
G
reetin
gs

G
reetin
gs
from
th
e
In
form
ation
T
ech
n
ology
L
ab
oratory
of
th
e
N
ation
al

In
stitu
te
of
S
tan
d
ard
s
an
d
T
ech
n
ology
in
G
aith
ersb
u
rg,
M
D
,
U
S
A
.

T
h
e
N
IS
T
/IT
L
M
ath
em
atical
an
d
C
om
p
u
tation
al
S
cien
ces
D
ivision
is

d
eligh
ted
to
h
ave
th
e
op
p
ortu
n
ity
to
co-sp
on
sor
th
is
con
feren
ce
w
ith
ou
r

S
w
iss
colleagu
es.
It
w
as,
of
cou
rse,
a
U
S
/S
w
iss,
an
d
in
d
eed
a
N
IS
T
/E
T
H
,

collab
oration
of
50
years
ago,
th
at
w
e
are
celebratin
g
h
ere
th
is
w
eek.
W
e

are
in
d
eed
prou
d
of
th
e
role
th
at
ou
r
organ
ization
al
an
cestors
in
th
e

In
stitu
te
for
N
u
m
erical
A
n
alysis
p
layed
in
brin
gin
g
to
ligh
t
on
e
of
th
e
m
ost

sign
i�
can
t
algorith
m
s
of
th
e
20th
cen
tu
ry.

W
e
con
tin
u
e
to
b
e
in
sp
ired
by
th
e
tech
n
ical
excellen
ce
an
d
th
e
sp
irit
of

co
op
eration
th
at
ch
aracterized
th
e
sem
in
al
w
ork
of
H
esten
es
an
d
S
tiefel
on

th
e
con
ju
gate
grad
ien
t
m
eth
o
d
.
T
h
e
agen
d
a
for
th
is
m
eetin
g
is
am
p
le

evid
en
ce
th
at
th
e
in
tellectu
al
excitem
en
t
kin
d
led
by
th
at
collab
oration

rem
ain
s
alive,
an
d
w
ill
carry
u
s
forw
ard
w
ell
in
to
th
e
21st
cen
tu
ry.

R
on
B
oisvert

1



T
ow
ard
U
n
d
erstan
d
in
g
th
e
C
on
vergen
ce

of
K
rylov
S
u
b
sp
ace
M
eth
o
d
s

D
ian
n
e
P
.
O
'L
eary

C
om
p
u
ter
S
cien
ce
D
ep
t.
an
d

In
stitu
te
for
A
d
van
ced
C
om
p
u
ter
S
tu
d
ies

U
n
iversity
of
M
arylan
d

oleary@
cs.u
m
d
.ed
u

h
ttp
://w
w
w
.cs.u
m
d
.ed
u
/u
sers/oleary

W
ork
su
p
p
orted
in
p
art
by
th
e

N
ation
al
S
cien
ce
F
ou
n
d
ation
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2002:
A
B
an
n
er
Y
ear

�
50th
A
n
n
iversary
of
th
e
classic
p
ap
er
on
th
e
con
ju
gate
grad
ien
t
(cg)

algorith
m

�
60th
A
n
n
iversary
(-
1)
of
E
d
u
ard
S
tiefel's
h
ab
ilitation
d
egree
(E
T
H
)

�
70th
A
n
n
iversary
of
G
en
e
G
olu
b
's
b
irth

70th
A
n
n
iversary
of
M
agn
u
s
H
esten
es'
P
h
.D
.
d
egree
(U
n
iversity
of

C
h
icago)

�
100th
A
n
n
iversary
(+
1)
of
th
e
U
.S
.
N
ation
al
B
u
reau
of
S
tan
d
ard
s,
n
ow

called
th
e
N
ation
al
In
stitu
te
of
S
tan
d
ard
s
an
d
T
ech
n
ology,
w
h
ere

M
agn
u
s
H
esten
es
w
orked
on
cg

�
150th
A
n
n
iversary
(-
2)
of
th
e
fou
n
d
in
g
of
E
T
H
Z
�u
rich
,
w
h
ere
E
d
u
ard

S
tiefel
w
orked
on
cg
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2002:
A
B
an
n
er
Y
ear

�
50th
A
n
n
iversary
of
th
e
classic
p
ap
er
on
th
e
con
ju
gate
grad
ien
t
(cg)

algorith
m

�
60th
A
n
n
iversary
(-
1)
of
E
d
u
ard
S
tiefel's
h
ab
ilitation
d
egree
(E
T
H
)

�
70th
A
n
n
iversary
of
G
en
e
G
olu
b
's
b
irth

70th
A
n
n
iversary
of
M
agn
u
s
H
esten
es'
P
h
.D
.
d
egree
(U
n
iversity
of

C
h
icago)

�
100th
A
n
n
iversary
(+
1)
of
th
e
U
.S
.
N
ation
al
B
u
reau
of
S
tan
d
ard
s,
n
ow

called
th
e
N
ation
al
In
stitu
te
of
S
tan
d
ard
s
an
d
T
ech
n
ology,
w
h
ere

M
agn
u
s
H
esten
es
w
orked
on
cg

�
150th
A
n
n
iversary
(-
2)
of
th
e
fou
n
d
in
g
of
E
T
H
Z
�u
rich
,
w
h
ere
E
d
u
ard

S
tiefel
w
orked
on
cg

�
S
econ
d
an
d
last
p
alin
d
rom
e
year
w
e
exp
ect
to
see
in
ou
r
lifetim
es.
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T
h
e
P
lan

�
C
on
vergen
ce
of
con
ju
gate
grad
ien
ts

�
C
on
vergen
ce
of
G
M
R
E
S

5



N
otation

�
W
e
solve
th
e
lin
ear
system

A
x
�
=
b

w
h
ere
A
2
C
n
�
n
an
d
b2
C
n.

�
W
e
n
orm
alize
th
e
prob
lem
so
th
atk
bk
2
=
1.

�
W
e
d
e�
n
e
th
e
resid
u
al
for
th
e
lin
ear
system
by

r
(m
)
=
b�
A
x
(m
):

�
W
e
d
en
ote
th
e
K
rylov
su
b
sp
ace
of
d
im
en
sion
m

by

K
m
(A
;b)
=
sp
anf
b;A
b;:::;A
m
�
1bg
:

�
W
e
assu
m
e,
w
ith
ou
t
loss
of
gen
erality,
th
at
ou
r
in
itial
gu
ess
for
th
e

solu
tion
is

x
(0
)
=
0
:

6



C
on
vergen
ce
of
C
on
ju
gate
G
rad
ien
ts
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T
h
e
C
on
ju
gate
G
rad
ien
t
A
lgorith
m

H
esten
es
an
d
S
tiefel
(1952)
presen
ted
th
e
con
ju
gate
grad
ien
t
algorith
m
in

th
e
Jo
u
rn
al
o
f
R
esearch
o
f
th
e
N
B
S
.

M
agn
u
s
H
esten
es
(1906-1991),
a
facu
lty
m
em
b
er
at
U
C
L
A
w
h
o
b
ecam
e

asso
ciated
w
ith
th
e
In
stitu
te
for
N
u
m
erical
A
n
alysis,
p
art
of
N
B
S
.

E
d
u
ard
S
tiefel
(1909-1978),
of
E
T
H
,
a
visitor
to
N
B
S
.
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T
h
eir
accou
n
t
of
h
ow
th
e
p
ap
er
cam
e
to
b
e
w
ritten

\T
h
e
m
eth
o
d
of
con
ju
gate
grad
ien
ts
w
as
d
evelop
ed
in
d
ep
en
d
en
tly
by

E
.
S
tiefel
of
th
e
In
stitu
te
of
A
p
p
lied
M
ath
em
atics
at
Z
u
rich
an
d
by

M
.
R
.
H
esten
es
w
ith
th
e
co
op
eration
of
J.
B
.
R
osser,
G
.
F
orsyth
e,
an
d

L
.
P
aige
of
th
e
In
stitu
te
for
N
u
m
erical
A
n
alysis,
N
ation
al
B
u
reau
of

S
tan
d
ard
s.
T
h
e
presen
t
accou
n
t
w
as
prep
ared
join
tly
by
M
.
R
.
H
esten
es

an
d
E
.
S
tiefel
d
u
rin
g
th
e
latter's
stay
at
th
e
N
ation
al
B
u
reau
of
S
tan
d
ard
s.

T
h
e
�
rst
p
ap
ers
on
th
is
m
eth
o
d
w
ere
given
by
E
.
S
tiefel
[1952]
an
d
by
M
.

R
.
H
esten
es
[1951].
R
ep
orts
on
th
is
m
eth
o
d
w
ere
given
by
E
.
S
tiefel
an
d
J.

B
.
R
osser
at
a
S
ym
p
osiu
m
on
A
u
gu
st
23-25,
1951.
R
ecen
tly,
C
.
L
an
czos

[1952]
d
evelop
ed
a
closely
related
rou
tin
e
b
ased
on
h
is
earlier
p
ap
er
on

eigen
valu
e
prob
lem
[1950].
E
xam
p
les
an
d
n
u
m
erical
tests
of
th
e
m
eth
o
d

h
ave
b
een
by
R
.
H
ayes,
U
.
H
osch
strasser,
an
d
M
.
S
tein
."
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T
w
o
d
istin
ct
voices
in
th
e
p
ap
er:

�
H
esten
es:

{

variation
al
th
eory
an
d
op
tim
al
con
trol

{

1936:
d
evelop
ed
an
algorith
m
for
con
stru
ctin
g
con
ju
gate
b
ases,
b
u
t

ad
vised
by
a
H
arvard
professor
th
at
it
w
as
to
o
ob
viou
s
for
p
u
b
lication

{

d
iscou
ragin
g
n
u
m
erical
exp
erien
ce
by
G
eorge
F
orsyth
e
in
u
sin
g

steep
est
d
escen
t
for
solvin
g
lin
ear
system
s.

�
S
tiefel:

{

relaxation
algorith
m
s

{

con
tin
u
ed
fraction
s

{

q
d
algorith
m

1
5



T
h
e
S
cop
e
of
th
e
1952
P
ap
er

A
ssu
m
e
th
at
A
is
H
erm
itian
p
ositive
d
e�
n
ite.

�
d
irect
m
eth
o
d
:
�
n
ite
term
in
ation
.

�
u
se
as
iterative
m
eth
o
d
:
solves
106
\d
i�
eren
ce
eq
u
ation
s"
in
90

iteration
s.
(B
y
1958:
10x10
grid
L
ap
lace
eq
u
ation
in
11
C
h
ebysh
ev

iteration
s
+
2
cg.)

�
m
on
oton
icity
prop
erties.

�
rou
n
d
-o�
error
an
alysis.

�
sm
o
oth
in
g
in
itial
resid
u
al.

�
rem
ed
y
for
loss
of
orth
ogon
ality.

�
solu
tion
if
A
is
ran
k
d
e�
cien
t.

�
algebraic
form
u
lation
of
precon
d
ition
in
g.

�
relation
to
L
an
czos
algorith
m
an
d
con
tin
u
ed
fraction
s.

1
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R
ecen
t
R
ecogn
ition
of
th
e
A
lgorith
m

�
S
cien
ce
C
itation
In
d
ex
lists
over
800
citation
s
b
etw
een
1983
an
d
1999.

�
N
IS
T
recen
tly
celebrated
its
cen
ten
n
ial
by
p
ickin
g
its

100
m
ost
sign
i�
can
t
ach
ievem
en
ts.
A
m
on
g
th
em
:

{

A
S
C
II

{

a
h
igh
ly-su
ccessfu
l
con
su
m
er
in
form
ation
series

{

creation
of
B
ose-E
in
stein
con
d
en
sation

{

th
e
C
on
ju
gate
G
rad
ien
t
A
lgorith
m

{

L
an
czos'
eigen
valu
e
algorith
m

�
C
o
m
p
u
tin
g
in
S
cien
ce
an
d
E
n
g
in
eerin
g,
a
p
u
b
lication
of
th
e
IE
E
E

C
om
p
u
ter
S
o
ciety
an
d
th
e
A
m
erican
In
stitu
te
of
P
h
ysics,
n
am
ed
K
rylov

S
u
b
sp
ace
Iteration
as
on
e
of
th
e
T
op
10
A
lgorith
m
s
of
th
e
20th
C
en
tu
ry,

citin
g
in
p
articu
lar
th
e
p
ion
eerin
g
w
ork
of
H
esten
es,
S
tiefel,
an
d
L
an
czos.

1
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C
on
vergen
ce
A
n
alysis
of
C
on
ju
gate
G
rad
ien
ts

C
G
m
in
im
izes
th
e
error
fu
n
ction

E
(x
(m
))
=
(x
(m
)�
x
�)
H
A
(x
(m
)�
x
�)

over
th
e
K
ylov
su
b
sp
aceK
m
(A
;b).

H
ayes
(1954):
H
ilb
ert
sp
aces

�
lin
ear
con
vergen
ce
for
gen
eral
op
erators

�
su
p
erlin
ear
con
vergen
ce
for
I
+
com
p
letely
con
tin
u
ou
s
op
erator.

K
an
iel(1966)-D
an
iel(1965)
th
eory

E
(x
(m
))�
4

0BBB@
1�
p

�
�
1

1
+
p

�
�
1

1CCCA
2
m

E
(x
(0
))

w
h
ere
�
=
�
m
a
x (A
)=
�
m
in (A
).

1
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W
h
at
is
th
e
w
orst
case
con
vergen
ce
for
C
G
?

�
T
h
e
K
an
iel-D
an
iel
b
ou
n
d
rests
on
th
e
fact
th
at
x
(m
)
is
a
p
olyn
om
ial
in

A
tim
es
b,
an
d
th
erefore

E
(x
(m
))
=

m
in

d
e
g
r
e
e
(p
)<
m
(p
(A
)�
A
�
1)b
H
A
(p
(A
)�
A
�
1)b
:

�
T
o
provid
e
an
u
p
p
er
b
ou
n
d
on
E
(x
(m
)),
th
ey
u
se
scaled
an
d
sh
ifted

version
s
of
th
e
C
h
ebysh
ev
p
olyn
om
ials

T
m
(z
)
=
cos(m
arccos
z
)

in
p
lace
of
th
e
m
in
im
ization
.

�
T
h
erefore,
th
e
w
orst
case
for
con
ju
gate
grad
ien
t
con
vergen
ce
is,
for

exam
p
le,
th
e
m
�
m
d
iagon
al
m
atrix
th
at
h
as
eigen
valu
es
eq
u
al
to
th
e

ro
ots
of
th
e
scaled
an
d
sh
ifted
C
h
ebysh
ev
p
olyn
om
ials,

�
j �
1
+
cos

0BB@ (2j�
1)�

2m

1CCA
;
j
=
1;:::;m
;

an
d
a
righ
t
h
an
d
sid
e
of
on
es.

1
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m

Residuals for this worst-case problem
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0 10 20 30 40 50 60 70 80 90 100
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10
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10
−10

10
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10
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10
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10
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10
0

iteration

re
si

du
al

 n
or

m

worst case
Laplacian

An unhappy coincidence

The eigenvalues of the 1-d Laplacian are, for large n, almost equal to these

worst-case numbers, so convergence is similarly slow.
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C
on
ju
gate
G
rad
ien
t
C
on
vergen
ce

S
u
m
m
ary:

�
G
o
o
d
n
ew
s:
C
G
alw
ays
m
akes
som
e
progress
at
each
iteration
.

�
B
ad
n
ew
s:
T
h
e
progress
can
b
e
d
iscou
ragin
gly
sm
all
u
n
til
th
e
n
th

iteration
.

2
2



C
on
vergen
ce
of
th
e
G
M
R
E
S
A
lgorith
m

2
3



T
h
e
G
M
R
E
S
A
lgorith
m

F
or
G
M
R
E
S
,
w
e
d
rop
th
e
assu
m
p
tion
th
at
A
is
H
erm
itian
p
ositive
d
e�
n
ite.

F
or
sim
p
licity,
w
e'll
assu
m
e
th
at
A
is
n
on
sin
gu
lar.

G
M
R
E
S
(S
aad
,
S
ch
u
ltz,
1986)
m
in
im
izes
th
e
error
fu
n
ction

(x
(m
)�
x
�)
H
A
H
A
(x
(m
)�
x
�)

over
th
e
K
ylov
su
b
sp
aceK
m
(A
;b).

2
4



C
on
vergen
ce
A
n
alysis
of
G
M
R
E
S

C
on
vergen
ce
b
ou
n
d
:

k
r
m k

k
r
0 k
�
m
in

p
m
(0
)=
1 k
V
p
m
(�
)V
�
1bk�
�
(V
)
m
in

p
m
(0
)=
1
m
ax

�
j

jp
m
(�
j )j;

w
h
ere
�
(V
)
is
th
e
con
d
ition
n
u
m
b
er
of
th
e
m
atrix
of
eigen
vectors
of
A
an
d

p
m

is
a
p
olyn
om
ial
of
d
egree
m
.

If
A
is
H
erm
itian
,
or,
m
ore
gen
erally,
n
orm
al,
th
en
V
is
an
orth
ogon
al

m
atrix
w
ith
�
(V
)
=
1,
so
th
e
con
vergen
ce
an
alysis
is
related
to
th
e
cg
case.

In
gen
eral,
ill-con
d
ition
in
g
of
V
can
h
ave
a
n
egative
im
p
act
on
con
vergen
ce.

W
h
en
A
is
H
erm
itian
or
real
sym
m
etric,
G
M
R
E
S
is
eq
u
ivalen
t
to
M
IN
R
E
S

an
d
is
gu
aran
teed
to
m
ake
progress
at
each
step
.

2
5



S
om
e
C
lu
es
to
u
n
d
erstan
d
in
g
G
M
R
E
S
con
vergen
ce

�
A
n
y
m
on
oton
ically
n
on
in
creasin
g
cu
rve
th
at
go
es
to
zero
is
th
e

con
vergen
ce
cu
rve
for
G
M
R
E
S
ap
p
lied
to
som
e
prob
lem
,
w
ith
arb
itrary

eigen
valu
es.
(G
reen
b
au
m
,
S
trakos,
(an
d
P
tak)
1994,
1996).

�
C
on
vergen
ce
b
ou
n
d
s
can
b
e
d
erived
from
th
e
�
eld
of
valu
es
of
a
m
atrix

A
:

k
r
(m
)k

k
r
(0
)k
�
2

0BB@
sjcj 1CCA
m

w
h
en
th
e
�
eld
of
valu
es
of
A
is
con
tain
ed
in
a
d
isk
cen
tered
at
c
w
ith

rad
iu
s
s
(E
ierm
an
n
1993).

2
6



W
h
at
is
th
e
w
orst
case
con
vergen
ce
for
G
M
R
E
S
?

C
G
an
d
M
IN
R
E
S
are
gu
aran
teed
to
m
ake
progress,
h
ow
ever
m
in
im
al,
at

each
iteration
,
b
ecau
se
th
e
n
ew
com
p
on
en
t
of
th
e
K
rylov
su
b
sp
ace
is
n
ever

orth
ogon
al
to
th
e
grad
ien
t
of
th
e
fu
n
ction
m
in
im
ized
.

In
G
M
R
E
S
,
w
e
d
o
n
ot
h
ave
th
is
n
ice
prop
erty.
In
fact,
exam
p
les
are

w
ell-kn
ow
n
in
w
h
ich
G
M
R
E
S
com
p
letely
stagn
ates,
failin
g
to
m
ake
an
y

progress
for
n�
1
iteration
s:

x
(0
)
=
x
(1
)
=
:::x
(n
�
1
)
=
0
:

W
e
w
an
t
to
u
n
d
erstan
d
stagn
ation
b
etter.

2
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S
tagn
ation
of
G
M
R
E
S

Join
t
w
ork
w
ith
Ilya
Z
avorin
an
d
H
ow
ard
E
lm
an
.

W
e
stu
d
y
an
o
d
d
ity:
p
artial
stagn
ation
,
in
w
h
ich
th
e
G
M
R
E
S
iterates

x
(0
)
=
x
(1
)
=
:::
=
x
(m
)
=
0

If
m
=
n�
1,
th
en
th
is
is
com
p
lete
stagn
ation
,
an
d
th
en
x
(n
)
w
ill
b
e
th
e

exact
solu
tion
to
th
e
prob
lem
.

2
8



C
h
aracterizin
g
S
tagn
ation

L
et
th
e
eigen
d
ecom
p
osition
of
A
b
e
A
=
V
�
V
�
1,
an
d
let
y
=
V
�
1b.

2
9



C
h
aracterizin
g
P
artial
S
tagn
ation

T
h
eorem
:
G
M
R
E
S
m
�
stagn
ates
if
an
d
on
ly
if
y
satis�
es
th
e
stagn
ation

system

Z
Hm

+
1
�Y
V
H
V
y
=
e
1
;

(1)

w
h
ere
Y
is
th
e
d
iagon
al
m
atrix
form
ed
from
th
e
en
tries
of
y
,

e
1
=
[1;0;:::;0] T2
R
m
+
1,
an
d

Z
m
+
1
=

0BBBBB@
1

�
1

:::

�
m1

...

...

...

...

1

�
n

:::

�
mn

1CCCCCA
=
(
e

�
e

:::

�
m
e
)
;

w
h
ere
e
is
th
e
vector
of
on
es.

3
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P
ro
of:
A
t
th
e
m
th
step
,
G
M
R
E
S
m
in
im
izes
th
e
resid
u
al
over
all
vectors
x

in
th
e
sp
an
of
th
e
colu
m
n
s
of

K
m

=
[b;A
b;:::;A
m
�
1b]:

T
h
is
m
ean
s
th
at
th
e
resu
ltin
g
resid
u
al
r
m

is
th
e
projection
of
b
on
to
th
e

su
b
sp
ace
orth
ogon
al
to
th
e
sp
an
of
th
e
colu
m
n
s
of
A
K
m
.

T
h
erefore,
G
M
R
E
S
stagn
ates
at
step
m
if
an
d
on
ly
if
b
is
orth
ogon
al
to
th
e

colu
m
n
s
of
A
K
m
,
or,
eq
u
ivalen
tly,
orth
ogon
al
to
th
e
last
m
colu
m
n
s
of

K
m
+
1 :

K
Hm

+
1 b
=
e
1

Ip
sen
n
oted
th
at
K
m
+
1
=
V
Y
Z
m
+
1 ,
an
d
su
b
stitu
tin
g
th
is
expression
gives

ou
r
stagn
ation
system
.
[]
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C
h
aracterizin
g
C
om
p
lete
S
tagn
ation

If
m
+
1
=
n
,
th
en
Z
m
+
1
is
in
vertib
le,
an
d
w
e
can
rew
rite
th
e
stagn
ation

system

Z
Hm

+
1
�Y
V
H
V
y
=
e
1
:

C
om
p
lete
stagn
ation
o
ccu
rs
i�

�Y
V
H
V
y
=
u

w
h
ere
u
is
a
vector
d
erived
from
th
e
eigen
valu
es
�
j :

u
j
=
(�
1)
n
+
1con
j

0BBBBB@
nYk

=
1

k
6=
j

�
k

�
j �
�
k

1CCCCCA
;

(2)

3
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Illu
stration
for
n
=
2

In
certain
sim
p
le
cases,
for
exam
p
le
n
=
2,
w
e
can
get
closed
-form

expression
s
ch
aracterizin
g
stagn
ation
.

L
et
th
e
eigen
valu
es
of
A
b
e
1
an
d
�
0 e
i�.

T
h
en
A
is
com
p
letely
stagn
atin
g
for
all
eigen
vector
m
atrices
V
w
h
ose

con
d
ition
n
u
m
b
er
is
greater
th
an
or
eq
u
al
to
som
e
critical
valu
e
�
cx (�
0 ;�
).
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Illu
stration
for
n
=
2:
C
on
tou
rs
of
�
cx (�
0 ;�
)
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A
C
on
seq
u
en
ce
of
th
e
C
h
aracterization

C
om
p
lete
stagn
ation
for
a
m
atrix
A
im
p
lies
com
p
lete
stagn
ation
for
A
H
:

G
M
R
E
S
com
p
letely
stagn
ates
for
th
e
prob
lem
A
x
=
b
if
an
d
on
ly
if
it

stagn
ates
for
A
H
x
=
^b
w
h
ere
b
=
V
y
,
^y
=
�Y
�
1u
,
an
d
^b
=
V
�
H
^y.
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C
om
p
lete
S
tagn
ation
of
N
orm
al
M
atrices

A
n
orm
al
m
atrix
A
is
on
e
w
h
ose
eigen
vector
m
atrix
V
is
u
n
itary.

In
th
is
case,
th
e
stagn
ation
system
sim
p
li�
es
to

Y
y
=
u
;

w
h
ich
is
a
system
of
n
d
ecou
p
led
eq
u
ation
s
of
th
e
form
,

jy
j j 2
=
u
j ;
j
=
1;:::;n
:

T
h
erefore,
for
n
orm
al
m
atrices,

�
G
M
R
E
S
stagn
ates
for
b
=
V
y
,
w
h
ere

y
j
=
p

u
j e
i�
j;
j
=
1;:::;n
;

an
d
th
e
p
h
ase
an
gles
�
j
are
arb
itrary.

�
If
�
is
su
ch
th
at
th
e
corresp
on
d
in
g
u
con
tain
s
com
p
lex
or
real
n
egative

en
tries,
th
en
th
ere
is
n
o
righ
t-h
an
d
sid
e
for
w
h
ich
G
M
R
E
S
stagn
ates.
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D
o
es
N
orm
al
S
tagn
ation
Im
p
ly
N
on
-N
orm
al
S
tagn
ation
?

S
tagn
ation
of
a
n
orm
al
m
atrix
d
o
es
im
p
ly
stagn
ation
of
an
en
tire
fam
ily
of

m
atrices
w
ith
th
e
sam
e
eigen
valu
es:

T
h
eorem
:
S
u
p
p
ose
w
e
h
ave
a
vector
�
2
C
n
w
ith
d
istin
ct
elem
en
ts
su
ch

th
at
u
2
R
n
satis�
es
0
<
u
j �
1.
T
h
en
for
an
y
n
on
sin
gu
lar
eigen
vector

m
atrix
V
w
ith
W

=
V
H
V
real,
G
M
R
E
S
stagn
ates
for
A
=
V
�
V
�
1
an
d

b
=
V
y
,
w
h
ere
y2
R
n
satis�
es
Y
W
y
=
u
:

P
ro
of:
If
W

is
real,
th
en
it
is
sym
m
etric
p
ositive
d
e�
n
ite.
S
olvin
g
th
e

stagn
ation
eq
u
ation
Y
W
y
=
u
is
eq
u
ivalen
t
to
�
n
d
in
g
a
d
iagon
al
scalin
g

m
atrix
Y
so
th
at
Y
W
Y
h
as
row
su
m
s
u
.
S
in
ce
0
<
u
j �
1,
th
en
a

th
eorem
of
M
arsh
all
an
d
O
lkin
tells
u
s
th
at
su
ch
a
scalin
g
m
atrix
exists.
[]
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C
on
stru
ctin
g
S
tagn
atin
g
E
igen
valu
e
D
istrib
u
tion
s

G
M
R
E
S
w
ill
stagn
ate
for
an
y
eigen
vector
m
atrix
satisfyin
g
V
H
V
real,
if

0
<
u
j
=
(�
1)
n
+
1con
j

0BBBBB@
nYk

=
1

k
6=
j

�
k

�
j �
�
k

1CCCCCA �
1

T
h
erefore,
w
e
can
stu
d
y
su
ch
eigen
valu
e
d
istrib
u
tion
s
by
solvin
g
th
e

p
olyn
om
ial
system

con
j

0BBBBB@
nYk

=
1

k
6=
j (�

j �
�
k ) 1CCCCCA
u
j
=
(�
1)
n
+
1con
j

0BBBBB@
nYk

=
1

k
6=
j

�
k 1CCCCCA

for
ch
oices
of
u
j 2
[0;1].

A
n
ob
servation
:
If
th
e
elem
en
ts
of
�
solve
th
is
system
,
th
en
so
d
o
th
e

elem
en
ts
of
c�
for
an
y
n
on
zero
scalar
c.
T
h
erefore,
every
com
p
lex
n
u
m
b
er

can
b
e
an
eigen
valu
e
for
a
com
p
letely
stagn
atin
g
m
atrix.
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D
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s
for
n
=
3,
V
H
V
R
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C
om
p
lete
S
tagn
ation
for
U
n
itary
M
atrices

A
n
orm
al
m
atrix
A
is
u
n
itary
i�
its
eigen
valu
es
satisfy

�
j
=
e
i�
j;
0�
�
j �
2�
;
j
=
1;:::;n
:

N
ach
tigal,
R
ed
d
y,
an
d
T
refeth
en
(1992)
sh
ow
ed
th
at
G
M
R
E
S
can

com
p
letely
stagn
ate
w
h
en
ap
p
lied
to
a
u
n
itary
m
atrix
A
w
ith
eigen
valu
es

d
istrib
u
ted
u
n
iform
ly
over
th
e
u
n
it
circle
in
th
e
com
p
lex
p
lan
e.

T
h
e
con
verse
can
b
e
estab
lish
ed
u
sin
g
th
e
stagn
ation
system
.

T
h
eorem
:
T
h
ese
are
th
e
on
ly
u
n
itary
m
atrices
for
w
h
ich
com
p
lete

stagn
ation
can
o
ccu
r.
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C
om
p
lete
S
tagn
ation
of
R
eal
M
atrices

W
h
en
A
is
real,
th
e
stagn
ation
system
can
b
e
w
ritten
as
a
p
olyn
om
ial

system
in
y
,
con
sid
erab
ly
sim
p
lifyin
g
an
alysis
an
d
n
u
m
erical

exp
erim
en
tation
:

Y
P
V
T
V
y
=
u

w
h
ere
P
is
a
p
erm
u
tation
m
atrix
th
at
d
ep
en
d
s
on
th
e
ord
erin
g
of

eigen
valu
es.

It
is
p
ossib
le
to
con
stru
ct
real
m
atrices
A
th
at
n
ever
com
p
letely
stagn
ate

on
real
righ
t-h
an
d
sid
es
b
u
t
d
o
com
p
letely
stagn
ate
on
som
e
com
p
lex

righ
t-h
an
d
sid
es.
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E
xam
p
le:
T
h
e
m
atrix
w
ith
eigen
vectors

V
=

0BBBBBBBBBB@ �
0:3998204

0:2414875

�
0:0877858

�
0:4306034

�
0:5786559

�
0:8362391

0:4920379

0:3213318

0:6984230

0:0537175

�
0:7499413

0:5155494

�
0:1323115

0:4893898

�
0:4333364

�
0:6674844

1CCCCCCCCCCA
;

an
d
eigen
valu
es

�
=
(1:0000000;�
0:7658066;�
0:2656295;0:8705277):

stagn
ates
for

y
=

266666666664
1:5564116
+
1:5564116
i

�
1:2084570�
0:3414864
i

0:7066397
+
1:5089330
i

�
1:8679775�
1:2644748
i

377777777775

an
d
15
oth
er
righ
t-h
an
d
sid
es,
n
on
e
of
th
em
real.
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C
on
clu
sion
s

�
T
h
e
con
vergen
ce
of
con
ju
gate
grad
ien
ts
is
q
u
ite
w
ell
u
n
d
ersto
o
d
,
so

atten
tion
fo
cu
ses
on
th
e
d
evelop
m
en
t
of
precon
d
ition
ers
to
accelerate

con
vergen
ce.

�
A
com
preh
en
sive
u
n
d
erstan
d
in
g
of
th
e
con
vergen
ce
of
G
M
R
E
S
an
d
its

relatives
rem
ain
s
su
rprisin
gly
illu
sive
an
d
is
an
ad
d
ition
al
ob
stacle
to
th
e

d
evelop
m
en
t
of
precon
d
ition
ers.

�
B
y
stu
d
yin
g
th
e
lim
itin
g
cases
{
stagn
ation
{
w
e
can
gain
in
sigh
t
in
to

factors
th
at
slow
con
vergen
ce.

�
In
p
articu
lar,
sin
ce
restarted
G
M
R
E
S
often
n
early
stagn
ates,
w
e
h
op
e
to

d
evelop
b
etter
restart
strategies.
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