
The Or
hard Visibility Problem and someVariants
Clyde P. Kruskal �January 14, 2008Abstra
tImagine that you are standing at the 
enter of a 
ir
ular or
hard, with trees
entered at all of the latti
e points ex
ept there is no tree at the origin itself (whereyou are standing). How large must the radius of the trees be in order to 
ompletelyblo
k your view (in every dire
tion).Let R be the radius of the or
hard, and r be the radius of the trees. It turns outthat if R (the radius of the or
hard) is an integer then you 
an see out if and onlyif r < 1=pR2 + 1. Allen [Alle℄ attributes this problem to Polya and solves it usingtrigometri
 te
hniques. He generalizes the result to or
hards whose radius is notan integer. We give an alternative proof of these results based on the Stern-Bro
otwreath.We generalize the results to parallelogram latti
es. We also 
onsider the prob-lem of what radius the trees need to have to blo
k the view between some pair oftrees. For parallelogram latti
es, the ratio between the radius needed to blo
k theview between all trees and the radius needed to blo
k the view between some pairof trees asymptoti
ally approa
hes 2 (as the radius of the or
hard in
reases).
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Figure 1: Two or
hards of radius 4.1 Introdu
tionFormally, a tree of radius r is a 
ir
le of radius r. A 
ir
ular or
hard of radius R 
onsistsof trees 
entered at all of the latti
e points within the 
ir
le of radius R around the origin,in
luding the boundary points, ex
ept there is no tree at the origin. A potential line-of-sight is a ray with its endpoint at the origin. A line-of-sight is a potential line-of-sightthat does not interse
t any tree.We are interested in the problem of how large the tree radius (r) has to be in orderto guarantee that there is no line-of-sight in an or
hard of radius R. Figure 1 shows twoor
hards of radius 4. In the �rst, the trees are narrow enough so that one 
an see out(in many dire
tions). A 
ouple of lines-of-sight are shown. In the se
ond, the trees aretoo wide to see out. Several potential lines-of-sight are shown where they are blo
kedby trees.2 Previous workFor or
hard radius R an integer, Polya bounds the tree radius using a method of Speiser.Yaglom and Yaglom (Yagl) use Minkowski's Convex Body Theorem to show for anor
hard of radius 50, if the tree radius r < 1=p502 + 1 there is a line-of-sight, and if thetree radius r > 1=50 there is no line-of-sight. Honsberger (Hons) gives a more detailedversion of the proof in his book Mathemati
al Gems. The proof 
an be generalized toshow for R an integer, if the tree radius r < 1=pR2 + 1 there is a line-of-sight, and ifthe tree radius r > 1=R there is no line-of-sight. The Honsberger referen
e is 
ited byWeisstein (Weis) with these bounds. Allen [Alle℄ solves the problem using trigometri
te
hniques, and generalizes the result to or
hards whose radius is not an integer.For 
ompleteness we give the proof from Yaglom and Yaglom (Yagl) and Honsberger(Hons) generalized to integers. Let C be the origin (0; 0). We use jLj to represent thelength of line L. We use tree (a; b) to refer to the tree 
entered at point (a; b).Theorem 2.1 An or
hard with integer radius R and tree radius r < 1=pR2 + 1 has a1



(1,0)  

(R−1,1)

(R,1)

Figure 2: Two 
onse
utive trees in an or
hard.
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δFigure 3: Distan
e Æ to potential line-of-sight.line-of-sight.Proof: (Yaglom and Yaglom) Consider the two trees (1; 0) and (R � 1; 1) (see Fig-ure 2). They are equidistant from ray (R; 1), and it is 
lear that no other tree is 
loser.We 
an 
al
ulate the distan
e, Æ, from (1; 0) to the ray by 
al
ulating the area of thetriangle (C; (1; 0); (R; 1)) in two di�erent ways (see Figure 3). Letting (C; (R; 1)) be itsbase makes its height Æ, so its areaA = 12 j(C; (R; 1))jÆ = Æ2pR2 + 1 :Letting (C; (1; 0)) be its base makes its height 1, so its areaA = 12 � 1 � 1 = 12 :Therefore Æ = 1pR2 + 1 :So there will be a line-of-sight if the tree radius is less than 1=pR2 + 1.The 
omplementary bound on the tree radius uses Minkowski's 
onvex body theorem:Theorem 2.2 (Minkowski 1889) Any 
onvex region that is symmetri
 about the originand has area greater than 4, 
overs a latti
e point other than the origin.(Honsberger [Hons℄ and Yaglom and Yaglom [Yagl℄ give a proof of Minkowski's 
onvexbody theorem using a result of Bli
hfeldt (1914).)2
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Figure 4: Potential line-of-sight.Lemma 2.3 An or
hard with integer radius R and tree radius r > 1=R has no line-of-sight.Proof: (Yaglom and Yaglom) If R = 1 the lemma 
learly holds. Assume that R � 2.In this 
ase, if r � 12 the eight trees 
losest to the origin would be tou
hing ea
h other,guaranteeing that there would be no line-of-sight. So, we 
an assume r < 12 .Assume that the tree radius r = 1=R + � < 12 for some � > 0. Consider a potentialline-of-sight. Let P be the point where it interse
ts the edge of the or
hard (i.e., the
ir
le of radius R). Consider the re
tangle that is symmetri
 about the origin with oneside tangent to P with length 2=R+ �. This implies that its opposite side is tangent to�P (with the same length), and the two other sides have lengths 2R. See Figure 4. There
tangle has area 2R(2=R + �) = 4 + 2R� > 4. By Minkowski's 
onvex body theoremthere is a latti
e point Q inside the re
tangle, on the same side as the potential line-of-sight. (If the latti
e point Q0 is on the opposite side of the re
tangle as the potentialline-of-sight, then by symmetry the latti
e point Q = �Q0 is on the same side of there
tangle.) Any point on the same side of the re
tangle as P is within distan
e 1=R+�=2of the potential line-of-sight. Sin
e the tree radius is 1=R+ �, there is no line-of-sight.There is still a te
hni
ality: What if the latti
e point is inside the sliver of there
tangle that is just outside of the or
hard? The distan
e, D, of any su
h point fromthe origin would have to satisfyR < D < qR2 + (1=R + �=2)2 < qR2 + (1=R + �)2 = pR2 + r2< sR2 + (12)2 < pR2 + 1 sin
e r < 12Thus R2 < D2 < R2 + 13



Sin
e D2 is an integer for any latti
e point, there 
an be no latti
e point satisfying the
ondition.This argument 
an be strengthened 
onsiderably by slightly narrowing the re
tanglesand extending them further outside of the or
hard. It will not, however, yield the tightbound we desire.3 The Stern-Bro
ot WreathA latti
e point (a; b) is irredu
ible if the g
d(a; b) = 1. The Stern-Bro
ot tree generatesevery irredu
ible latti
e point in the upper-right quadrant exa
tly on
e in the followingway1: Start with the two points (0; 1); (1; 0) :Produ
e their sum (1; 1) and list it in between them:(0; 1); (1; 1); (1; 0) :Now for ea
h 
onse
utive pair of points, list their sum in between them:(0; 1); (1; 2); (1; 1); (2; 1); (1; 0) :Do it again: (0; 1); (1; 3); (1; 2); (2; 3); (1; 1); (3; 2); (2; 1); (3; 1); (1; 0) :Et
.The points are more easily produ
ed as verti
es in an in�nite binary tree, so thatpoints produ
ed at the same time are on the same level of the tree. See Figure 5.Starting with the four points (0; 1), (1; 0), (0;�1), and (�1; 0) and listing sums asabove with wrap-around produ
es all of the irredu
ible points in the plane. This isknown as the Stern-Bro
ot wreath, whi
h has many interesting properties.Fa
t 3.1 If (a; b) and (
; d) are 
onse
utive points at some stage of the 
onstru
tion ofthe Stern-Bro
ot wreath then b
� ad = 1This follows by mathemati
al indu
tion (and is proved in [Grah℄). We will use thisproperty later.Fa
t 3.2 If P and Q are 
onse
utive points at some stage of the 
onstru
tion of theStern-Bro
ot wreath, then the area of the triangle (C; P;Q) is 1=2 (where C is the origin).To see this, note that the area of the triangle (C; (0; 1); (1; 0)) (or any two otherneighboring points from the �rst level of the 
onstru
tion of the wreath) is 1=2. Fromthere we 
an pro
eed indu
tively: See Figure 6. Assume it holds for neighboring pointsP and Q. Then, the four points C; P; P +Q;Q form a parallelogram with area 1. Theline (C; P +Q) 
uts the parallelogram in half. So ea
h of the two triangles (C; P; P +Q)and (C;Q; P +Q) has area 1=2. We will use this (well known) property later.1The theorem was independently dis
overed by Stern (1858) and Bro
ot (1861). It is 
losely relatedto Farey series, whi
h were dis
overed by John Farey (1816). Normally, the Stern-Bro
ot tree and Fareyseries are presented in terms of irredu
ible fra
tions, but for our purposes re
asting as irredu
ible latti
epoints is more natural. See Graham, et al. [Grah℄ for referen
es, a proof, and further dis
ussion.4
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Figure 5: Stern-Bro
ot tree.
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Figure 7: Ar
 (P;C;Q) with ray (C; P +Q).4 Exa
t and Approximate Bounds on Tree RadiusOnly trees at irredu
ible points blo
k potential lines-of-sight: the tree at irredu
ible point(a; b) blo
ks the view of all trees at points (ka; kb) for integer k � 2. We will see that inan or
hard with minimum tree radius (to blo
k all potential lines-of-sight) the 
onversealso holds: every tree at an irredu
ible point blo
ks some potential lines-of-sight.De�nition 4.1 Two points P and Q are 
onse
utive inside an or
hard if they are 
on-se
utive at some stage of the 
onstru
tion of the Stern-Bro
ot wreath, both are insidethe or
hard, but P +Q is outside the or
hard.Lemma 4.2 Let W be an irredu
ible point outside of an or
hard that is 
losest to theor
hard. Then the or
hard has a line-of-sight if and only if the radius of the trees is lessthan 1=jW j.Proof: Let P and Q be two 
onse
utive (irredu
ible) points inside the or
hard. Wewill show that there is no line-of-sight in the ar
 (P;C;Q) if and only if the tree radiusr � 1=jP +Qj. Trees P and Q blo
k the potential lines-of-sight for all points within thear
 (P;C;Q) as long as they blo
k the line-of-sight exa
tly in the middle between P andQ, whi
h is the ray (C; P +Q) (see Figure 7).In order to 
al
ulate the distan
e, Æ, from the point P to the ray (C; P +Q), 
onsiderthe triangle (C; P +Q;P ), where (C; P +Q) is the base. It has area (1=2)jP+QjÆ. Sin
eP and P +Q are 
onse
utive points in the 
onstru
tion of the Stern-Bro
ot wreath, thetriangle also has area 1=2 (by Fa
t 3.2). Thus, Æ = 1=jP + Qj. Similarly, the distan
efrom Q to (C; P +Q) is also 1=jP +Qj. So tree radius 1=jP +Qj is suÆ
ient to blo
ksight in the ar
 (P;C;Q).We need to make sure that no tree of smaller radius 
ould blo
k the line-of-sightfor (C; P + Q). Any su
h tree would have to be stri
tly inside the interse
tion of theor
hard with the in�nite strip bounded between the two lines (�Q;P ) and (�P;Q) (seeFigure 8). We show that no su
h tree exists.6
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Figure 8: Lines bounding trees that 
an blo
k line-of-sight.Let P = (a; b) and P +Q = (
; d). Then the slope of the two lines is d=
. (The valueof 
 
annot be 0, sin
e (0; 1) and (0;�1) are initial points.) So the equation for the �rstline is (y � b) = d
 (x� a) ) y = d
x + b
� ad
 ;and the equation for the se
ond line isy = d
x + ad� b

 :Thus any point (x; y) between the two lines must satisfyd
x+ ad� b

 < y < d
x+ b
� ad
 ;whi
h implies ad� b
 < 
y � dx < b
� ad :But, sin
e P and P +Q are 
onse
utive in the Stern-Bro
ot wreath, ad� b
 = �1 andb
�ad = 1 (by Fa
t 3.1); so, 
y�dx must equal 0. Thus (x; y) is on the line y = (d=
)x,but the only irredu
ible points on this line are (
; d) = P+Q and (�
;�d) = �(P +Q).2Thus, for ea
h pair of 
onse
utive points P and Q inside the or
hard, P +Q is the
losest point outside the or
hard, but inside the ar
 (P;C;Q). So the minimum jP +Qjover all 
onse
utive points P and Q inside the or
hard is the distan
e of the 
losestirredu
ible point to the or
hard, and tree radius 1=jP +Qj is ne
essary and suÆ
ient toblo
k sight in the or
hard.2Alternatively, this fa
t 
an be proven using Pi
k's Theorem.
7



Let S1 < S2 < S3 < � � � be the distan
es of irredu
ible points from the 
enter of theor
hard. These are the square roots of the sums of squares of the irredu
ible pairs, i.e.,numbers of the form pa2 + b2 where the pair (a; b) is irredu
ible. The �rst few Si arep1; p2; p5; p10; p13; p17; p25; p26; p29; : : :Corollary 4.3 Let Si�1 � R < Si. An or
hard of radius R has a line-of-sight, if andonly if, r < 1=Si.Theorem 4.4 Let R be a positive integer. An or
hard of radius R has a line-of-sight,if and only if, r < 1=pR2 + 1.Proof: For any integer R, the point (R; 1) is irredu
ible and there is no integerbetween R2 and R2 + 1.There is not always a unique 
losest tree (not 
ounting the eight symmetries of thesquare), even when R is an integer. For example, for R = 8, there are two (non-isomorphi
) 
losest trees at distan
e p65 from the origin: (8; 1) (between 
onse
utivetrees (1; 0) and (7; 1)), and (7; 4) (between 
onse
utive trees (2; 1) and (5; 3)).It is a \lu
ky a

ident" that the or
hard visibility problem was originally studied forR an integer: it is the only 
ase where this method solves the problem expli
itly. We 
an,however, use Lemma 4.2 to get reasonably tight bounds on the tree radius for generalor
hard radius: Sin
e (I; 1) is irredu
ible, for every positive integer I, the distan
e D ofthe 
losest tree to the or
hard must satisfyR < D < R + 1 :This implies:Corollary 4.5 The minimum tree radius r that blo
ks sight in an or
hard of radius Rsatis�es 1R + 1 < r < 1R :5 Closest treesInstead of trying to blo
k the total view, what if the goal is to try to blo
k the viewbetween some two 
onse
utive trees inside the or
hard? In other words, what are thetwo \
losest" irredu
ible points in or
hard? Sin
e the distan
e between two 
onse
utive,irredu
ible points is inversely proportional to their sum, the problem is to �nd an irre-du
ible point that is furthest from the or
hard, but is still the sum of two 
onse
utivepoints inside the or
hard.On
e again it is easy to bound the radius. The furthest su
h tree from the or
hardis the sum of two trees within the or
hard, so it has distan
e less than 2R. Conversely,let m be the largest integer su
h that (m; 1) is inside the or
hard. This tree is withinone unit of the radius sin
e (m + 1; 1) is outside the or
hard, and similarly (m � 1; 1)8



is within two units of the radius. Sin
e (k; 1) is irredu
ible, for every positive integer k,there exist two 
onse
utive trees whose sum has distan
e greater than 2R � 3 from theorigin. Thus, the distan
e �D of the furthest tree from the or
hard that is the sum oftwo 
onse
utive trees inside an or
hard of radius R � 2 must satisfy2R� 3 < �D < 2R :This implies:Corollary 5.1 The minimum tree radius �r that blo
ks sight between some two trees inan or
hard of radius R � 2 satis�es12R < �r < 12R� 3 :Thus the ratio � of the radius needed to blo
k the view between some two trees, andthe radius needed to blo
k the view between all trees in an or
hard of radius R � 2satis�es 12 < � < R + 12R� 3 :So, � = 12 +O( 1R) :This problem is solvable exa
tly for or
hard radius slightly larger than an integer,namely R = pm2 + 1, so that the two points (m� 1; 1) and (m; 1) are a \
losest" pairof 
onse
utive points. Their sum is (2m� 1; 2), so it suÆ
es to have tree radius1p4m2 � 4m+ 5 = 1q4R2 � 4pR2 � 1 + 1 :6 Parallelogram latti
esParallelogram latti
es are generated by taking any two points (U; V ) in the plane (thatare not 
olinear with the origin) and forming all linear 
ombinations ((iU + jV ) forintegers i; j). See Figure 9. Ea
h parallelogram latti
e is a linear transformation of thestandard latti
e.A latti
e point P is irredu
ible if there is no latti
e point on the open line segment(C; P ), where C is still the origin. We 
an form a generalized Stern-Bro
ot wreathstarting with the four points (U; V ), (U;�V ), (�U;�V ), (�U; V ) to produ
e all of theirredu
ible points. The two earlier fa
ts about Stern-Bro
ot wreaths have 
orrespondinggeneralizations.Fa
t 6.1 Let U and V generate a parallelogram latti
e. If P and Q are 
onse
utivepoints at some stage of the 
onstru
tion of the generalized Stern-Bro
ot wreath thendet(P;Q) = det(U; V ) :9



U+V

V

C

U

Figure 9: Latti
e 
onstru
ted from ve
tors U and V .Fa
t 6.2 Let U and V generate a parallelogram latti
e. Let A be the area of the under-lying parallelogram (C;U; U + V; V ). If P and Q are 
onse
utive points at some stageof the 
onstru
tion of the generalized Stern-Bro
ot wreath, then the area of the triangle(C; P;Q) is A=2.We will need a third fa
t:Fa
t 6.3 Let U and V generate a parallelogram latti
e. If P and Q are irredu
ible pointsthen det(P;Q) = m det(U; V ) ;for some integer m 6= 0.Lemma 4.2 
an be generalized for parallelogram latti
es with the same basi
 proof.Lemma 6.4 Consider the or
hard 
orresponding to the parallelogram latti
e generatedby points (U; V ). Let A be the area of its underlying parallelogram (C;U; U + V; V ). LetW be an irredu
ible point outside of the or
hard that is 
losest to the or
hard. Then theor
hard has a line-of-sight if and only if the radius of the trees is less than A=jW j.Proof: Let P and Q be two 
onse
utive (irredu
ible) points inside the or
hard. Wewill show that there is no line-of-sight in the ar
 (P;C;Q) if and only if the tree radiusr � A=jP + Qj. Trees P and Q blo
k the potential lines-of-sight for all points withinthe ar
 (P;C;Q) as long as they blo
k the line-of-sight exa
tly in the middle between Pand Q, whi
h is the ray (C; P +Q).Let Æ be the distan
e from the point P to the ray (C; P +Q). The triangle (C; P +Q;P ) has area (1=2)jP +QjÆ. It also has area A=2 (by Fa
t 6.2). Thus Æ = A=jP +Qj.Similarly, the distan
e from Q to (C; P +Q) is A=jP +Qj. So tree radius A=jP +Qj issuÆ
ient to blo
k sight in the ar
 (P;C;Q).Any tree of smaller radius 
ould blo
k the line-of-sight for (C; P +Q) would have tobe stri
tly between the two lines (�Q;P ) and (�P;Q) (see Figure 8). Let P = (a; b)10



and P + Q = (
; d). Reasoning similarly to the proof of Lemma 4.2, any su
h pointS = (x; y) must satisfyad� b
 < 
y � dx < b
� ad) det(P; P +Q) < det(P +Q; S) < det(P +Q;P )) det(U; V ) < det(P +Q; S) < det(V; U) by Fa
t 6.1) det(U; V ) < m det(U; V ) < � det(U; V ) by Fa
t 6.3) �1 < �m < 1 :This implies, m = 0 (sin
e m is an integer), so S 
annot be irredu
ible (by Fa
t 6.3).Thus, for ea
h pair of 
onse
utive points P and Q inside the or
hard, P +Q is the
losest point outside the or
hard, but inside the ar
 (P;C;Q). So the minimum jP +Qjover all 
onse
utive points P and Q inside the or
hard is the distan
e of the 
losestirredu
ible point to the or
hard, and tree radius A=jP + Qj is ne
essary and suÆ
ientto blo
k sight in the or
hard.Let S1 < S2 < S3 < � � � be the distan
es of irredu
ible points from the 
enter of aparallelogram or
hard.Corollary 6.5 Let Si�1 � R < Si. A parallelogram or
hard of radius R, whose under-lying parallelogram has area A, has a line-of-sight, if and only if, r < A=Si.This method does not provide an expli
it formula for the minimum tree radius r toblo
k lines-of-sight for general parallelogram latti
es, even when R is an integer. We
an, however, use Lemma 6.4 to get reasonably tight bounds on the tree radius for anyor
hard radius: Assume, that U is the smaller of the two ve
tors that generate theparallelogram latti
e (i.e., jU j � jV j). Sin
e, for every positive integer m, (mU; V ) is anirredu
ible latti
e point, the distan
e D of the 
losest tree to the or
hard must satisfyR < D < R + jU j :This implies:Theorem 6.6 The minimum tree radius r that blo
ks sight in an or
hard of radius Rsatis�es AR + jU j < r < AR :What about trying to blo
k the view between some two 
onse
utive trees inside theor
hard? As before, the problem is to �nd an irredu
ible point that is furthest from theor
hard, but is still the sum of two 
onse
utive points inside the or
hard.The furthest irredu
ible point from the or
hard is the sum of two (irredu
ible) pointswithin the or
hard, so it has distan
e less than 2R from the origin. Conversely, let mbe the largest integer su
h that (mU; V ) is inside the or
hard. Then ((m � 1)U; V ) isalso inside the or
hard, and ((m + 1)U; V ) is outside the or
hard. So trees (mU; V )and ((m � 1)U; V ) are within jU j and 2jU j, respe
tively, of the radius. Sin
e (kU; V )is irredu
ible, for every positive integer k, some two 
onse
utive trees have sum withdistan
e greater than 2R � 3jU j. Thus, the distan
e �D of the furthest tree from the11



or
hard that is the sum of two 
onse
utive trees inside an or
hard of radius R � 2jU jmust satisfy 2R� 3jU j < �D < 2R :This implies:Theorem 6.7 The minimum tree radius �r that blo
ks sight between some two trees inan or
hard of radius R � 2jU j satis�esA2R < �r < A2R� 3jU j :Thus the ratio � of the radius needed to blo
k the view between some two trees, andthe radius needed to blo
k the view between all trees in an or
hard of radius R � 2jU jsatis�es 12 < � < R + jU j2R� 3jU j :Fixing the latti
e and letting the size of the or
hard grow gives:Lemma 6.8 For any �xed parallelogram latti
e, the ratio between the tree radius neededto blo
k line-of-sight between some two trees and to blo
k the total view is12 +O( 1R) :7 Open ProblemsThere are several obvious open problems:� Can you �nd an expli
it solution for the tree radius needed to blo
k all lines-of-sightfor the equilateral triangle latti
e with side length 1, when the or
hard has integerradius? (This is the parallelogram latti
e generated by (1; 0) and (1=2;p3=2).)� Can you generalize the results to hexagons (whi
h are latti
es, but not parallelo-gram latti
es). In parti
ular, what 
an you say about hexagons with side length1.� Can you generalize the results to three dimensions (or higher)?8 A
knowledgementsThe author thanks Bill Gasar
h for suggesting the problem, and Tom Draper for pointingout Pi
k's theorem, whi
h, although it is not used here, led the author to a simpli�edproof.
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