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Abstract. We consider the well known problem of matching two planar
point sets under rigid transformations so as to minimize the directed
Hausdorff distance. This is a well studied problem in computational
geometry. Goodrich, Mitchell, and Orletsky [GMO94] presented a very
simple approximation algorithm for this problem, which computes trans-
formations based on aligning pairs of points. They showed that their
algorithm achieves an approximation ratio of 4. We consider a minor
modification to their algorithm, which is based on aligning midpoints
rather than endpoints. We show that this algorithm achieves an approx-
imation ratio not greater than 3.13. Our analysis is sensitive to the ratio
between the diameter of the pattern set and the Hausdorff distance, and
we show that the approximation ratio approaches 3 in the limit. Finally,
we provide lower bounds that show that our approximation bounds are
nearly tight.

1 Introduction

Geometric pattern matching problem is a fundamental computational problem
and has numerous applications in areas such as computer vision [MNM99], image
or video compression [ASG02], model-based object recognition [HHW92], and
computational chemistry [FKL197]. In general, we are given two point sets, a
pattern set P and background set @ from some geometric space. The goal is
to compute the transformation F from some geometric group that minimizes
some distance measure from EP to Q. Throughout, we will consider point sets
in the Euclidean plane under rigid transformations (translation and rotation).
Distances between two point sets P and @ will be measured by the directed
Hausdorff distance, denoted h(P,Q), which is defined to be

h(P, = ax mi
(P,Q) gleggggllpqll,

where ||pq|| denotes the Euclidean distance between points p and ¢. Through-
out, unless otherwise specified, we use the term Hausdorff distance to denote
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the directed Hausdorff distance. Thus, our objective is to compute the rigid
transformation F that minimizes h(EP, Q).

The problem of point pattern matching has been widely studied. We will focus
on methods from the field of computational geometry. Excellent surveys can be
found in [AG96] and [Vel01]. There are many variants of this problem, depending
on the nature of the inputs, the allowable group of aligning transformations, and
the distance function employed. A number of approaches have been proposed for
matching points under the Hausdorff distance [AAR94,CGH*97,HKS93]. The
computational complexity can be quite high. For example, the best-known algo-
rithm for determining the translation and rotation that minimize the directed
Hausdorff distance between sets P and @ of sizes m and n, respectively, runs in
O(m?n?log® mn) time [CGHT97].

Because of the high complexity of exact point pattern matching, approxima-
tion algorithms have been considered. Heffernan and Schirra [HS94] proposed an
approximate decision algorithm that tests for congruence within a user-supplied
absolute error €. Their algorithm might decline to give a response if the ac-
tual distance is too close to e. Alt, Aichholzer and Rote [AAR94] presented a
1.43-factor approximation algorithm for planar point pattern matching under
similarity transformations under the bidirectional Hausdorff distance (which is
defined to be max(h(P, Q), h(Q, P))). Neither of these is applicable to our prob-
lem, since the cost functions require that every point of @ to have a close match
in P.

The starting point of this work is the alignment-based approximation algo-
rithms given by Goodrich, Mitchell, and Orletsky [GMO94]. They presented a
very simple approximation algorithm for a number of pattern matching formula-
tions, including ours. This is arguably the simplest and most easily implemented
algorithm for approximate pattern matching. It operates by computing the trans-
formation that aligns a diametrical pair of points of P with all possible pairs of
@, and then returning the transformation with the minimum Hausdorff distance.
(We will present the algorithm below.) It runs in O(n?*mlogn) time, and they
prove that it achieves an approximation ratio of 4, that is, it returns a transfor-
mation whose Hausdorff distance is at most a factor 4 larger than the optimal
Hausdorff distance.

Another closely related piece of work is by Indyk, Motwani, and Venkatasub-
ramanian [IMV99]. They considered the error model of Heffernan and Schirra.
They presented an approximation algorithm whose running time is sensitive to
the spread A of the point set, which is defined to be the ratio of the distances
between the farthest and closest pairs of points. They showed that, for any fixed
B > 0, an (1 + 3)-approximation can be computed in time O(n*/3AY3logn).
Cardoze and Schulman [CS98] presented a randomized approximation algorithm
based on computing convolutions, whose running time is O(n?logn + logo(l) A)
for any fixed precision parameter and any fixed success probability. Although
these approaches are asymptotically superior to that of Goodrich et al., they
lack its simplicity and ease of implementation.



In this paper, we reconsider the issue of the approximation ratio for the
alignment-based algorithm of Goodrich, Mitchell, and Orletsky. We show that
it is possible to improve on the approximation ratio of 4 without altering the
simplicity of the algorithm. Our approach is identical in spirit and running time
to theirs, but is based on a minor modification of the way in which the align-
ing transformation is computed. We call our modification symmetric alignment,
because it is based on aligning midpoints, rather than endpoints. We show that
the resulting approximation ratio is never more than 3.13 (a quantity resulting
from the numerical solution of an equation).

We also analyze the approximation ratio as a function of a parameter that
depends on the closeness of the optimal match. Let p be half the ratio of the
diameter of P to the minimum Hausdorff distance. We show that our algorithm
achieves an approximation ratio of at most 3 + \f%p' In many applications p can

be quite large. Examples include document analysis and satellite image analysis,
where the ratio of diameter of the pattern ranges from tens to hundreds of pixels,
while the expected digitization error is roughly one pixel. For these applications,
the approximation ratio will be quite close to 3. We also show that for sufficiently
large p, the approximation factor is at least 3 + ﬁ.

It is worth noting that the more sophisticated approximation algorithm of
Indyk, et al. [IMV99] uses the simple alignment algorithm as a subroutine. The
running time of their algorithm has a cubic dependence on the approximation
ratio of the alignment algorithm. So, an improvement in the approximation ratio
has the effect of reducing the running time of their algorithm as well.

The remainder of the paper is organized as follows. In Section 2 we present
the algorithm of [GMO94], which we call the serial alignment algorithm and
review the derivation of its approximation bounds. Next, we will introduce the
symmetric alignment algorithm, and derive a crude analysis of its approximation
ratio. In Section 3, we will present a more accurate analysis of the approximation
bound. Finally, in Section 4 we give concluding remarks.

2 The Serial and Symmetric Alignment Algorithms

In this section we present a description of the serial alignment algorithm of
Goodrich, Mitchell, and Orletsky [GMO94] and review its approximation bound.
We also described our modification of this algorithm, called symmetrical align-
ment. Recall that P = {p1,...,pn} is the pattern set and Q = {q1,...,qn}
is the background set to search, and we seek a rigid transformation of P that
minimizes the Hausdorff distance with ().

The serial alignment algorithm proceeds as follows. Let (p1,p2) denote a
pair of points having the greatest distance in P, that is, a diametrical pair. For
each distinct pair (g1, ¢2) in @, the algorithm computes a rigid transformation
matching (p1, p2) with (¢1,¢2) as follows. First, it determines a translation that
maps p; to ¢; and then a rotation about p; that aligns the directed line segment
P1ps with g1gs. The composition of these two transformations is then applied to
the entire pattern set P and the Hausdorff distance is computed. At the end, the
algorithm returns the rigid transformation that achieves the minimum Hausdorff



distance. The running time of this algorithm is O(n?mlogn) because, for each
of the n(n — 1) distinct pairs of @, we compute the aligning transformation E in
O(1) time, and then, for each point p € P, we compute the distance from E(p)
to its nearest neighbor in (). Nearest neighbors queries in a planar set ) can be
answered in time O(logn) after O(nlogn) preprocessing [dBvKOS00]. Goodrich,
Mitchell, and Orletsky prove that this algorithm achieves an approximation ratio
of 4. For completeness let us summarize their argument.

Lemma 1. (Goodrich, Mitchell, and Orletsky [GMO94]) The serial alignment
algorithm has an approximation ratio of at most 4.

Proof. For simplicity of notation, let us assume that P has been presented to
the algorithm in its optimal position with respect to Q. Let ho,: denote the
optimal Hausdorff distance from P to Q). This means that for each point of P
there exists a point of ) within distance h,p,:. Now, we run the above algorithm
and bound the maximum distance by which any point of P is displaced relative
to its original (optimal) position. This maximum displacement distance will give
an approximation bound relative to the optimal distance hop;.

Clearly, in the process of translation, each point of the pattern set P moves
by at most hopt. To determine the displacement due to rotation, it suffices to
consider po since it is the farthest point from p;. The point ps was initially
within distance h,,: of its corresponding points of (), denoted g2, and the above
translation moves it by an additional distance of at most h,y;. Thus, rotating
p2 into alignment with ¢ moves it by a distance of at most 2h,y;. Therefore,
given that it started within distance hop; of some point of @, it follows that its
contribution to the Hausdorff distance is at most hopt + 2hopt + hopt = 4hopt,
which establishes the approximation bound. O

There are two obvious shortcomings with this algorithm and its analysis.
The first is that the algorithm does not optimally align the pair (p1,p2) with
the pair (g1, g2) with respect to Hausdorff distance. One would expect such an
optimal alignment to provide a better approximation bound. This observation
is the basis of our algorithm. The second shortcoming is that the analysis fails
to account for the fact that the displacement distances due to translation and
rotation are functions of the points’ relative position to p; and ps, and so share
some dependency.

Next, we describe our approach, called symmetrical alignment. The algorithm
differs only in how the aligning transformation is computed, given the pairs
(p1,p2) in P and (g1, ¢2) in Q. Let m,, and m, denote the respective midpoints
of line segments p1pz and q1qz. First, translate P to map m, to my and then
rotate P about m, to align the directed segments pips with gigs. Thus, the
only difference is that we align and rotate around the midpoints rather than p;.
Observe that this alignment transformation minimizes the Hausdorff distance
between the pairs (p1,p2) and (g1, g2)-

Before giving our detailed analysis of the approximation bound, we establish
a crude approximation bound, which justifies the benefit of symmetric alignment.



Lemma 2. The symmetric alignment algorithm has an approrimation ratio of

at most (2 ++/3) ~ 3.732.

Proof. We will apply the same approach used in the analysis of serial alignment.
As before, let us assume that P has been presented to the algorithm in its
optimal position with respect to Q. (Note that the algorithm’s final alignment
is independent of the initial point placement.) Let v; and vy denote the vector
forms of prq; and pags, respectively. To match the midpoints my, and mgy, we
translate the pattern set P by (vi + v3)/2. Let T denote this translation. The
distance between T'(p1) and ¢; is ||v1 — (vi +v2)/2|| = |[(vi —v2)/2]] < hopt. By
symmetry, the same bound applies to the distance from T'(ps) to g2. Therefore,
T'(p1) will move by at most h,p; during the rotation process.

Because (pi1,p2) is a diametrical pair, it follows that all the points of P
lie in a lune defined by the intersection of two discs, both of radius ||pipa]|,
centered at these points. Thus, no point of P is farther from their midpoint
than the apex of the lune, which is at distance (v/3/2)|p1pz||- Since this rotation
moves p; (or equivalently ps) by a distance of at most hep, and p; is within
distance (1/2)||p1pz|| of m,, it follows that any point p € P is moved by at
most \/§h0pt. Given that p started within distance h,p: of some point of @, its
final contribution to the Hausdorff distance is at most hopr + \/§hopt + hopt =
(2+ V3)hopt = 3.732h . O

Even though this crude approximation bound is already an improvement, it
suffers from the same problem as the earlier analysis in that it does not consider
the geometric relationship between the translation and rotation vectors

3 Main Results

In this section, we will prove a more exact approximation bound for symmetric
alignment. As before, let h,,; denote the optimal Hausdorff distance between P
and @ achievable under any rigid transformation of P. Let Asym(p) denote the
approximate ratio for symmetric alignment.

Theorem 1. Consider two planar point sets P and @ whose optimal Hausdorff
distance under rigid transformations is hop. Let p = %diam(P)/hopt, where
diam(P) denotes the diameter of P. Then the for all p > 0, the approzimation
ratio of symmetric alignment satisfies:

1
Asym(p §min(3+7\/4p2—|—2p+1).
ym(0) V3p

In typical applications where p is relatively large, this shows that the approx-
imation bound is nearly 3. The remainder of this section is devoted to proving
this theorem. As usual, it will simplify notation to assume that P has been
transformed to its optimal placement with respect to @, and we will bound the
amount of additional displacement of each point of P relative to this placement.
Without loss of generality we may scale space uniformly so that hp = 1, imply-
ing that for each point of P there exists at least one point of () within distance 1.



The algorithm starts by computing a pair (p1,p2) of points of P with the great-
est distance. Let (¢1,¢2) denote the corresponding pair of points of Q. From our
scaling it follows that for i € {1,2}, ¢; lies within a unit disc centered at p;.
(See Fig. 1.) Let m, and m, denote the respective midpoints of the segments
pipz and q1qz. Note that p is just the distance from m,, to either p; or ps. Let
a denote the angle that aligns the directed segments p1q; with pags. Without
loss of generality, we may assume this angle is acute. If p > 1, then the two unit
discs do not intersect, and it follows easily that 0 < sina < 1/p.

q1

o ol

P2
q2

Fig. 1. The positions of the point sets prior to running the algorithm.

Here is a brief overview of the proof. We will establish two approximation
bounds, each a function of p. One bound is better for low values of p and the other
is better for high values. The crossover value of these functions is denoted p*,
and we will show that its value is approximately 1.26. Due to space limitations,
we only present the approximation bound for the more interesting case, when
p>pr.

We begin by considering the space of possible translations that align m,, with
mq. It will make matters a bit simpler to think of translating @ to align m, with
my, but of course any bounds on the distance of translation will apply to case of
translating P. The following lemma bounds the translation distance, which we
will denote by || T||, as a function of p and «. Note that the « is not affected by
the translation.

S
-
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Fig. 2. The analysis of the midpoint translation.

Lemma 3. The symmetric alignment’s translation transformation displaces any

point of P by a vector T € T,(a) satisfying ||T| < /1 — p?sin® a.



Proof. Consider a line passing through m,, that is parallel to gigz. Let v and
be the respective orthogonal projections of p; and ps onto the line g7gz and let
s1 and sy denote the signed distances ||71¢7| and ||72qz|), respectively. Consider
a coordinate system centered at m, whose positive s-axis is located along a line
¢ that is directed in the sense of g2¢71, and whose positive h-axis is perpendicular
to this and directed away from £ towards the line g7¢3. In this coordinate system
we have my, = (0,0), ¢1 = (s1+pcosa, h), and g2 = (s —pcosa, h). Thus, my; =
((s1+s2)/2, h), and the translation vector T' is mq—m, = mq. By straightforward
calculations we have |s1] < /1 — (psina + h)?2 and [s2| < /(1 — (psina + h)2.
Therefore,

2 _ 2 2 _ (51182 2 9o 1,4 2 1 2 2
|T|]* = s+ h" = —5 +h —5(814-82)—1(81—82) +h

1
5(52{ +s2)+h% <

=1-p?sin®a.

IN

{(1 = (psina+h)*) + (1 — (psina — h)*)} + h?

N =

Observe that the translation is maximized when s; = sg, and this means that
the line g1qz passes through my,. O

Next we consider the effect of rotation on the approximation error. Unlike
translation we need to consider the placement of points in P because the distance
by which a point is moved by rotation is determined by both the rotation angle
« and the distance from this point to the center of rotation. As mentioned in the
proof of Lemma 2 every point of P lies within a lune formed by the intersection
of two discs of radius 2p centered at p; and ps. (See Fig. 3.) The following
lemma describes the possible displacements of a point of P under the rotational
part of the aligning transformation. This is done relative to a coordinate system
centered at m,,, whose z-axis is directed towards ps.

Fig. 3. The proof of rotation.

Lemma 4. The symmetric alignment’s rotation transformation displaces any
point of P by a vector R satisfying ||R|| < 2v/3psin &.



Proof. Let pg be any point of P such that the signed angle from m,ps to m,pg
is 0. Let pj, denote the point after rotating py counterclockwise about m, by
angle «. By simple trigonometry and the observation that Amy,pgpy is isosceles,

—_—
it follows that the length of the displacement pypy, which we denote by ||R||, is
lmppo|| - 2sin §. The farthest point of the lune from m,, is easily seen to be the

apex, which is at distance v/3p. Thus, || R| is at most 2v/3psin £. O

We are now ready to derive the approximation bound on the symmetric
alignment algorithm by combining the bounds on the translational and rotational
displacements. Recall that at the start of the algorithm, the points are assumed
to placed in the optimal positions and that space has been scaled so that hg,; = 1.
It follows that each point of P has been displaced from its initial position within
unit distance of a point of ) to a new position that is now within distance
IT,(c) + R,y(cr)|| + 1 of some point of Q. For any fixed value of p it follows that
the approximation bound Agym (p) is at most

Asym(P) = mjx ||Tp(04) + Rp(a)” +1

Recall that 0 < sina < 1/p.

Unfortunately, determining this length bound exactly would involve solving
a relatively high order equation involving trigonometric functions. Instead, we
will compute an upper bound by applying the triangle inequality to separate the
translation and rotation components.

Asym(p) < max (| T, ()| + [[Rp(a)]]) +1

= max (\/ 1 — p2sin®a + 2v/3psin g) +1 (from Lemmas 3 and 4).

Substituting x = cos «, it follows that the quantity to be maximized is

fo(x) = /1= p2(1 —22) + V6pV1 —x + 1, where 1—p%§x§1.

To find the maximum of f,, we take the partial derivative with respect to x.

afp \/gp pzx

%__\/?\/l—x—i_\/l—p?(l—x?).

By our earlier assumption that p > p* ~ 1.26, it follows by symbolic manipula-
tions that 9f,/0x = 0 has a single real root for p > p*, which is

m (el

p
(1616 + 18p*\/ca(p) — 162p*)1/3

and  cy(p) = 80p* — 161p* + 81.

where ¢1(p) =



By an analysis of this derivative it follows that the function f, achieves its
maximum value when « = ¢, and so the final approximation bound is f,(z¢) =
V1= p2(1 — 22)+V6py/T — 29 +1. By computing the partial derivation of f,(x)
with respect to p that, for any fixed x, this function is a monotonically decreasing
function of p.

Unfortunately, this function is too complex to reason about easily. Nonethe-
less, we can evaluate it for any fixed value of p. The resulting approximation
bound is plotted as a function of p in Fig. 4 below. The figure shows that as p
increases, the approximation bound converges to 3. The following result estab-
lishes this asymptotic convergence by proving a somewhat weaker approximation
bound.

Approx. Factor
B

=

Fig. 4. The approximation bound for symmetric alignment as a function of p.

Lemma 5. If p > 1.5 then the approximation bound of the symmetric alignment
algorithm, Agym(p), is at most 3 + \%})p.

Proof. Before presenting the general case, we consider the simpler limiting case
when p tends to co. Since 0 < sina < 1/p, in the limit « approaches 0. Using
the fact of lim,_,g 2% = 1 we have

Agym(00) = lim Agyn(p) = lim /1 — p2sin® o + 2\/§psin% +1
p—00 p— 00

V1 —p2a2 4+ V3pa +1.

Let © = pa. In the limit we have 0 < x < 1 and so

Agym(00) < max (\/1—x2+\/§x+1).

0<z<1

It is easy to verify that Ay, (00) achieves a maximum value of 3 when z = V3/2.

Next, we consider the general case. Since p > 1.5 and sina < 1/p, it follows
that 0 < z < 1.1. We consider two cases, 0 < z < land 1 < xz < 1.1. We
consider only the first case, due to space limitations. To simplify Agym(p), we



use a Taylor series expansion and the fact that Ay, (co0) < 3.

Agym(p) < max <\/ 1—p?sin® o+ 2\/§psin% + 1)
< max <\/1 —p? (o —a3/3)* +V3pa + 1)
< max (\/1 — 2 (a—a3/6)°+V3pa— (m—i-\[pa—}-l) —|—3+1>
m3x<\/1p2(aa3/6 m+3).

Substituting x = pa, let

g(z) = \/11:2(1) —V1-a2+3.

For all fixed p, this is a monotonically increasing function in x. Thus, since z < 1,
this function achieves its maximum value at £ = 1 of

JI T <s L
3/)2 36p* V3p

3.1 A Lower Bound for Symmetric Alignment

It is natural to wonder whether the upper bounds on the approximation ratio
Agsym proved in Theorem 1 are tight. Next, we prove that this approximation
bound is close to tight. We show that for all sufficiently large p the approximation
factor is strictly greater than 3, and approaches 3 in the limit.

Lemma 6. Forall p > 2Asym, there exists an input on which symmetric achieves

The remainder of this section is devoted to proving this. We consider two
configurations of points. Consider a fixed value p > 2A4,,,. We define the pattern
point set P = {p1,p2,p3,p4}, where the first three points form an equilateral
triangle of side length 2p, and place py at the midpoint of p1ps. (See Fig. 5.) By
an infinitesimal perturbation of the points, we may assume that the pair (p1, p2)
is the unique diametrical pair for P.

Next, to define the locations of the other background set @ = {q1, ¢2, 93, ¢4},
let C; denote a circle of unit radius centered p;. Consider a line passing through
p4 (the midpoint of pyp3) forming an angle « with line p1pz, where sina = ?
Place g1 and ¢ at the rightmost intersection points of the line and C; and
Cs, respectively. Let t and r denote the translation and rotation displacement
vectors resulting from symmetric alignment, respectively. (They are described



Fig. 5. The lower bound on Agsym.

below.) Let g3 = ps+u, where w is a unit length vector whose direction is chosen
to be directly opposite that of ¢ + r. Finally, place g4 at the midpoint of g1¢z.
Observe that for each p;, the corresponding point g; lies within distance 1.

For this placement, the directed Hausdorff distance is exactly 1, and so
hopt < 1. We run the symmetric alignment algorithm on P and @, and con-
sider the displacement distance of p3 relative to gs. The fact that p > 24,
and the presence of py and g4 imply that the final matching chosen by symmetric
alignment results by aligning (p1, p2) with (g1, ¢2). The reason is that any other
choice will result in p4 having no point within distance Agym,, thus leading to a
contradiction. (Details have been omitted due to space limitations.)

By adapting the analyses of Lemmas 3 and 4, it can be seen that this config-
uration achieves the worst case for these two lemmas. In particular, the length
of the translation displacement is ]| = /1 — p2sina = /1 — (3/4) = 1/2,
and the length of the rotation displacement is ||r| = 2v/3psin 5. Furthermore,
it is easy to show that the angle between these two vectors is 5.

To complete the analysis, we decompose the rotation displacement vector
T into two components, r; is parallel to ¢ and 79 is perpendicular to it, and
apply the fact that the angle between these vectors is /2. After some algebraic
manipulations, it follows that the squared magnitude of the final displacement
is at least 4 + %, and under the assumption that p > 24y, > 2, the bound
given in the statement of the lemma follows. Details have been omitted due to
space limitations.

4 Concluding Remarks

We have presented a simple modification to the alignment-based algorithm of
Goodrich, Mitchell, and Orletsky [GMO94]. Our modification has the same run-
ning time and retains the simplicity of the original algorithm. We have shown



that, in contrast to the factor-4 approximation bound proved in [GMO94], our
approach has an approximation ratio that is never larger than 3.13, and con-
verges to 3 in the limit as the ratio p between the pattern set diameter and the
Hausdorff distance increases. We have also shown that the bound is nearly tight.
This paper opens the question of what are the performance limits of approxima-
tions based on point alignments. It is natural to consider generalizations of this
approach to higher dimensions, to matchings based on alignments of more than
two points, and to other sorts of distance measures and transformation groups.
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