AMSC/CMSC 460 Quiz3 , Fall 2002

1.(10) Suppose that we have a function f defined on the interval [0, 2], and
we want to approximate it by a piecewise linear function that is never further
than 10~ from f. If the second derivative of f is bounded by 36, how many
equally-spaced points should be use?

Answer: (Change “bounded” to “bounded in absolute value”.) If p is
the piecewise linear function, and x € [x;, 2;41], the error is

(@) — (o)) = LN 20 o g

where £ is some point in [z;, 7;11]. Now, |(z — z;)(z — x;41)| < h?, with
h = z;y1 — x;. Therefore, the error is bounded by

(@)~ plo)] < 36,

We want this quantity to be less than 107*, so we need

10—
h < .
- 18

Since h = (2 —0)/(n — 1), where the number of points is n, we have
n > 850.

(In fact, |(z — ;) (z — z;01)| < (R/2)?, so a smaller number of points, 425, is
sufficient. )



2.(10) Recall the basis that we are using for cubic splines with knots z; <
To < ...< x,: We will set s(z) equal to s;41(x) on interval I;;;, where

_ (Tig1 — 33)3 (z — xi)g
siri(@) = m; 641 T 6h; 41

+ az-(x — l‘l) + bz
for some constants m;, m;.1, a;, and b;, where

® hi+1 = Tjt1 —ZUi,i: 1,...,71—1

® ki+1 :fi+1 —fi,i: 1,...,71—1

i i+1:[xiaxi+1]77::17"'7”_]-

Write down the conditions that guarantee that s” is continuous at the knots
L9y . Tpn_1.

Answer: This problem was more confusing than I intended. Assuming
that z; <2y < ... <uxz,, we have

i 2 Mit1 2
sip1 () = _th; (Tiy1 — )" + 2hli+1 (x —x)* + a;.
m; m;
Sip1(T) = +h—l($i+1 — )+ hZH (x —x3) .
i+1 i+1
Now, evaluating s(z;), i = 2,...,n — 1, we obtain

siy1 (1) = my = s ()

so continuity is guaranteed.



