s can see each o her alon a hic lineo si h parallel o he -a is
hic lineo si h isa e o ar iraril small posi ive radi s hose ends are con ained in he
o ecs Thro ho hispaper e se he erm wvisi ili represen a ion oreer o his par ic lar
model n al erna ive model is ha 00 ec s are re arded as seein each o her even i heir onl
visi ili lines are hin ie eso radis n eneral here are ies ledi erences e een
represen a le o ec sin o h models orres I shold or he hinvisi ili model as ell

The correspondin no ion o -dimensional visi ili has received ide a enion d e o is ap-
plica ions o s ch areas as raph dra in irero in al ori hm anima ion ools and
circ i oardla o ee TT oras rve on raphdra in in eneral or -dimensional visi ili
represen a ions see or e ample TT




plora ion o 3-dimensional visi ili issillin he earl sa es rom he poin o vie o eo-
me ric raph heor hereisnoreason ocon ne hes d o visi ili represen a ion o dimension
hes d o 3-dimensional represen a ions opens he a o hes d o hi her dimensional visi ili
represen a ion in eneral rom he poin o vie o vis ali a iono raphs i is possi le ha e -
aminin cons r ¢ ions o 3-dimensional ph sical models o raphs or perspec ive dra in s or raphics
renderin s o s ch models a vie er co ld perceive ali a ive ea reso he nderl in com ina orial
st ¢ re more easil han e aminin ad acen lis s ad acenc ma rices or -dimensional dra -
in s Thisinri in possi ili ill a em che perimen a ion oe plore horo hl rres 1 scan
conrti e o he ondaionso s chas d in he ollo in a res ma 1 or a 3-dimensional
represen a ion o e se 1 orvis ali aion i sho Id epo er leno h o represen all raphs or
a leas asic indso raphs Thismo ivaes s oas hichclasseso o ec s are ie can
ive visi ili represen a ions or all raphs or all raphso a iven ind

The visi ili represen a ion considered in his paper has also eens died in an a s rac

o someo isres s as presened a in om and in n hese papers heo ecs

represen in ver ices are a is-ali ned rec an les or dis s and he proper ies o raphs ha can e

represen ed hese 0 ec s are s died con ras his paper e ins ih amilies o raphs all
raphs or all raphso aspeci ¢ ind ande plores simple a s orepresen all raphsin he amil

ec ion considers hich ransla eso a iven ed reare niversal orcli es and comple e
ipar i e raphs ecion 3 sesco nin ar mens ased on arran emens o sho ha no
classo pol onshavin a mos some edn m er o sidesissron eno h orepresen all raphs
ecion sho s ha ever raphon ver ices hasavisi ili represen a ion pol onseacho hich
has a mos sides These sec ions also con ain addi ionalres 1 sno lis ed here in he in rod c ion

trn t o ur

o

r r

n hissec ion e illinvesi a e hich comple e and hich comple e ipar i e raphs can ereali ed
as visi ili  raphs o o one ed re ere a is de ned as an open o nded se
hose o ndar isa ordanc rve esa ha a raph can e a re i andonl i
is hevisi ili rapho ransla eso ill rno or e ample ha here are man res ha
can reali e all comple e raphs n he o her hand no re can reali e more hana nien m er

o ie comple e iparie raphso he orm

The reali a ion o comple e raphs ransla es o special resli es ares and dis s has een
inves i a ed eee o0 le and hi esides and ose e al n 1 1is
sho n ha can erealied as are hereasno can ereali ed n heo her hand
an can ereali ed a dis e ill consider more eneral res in he ollo in heorem

irs emneed he ollo in de ni ions
c rve is called i andonl i or an 0 poin s he in erior o he line
se men ~— does no in ersec esa ha a re hasa i here is some open
se s ch ha he in ersec ion o and he o ndar o isasricl conve c rve se  hose
o ndar isasricl conve c rveis called a



a e rs o serve ha he rein i can reali e an is a nonconve pol on hen i

has a leas one nonconve ver e rran in copieso inanei h orhoodo hisvere asin i
reali es an
|
|
|
|
T |
|
i re eali a ion o an ar i rar i h a nonconve pol on
e ease enceo ranslaeso aconve - on ordered increasin -coordina e
and le e heir pro ec ions in o he plane r hermore le e he corre-
spondin ransla es 0 one ed e o pro ec ed in o he plane and he hal plane o nded
he s rai h line hro h hich con ains e de ne an order on more
precisel on he se o lines passin hro h hem ince are

parallel his order is linear irs e ill sho

are ransla es o a conve pol on reali in hen no all se ences
o ransla eso oneed e can e mono one in he a ove order

or e ample in i is mono one increasin is mono one decreasin
is no mono one

To prove he claim consider a poin in he plane  here and have a ver ical line o
si h Then lies o side and hereore heree issanede o so ha hesrai h line
hro h separaes rom e e heed eso respec ivel correspondin o

ss me a line parallel o is ein moved o ards he scene rom he o side ill rs mee
and eorei mee s or vice versa onse enl heorder in hiched es are me is
no mono one

or de ne and le 3 1ie he -oldieraiono
eval aed a 3 ac all sin an ar men rom e illsho ha
canno e reali ed an conve - on ppose o her ise and le e heed eso he



i re Trian les reali in

- on and he ranslaes o he - on ince 3 he heorem
o rdos- e eres he se ence o correspondin ransla es o ed e pro ec ed in o
he plane has a mono one s se ence o len h 3 The correspondin s se ence o
pol onsm s haveas se enceo len h 3 here oh he -and -se encesaremono one

era in his process ieldsas se enceo len h 3 3 here all ed e-se ences are mono one
in con radic ion o he claim a ove is possi le ored ce romdo 1 e ponen ial oe ponen ial
in sin proper ies o ed e colorin s in raphs

¢ Thes aemen ollo s rom he ac ha an can ereali ed dis s and an dis can
e appro ima ed o ar i rar precision conve pol ons

d onsiderase men o he o ndar o ha consis s 0 more han one poin andiss ric1 conve
ecanselec as iales se men ih he ollo in proper i is hesrai h line hro h
he endpoin s o hen no line perpendic lar o in ersec s in more han one poin

ss me also 1ho limiaiono enerali ha ishorional so loosasin 1 3

o)
S
i red Ve se men

e e he closed conve re o nded and he linese men e eenisendpoins e

ill sho an ind c ive cons r c ion
or an here e is sareali a iono ransla es o} ih he ollo in
proper ies

i e e he pro ec ions o ino he -plane andle and

deno e he pieces 0 he o0 ndaries 0 hese pro ec ions ha arise rom and Theree iss a

hori on al line s ch ha all he liesricl elo
ii n pair see each o her alon a lineo si h ha inersecs he -plane s ricl

a ove



iii  or he o ndar pieces and havee acl one common in ersec ion poin a ove

e deno e his poin and le deno e he closed dis o posi ive radi s cen ered

a onsider he se oralls cienl small all poin s in ih
-pro ec ions in his se see p ard o

iv  or he -coordina e o is

The claimiso vio sl 1 e or

ppose no ind c ive h po hesis ha e have posi ioned sa is in he claim e

choose some poin on he o ndar o o heri h o all as in ersec ion poin
see i o e posiion in he plane as ollo s

irs ep 1ieacl over Then emovei p ards ie in posiive -direc ion sli h1l so ha
i issillcorrec Then emovei o hele nili inersecs a see i The o al mo ion
can e made ar iraril small in ac smalleno hso ha iii issais ed ih replaced
and poin s replaced  poin s see i emii issais ed par ii o heind c ive
h po hesis since covers all poin s

g
i re ons r ¢ ion o
g
i re isi le par s o in nei h orhoods o and
considers he reali a ion o comple e ipar i e raphs ni dis sand ni s ares is

sho n ha and can ereali ed claimed ha canno ere e 1ill consider



ill call a compac

ransla es o more eneral conve o ecs and as s al in conve eomer e
conve se hosein erior isno emp a npar ic lar e illinvesi a e hereali a ion
0 s ars and e ill sho
or he proo o he heorem e need he ollo in lemma
ss me iho losso enerali ha heoriin and le SO
are re erence poin s i hin correspondin 0 i hin e ne he ino sism
and de ne Then are also s ricl conve The ac
ha oo hese res sa o chise ivalen o he ac ha he reerence poin s lie
on he o ndaries respec ivel oalo eher e have hesi aionill sraedin i
he ¢ rves and in ersec properl in soan s cienl

eca se o heir s ric conve i

Three ransla es o chin each o her

i re
small -circle aro nd  has an in ersec ion poin ih ransla ion o

hen has he desired proper ies



a reali a ion o parallelo rams is sho nin i re serve ha hevie e een

he pper parallelo ram and he o om ones is o sc red he middle one
// / :
i re eali a ion o parallelo rams

o s ppose ha some is reali ed parallelo rams here corresponds o
he ver e ha is ad acen o all o hers ppose ha here are parallelo rams amon ha
e acl cover ie ha have he same pro ec ion in o he plane is clear ha here can
e a mos one s ch parallelo ram sa a ove or elo and ha in his case none o he

parallelo rams can liea ove elo since he m s see no ence or
i isno possi le ha here are o parallelo rams amon e ac 1l coverin one a ove
and one elo mon he parallelo rams e ac 1l coverin each one m s see a leas one
ver e o0 since heir pro ec ions in o he plane are dis oin  n addi ion no ver e can e seen
more han one o eca se he areno allo ed o see each o her onse enl here
can ea mos o r parallelo rams amon no e acl coverin and a mos onee ac l

coverin i ie

ere e sesomeres | s romconve i heor o ained ad ier and r n a m n
ac he sho ed ha a mos ransla eso aconve od in o dimensions can o ch i ho
inersecin i or each o her Then m er isonl achieved parallelo rams o her isei is see

i ppose one o he o er ransla es is removed Then e can appl emma 0 one o
he nei h orin ones and movei a a romisnei h or ha is o chin i epea in  his process
ecanad s he veo er ransla esso ha eachsill o ches he inner one no 0O erones
o ch or in ersec each o her lear] i is hen possi le op sheacho hemsli hl in ardso ha
all properl in ersec he inneronesill iho o chin each o her lacin he veo er ransla es

a sa he inner one a and ano heronee acl a ovei a reali es
To sho he impossi ili o eass me iho losso enerali ha heo ec is closed
ppose co ld e reali ed and le e he proecion ino he -plane o he cop o
reali in he cen ral ver ¢ Then a mos one o he o her ver ices can e reali ed a ransla e o
havin e acl he same pro ec ion her ise since he ransla e represen in he cen ral ver e
o Id e covered rom o h sides 0 0 her ransla es an addi ional ransla e o ld ei her ail

osee he ranslae or hecenralvere or o ldseea leas o ransla es o here are a leas



1 re o ched o 1s ransla es

si ver ices hose represen a ions have pro ec ions di eren rom in ersec in or
le e he ransla ion vec or s ch ha r her le e he ni e
posiiven m ers ch ha hich e de ne s o ches in one poin
or
n ac e illsho ha hereisasrai h line separa in rom e or all
Then he in eriors o do no in ersec ven heir conve h lls do no in ersec as easil
can eseen O Or here is a s rai h line separa in rom see i r hermore
m s in ersec he in erior o ince doesno inersec hec rve in i i canno in ersec
ie isei canno in ersec soi separa es  and

i re line separa in and
he claim e o ld have all o chin no o o chin each o her hich is no
possi le heres 1so ad ierand r nam
¢ onsider a reali a ion o and i s pro ec ion in o he plane Then no poin o he plane

can e covered he pro ec ions o more han hree o he res r hermore he pro ec ion o



he re represen in hecener o hesarm s e in ersec ed he pro ec ions o all he o her
res so all pro ec ions m s lie i hin a circle hose diame er is a mos hree imes he diame er
0 These o proper iesimpl ha hen m ero res is limi ed  an area ar men

d Theconsr cionissho nin i

i re eali a ion o adrila erals
nu r oundont nu ro r r r nt on

n his secion e ill sho ha here is no ed s ch ha ever raph has a visi ili

represen a ion -ons n ac e illevensee ha hereis a cons an s ch ha in order o
represen all raphs ih verices pol ons someo hosepol onsm s have more han —
ver ices

The in eres in  ac ha or ever here is a raph ha isno -represen a le ollo s rom he

ollo in heorem

The heorem ollo s ieeasil rom he ollo in lemma



e consider an ar i rar -represen a le raph ih vio sl
i is -represen a le hen heree is s arepresen a ion pol ons parallel o he -plane
iha mos ed eseach iho loss o enerali e can ass me ha has -coordina e or

onsider he pro ec ions o all hepol onsino he -plane end eached e o eachpol on
oaline o ainin a amil 0 a mos no necessaril dis inc s rai h lines ached e
and h s each line can e orien ed he conven ion ha he pol onlies sa le o o
can e ni el ideni ed he in orma ion in he ollo in i ems

he 0 he lines in

ach pol on isiden i ed he descrip ion 0o a co n ercloc ise o r aro nd
is ondar nparic lar hesarin poin is iven a line con ainin i and a
n m er meanin ha is he in ersec ion poin  hen raversin in he direc ion o
isorien a ion Then a se ence o a mos n m ers is iven meanin

ha he orsarsa oessrai h on or inersec ions hen rnsin o he orien ed line
crossin  here oes srai h or in ersec ions e ¢ learl his descri esa o r i hin he
arran emen

lear] he in orma ion in he a ove i ems ni el ideni es he pair ise in ersec ions o he
pro ec ions o he pol ons ino he -plane This o eher ih he convenion ha has -
coordina ee al o ma esi possi le o de ermine all visi ili ies and hence i sel

remains oco n hen m ero di eren possi ili ies or he da a in he a ove i ems

sis ell no n see hen m ero di eren arran emen s o orien ed s rai h lines is
a mos or some cons an
or each pol on here are possi ili ies or hes ar in line and a mos possi ili ies or
each n m er o hen m er o possi ili ies per pol onis o nded
loeher hen m er o possi ili iesis a mos hich is a mos or some
cons an
lipl in he pper o ndsin and ives he desired o al pper o ndo here
ince here are e ac 1 raphs ih vere se here are a leas
pair ise nonisomorphic raphs 1ih ver ices hich is more han or some
e ne min — Then and or an —— i holds ha and _

emma 3 heree is a mos

man raphs ih verices ha are -represen a le ince here are more han man pair ise
nonisomorphic raphs ih verices herem s eone ha isno -represen a le

n he o her hand ever raph ih ver ices is -represen a le hich ill esho nin
he ne sec ion



ni r on truction

This sec ion ives a eneral cons r ¢ ion hich prod ces or an raph a 3-dimensional

visi ili represen a ion or Theconsr c ioncan ecarriedo inasrai h-or ard manner an

al ori hm ha r nsin ime here is hen m ero ver ices o ach ver e is represen ed
apol ono sides he pol ons ma di er in shape

desired he asic consr cion can e modi ed easil and ih he same ime comple i o
prod ce conve pol onal or pol hedral pieces r hermore hese pieces can e made o have all
ver e an les o a leas hoosin a s i a le encodin e can ass me ha all opera ions have
ra ional operands soo rr n ime o nd holds ora ni cos ine er

e deno e a re lar conve - on cen ered a he ori in and le deno e he
loca ions o i s ver ices e se o de ne he asic pieces represen in he ver ices o or his
p rpose le deno e are lar conve - on 1ih verices loca ed a he odd-inde ed ver ices o

ma ine addin rian lar a s o 0 0 ain as ollo s alled e o
and oreach rom o adda rian le hose ver ices are o a a
posi ion is oeher ihis as see i

The pieces 0 o r cons r c ion are o ained rom in a similar a e cep ha he a s ma
var insi e Theconsr cionma a ach o a posiion o a a i hver ices
er e is called he 0 n eneral lies inside he correspondin a on ih
ver e l in on heradial line hro h and

position 2 \_)

77N

position 3

position 1

position 4

1 re e lar - on or a s



a o llsie hasis a vere posi ioned a

e dep h- rs search assi nin o each vere an m er indicain he order in hich he
search discovers he ver e The ver e discovered is represen ed apol on consisin o a
ed e-shaped por ion o ih a so vario ssi esad oined ee i

W2i+1

L =W,y position i
W .
2i-1
W,
2(|+ni )+1
i re iece
The o ndin ed eo is de ned o radial se men s emana in rom one o and
he o her o or some o e de ermined e een hese radial se men s has
a posiions achpiece hasa a o llsie a islo es inde ed a posiion ie a
posi ion ence hasa a vere or he e is ence and loca ion o
he a vere o a depends on he si e assi ned o a

The idea ehind he cons r c ionisas ollo s eali eadep h- rs search ree or pol onal
pieces oa in parallel o he -plane rran e hese pieces so ha he piece represen in a
ver e liesa ove he pieces represen in ver icesin hes reeroo ed a ih he -proeciono
con ainin e acl he pro ec ions o he pieces or hich elon s o hes reeroo ed

a Th s each piece has he possi ili 0 seein i s ances ors and descendan s no hin else
nless 1isel isa ree dep h- rs search discovers ac ed es ie ed eso ha do no appear
as ree ed es in he dep h- rs search ree amiliar proper o dep h- rs search rees or raphs

is ha each ac ed em s connec an ances or descendan pair in he ree The p rpose o addin
a so var in siesis o con rol hich ances ors and descendan s see each o her

ppose he dep h- rs search ree hasa ac ed e e een andances or o rcons r c ion
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i re 3 ac ed es rom and heir inver ed s aircase o a s
crea es a visi ili e een he a o llsie inposiion on and a a in posiion on
ee i 3
co rse here ma e ac ed esin he ree oinin o here lieson he pah rom o
i s ances or onsider in he res n hiscase o rconsr c ion crea es a visi ili
e een he a in posiion on and he 1lsied a inposiion on oe ha hevisi ili
e een he a sinposiion on and ms e locedi he raph conainsnoed e e een
and ence or e ample he a s in posiion on and ms e loc ed rom seein each
o her inervenin a s
loc in inappropria e visi ili ies e een a s is achieved crea in an inver ed s aircase o
a sa ove he a inposiion on and he a in posiion on The a in posiion has 1l

sie The a in posiion on he piece immedia el a ove is assi ned si e as his piece sees
inan case The a on he ne piecea ove s also assi nedsie mnless hereisa ac ed e

rom o he ver e correspondin o his piece in his case he a si eisincreased o Ta sie

remains he same or increases 1 h increasin ine er val es n ac a si e increases precisel
hen and he piecea he val ein esionsho Id em all visi le Th s hesieo he a

inposiion on ise al o hen m ero ac ed eso he orm here lieson he pa h rom
o possi |



ell- no n proper o dep h- rs search orderin is ha he descendan s o are n m ered
i hconsec iveine ers e innin ih Th s has inaddi ion oa a o 1lsiea posiion
a a possil o sie inposiion or

iseas ochec ha he pieces have dis oin in eriors and ha represen in a ver e  canno

see an represen in a ver e nless is ei her an ances or or a descendan o oe ha
i o pieces have he same paren he are assi ned he same -coordina e and ma share an ed e
o ever he pieces can e per r edsli hl o ma e all he pieces dis oin learl sees i s

paren i an and all o i s children

e schec ha i hedep h- rs search ree hasa ac ed e rom here isn m ered o
some ances or o here isn m ered hen and arem all visi le hasa a in
posi ion This a alins ih he a o 1sieinposiion on r hermore he a on  has
sie reaer han hein ervenin a sinposiion as hen m ero ac ed es rom on he pah
rom o isa leas one reaer han hen m ero ac ed eson hepah rom o p o
no incl din ence and have a line o visi ili e een heir a sa posiion Th sall
ac ed es are represen ed

o echec ha noinappropria e visi ili es are presen lear] pieces correspondin o ver ices
in disoin s rees do no even overlap in pro ec ion so no visi ili iesocc r e een pieces ha are

no ances or-descendan pairs o consider a ver e n m ered and a ver e n m ered
here is an ances or o no he paren o ppose here isnoed e ha pieces
and arem all visi le learl an wvisi ili linem s pass hro h some a on
and some correspondin a on
ppose rs ha co rse a has 1llsie eca se hereisno ac ed e rom
o and eca se isno he paren o a has he same si e possi 1 as he a o}
he piece immedia el elo on hepaho pieces e een and This piece loc s visi ili
e een and
o s ppose ha Then he a o he piece immedia el a ove in he pa h o pieces
e een and hassiee al oor reaer han hesieo ence he a s in posi ion

on and are no visi le o one ano her

This comple es he proo ha no inappropria e visi ili iesocc r and hence he proo o he lemma

o) ecan s a e hemainres 1 o his sec ion



is connec ed he s a emen holds emima isno connec ed a represen a ion
can eo ained represen in each connec ed componen and hen ransla in hese represen a ions
so ha heir pro ec ions do no overlap

issrai h or ard odesi nanal ori hm ha r nsin ime orcarr in o  heconsr c-
iono emma Thiscan edone modi in he s aldep h- rs search al ori hm o comp e
he descrip ion o a he ime he searchre rns rom o he paren o

To acili a e he comp a iono a lis is main ained ha records hen m er o an ver e
or hich isa ac ede o hen search o hes reerooeda has een comple ed he
val eo isse o hen m ero he mos recenl discovered ver e The a sieo isse o

Then he remainin si es or a son areiniialied o The a sieso a son he children
o are copied o hesi eso he a sin he same posi ions on inall  he lis is processed
or each he a sie or he a in posiion on is increased The -coordina e o
can e de ermined hen is rs la eled asi ise al o less han he -coordina e o he paren
o} ence he comp a ion o he descrip ion o can e comple ed hen hesearchisa o o
re rn rom oisparen ach a on iscomp edincons an ime

ecanmodi o rconsr cion oo ain vario so her indso o ecs o represen he ver ices
as he corollar elo descri es

To prod ce conve pieces se a ihs «cienl man ver ices ha each piece has
avere an lea 0 a mos To prod ce a pieces move he ver e a s cienl close o
he chord hro h he rs and las ver ices o shared ih To prod ce pol hedral pieces a e
he cross prod ¢ o i h ashor line se men parallel o he a is

onc u ion

n his paper e have s died niversali proper ies o 3-dimensional represen a ions or raphs
and have sho n ha niversal represen a ions e is he her represen a ions can e o nd ha are
vis all a raciveand se 1 econsideraninri in opic or reresearch naddiion i o 1d
eineresin o no i heconsr ciono helas secioncan emodi edso ha i r ns as eron
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