
and

fi-lA = ~Di ‘jjM,:lNJ~(l – M~lA’i)

i= 1 j=O

= ‘&i(l- (AC’N.)’”);!

i= 1

= I–B.

Here are the conditions that natur#ly lead to symmetric

positive definite preconditioners M.

Theorem 3.2 If m = 1, ij A and M; are symmetric

and positive definite, if Mi – .Ni is a convergent splitting

of A, if Di = CYiI, where ~i is a positive scala:r (i =

1 , . . .. P). and if we minimize 11x – X*]IA over the .Krylou

subspace generated by the KMS algorithm then the bound

(19) applies, where K is the condition number of 1 – B,

In the nonsymrnetric case, we obtain bounds such as

the standard GMRES result [6].

Theorem 3.3 Suppose that we minimize the norm of

the residual over the Krylov subspace generated by the

KMS algorithm, and that the preconditioned B satisjies

(i) (v, ABv)2 ~ lilllvll~, all v;

(ii) IIABv112 ~ 6211v112, all v, for some positive con-

stant 61, tj.

Then the multisplitting algorithm converges monotoni-

cally and the residual norms satisfy the bound

Ilrkllz s /-~117’k-1112, = 1,2,. !..(21)

4 Parallel Implementation

Our first observation is that the nature of the multi-

splitting tasks is fundamentally different from that of

the minimization task. The multisplitting will gener-

ally be working with sparse matrices Mi and A:, while

the matrix AS for the minimization task may be dense.

Thus, the use of a heterogeneous parallel computer may

be possible, using, for example, a hypercube for the mul-

tisplitting and a systolic array (or Connection Ma~chine)

for the minimization process.

The implementation of the multisplitting is quite

problem dependent, but the minimization task is some-

what easier to characterize. The main work is the up-

dating of a matrix using a QR or URV decompc,sition.

Parallel versions of these algorithms have been discussed

in [14,18].

Huang [10] has performed a detailed analysis of the

KMS algorithm using a 2 x 2 block partitioning of the

SSOR splitting on a model problem, Laplace’s equation

on a rectangle with Dirichlet boundary conditions. For

convenience, assume the matrix A is N2 x N2 and that

the two-dimensional mesh of multisplitting processors

consists of 2s xs processors. We assign $ unknowns to

each processor. The computation and communication

time for each “outer” iteration (s inner iterations) is

N
s*o(g +sfk+Nw)+/3+—T+ $’,

s

where the time for a typical floating point operation is

1, /3M is the startup time for communication within the

multisplitting processors, TM is the per-word transmis-

sion time for these processors, and ~ and r are the cor-

responding times for communication between the mul-

tisplitting and the minimization task. After k direc-

t ions are generated, the time for the minimization is

O(%. ) on t processors.

5 Conclusions

We have presented a non-traditional implementation of

Krylov subspace methods.

If only the vectors A& are used for minimization,

then this algorithm is equivalent to preconditioned con-

jugate gradients or GMRES; if additional vectors are

used, then the minimization is performed over a larger

subspace that includes the standard Krylov subspace.

This algorithm has more flexibility than standard im-

plementations and many advantages for parallel compu-

tat ion:

1.

2.

3.

4.

5.
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Additional vectors can be added to the subspace if

the Krylov generators are not working fast enough

to keep the minimization task busy.

Vectors can be dropped if they do not provide a

sufficient decrease.

We have the option of creating several vectors from

any particular basis vector by partitioning it into

subvectors and creating a vector from each of these

padded with zeroes. This might improve the con-

vergence if the preconditioned is locally good but

normalization between pieces of the vector is not

SO good.

The minimization task can reinitialize the direction

generators at any time by sending the updated x

vector. If the minimization has been performed us-

ing only the Ai vectors, then this has no effect on

the computation, but if other directions have been

added, then convergence can be accelerated with-

out significant synchronization penalty.

There are natural extensions of these ideas to non-

linear problems [10].
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