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1. Entroduction. The conjugate gradient and Lanczos algorithms for solving linear
systems of equations and eigenproblems represent very importani computational innova-
tions of the early 1950s. These methods came into wide use only n the md-1970s.
Shortly thereafter, vector computers and massive computer memories made it possible 1o
use these methods to solve problems which could not be soived in any other way. Since
that time, the algorithms have been further refined and have becoms a basic tool for solv-
ing a wide variety of problems on a wide variety of computer architeciures. The conju-
gate gracient algorithm has also been extended o solve nonlinear systems of equations
and optimization problems, and this has had tremendous impact on the computation of
unconstrained and constrained optimization problems.

The purpose of this paper is 1o trace some of the history of the conjugare gradient
and Lanczos algorithms during the period from their original development 1o their
widespread application in the mid-1970s.

it i3 not the purpose of this paper 1o give the definitive derivation of the algorithms
and their properties; for such information, the reader is referred 1o the references in the
bibliography as well as more recent weatments such as Manrix Computations by G. H.
Gotub and €. ¥ Van Loan (The Johns Hepkins University Press, Baltimore, Marvland,
1983, Chapters % and [0). It is necessary, however, to establish sotation to make the
differences among the variants of the algorithm more clear, This is our frst task.

The conjugate gradient algorithm can be thought of as a method for minimizing a
function ¥i{x. Ax) - (xr, b} where A is an /o matrix (or an operator on a Hilbert space)
and x and b are vectors in the domain and range spaces, respectively, The minimizer of
thig funciion satisfies the equation Ax = b if A s self-adjoint and positive definite, so the
algorithm provides 2 means for solving linear equstions. It is characterized by the pro-
perty of stepping at each iteration in the direction of the component of the gradient A-
conjugate to the preceding step divection, and by the property of finite termination under
exact arithmetic. The residual at step © can be expressed as the product of an optimal
polvnomizl in A with the intial residual, and thus the disinbution of eigenvalues iz
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exploited; indeed, the method will converge in k or fewer iterations if the operator has &
distinet eigenvalues. For simplicity, we will take the initial guess xy = 0, giving an initial
residual, or negative gradient, of vy = b, and we take this as our first step direction py as
well, The algorithm is

Xp o =X b Oy Py
Fewt =1 = Oy Apy,
Prat =Teo + B
B (re. 1) B, = U
e Apy T e

Variants of the algorithm arise from using different choices of the inner product, from
computing the residual directly from its definition as

it

Froen = b wf‘ika?

and from using different, but mathematically equivaient, formulas for the parameters, such
as

Pr- Apo T Pis Aps)
An important variant can be derived by adding a preconditioning operator M w the for-
mutation, applying  the algorithm  to  the equivalent problem  of minimizing
AM 2y, AM 2y - (MY 2y, b, and then changing back & the variable x = M %y, From
one point of view, conjugate gradients is a convergence acceleration method for an under-
lying iteration My, ., =Ny, + b where A =M — N, and this has been 2 very fruitful
msight.

Another equivalent version of the aigorithm is formed by elimmating the vectors p in
the equations above, giving the three-term recurrence relation
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with the definitions x| = 1 and @y = 0,

The ides behind the Lancros algorithm for determining eigenvalues of a mairix can
be discussed easily using the three-term recurrence relation shove. By forming a matrix
R, whose columns are the first 4 residual vectors normalized 1o length 1, we can derive
the relation

‘igi = R‘&T;\. + f’k{’zrs

where 7, is a widiagonal matrix of dimension 4 whose elements can be computed from
the p, and w; values, and ¢ is the kih unit vecior. The residual vectors are munually
orthogonal, so o full & steps of the algorithm vield a similarity transformation of the
matrix A o mridiagonal form i the residual does not become zovo prematurely. The
imermediate merrices T, have interlacing eigenvalues, however, and even for small &,
some sigenvalues of A may be well approximated. Lanczos used the recurrence relafions
a3 & convenient way of constructing characieristic polynomials of the matrices T, from
which approximations o eigenvalues could be computed.
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The algorithm can be extended to minimization of nonquadratic fuﬁc{ium 7 In
this case we define the residual vector r, to be the negative gradient of § evaluated at x,
ard the matrix A, the Hessian matrix iar j; changes at each iteration, The alternate for-
mutas no fonger give equivalent algorithms, and much study has been given W appropri-
ate choices,

Our discussion doss not even hint af the richness of the algorithms: scceleration pro-
~edures, convergence properties, and the interplay among the complementary views of the
guadratic algorithm as 2 minimization provedure, as a Hoear system solver, and as 2 simi
larity transformation. The remainder of the paper, devoted 1o the history of thas family of
atgorithms, focuses on discoveries of these ideas and others, In §2, we trace the early
developmients at the Mational Bureau of Standards. Some of the key developments
involved in making the algorithins practical are semmarized in §3. Section 4 gives infor-
mation on the organization of the annotated bibliography. is devoted to acknowlede-
ments, and the bibliography and aothor index follow.

2. Early developments. The original development of this family of algorithims was
carried oui by a core of researchers including Comelius Lanczos md Magnus Flestenes at
the Institute for Numerical Asalysis i the National Applied Mathematics Laboratories st
the United States National Bureau of Suandards (NBSY in Los Angeles, and Eduard Stiefel
of the Fidg. Technische Hochschule Zirich, The first communication among the NBS
researchers and Stiefel concerning this algorithmn scems (o have Deen al a Symposium on
Simuliancous Linear Eguations and the Dretermination of Eigenvalues, heid at THA in
August 1951, as discussed in Stdefel (1932), Further perspective on the inferpiay between
the researchers ai the National Bdrmu of Standards can be found n Foreyt ?ztz Hestenes,
and Rosser (1951), Hestenes and Stiefs] (1952), Rosser {1953), and Tedd {1975). The
National Bureau of Standards developments can be waced through internal quarterly pro-
iect reports of the Nadonal Applied Mathemarics Laboratories. The following s a con-
densation of some of the information in those reports. In some cases, work can be ativi-
buted o a single person, in others, only to & project directed by a manager or group of
MAnagers.

2.1 April - June, 1949,

Project: Determination of Characteristic Values of Matrices. Managen U Lancuos,
Lanczos was investigating eigenvalue algorithms in this and other projects and was
nreparing 10 write up the work.

Project: Approximate Solution of Sets of Arbirary Simultineous Algebraic Equations.
Manager: C. Lanczos,

A Cmethod for solving eguations was investigaie The method is steepest descent
applied o minimizing the residual. At present the investigation is directed to the possi-
bility of increasing the convergence of the successive reductions, by replacing A by
A =7 1+A with suitably chosen v.”

1y

This was the guarter in which Hestenes was hired (although i his position at the
University of California in Low Angeles since 1947 he had already had contact with the
NBS group). but there seems 1o be no exphicit mention of his activities,

2.2 Julv, 194% - June, 1951,

Lancros seems to have been working on the eigenvahse algorithm and other things,
and the Lanczos {F)‘%i?* manuscript was submitted and accepted for publication i the
Jowrnal of Research of the National Bureen of Standards in the last quarter of 1949
Hestenes seems 1o have been working on the Hestenes-Karush project and variational
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oroblems. among other things. Both were participating in common seminars and project
meetings. There is no mention of the conjugate gradient algorithm,

2.3 July - September, 1951.

Project: Solution of Sets of Simultaneous Algebraic Equations and Technigues for the
Inversions and Iteration of Matrices. Managers: Forsythe, Hestenes, Lanczos, Motzkin,
Rosser, Stein. )

“Experimental work with the finite step methods described by M. R. Hestenes in a
paper entitled “lterative methods for solving finear equations’ was initiated by G. E. For-
svihe and M. L. Stein”” “Dr. E. Stiefel and Dr. M. R. Hestenes are writing a joint paper
on extenssions and implications of the methods described in the papers presented by J
Barkley Rosser, E. Stiefel and M. R. Hestenes at the Symposium on Simultaneous Linear
Equations and the Determination of Eigenvalues held Angust 23-25, 1951, at the INA.
For the extensive work of C. Lanczos on the solution of linear algebraic cquations, see
the description of the afgorithm which he devised.”

Praject: Studies in Applied Mathematics, Managers: Lanczos, Rosser, van der Corput,
This describes the nucleus of his **Solution of systems of linear eqGuations by minim-
fzed iterations”’ paper.

Project: Calculation of Eigenvalues, Figenvectors, and Eigenfunctions of Linear Opers-
s

Experiments were conducted on applying Newton’s method to the characteristic poly-
nomial obtained from using conjugate gradients (r ~ P oversionj an a symmetric positive
definite roatrix.

2.4 CGetober - Decemnber, 1957,

Project: Solution of Sers of Simultanecus Algebraic Equations and Techniques for the
fnversion and Heration of Matrices. Managers: Forsythe, Hestenes, Lanczos. Motrkin,
Rosser, Stein,

“The joint exposition by E. Stiefel and M. R. Hestenes of their “finite iteration’ pro-
cedure 15 almost finished.””

Lanczos was working on a method 10 solve Ay = b by finding the large eigenvalues
and corresponding eigenvectors of 47 = X, { ~A, where hmax 18 the largest eigenvalue of
A. He applied a Chebyshev iteration to eliminate components of the residual correspond-
ing to large eigenvalues of A, and resolved components cotresponding to small eigen-
values using the eigeninformation for 4. The method was recommended for problems
with multiple right-hand-sides.

Project: Variational Meathods

Hestenes  and  Stein completed  a study  of  algorithms  for  minimizing
(Ar b)Y H{Ax ~b). Haves developed convergence theorems applicable 1o Rayleigh-Ritz
and conjugate gradients for solving lnear boundary value problems.

2.5 January - March, 1952,

The Lanczos (1952 MAnusSCTIpt was accepied for publication in the Journal af
Research of the Nadional Bureau of Standards.

I8 April - June, 1952,

Froject: Solution of Sets of Simulisnecus Algebraic Equations and Technigues for the
fnversion and feration of Martrices Managers: Forsythe, Hestenes, Lanczos, Lehmer,
Motzkin,
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The Hestenes and Stiefel (1952) manuscript was compleied and accepied for publica-
tion. it gives a full description of a wide class of methods of “conjugate divections,”
which includes as special cases both Gaussian elimination and the Hestenes-Lanczos-
Stiefel method of ‘conjugate gradiemss.” The latter is & finlte iwerative scheme which
appears practically and theoretically to be a most attractive machine method.”

“To test the stability of the conjugate gradiest method in regard o rounding-off
errors, symmetric systems of linear eguations in 12 unknowns were solved on the TBM
equipment.. In order to know the eigenvalues, an orthogonal mafrix was constructed, so
that for any given sef of eigenvalues a symmeiric mairiz could be found. The experi-
ments were carried out on three machines [sic] with the following ratios of the largest
the smaliest eigenvalue: 4.9, 100, 3000, The computing machine which was used for
these experiments had a fixed decimal point and was allowed to work with 10 digits. By
shifting, at least seven digits were carried through the computations. FPor the smallest
ralio an answer with seven correct digits was reached in 11 steps. For the ratio 100 six
correct digits in the [5th step were obtained. In the third case a good answer has not vet
been found since the shifting caunsed considerable difficulties, The experiments showed
the necessity of using floating operations for this method.”

Hxperiments with the nonsymmetsic formulas of matrices of dimension & gave con
vergence in less than or equal 1o 8 steps, even on singular problems, wsing the SWAC
with 8 ¥ digits in the arithmetic, oblaining 7-8 cormect digits at termination.

Haves was finishing work on the application of the “"method given by E. Siiefel and
M. R. Hestenes™™ 1o linear boundary value problems. Lanczos was working on solution of
Jarge-scale Hnear systemns by Chebyshev polynomials.

2.7 July - September, 1952,

The conjugate gradient algorithm is offen called the ““Hestenes and Stiefel” algo-
rithin in the reports of numerical experiments and other activities,

3. Key developments related to the algorithms,

3.1 The early papers. The first presentation of conjugate direction algorithing seems
o be by Fox, Huskev, and Wilkinson (1948} who considered them as  direct methods,
and by Forsythe, Hestenes, and Rosser (1951), Hestenes and Stisfe] (1952), and Rosser
(1953) who discuss the NES research. The conjugate gradient algorithm was deseribed in
Hestenes (19513, Lanczos (1952), Hestenes and Stefel (1052}, Stefel (1932), Siefel
(1853}, Curtiss {1954}, Hestenes (1955}, Hestenes {1956, and Stisfel {1937). Hestepes,
Lanczos, and Stiefe! clearly considered the algorithm to be a full # step direct method for
certain problems, bat also suggested 18 use as an ferative algorithm reguiring fewer than
a steps for well-conditioned problems and possibly more than s steps for ill-conditioned
ones. Computational results for the conjugate gradient algorithm were presented in Stiefel
(1953), Fischbach (1956}, Stefel (1958), and Engell, Ginsburg, Rutishavser and Sgefel
{1959}, a8 well as in Hestenes and Stefel (1952, Preconditionings, filiering, or change of
wmner product were considered in Fischbach (19356), Stefel (19583, and in Engeli et al
{1959y, Haves (1954) and Altman {1959 dizcuss the conjugate gradient alyorithm in Mil-
bert space.

Compuiations using the Lanczos algoriihm were given in Lanczos (1950} and Rosser,
Lanczos, Hestenes, and Karush (1951 Complete reorthoponalization wag recommended
by Brooker and Sumner (1956}, Gregory (18583, and Wilkinson (1858).

3.2 Work i the 19605, In this period, the conjugate gradient algorithm began 10
acguire & mixed reputation. | owas stull regarded as s standard algorithm, as evidenced by
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its inctusion in the Handbook Series (Ginsberg (1963)), in anthologics such as Beckman
{1960}, and in review articles in control {Palewonsky (19657 and Westcott (1969, chem-
istry (Wilde (1965}, and pattern recognition {Nagy (1968)).

Frank (1960} tested the algorithm on a manis with eigenvalues related to the Che-
byshev polynomials, the hardest case for conjugate gradients, and reported slow conver-
gence. Applications in structural analysis by Livestey (1960) were unsuccessful, although
Bothner-By and Naar-Colin (1962) were satisfied with their results in analysis of chemical
spectra, and Feder (1962} recommended the algorithm in lens design. Campbell (1965}
studied coean circulation and Wilson (1966) solved optimal control problems with the aid
of conjugate gradients. Pitha and Jones (1967) were other users of the algorithm.

Work was also being done on understanding the s-dimensional steepest descent algo-
rithme, which produces the same sequence of iterates as the conjugate gradient algorithm
restarted every s steps. References include Khabaza (1963). Forsythe (1968), and Mar-
chuk and Kuznecov {1968).

Ideas that would eventually lead to successful preconditioned conjugate gradient
algorithms were being developed. Dufour (1964) applied conjugate gradients 1o problems
in geodesy and discussed several important ideas, including extensions to leasi sguares
problems  with equality constraints, preconditioning, and elimination of half of the
unknowns using a Schur complement. Varga (1960) suggested a sparse partial factoriza-
ton of a matrix as a splitting operator for Chebyshev acceleration. and Dupont, Kendail,
and Rachford (1968}, Dupont (1968), and Stone (1988) also considersd sparse factoriza-
tions. . Other ideas related to preconditioning were discussed by Frank (1960) (polynomial
filtering), Wachspress and Habetler (1960) (diagonal scafing), Habetler and Wachspress
(1961} (Chebyshev acceleration of SSOR), Ehrlich (1964 (Chebyshev acceleration of
block 88OR), Gunn (1964) (Chebyshey acceleration of ADI and ATM on a simpler opera-
tory, and Evans (1968} (Chebyshev acceleration of matrix splitlings).

Wachspress (1963) used ADI as a preconditioner to conjugate gradienss to obtain a
very efficient algorithm.

Antosiewicz and Rheinboldt (19623, Nashed (19635), Danied (1967). Horwitz and
Sarachik (1968), Hestenes (1969), and Kawamuora and Volz (1969) discussed the conju-
gate gradient algorithm in Hilbert space, and Kratochvil (1968} siudied the al gorithin for a
class of operators on Banach spaces.

A very impotlant advance in the solution of nonlinear equations and optimization
algorithms was made in the development of methods which can solve many such prob-
iemns effectively withowt evaluation of the derivative matrix. The first algorithms in this
class, which reduce 1o conjugate gradients on guadratic functions, were presented by
Feder {1962), Powell {1562), Fletcher and Powell {1963 building on work of Davidon
(1939, Fletcher and Reeves (1964), Shab, Ruchler, and Kempthome (1964), and Brovden
{1965). Polak and Ribiere {1969), Polvak (19569), Zowtendiik (1980}, Swmnoir and Luen-
berger {1967, Pagurek and Woodside (1968), Luenberger (196%), and Miele, Huang, and
Heideman (1969) solved constrained problems using conjugate sradients.

The theory of Kaniel (1966) greaily increased the understanding of the CONVErgence
properties of the conjugate gradient and Lancyos methods,

Causey and Gregory (1961}, Wilkinson (1962, Wilkinson {19655, and YVamamoto
{1968} gave practitivners further nsight into canses of failure i the Lanczos algorithm
for nonsymymetric problems. The algorithm was used in applications problems in iafrared
spectra (Eu (1968Y), scattering theory (Gariboul and Villani (15691, nerwork analysis
(Marshall (1969, and nuclear shell analysis {Sebe and Macharmkin (1969},

3.3 The early 19, Although # is clear from the discussion above thar the confu-
gatw gradient and Lanczos algorithrms were widely nsed in the 1960s, the numerical
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analysis community was not satisfied with the uaderstanding of the algorithms or with
their speed. Preconditioning technigques were not widely known {although much develop-
ment had been done on spliting techniques). and it was in the earty [970s that key
developments were made in making preconditioned algorithms practical,

The paper of Beid {19713 drew the attention of many researchers o the potential of
the algorithm as a iferative method for sparse Hnear systems. Jr was a catalyst for much
of the subsequent work in conjugate gradients.

The dissertation of Paige (1971), with publications ag Paige {1972} and {1976},
served the analogous purpose for the Lanczos algorithm by providing, among other things,
the first step 1o an understanding of the loss of orthogonality of the Lanczos vectors, thus
miving the key to the development of stable algorithms that did not require compiete
recrthogonalization. This made the Lanczos aigorithm practical for large sparse problems
by reducing storage and computation tme. Developments along this line were made by
Takahast and Natori (197172} and Kahan and Parletr (1976).

Preconditioning technigues, although discussed in the 1960¢, now became widely
used. Axelsson (1972) suggested preconditioning conjugate gradients by a scaled 8508
operator, Other preconditionings were discussed by Evans (1973}, Bartels and Daniel
(1974), Chandra, Fisenstat. and Schultz (1975), Axelsson (1978), Concus, Golub, and
OLeary (1976), Dougias and Dupont (1976) and by Meijerink and van der Vorst {partial
factorizations) in work that reached joumal publication in 1977,

Paige and Saunders (1973) provided the firg stable extension of the conjugaie gra-
dient algorithm to indefinite matrices. Concus and Golub (1976 considered g clags of
AOHSYITHNEITIc MAatrices,

The biock Lanczos algorithm was developed in Cullum and Donath (1974) and
Underwood {1973},

Applications of the conjugate gradient algorithm, such as those by De and Davies
{1970, Kamoshida, Kani, Sato, and QOkada (1970} Kobayashi (19703, Powers (1973},
Wang and Treitel (19733, Dodson. Isascs, and Rolletr (1976}, and Konnert (1976} and of
the Lanczos algorithm, such as those by Chang and Wing (1970), Emiliz and Bodvarsson
(1970Y, Weaver and Yoshida (1971), Whitchead (1972), Harms {1974), Hausman, Bloom,
and Bender {1975), Ibarra, Vallieres, and Feng (1973), Piatzman (1973), Cline, Golub,
and Platzman (1978), and Kaplan and Gray (1976), alse continved during this perlod.
? Lanczos algorithm was rediscovered by Haydock, Heine, and Kelley (1972} and
{1975} and applied to determining energy siates of electrons.

3.4 Preconditioning. The word “‘preconditioning ™ is used by Turing (1948) and by
then sesms to be standard terminology for problem ansformation in order o make sohs-
fion easier. The first application of the word 10 the idep of improving the convergence of
an iterative method may be by Evans (1968}, and Evans (1973) and Axelsson (1974)
apply i1 to the conjugate gradient algorithm. The ideq of preconditioning the conjugate
gradient algorithm is muoch older than this, as noted above, being perhaps mmplicit o the
original conjugate s,md%f:m papers. somewhat more explicit in Hestenes (1936, and acwu-
ally used in Engeli et al. {1959). Wachspress (1963} seems ¢ be the Hirst to use an itera-
tive algorithm for d;sw‘t Ei? o partial differentizl cquations {ADD) as a precondiiioner for
the conjuguie gradient algorithm.

4. The form of the annotaied bibliography. The references are arranged alphabeti-
cally by awthor within vear of publicstion. Each papor s given ono oF more
“Classification Codes™:

A applications
€ conjugate direction/gradient algorithms for linear systems



CONJUGATE GRADIENT AND LANCZO8 HISTORY

LAt
~

K cigenproblems

Lanezos atgorithm for eigenproblems
nonlinear coniugate gradient algorithms
preconditioning

mairix solitfings

wro @

An aupthor index follows the biblicgraphy.

A& reader should keep in mind several warnings. Because of publication delays,
alphabetization, and mixing of journal publications with technical reports and disserta-
tigns, the bibliography is not completely chronotogical. The bibliography is not exhaus-
tive; i particular, the references to nonlinear versions of the algorithm represent only a
sample of the work done in this period, and references to fiterature in languages other
than' English are quite incomplete. The annotation for each paper only gives information
relevant o the conjugate gradient and Lancros algorithms and to preconditioning, and
thus may 0ot provide a complete surnrnary of the work.

Quodations in the annotations are excerpis from the work itself. In works conceming
applications io partial differential equations, the pararaster /i denotes the stepdize in the
discretization.

5. Ackuowiledgments. Many people provided encouragement, veferences, correc-
tions, and additions for this project, and we are very grateful o them. Included in this
list are Ake Bidrek, Paul Concus, James Daniel, Howard Ebman, L. Ehrlich, D. J. Evans,
Roland Freund, S. Hammarling, B. P, Win, B, Kamgar-Parsi, David Kincaid, David Luen-
berger, Stephen Nash, Chris Paige, Tom Patterson, M. 1. I Powell, Axel Rohe, Michael
Saunders, Paal Sayvior, Horst Simon, G, W, Stewart, John Todd, Henk van der Vorst,
EBugene Wachspress, Olof Widlund, Ralph Willoughby, H. Wodniakowski, and David
Young. The bibliography of Kammerer and Nashed (1972) was also very helpful. The
project reports for the National Applied Mathematics Laboratory were obtained through
the hibrary of the Center for Applied Mathematics of the National Bureau of Standards
{recently renamed the National Instilute for Standards and Technology), in Gaithersburg,
Marviand.

Annotated Bibliography
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i A0 Fox, L., H. I Huskey, and §. H, Wilkinson {1948) “‘Notss on the Solution of
Algebraic Linear Simubtancous Equations,” Quart. J. of Mech. and Appl. Math. 1,
o 149-173

Presenis a “method of orthogonal vectors™ as a direct method invoiving forming an
A-conjugate set by Gram-Schmidt orthogonalization and expanding the selution
veclor i this basis.

Z. P/ Turing, AL M. (1948) “Rownding-off Errors in Mainy Processes,”” Juarr. J
of Mech, and Appl. Muath. 1, pp. 287-308,
/ 7 P

Introduces 2 quanfitative messure of conditioning, “There 18 a very large class of
oroblerns which paturally give rse fo highly iH-conditioned equations {an example
being 2 polvnomial At in two dimensions with dats in 2 smelt regionl, In such a
vase the equations might be wnproved by a dilferencing procedure. but this will not
necessarity be the case with all problems. Preconditioning of cguations in this way
wiil always requive considerable hatson between the expermnenter and the computer,
and this will it its applicability” {p. 299,
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ACEL/ Lanczos, €. €1930) “"An Deration Method for the Solution of the Figen-
value Problem of Linear Differential and integral Operators,” J. Res. Nar Huar,
Standards 45, pp. 235-282.

Gives a polynomial expansion which can be used o solve the eigenvalue problem
and develops recurrence relations for the polynomials, Notes that the recurrence is
sensitive to round-off, and develops an alternate ope, based on the principle of
choosing the combination of previous veciors which makes the nomn of the resuli-
ing vector as small as possible, achieving 4 three-term recurrence for the polynomi-
als. Derives a bl-orthogonalization algorithm for finding eigenvalues of nonsym-
metric matrices, and  derives an algorithm with a single set of vectws for syme-
metric matrices. Uses the vectors to generate a set of polynomials which accurau-
late the characteristic polynomial of the original matrix. Recognizes that fewer than
7 sleps may be needed to obtain a subset of the eigenvalues. Presents applications
to eigenvalue problems in differennal equations and mtegral operators. The
present investigation contains the results of vears of research in the fields of nete
work analysis, futter problems, vibration of antennas, solution of systems of lnear
equations, encounfered by the aothor in his consulting and research work for the
Boeing Alrplane Co., Seattle, Wash., The final conclusions were reached since the
author's stay with the Institute for Numerical Analvsis. of the MNatonal Burcau of
Standards,” “The literature availuble to the austhor showed ne evidence that the
methods and resalis of the present investigation have been found before. However,
A, Ostrowski of the University of Basle and the Institue for Numerical Analvsis
informed the author that his method paraliels the earlier work of some Ruw
scientists; the references given by Ostrowski are: A Krvlov, v, Alad, Nuwk 5538
7,491 o 339 (1931} N Luzin, Iov. Akad, Nawk SSEE 7, 903 1o 958 (Je21). On
the basis of the reviews of these papers in the Zenvralblarr, the author believes that
the two methods coincide only in the point of departurs. Fhe author has not, how-
ever, read these Russian papers.”’

JELZ Miloe, W, E. {1950) " Numerical Determination of Characteristic Numbers,”
£ Res. Nai. Bur. Standards 45, pp. 245.254,

Approximates cigensystem of an ordinary differeniial equation by using » related
partial differential equation and discretizing using finise differences. Derives z relat-
ed tigonometric expansion whose roots determine the eigenvalues of the finite
difference system. Relates the method 1o Lanczos {1950

JELS Amoldi, W £ (1831 “The Principle of Minimized lierations in the Solu-
tion of the Matrix Eigenvalue Problem.” Quarterly of Appl. Math. 9, pp. 1729,

Derives the pongymimetne Lancrzos algorithm as a Galerkin method with the left
and right vectors bi-orthogonal, reducing the mainix (o widlagonal form and pro-
poses 1S use as an ierative method for 7 steps or fewer, Derives o new algorithin
with the left and right vectors egual and orthogonal, reducing the magrix o upper
Hessenberg forma. Supgests using several steps of the power method 10 gey g start-
ng vector for either algorithm.
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JCf Forsvthe, G. E., M. R. Hestenes, and J. B. Rosser (1951) “lerative Methods
for Solving Linear Bquations,”” Bufl. Amer. Math. Soc. 57, p. 480.

{ Abstract for Summer Meeting in Minneapolis, Sept. 4-7, 1951, quoted in its entire-
ty} “Several iterative methods are given for solving the equations Ax=5h, where A is
2 given matrix and b is a vector. These methods appear to be particularly adapted
¢ high speed computing machines. They have the property that if there were no
round-off error the solution would be obfained in at most # steps where n is the
rank of A. In the singular case the least square solution is obtained. At each itera-
sion the problem is started anew. Accordingly there is no accumulation of errors.
Inn the hermitian case the method is based on the following result. If A.B >0 are
hermitian matrices which commute then the system bAH, - - JA"h may be re-
placed by a set of E-orthogonal vectors by the algorithm ze=6, 2 (=zgp—apdzy,
z; p=bizaAz+e; gz, (Recetved July 23, 19517

FC/ Hestenes, Magnus B, (1951) lterative Methods for Solvipg Linear Eqguations,
NAML Report 52-9, July 2, 1951, National Bureau of Standards, Los Angeles, Cal-
ifornia,

{Superceded by Hestenes and Stiefel (1952}, Reprinted in J. of Optimization Theory
and Applications 11 (1973), pp. 323-334} “‘The methods presented are an out-
growth of discussions with Forsythe, Lanczos, Paige, Hosser, Stein, and others, For
the positive Hermitian case it is convendent to separate the methods info two types.
The first [the three-term recurrence form of conjugate gradients] is a method which
Is my inierpretation of the suggestions made by Forsythe and Rosser. The second
{the x-r-p version] is one which grew out of my discussion of the problem with
Paige. The two methods are equivalent and vield the same estimates af each
stage.” If the first algorithm is used, recommends three-ferm recurrence for x with
direct calcutation of the residual vector. Gives aliernate formulas for o and f§ and
relates the parameters in the two methods. Shows finite termination, orthogonality
of the residuals, and a bound on o. Discusses the case A positive semi-definite and
recommends normal equations for nonsymmetric problems. Relates the algorithm
to conjugate direction methods and constructs the formula for the inverse of A.
Drerives the property thai the &th iterate of the algorithim minimizes a quadratic
function over o & dimensional subspace. Gives a 4x4 example.

[E1/ Hestenes, Magnus R. and William Karush (1931a) ‘A Method of Gradients

for the Calculation of the Characteristic Roots and Vectors of a Real Symmetric
Martrix,”" J. Bes. Nat, Bur. Standards 47, pp. 45-61.

Uses the iteration x,,,=t—0p(x ), with p{o)=Ar—{r)x and px) the Rayleigh quo-
ient. Analyzes the method using the Lanczos polyromials and the symmetric fridi-
agonal matrix similar to 4.

JEL/ Hestenes, Magnus R, and Willlam Karsh (1951b)  “*Solutions of Av=ifx""
. Res Nen. Bur. Standords 49, pp. 471478,

Extends the Hesienes-Kargsh (1650) algorithm to the gencralized eigenvalue prob-
a1,

AT Hestenes, Magnus B oand Marvin L, Siein (19850 The Soluiion of Linear
H - 3 7 e
fonations by Minimizarion, NAML Report 52-43, December 12, 1951, Natonal
Burean of Standards, Los Angeles, Califorms,
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(Reprinted in J. of Optimization Theory and Applications 11 (1973), pp. 335-3593
Proposes solving Ax=d by minimizing (b -Ax) H (b ~Ax), where H iz Hermitian
positive definite. Studies iterations of the form x = +op, and derives condi-
tions on o, and p, to guaranioe convergence. Notes that sicepesi descent, sicepest
descent with non-optimal ¢, Gauss-Seidel. SOR, block SOR, n-step methods such
as those “‘investigated by Lanczos, Hestenes, and Stiefel’”] and other algorithms are
special cases.

1. /EL/ Karush, W, (1951} *“An lferative Method for Finding Characteristic Vectors
of a Symmetric Mairix,”” Pacific J. Math. 1, pp. 233-248.

Suggests an algorithm equivalent to taking 5 steps of the Lanczos algorithm, finding
the minimizing eigenvector approximation, and Herating, making reofthogonaliza-
tion less critical than i the Lanczos algorithm. References Lanczos {1950), but
does not really draw the relationship.

12, /BLP/ Rosser, 1. B, C. Lancyos, M. R. Hestenes, and W. Karush {1951} “*Separa-
tion of Close Eigenvalues of a Real Symmetric Matrix,”” J. Bes. Nat. Bur. Stan-
dards 47, pp. 291-297,

Solves a difficuit 8x8 eigenvalue problem by the Lanczos (1930} algorithm by a
“hand computer”” in 100 hours (This methed “‘seems best adapted for use by a
hand compuler using & desk computing machine.””y  and by the Hestenes angd
Karush {1951 method (ixed o) on an IBM Card-Programmed Blectronic Calcula-
tor. (“Considerable time was spent by Karush in becoming femiliar with the
machine, so that it 15 difficult to say just how long the computation would require
of an experienced opsrator. Probably 3 or 4 days would be ample.””) Suggests po-
lvnormial preconditioning {o increase the scparation of the eigenvalues.

1952

13, JCP/ Hestenes, Magnus R, and Edvard 3tefel  (1932) “"Methods of Conjugate
Gradients for Selving Linear Systems,” J. Res. Nat. Bur. Standards 49, pp. 409-
436,

“The method of conjugate gradients was developed independently by E. Sdefel of
the Institute of Applied Mathematics at Zurich and by M. R, Hesienes with the
cooperation of J. B. Rosser, (7. Forsvthe, and L. Paige of the Institute for Numerical
Analysis, National Burean of Standards. The present account was prepared jointly
by M. RB. Hestenes and E. Stiefe! during the lafter’s stay at the National Bureau of
Standards. The first papers on this method were given by E. Stiefel 11952} and M.
R. Hestenes [1951}. Reports on this method were given by E. Stiefel and 1. B.
Rosser at a Symposium on August 23-25, 1951, Recently, C. Lanczos [1952]
developed a closely related routine based on his earlier paper on cigenvalue prob-
lem. Examples and numerical tests of the mathod have been by R Haves, U
Hochstrasser, and M. Stem.””

For A symmetric and positive definite; develops conjugate gradients as an iterative
method aoting that 1, ,; s often considerably betier than v, although earlier conver.
gence may occur. Gives the x—r—p version of the algorithm and notes that
Hlx~x® 1] and || x-x* [} 40 are monotonically decreasing  although the
residual norm may oscillate. Gives formulas for obtaining characteristic roots from
the recurrences. Proves algebraic and geometric properties of conjugate direction
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and conjugate gradient algorithms and references Fox, Huskey, and Wilkinson
{1948y, Gives an algorithm in which the residusl nomm is monetonic which
maodifies the x iterates from conjugate gradients. Gives some round-off analysis and
recommends smoothing the inittal residual. Gives an end correction procedure in
case orthogonglity is lost. Invesiigates other normalizations for the direction vec-
101s.

For A symmetric senudefinite: notes that conjugate gradients can obtain a least
squares solution.

For general A: uses A~ A-type algorithm.

Also presents the conjugate direction and conjugaie gradient algorithms applied to
MAx=Mb and gives the examples M=/ and M =A". Shows that conjugate direc-
gions with unit vectors applied © a symmetic matrix s equivalent to Gauss elimi-
nation. Gives a conjugate direction example in  which || x -x* || is monotoni-
cally increasing at intermediate steps. Describes a duality between orthogonal poly-
nomials and s-dimensional geometry, Gives the 3-term recurreénce relations for the
residual polynomials. Notes the refation to the Lanczos (19503 algorithm for com-
puting characteristic polynomials and thar the conjugate gradient parameters can be
computed by continued fraction expansion of 4 ratio of polynomials in A, Recom-
mends computational formulas ce=rp/pTAp and Per'Ap/pT Ap. Gives numerical
examples and notes that the largest system vet solvad involved 90 ierations on 106
difference equations,

/CL/ Lanczos, Cornelius (1952}  ““Solution of Systems of Lincar Fquations by
Minimized Iterations,”” J. Res. Nat. Bur. Standards 49, po. 33-33.

““The latest publication of Hestenes {1951] and of Stiefel {19521 is closely related
w0 the p,g algorithm of the present paper, although developed independently and
from different considerations.” ““The present investigation is based on vears of
rescarch concerning the behavior of linear systems, stariing with the author’s con-
sulting work for the Physical Research Unit of the Boeing Airplane Company, and
continued under the sponsorship of the National Bureav of Standards.”” Applies the
Lanczos (1950} algorithim to solving nonsymmetric systems of linear equations by
generaiing a double set of vectors (equivalently, polynomials) p,=p,(4)b with lead-
ing coefficient ! so that {| g, |1 is minimal, and g,=g,(A) with constant
coefficient 1 so that || g, || is minimal,  Shows that the p and p* sequences are
hiorthogonal and that the ¢ sequences (saving the vectors) can be used to constuct
mimimal residusl solutions for the original svstern and others involving the same
matrix. Advocates complete reorthogonalization or periodic restart 1o reduce the ac-
cumulation of error. Recommends scaling symmetric matrices to make disgonal
elements | and nonsymmetric matrices 1o make column norms 1. IF A has real non-
negative eigenvalues, recommends a two-phase algorithm, “purifying’” the right
hand side by Chebyshev polynomial iteration designed fo damp our the components
corresponding 1o large eigenvalues and then nunning the minimized tteration algo-
rithm on the remainder. Motes that this can also be used to give smooth APPTOXi-
mate solutions to nearly singular problems by terminating the second phase when a
correction vecior becomes (6o large.

FOLP/ Seein, Marvin L. (1952 “Gradient Methods in the Solution of Systems of
Linear Equations,”” J. Res. Nai. Bur. Standards 48, pp. 407-413.
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Reports on numerical experiments on a preconditioned form of steepest descent (but
preconditioning is not used for acceleration). Also converts linear system (o an
eigenvalue problem and applies algorithm of Hestenes and Karush (1951}

16. O/ Stiefel, Bduard (1952 “Uber einige Methoden der Relaxationsrechnung.”
Zeitschrift fiir angewandte Mathematik und Physik 3, pp. 1-33.

(A version of this paper was presenied at the NBS conference in Aungust, 1951
Surveys Jacobi- and Gauss-Seidel-type methods and steepest descent.  Defines
“simultaneous relaxation” as adding a linear combination of several vectors to the
current guess. Notes that the parameters are easy to calculate 3 the directions are
conjugate. Defines a “‘n-step iteration’’ {conjugate gradientsy and notes that it can
also be used o solve other linear systems with the directions already generated, 10
invert matrices, and to solve eigenvalue problems as Lancrzos (19506} does, Uses the

S-point operator as a model problem, and provides numerical experiments. *‘Note
added in proof: After writing up the present work, [ discovered on a visis o the in-
stitute for Numerical Analysis {University of California) that these results were also
developed somewhat later by a group there. An internal preliminary report for the
National Bureas of Standards was given by M. R, Hestenes in August, 195!
(N.AMI. Report 52.9%77

V7. fCF Sticfel, Bduard (1952-53) “‘Ausgleichung ohne Aufsiellung der Caussschen
Noymalgleichungen,” Wissenschafiliche Zeitschrift der Technischen Hochschale
Dresden 7, pp. 441-442.

Ps@pc}sex a conjugate direction algorithm for solving least squares probiems which
uses A'r as the initial ditection, and keeps the directions AA" -conjugate. (This al
gorithm later became known as the LSCG algorith)

953
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[P/ Forsythe, George B, (1952) “‘Solving Linear Algebraic Equations Can Be In-
teresting,’” Bull, Amer. Math. Soc. 59, pp. 299-329.

“With the concept of “ill-conditioned’ systems Ax=b goes the ides of ‘precondi-
tioning” them. Gauss and Jacobi made sarly contributions to this subject [referring
to the trick of adding an extra equation to a least squares system] .. . A con-
venient means of preconditioning is o premultiply the system with a mdtrm B, w0
that one has 1o solve BAx=Bp"" (p. 318). Gives two examples: B =A7, giving the
pormal equations, and B being the operator generated by Gaussian f,iimmaii{}m s0
thai BA is upper triangular.

9. /ELP/ Hestenes, Magnus R, (1953) “‘Determination of Eigenvalues and Eigenvec-
tors of Matrices,” in Simultaneous Linear Eguations and the Determination of
Eigenvalues, ed. L. . Paige and Olga Taussky, Applied Mathematics Series 29, Na-
tional Bureau of Standards, U8, Government Pringing Office, Washingion, D.C, pp.
B9-54.

Surveys methods used ar NBS for symmeiric gigenvalue PGHE;}M&E?GH power algo-
rithm, steepest descent on the Ravleigh quotient, two forms of a “'generalization
of the Lanczos (1950) algorithm which uses a preconditioning matrix that commutes
with A o obisin the recursion for the characteristic polvpomisl, and 2 block

method. Also discusses the generalized sigenvalue problem,

kRl
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20, O/ Rosser, 1. Barkley {1933) "“‘Rapidly Converging lterative Methods for Solving
Linear Equations,”” in Simwdtaneous Linear Equations and the Determination of
Eigenvalues, ed. L. 1. Paige and Olga Taussky, Applied Mathematics Series 29, Na-
dionial Bureau of Standards, U.S. Government Printing Office, Washingron, B.C.. pp.
5904,

Describes the conjugate direction algorithim in s general form, but states that the
identity preconditioner is convenient. ““Through the use of colloguia and discussion
groups, nearly all scientific members of the Institute have made some sort of contri-
bution W the problem. Accordingly, it is impossible to assign complete credit for
the results disclosed herein o a single person or 2 few persons. However, certain
members of the staff have given concentrated attention w the problem over an ex-
iended period and are grimarily responsible for the resules noted herein.  In alpha-
betical order, these are G. B Forsvthe, M. R Hestenes, C, Lanczoz, T, Motzkin, L.
5 Paitge, and I B, Rosgser,”

[
et

[EL/ Rutishauser, H.  (1953) *‘Beitrage zur Kenninis des Biorthogonalisierungs-
Algorithmus von Lanczos.”” Zeitschrift fiir ungewandte Mathematik und Physik 4,
pp. 35-50.

Proves that there s a starting vector for the Lanczos algorithm which generates m
vectors when the degree of the characteristic polvnomizt is m. Advocates a method
of making the co-diagonal elements small when the eigenvalues are real, thus im-
proving the convergence of algorithms to find cigeavalues of the bidiagonal marrix.
Gives bounds for the eigenvalues. Relates the algorithm 1o a svstem of differential
egquations,

22, /P/ Shordey, George (19333 “*Use of Tschebyscheff-Polynomial Operators in the
Numerical Solution of Boundary-Value Problems,”” J. of Appl. Phys. 24, pp. 392
396,

Uses Chebyshev acceleration of the Jacobi algorithm for solving difference approxi-
mations o elliptic partial differential equations.

23, JCEL/ Suefel, Eduard (195337 “"Some Special Methods of Relaxation Technigue,”™
i Simudianeous Linear Eguations and the Determination of Flgenvalues, ed. 1. 1
Paige and Olga Taussky, Applied Mathematics Series 29, Natonal Buresy of San-
dards, U.5. Government Printing Office, Washingion, D.C., pp. 43-48,

Presends the comjugate gradient algonthm as a minimization procedure and gives
results of numerical experiments on Laplace™s equation on a 3x3 grid and calcuia-
ton of an Airy stress funcuon for the profile of & dam (139 unknowns, 100 hours
of computation on the Zurich Relay Calculator). Notes that the resideals are
orthogonal and may be used to caleulate eigenvalues. ““The resoiting procedure s
sitnilar to that suggested by Lanczos{ 195017

1954

o
ke

OV Curniss, 1HD (1834) VA Generzlization of the Method of Conjugate Gra-
dientts for Solving Svaterms of Linear Alpebraic Bquations,”” Marh, Tabd

io Comp., B, pp. 189-193,

ables and Aids
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Develops conjugate gradient algorithny for solving nonsymunetric systems by apply-
g i o BATATR”. Explains that B={T=A"" gives the Hesienes and Stiefel
(1952) algorithm, B=A" T=(A A} gives the Hestenes and Stiefel least squares-
type algorithm, and B =/.T =/ gives the Craig (1955) ajgorithm.

/C} Forsythe, A, L and G. E. Forsythe (1954} “Punched-Card Expeniments with
Accelerated Gradient Methods for Linear Equations,”” in Contributions to the Solu-
tion of Systems of Linear Equations and the Determination of Eigenvalues, ed. Olga
Taussky, Applied Mathematics Series 39, National Bureau of Standards, U.s.
Government Printing Office, Washingion, DC., pp. 535-65.

Runs the Mowkin-Forsythe algorithm (steepest descent with an occasional sceelerat-
ing step) on 6x6 examples, concluding that it is twice as fast as consistently undet-
relaxing steepest descent and much faster than steepest descent alone, Notes that
the Hestenes and Stiefel (19323 methods scem to supercede these.

/C/ Haves, R. M. (1954} *‘Trerative Methods of Solving Linear Problems on Hil-
bert Space,”” in Contributions to the Solution of Svstems of Linear Equations and
the Determination of Eigenvaines, ed. Olga Taussky, Applied Mathematics Series
39, National Bureau of Standards, U.S. Government Printing Office, Washington,
D.C., pp. T1-103,

Extends the conjugate direction algorithms to Hilbert space and proves linear con-
vergence for the conjugate gradient algorithm for general operators and superlinear
convergence for operators of the form J+& where £ is completely COntnous,

JELJ Stecin, I M. (1954} ““The Computation of Bigenvalues Using Continued
Fractions.”” Uspekhi matem. nowk % No. 260}, pp. 191-198,

Discusses Lyusternik's idea for finding the eigenvalues of a symmetric malnx or
operator by transforming a series cy/z + ¢ izt e 2" {where (A “B.bY) 1o
a continued fraction whose coefficients are found by Chebyshey’s method of mo-
ments, Discusses one particalar algorithm for doing this, and notes that this is
similar o the method of Lancros orthogonalization.

/SP/ Young. David (1934) “*On Richardson’s Method for Solving Linear Systems
with Positive Definiie Matrices.” J. of Math. and Physics 32, pp. 243255,

Gives convergence results and optimal choice of acceleration parameters for
Richardson’s methed, Compares with SOR and gradient methods,

JC/ Craig, Edward J. {1955} **The N-Step freration Procedures.”” J. of Marh. and
Physics 34, pp. 64-73,

Discusses a set of conjugate direction metheds, including the conjugate gradient ai-
gorithm, the algorithm built on A~ A-conjugate directions, and the (new) algorithm
built on directions which are A~ timies a set of orthogona! vectors. Notes that the
fast two algorithms can be used On SyMmetric 07 HONSYMMENIC MAalrices.

B/ Forsythe, G, E. and B G, Swaus (19537 7On Best Condittoned Mawices,”
Proceedings of the Amer, Marh. Soc. 6, pp. 340-245

Studies the problem of minimizing the 2-norm condition number of T7AT where A
is Hermitian positive definite and 7 1s in & class of regular linear transformations.
As a special case, determines the optimal diagons! preconditioning matrix to be the
one which makes the resulting diagonal elements equal 1o 1.

W A Y AP
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JCEP/ Hestemes, Magnus R, (19337 ““lerative Compuiational Methods,” Com-
muénications on Pure and Applied Mathemartics 8, pp. 85-96,

Gives a description of the conjugate gradient algorithm in general form and notes
that it can be used to solve singular consistent problems. Discusses the eigenvalue
problem, but not Lanczos™ algorithm. ““The terminclogy “conjugate gradient’ was
suggested by the fact that p; is the gradient of £, apart from a scale factor, on the
finear manifold  conjugate to  pypy, 0Ly, that  ds, orthosonal 1o
AP, AP ]

/87 Sheldon, John W, (1953) “*On the Numerical Solution of Elliptic Ditference
Eguations,” Math. Tables and Aids to Comp. 9, pp. 101-112,

Presents the SSOR algorithm

fCL/ Stiefel, £, (1955) “'Relaxationsmethoden bester Strategie zur Lisung lincar-
er Gleichungssysteme,”” Comm. math. helv. 29, pp. 157-176.

Surveys a family of algorithms for solving linear systemns. Views steepest descent
as Euler’s method on the descent trajectory. Establishes one-to-one correspondence
between the family of algorithms -and sequences of polynomials satisfying R(0)=1,
Gives the Lanczos polynomials and conmjugate gradients as example of such a se-
quence, with polynomials orthogonal with respect to a discrete distribuiion function,
Studies iterations based on the distribution ?*—f"(ivh}ﬁ ives numenical results for
Poisson equation with constant right-hand side.

/EE/ Brooker, B, A, and F. H. Sumner (1936} “"The Method of Lanczos for Cal-
culating the Characteristic Roots and Vectors of 2 Real Symmeiric Matrix,”” Proc.
fusr. Elecr. Engrs. B0O3 Suppl., pp. 114-116.

Ciives expository treatment of Lanczos algorithin. Recommends Jacobi method Tor
small problems, Lanczos with reorthegonalization for large ones.

FCEL/ Crandail, Stephen H.  (1956) Engineering Analvsis: A Survey of Numerical
Procedures, McGraw-Hill, New York.

Gives textbook description of conjugate gradient and Lancros algerithms. “The
usefulness of these methods for actual calculation is still being evaluated.
There is, however, ne denving the mathematical elegance of the methods.”

JACP! Fischbach, foseph W, [1956) “Some Applcanions of Gradient Methods,”
in Proceedings of the Sixth Sywmposium in Applied Mathematics (1953), MeGraw-
Hiil, New York, pp. 59-72.

Discusses and experiments with conjugate gradients for computing the inverse of a
maln, for solving a two-point boundary value problem, and for solviag o mildly
nonlinear differential equation afler 2 close approximation o the solution
tained. Al those who have carried owt computations by the method of conjugste
grafiients have observed that the (N 4187 step is usually better than the Nth and
represents an improvement which overcomes rounding-off error.  Fregueniy
steps are better than N, . . . One possible way of reducing the error growtt
change the metric (change definition of scalar product) so thar the marrix is beter
condilioned.”’
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/CP/ Hestenes, Magnus R, (1930a) “The Conjugate-Gradient Method for Solving
Linear Systems,”” In Proceedings of the Sixth Svmposivm in Applicd Mathematics
{1953), McGraw-Hill, New York, pp. 83-102.

Derives conjugate direction and conjugate gradient algorithms in general form,
minimizing a function with an arbitrary inner product matrix, and having a precon-
ditioning matrix. Notes that the conjugate gradien: parameters can be bounded in
terms of generalized eigenvalues. Discusses the standard conjugate gradient algo-
rithm and the minimum error norm form. Shows that every n-step Herative method
can be reproduced by a conjugate direction method. ““From a mathematical point
of view [the original Hestenes and Stefel aigorithm] represents the general case in
the sense that every conjugate gradient algorithm can be reduced w this form by a
change of variable or by a simple chanze of the original system to be solved.””
Notes that no essential changes are required to extend to Hilbert space.

/C/ Hestenes, Magnus R (1956b) ““Hilbert Space Methods in Variational Theory
and Numerical Analysis,” in Proceedings of the International Congress of

‘Mathematicians 1954 3, North-Holland, Amsterdam, pp. 229-236.

Studies properties of quadratic forms in Hilbert space. Describes conjugate gra-
dients as a minimization method on the error function, summarizing results of
Hayes (1934).

JCEL/ Lanczos. Comelius  (1956) Applied Aralysis, Premtice-tall, Englewood
Chiffs, New Jersev,

Discusses use of the p.g Lanczos (1950} algorithm for finding eigenvalues and
gigenvectors, INotes that the large cigenvalucs are approximated quickly, and the
small eigenvalues could be deterrmined by “preliminary inversion of the matriz.”
Suggests use of Chebyshev polynomial transformation of the mairix to determine
eigenvalues in an intermediate range.

/C/ Stiefel, B, (1957)  "Recemt Developments in Reloxation Technigues.”” in
FProceedings of rthe Imternational Congress of Mathematicians 1954 1, Norih-
Holland, Amsterdatn, pp. 384-391.

Defines a “‘relaxation process™ as one which reduces a measure of the ervor #t each
step. Notes that for symimetric positive definite matrices, Gauss-Scidel, Gauss elimi-
nation {considered as an ieradon), and gradient methods are relaxation processes.
Develops the optimal polynomial property for conjugate gradients.

/AELY Gregory, R, . (1958}  “*Results Using Lancros’® Method for Finding
Eigenvalues of Arbitrary Matvices,”” /. Soc. fndustr. Appl. Marh 6, pp. 182-188
Uses Lanczos (1950} algorithm for complex non-Hermitian matrices with double
precision arithmetic, scaling of veciors. and fall re-orthogonalization,

ACLP/ Lanczos, €. (1958 “herative Solution of Large-Scale Linear Sysremg,”" /.
Soc. Industr. Appl. Math 6, pp. $1-109.

Digcusses the effect of il-conditioning and right-hand-side measurement errors on
the accuracy of solutions o linear systems with symmeinic coefficient mairices.
Analyzes nonsymunetric ones through the symmeiric system of size 2n. Estimates
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largest eigenvalue by refinement of power method. and seales the matrix by it
Then applies iteration based on Chebyshev  polynomials and matrix of dimension
742,

/CEL/ Suefel, Eduard L. (1958) ““Kernel Polynomials in Linear Algebra and
Their Numerical Applications,”’ in Further Contributions fo the Solution of Simul-
taneous  Linear Equations awd the Determination of Eigenvalues. Applied
Mathematics Series 49, National Bureau of Standards, U.S. Government Printing
Office. Washington, D.C., pp. 1-22.

Drevives retaxation algorithms by considering various sets of polynomials with value
U at zero. Recommends a twe slage process for il-conditioned svstems: filter out
grror components corresponding fo a iarge bur clustered set of eigenvalues and then
apply conjugate gradients o remove components corresponding 10 a few small
eigenvalues. As an example, solves Laplace’s equation with constant right-hand side
on a 10x10 grid with 11 Chebyshev iterations on [2,8] and 2 conjugate gradient
steps, getting 4 orders of magnitude reduction in the error. Recommends solving
noniinear systems by the change of variables A4 v=h. Applies kernel polvnomials
ie the problem of eigenvalue estimation, obtaining the Lanczos (1950) algorithm,
among others. *"As it stands, Lanczos® algorithm can only be suceessful for low-
order matrices with nicely separated cigenvalues. For larger matrices the rounding-
off errors destroy quickly the orthogonality of the vectors, As in solving linear
equations, it is necessary to find for such matrices a suitable combination of the
methods available.””  Discusses polynomial transformations to emphasize certain
ranges of the spectrum, and applies the Lanczos algorithm to the wansformed ma-
trix, Discusses the generation of orthogonal polynomials by the quotient-difference
algorithm, including the variant corresponding to the Lanczos algorithm.

fAEL/ Wikkinson, J. H. (1958) “"The Calculation of Eigenvectors by the Method
of Lanczos,”” Compurer J. 1, pp. 148-152.

Uses reorthogonalization on symmetric Lanczos and reorthogonalization plus double
precision on unsymmetric Lanczos. Notes that the later is a very powerful algo-
rithm.

fCf Ahtman, Mieczyslaw (1959) “*On the Convergence of the Conjugate Gradient
Method for Non-Bounded Linear Operators in Hithert Space.” in Approximation
Methods in Funcional Analysis, Lecture Notes, California Institute of Technology,
pp. 33.36.

Froves convergence of conjugate gradients for a self-adjoint, positive definite linear
operalor. with domain a dense linear space, sauisfying (AwaO2k (i, 1) for some DOsi-
tive constant & and all u in the domain.

NS Davidon, W, C. (1959)  Variable Metric Method Jor Minimiizarion, Report
ANL-5990. Argonne National Laboratory, Argonne, Hinois.

Derives & methed (the DFP method, fusther developed in Fletcher and Powell
(1963} meant to “improve the speed and accuracy with which the minima of funce

tions can be evaluated numerically™ compared to such methods as conjugate gra-
dients, steepest descent. and Newton-Raphson. Proposes puessing the inverse Hes-

skan matrix (symmetric and positive definlie), and generating 5 search direction
squal 10 this matrix times the negative gradient. Uses cither this direction plus an

orthogonal correction, or a line search aiong this direcrion, o detcrmine the nexl
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iterate.  Then modifies the inverse Hessian approximation according w the Quasi-
Newton condition using a rank-one or rank-two update. Discusses the initial Hes-
sian approximation and the incorporation of linear constraints. Discusses in an ap-
pendix a simplified rank-one updating procedure.

JACP/ Engeli, M., Th. Ginsburg, H. Rutishauser, and E. Stiefel (1959) Kefined
lterative Methods for Compuiation of the Selution and the Figewvalues of Self-
Adjoint Boundary Value Problems, Birkhauser Verlag, Basel/Stuttgart,

Stiefel: Solves self-adjoint partial differential equations by variational formulation,
not by differential equation itself.

Rutishauser: Surveys gradient methods (Richardson one and two, sieepest descent
Frankel fsecond erder Richardsen), Chebychev, hypergeometric relaxation, conju-
gate gradients, conjugate residual), Considers **combined methods,” including:
I. conjugate gradients with Chebyshev (attributed to Lanczos (1952)1 sacoth
the residual with Chebyshev polynomial over range of high eigeavalues, then
apply conjugate gradients. 1t is noted that the high eigenvalues are “‘reactivat-
ed’” by conjugate gradients, and the method is not recommended.

2. “‘Replace the system given by another systemn with the same solution but
wilth a coefficient matrix A of smailer P-condition number.”” (P-condition
number = condition number in the Z-norm.) Polynomial conditioning is expli-
citly considered and is attributed to Stiefef (1938} in the case of eigencomputa-
tion, The iterations are called “inner’” for the polynomial and “outer’ f[ov
conjugate gradients, and Chebyshev-conjugate gradients is recommended.

Notes that methods such as those of Richardson and Frankel can also be used for
sigencomputations.  Gives the conjugate gradien: tridiagonal matrix i non-
symmetric 3-term form. MNotes round-off difficuities, and recommends proceeding
more or less than a2 steps, as long as the residual remains small. Recommends com-
paring the approximations from two tridiagonal matrices (same inital vector, dif-
ferent number of steps, or different initial vector) to determine convergence. Also
discusses determining the eigenvalues of the original matrix from the conjugate
gradient-Chebyshev method.

Ginshurg: Gives results of numerical experiments, For a finite difference problem
with 70 variables, needs approximately 10 conjugaie gradient iterations with precon-
ditioning by a 10th-order Chebyshey polynomial, Compares with steepest descent,
conjugate gradient, and other methods on this and other exampies.

Fngeli: Surveys relaxation methods.

Conclusions; For moderate condition problems. use relaxation. For bad condition-
ing, use conjugate gradients or conjugate gradients-Chebyshey with recursive resi-
duals. Recommends conjugate gradients over conjugate gradients-Chebyshev unless
some low eigenvalues are needed.

IACH Lhuchl, Peter {1939 “‘lierative Losung und Pehlersbschatzung m der Aas

gleichsrechnung,”” Zedrschrift fiir ungewandie Mathematik und Physik 10, pp. 245
280,

Dievelops conjugate pradients and other relaxation methods for overdetermined
Hinear systems. [Notes thar finding the point in an a-dimensional subspace of B7
{spanned by the columns of O which is closest o & polnt [ 35 equivalent to solving
CTCx=C71, but that the problem can also be formulated in terms of a basis B for
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the null space of C7, representing v implicitly as B x+p=0 (for some vector b) and
avoiding normal equations. Uses Syage’s method of the hypercircle to find upper
and lower bounds on the sum of squared residuals. Notes that the inverse matrix
can be constructed by an update at each conjugate gradient step. Provides numeri-
cal examples.

JC/ Beckman, F. 5. (1960) ““The Solution of Linear Equations by the Conjugate
Gradient Method.” in Mathematical Methods for Digital Computers, ed. Anthony
Ralston and Herbert 5. Wilf, Wiley, New York.

Derives conjugate gradients as a conjugate direction method including flow chart,
cormments on ervor analysis, e,

/CP/ Frank, Werner L. {19607 “Solution of Lincar Systems by Richardsen’s
Method,” J. Assoc. Comput. Mach. 7, pp. 274-286.

Foliows Stiefel (1938) in using Chebyshev acceleration on & partial interval; then
applies conjugate gradients. Tests the algorithm on a 30x50 martrix tri(-1,2,-1) with
{1,}) element modified to 1. Needs 20 conjugate gradient iterations (instead of the
theoretical termination in 5) to get 5 digits of accuracy; reguires the full 50 if con-
lugate gradients i3 used alone. Required 46 conjugate gradient iterations to solve 5
point difference equations for n =361,

/B Householder, A. 8. and F. L. Bauer (1960} “*On Certain Herative Methods for
Solving Linear Systems,”” Numer. Math. 2, pp. 55-39.

Discusses ““methods of projection” which iterate x=v+¥p, where the columns of ¥
spant a subspace and p is chosen so that the error decreases. Notes that steepest
descent and relaxation fechniques both fit into this framework, but does not mention
conjugate gradients.

{AC/ Livesley, R. K. (1960} *“The Analysis of Large Structural Systems,”” Com-
puter S 3, pp. 34-39.

Tries to apply conjugaie gradients to an ill-conditioned system in struciural analysis.
Finds conjugate gradients ineffective because it requires n matrix multiplications
and thus a tape scans, and “‘rounding errors show a tendency to build up to such an
extent that the solution after V steps 1s often a worse approximation to the correct
solution than the starting point.”” **The method was therefore abandoned in favour
of an elimination process,”

/EP/ Osbone, E. B, (1960} “*On Pre-Conditioning of Matrices.”” J. Assoc. Com-
pur. Mach. 7, pp. 338-345.

Constructs a sequence of diagonal similarity transformations to scale an irreducible
matrix 1o increase the smallest cigenvalue relative to the matrix norm so that the
eigensystem can be more easily determined,

/PS/ Varga, Richard S, (1960} “Factorization and Normalized Iterative
Methods,” in Boundary Problems in Differential fguarions, ed. Rudoiph . Langer,

University of Wisconsin Press, Madison, pp. 121-142,

“The main purpose of this anticle is to introduce 3 class of iterstive methods which
depend upon the direct sohition of maix equations involving matrices more general
than widisgonal matrices.”” Assumes that 4 is Sdeities, Introducss the idea of regu-

far spluting, Given a regular splitting, acceleraes by overrelaxation, Chebyshev

Fime,
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semi-iteration. Peaceman-Rachford (1933} algorithm, or Douglas-Rachford (1936}
algorithm.  Suggests normalizing factors to have unit diagonal for computational
efficiency. Discusses effectiveness of successive line overrelazation. Proposes ap-
proximate factorization of A, keeping the factors as sparse as 4 {the algorithm that
has come to be known as incomplete Cholesky factorization with no extra diago-
nals). Shows that this vields a regular splitting for the S-point operator,

/PS/ Wachspress, E. L. and G. J. Habetler (1960} “"An Aliernating-Direction-
Iroplicit Treration Techmque,”™ J. Soe. Industr. Appl. Math. 8, pp. 403-424.

“Conditions™ a matrix by diagonal scaling before applying ADL

JON/ Zoutendijk, G, (19600 Methods of Feasibie Pirections, Elsevier, Amster-
dam.

Uses conjugate directions to construct & finitely lerminating quadratic programming
algorithm.

[AELS Causey, R, L. and R. T, Gregory (1961) “"On Lanczos™ Algorithm for Tri-
diagonalizing Matrices,”” SIAM Rev. 3, pp. 322-3Z28.

Discusses bicrthogonal reduction to tridiagonal form. Distinguishes between fatal
and nonfatal instances when the inner product between the left and right vectors
vanish,

/S Yakonov, B G. (1961) “An heration Methed for Solving Systems of Finite
Difference Equations,” Sevier Math. Dokl 2, pp. 647-650.

(Dokl,  Akud. Nawk S555R 138, pp. 271274} Anslyzes the  iferation
Mx, =My —wiAx,—b) where A i3 a finite difference approximation to an elliptic
aperator over the unit square and M represents several iterations of the ADI opera-
tor for the Laplacian. Gives a work estimate of O {n mn Y Ing to solve the
problem with precision €,

/PS/ Golub, Gene H. and Richard 5. Varga (1961) “‘Chebyshev Semi-lterative
Wethods, Successive Overrelaxation Tterative Methods, and Second Order Richard-
son frerative Methods, Parts T and {17 Numer, Math, 3, pp. 147-156, [57-168,
Compares the rates of convergence of the three Herative methods of the dile. Pro-
poses applying Chebyshev acceleration (o two-cyche matrices resulting from block
preconditionings, such as those derived from the block SOR splhisting of Arms,
Gates, and Zondek { SIAM J. 4, 1936, pp. 220-229). Gives applications to partial
ditference equations.

/PE/ Habetler, G. I and E. L. Wachspress (19613 ““Symmctric Successive Overre-
laxation in Soiving Diffusion Difference Bguations,”” Math. of Comp. 15, pp. 3536-
362.

Jses Chebyshev acceleration on Sheldon’s S5SOR algonthm ( S Assoe, Comput.
Mach., 6, 1939, pp. 4894.505  Shows SSOR not effective in diffusion calculations
i auckear reactor theory H the grids are oo irregular. Gives algorithm 1o oslimaie
parametery,

O Martin, D W.oand G. J Tee (1961 " herative Methods for Linear Eguations
with Svmmetnic Posittve Definite Matrin,”” Compuier J. 4, pp. 242.254,

Surveys stationary iterative methods, steepest descent, and conjugate gradients in-
cluding previous numerical results. Concludes thar “'no single method 18 o be
recommended for universal applications.”
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/S/ Otiphant, Thomas A. {1961y *“*An Implicit, ?\Eumericai Method for Soiving
Two-Dimensional Time-Dependent Diffusion Problems.” Quarterty of Appl. Meath.
19, pp. 221-229.

Proposes an iterative method for nine-point finite difference approximations, using a
partial factorization of the difference matrix as a splitting,  Applies the algorithm to
linear and nonlinear problems.

EL/ Rollett, 1. S, and J. H. Wilkinson (1961) ““An Efficient Scheme for the Co-
diagonalization of a Symmetric Matrix by Givens’ Method in & Computer with 2
Two-level Store,”” Computer J. 4, pp. 177-180.

Notes that the resulting bidiagonal matrix for their algorithm is the same as that
from the Lanczos (1950} algorithm.

/BEL/ Strachey, C. and I G. F. Francis (1961} ““The Reduction of a Matrix to
Codiagonal Form by Eliminations,”” Computer J. 4, pp. 168-176.

Notes that the Lanczos (1930) method is equivalent to an elimination method for
reduction of a Hessenberg mairix to tridiagonal form,

/C/ Antosiewicz, Henry A, and Wemer . Rheipboidt  (1962)  “*Numerical
Analysis and Functional Analvsis,” in Swrvey of Numerical Analysis, ed. iohn
Todd, McGraw-Hill, New York, pp. 485-317 (Ch. i4).

Presents conjugate directions for linear self-adjoint positive definite operators on
Hilbert space and proves a convergence rate.

JAC/ Bothner-By, Aksel A. and C. Naar-Colin (196237 ~*The Proton Magnetic
Resonance Spectra of 2,3-Disubstituted n-Butanes,”” /. of the ACS 84, pp. 743.747.
Analyzes chemical spectra by solving a least squares problem with conjugate gra-
dients.

FACN/ Feder, Donald P (1962} ““Automatic Lens Design with a High-Speed
Compuier,” J. of the Oprical Soc. of Amer. 52, pp. 177-183,

Suggests conjugate gradients or DFP methods, among others, to minimize a merit
function in lens design.

/S{ Oliphant, Thomas A, (I902) “*An Extrapolation Procedure for Solving Linear
Systems,”” Quarterly of Appl. Math. 20, pp. 257-263.

Generalives the method of Oliphant (1961) to five-point operators, and allows par-
fial factorizations of a modified difference matrix.

fCf Petryshyn, W. V. (1962) ““Direct and Uerative Methods for the Solution of
Linear Operator Equations in Hilbert Spuace,”” Trans. AMS 105, op. 136-175

Derives minimum esror method and, from it, other algorithms, Does not use the
exira matrices Tor preconditioning,

i

M/ Powell, ML DL (19823 ’%fz terative Method for Finding Stationary Values
of 2 Eaawfm’z of Several Varlables,” Compuder /. 3, pp. 147-151

Proposes a method which, given 4 siaring point vy, finds a minimizer in one divec-
tion, v then minmizes in the n -1 dimensional Mp@qm me through x, orthogonal
to the first divection, giving 1. Then the minhmizer is on the ling sam gen v,y and
xz. The method is “'not unlike the conjugate gradient method of Hesienes and
Stiefel (195237
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/BL/ Wilkinson, 1. H. {1962y “Instability of the Elimination Method of Reducing
a Matrix to Tri-Diagonal Form.”” Computer J. 5, pp. 61-70,

Relates the Lanczos (1956} algorithm to Hessenberg's method (1941 Phi) thess)
applied 1o a lower Hessenberg mairix, reducing it to tridiagonsl form.

JCBL/ Faddeev, D, K. and V. N, Faddeeva (1963  Computational Methods of
Linear Algebra, W. H. Freeman and Co., San Francisco, California.

{Transtated by Robert €. Willlams from 1960 publication of State Publishing House
for Physico-Mathematical Literature, Moscow.d  Discusses i Chapter 4 the
“method of orthogonalization of successive iterations™ for finding eigenvalues of
matrices, which, in the symunetric ¢age, is the Lanczos (19307 algorithm. Discusses
in Chapter 6 how 1o continue the algorithm for symmetric and nonsvmmeiric ma-
trices in case it terminates in fewer than # steps. Discusses the use of the A~
minimat iteration algorithm,” the < A.blorthogenal algorithm,”” steepest descent, 3-
dimensional steepest descent, and conjugate direction aigorithms  for solving linear

/N/ Fletcher, R and M. J. D, Powell  (1963) A Rapidly Convergent Descent
Method for Minimization,”” Compurer J. 6, pp. 163-188.

Derives the Davidon-Fleicher-Powell {DFP) algorithm for minimizing non-guadratic
functions and accumulating an approximate Hessign matrix. References Hestenes
and Spefel {19582,

fOL/ Frdman, V. M. (1963} "The Method of Minimum Herstions with Minimum
Frrors for a Systern of Linear Algelwaic Bguations with a Symmetric Matrix,”
USSR Comp, Maik, and Math, Phys. 2, pp. 362-363,

Derives

a comjugate gradient method (from the Lanczos perspective) which minim-
; " 5 ' 4D
izes the Z-norm of the orror over the subspace Ar'™ A

2;5("}.\" .

fC Ginsburg, Theo (1963} “The Conjugate Gradient Method,” Numer. Math, 3,
pp. 191-200.

{The Handbook Series Linear Algebra conjugate gradient algorithim.) Uses the 2-
term recurrence version of the conjugate gradient algorithm.

JC/ Khabaza, 1. M. {1963} “"An Derazive Least-Square Method Suitable for Solv-
ing Large Sparse Matrices,”” Compurer J. 6. pp. 2U02-206.

Proposes the s-dimensional steepest descent algorithm applied o minimization of
the norm of the residus] for solving linear systems. Does not recompute the param-
eters in subsequent ierations unless the residual begins to increase. Notes superior-
ity to conjugate gradients and SOR on some test problems,

IACPS/ Wachspress, Bugene L. {1963} “Exiended Application of Alternating
Direction Implicit eration Mode! Problem Theory," . Soc. Fadusir. Appl. Motk
, pp 99421016

tises ADM applied to the model problem as a preconditioner Yor conjugate gradients
applied o more general problems. Gives some discussion of convergence rafe as a
function of mesh spacing. References Lanczos {1952) rather than Hestenes and
Sticfel, References Engeli et all (1959 for other examples of “'compound itera-
tion,”’
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/ACP] Dufour, H. M. (1964) “‘Resolution des Systemes Lineaires par la Methode
des Residus Conjugues,”” Bulletin Geodésique 71, pp. 65-87.

Derives the minimum residual and conjugate gradient algorithms and proposes their
use tor symmetric positive definite systems, for linear least sguares problems, for
least squares subject to equality constraints, and for systems resulting from block el-
iination of a 2x2 block marrix, leading o a Schur complement of the form
C—B A7 as the matrix in the problem. Discusses preconditioning when an ap-
proximale inverse is available, Applies the method 1o problems in geodesy.

/PS/ Ehrlich, Louis W, {1964) ““The Block Svmmetric Successive Overrelaxaiion
Method,”” J. Soc. Industr. Appl. Mark. 12, pp. 807-824,

Uses Chebyshev acceleration on block SSOR. Estimates rate of convergence and
gives numerical resulis,

/N/ Fleicher, R, and C. M. Reeves (1964) “‘Function Minimization by Conjugate
Gradients,” Computer J. 7, pp. 149-154,

Generalizes conjugate gradients to nonquadratic functions by adding fine searches
and by taking the current gradient to be the current residual. Quadratic ermination
is obtained without evaluating or approsimating the Hessian matrix.

/S5/ Guan, James E. (1964a) ““The Numerical Solution of V.aVu=f by a Semi-
Explicit Alternating-Direction Iterative Technique,”” Numer, Math. 6, pp, 181-184.

Proposes and analvzes the Heration M, =M, ~w(Ax,~b) where M is one step of
the Peaceman-Rachford ADI iteration for the discretization of the desired operator
VaV and the domain is rectangular.  Obtains  a  work  estimate  of
O (hlog h oge™) to reduce the error by e.

/8/ Gunn, James B, (1964by “"The Solution of Elliptic Difference Equations by
Semi-Explicit lierative Techniques,” SIAM J. Numer. Anal. Z{Series B). pp. 24-45.

Proposes and analyzes the lteration Mx, , =M, ~(Ax,~k) where M is one step of
the Peaceman-Rachford ADI iteration (vartable w) for the discrete Laplacian opera-
tor {Le., not the matrix A), the elliptic operator is not necessarily symmetric, and the
domain is rectangular. Uses Chebyshev acceleration and second-order Richardson
and obtains an improved convergence result over Gunn (1964). Applies the algo-
rithm to mildly nenlinear problems.

/CEL/ Houscholder, Alston S, (1964) The Theory of Matrices in Numerical
Analysis, Blaisdell Publishing Co., New York,

“The Lanczos algorithm is well known in the theory of orthogonal polynomials, bug
Lanczos {193)) seems to have been the first (0 apply it to the reduction of mairices
(p 28, Dover edition).”” Develops Lanczos midiagonalization in marix form:
discusses Lanczos polynomials,

JEL/ Parlent, Beresford (1964} “The Development and Use of Methods of LR
type, " SIAM Rev. 6, pp. 275-295,

MNotes that Henrici obuserved thar the first dlagonal of the D scheme can be found
by the Lanczos {1930 algorithm thus, QD Heks the power method 1o Lancros’
rrethod.

JON/ Powell, MUE D (1984) " An Efficient Method for Finding the Minimum of
a Function of Several Variables Without Calculating Derivatives,”
pp. 155-162.

Computer J. 7,
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Proposes an algorithm which uses # line searches per iferaiion {o gencrale a new
direction. Shows that, for a quadratic function. the directions are conjugaie, Pro-
poses a modification in case the 7 line search directions become linearly dependent,
Gives numnerical examples,

O Pyle, L. Duane (1964) “Generalized Inverse Compuiations Using the Gradiem
Projection Method,”” /. Assoc, Compri. Mach, 11, pp. 422-428,

Notes that a Gram-Schmidt-based algorithm for computing generalized inverses is 4
conjugate direction method i the mairix is square.

/N/ Shah, B, V., RO L Buehler, and O, Kempthomne {1964) *“Some Algorithms for
Minimizing a Function of Several Vanables,”” J. Soc. Industr. Appl. Math. 12, pp.
74-G2.

Introduces Partan, a2 method with guadratic fermination in 2a -1 steps or fewer,
which generates conjugate directions. lncludes preconditioning mafrix in the forma-
lation.

JONJ Brovden, C. G (1965 A Class of Methods for Solving Monlinear Simul-
tanecus Hauations,” Math of Comp. 19, pp. 577-59%,

Develops 2 family of algorithms based on satisfying the guasi-Mewton condition
and using rank-one or rank-two opdates to the approdimate derivative matrix at
each iteration. Proposes three update formudes. Proposes sither a siep-size of ane,
or asing the norm of the residual in 2 critevion for ermination of the line search.
Gives an Algol program snd numerical resulis on ten lest problems.

JAC Campbell, Wilham 1 {1963y “The Wind-Drives Circulation of {ce snd Wa-
ter i a Polar Gcean.” J. of Geophysical Research 70, pp. 32793301,

Solves nonlinear equations with 780 variables using conjugate gradients on a Hpear
systermn at each iteration.

fOWN/ Fletcher, R, (19633 “Function Minimization without Hvaluating Derivatives
- A Review,”” Computer 4. 8, pp. 33-41,

Reviews conjugate direction methods of a 1962 paper of Smith, Powell {1564) and
a 1964 paper of Davies, Swann, and Campey.

A Golub, G and W, Kahan (1965 “Calculating the Singular Valoes and
Pseudo-Inverse of a Matrix,”” SIAM J. Numer. Anal. 2(Series B, pp. 205.224,

ses Lancrzos’ observation that the singular values of a mainx are the eigenvalues
of a marrix of dimension n - with zeros on the Bock diagonal and A and A7 off
the diagonal. Generates the bidiagonal form from Householder wransformations or
from the Lancyos (1930 algorithm,

AW Nashed, ML 2. (1965 7 On Geoneral Bermtive Methods Tor the Solutions of a
Class of Nonlinear Operator BEguations . Math, of Comp. 19, pp, 1424,

{iives 8 class of Heralive methods for operators i Hilbert space and shows that
conjugate gradients and others are frst-order approxirmations to these meshods,

[AN/ Palewonsky, Bernard {1965} “Optumal Controll A Review of Theory and

Practice,”” AIAA J. 3, pp. 1985-2006.

Surveys control problems and nonlinear optimizution methods.
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/CEL/ Vorobyev, Yu V. (1965) Method of Moments in Applied Mathematics,
Gordan and Breach Science Pub., New York.

(Translated from the Russian by B. Seckler.) Discusses the Lanczos algorithm for
generating an orthogonal basis and and a sequence of orthogonal polynomials for
sy mmetric matrices. Notes its use in finding eigenvalues, and discusses Lyusternik’s
idea of converting a certain infinite series to a continued fraction in order to use
momenis o defermine the coefficients of the same orthogonal pc; ynomials that
Lanczos used. References L. A. Lyusternik, ‘Solution of Linear A Algebraic Prob-
lerns by the Method of Continued Fractions,” Transactions of a Seminar on Fune-
ticmal Analysis, No. 2, Voronezh (1956), pp. 85-90. Notes that the “point of depar-
e’ for Lanczos (1950) and (1952) and for Hestenes and Srefel {1952} and
Liyusternik was “'the Chebyshev-Markov classical scalar problem of moments for
the quadratic functional (Av,x),”” and that “‘the methods of Lanczos and Lyusternik
were subsequently extended to completely continuous self-adjoint operators’™ by
Karush (1932) and Stecin {1934}

/AN Wilde, D. 30 (1963) A Review of Optimization Theory,” fndust. and Eng.
Chem, 57 no. 8, pp. 19-31.

Mentions conjugate gradients and other methods.

FOELS Wilkinson, J. H. (i963) The Algebraic Figenvalue Problem, Clarendon
Press, Oxford. |

Advocates use of Lanczos (1950) algorithm with double precision arithmetic and
complete reorthogenalization, Restarts with different initial vectors & the size of
the new vector deteriorates in the nonsymmetrie case,

/EMN/ Bradbury, W. W, and R. Fletcher (19663 “*New heralive Methods for Soiu-
tion of the Eigenproblem,”” Numer, Math. 9, pp. 259-267.

Uses conjugate gradient and DFP algorithms to solve the generalized symmetric
cigenproblem by minimizing the Rayleigh quotient. Notes that the line searches
can be performed exactly. Renormalizes at each step to keep the infinity norm of
the iterate equal to one. Reports faster convergence with comjugate gradients excent
on very ill-conditioned problems, but both methads are slower than QR if many
eigenvalues are desired,

PS/ B Yakonov, Ye. G, (1966} “The Construction of lterative Methods Rased
on the Use of Spectrally Equivalent Operators,” USSR Comp. Math. and Math.
Phivs. 6, No. |, pp. 14-46,

(LA vychisl. Mai. mat. Fiz. 6, No. 1, pp. 12-34.) Uses spectraily eguivalent opera-
tors in a Richardson iterative algorithn and analyzes convergence.

JOELP/ Kaniel, Shmuel (1966 “Estimates for Some Computational Technigues in
Linear Algebra,”” Math, of Comp. 95, pp. 368178,

Develops convergence bounds for conjugare gradients in terms of Chebyshey pafy-

P

romials and the condition number of the matrix. Develops bousnds for Lanczos

(1950 method eigenvalues in terms of condition number and separations
that resuits extend to Hilbent space. Results correcied m Helford and
{1974},

FELS Lehmann, No L (1968) “Zer Verwendung optimaler Bige enwericingrenzy
bet der Losung symmetrischer Matrizenaufgaben,” fhéf?zg‘f. Matk, 8, pp. 42-55.
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Develops a previous idea of using a set of Rayleigh guotients 1o esiimate eigen-
vaiues o the special case where the test vectors are those from the Lanczos (19500
recursion and delermings inclusion lntervals for the largest. Applies the algorithm
o i (~1,2,~1} for n =30, Gets good estimates for 4 eigenvalues after & iterations,

fsf Mitter, 5., L. 8. Lasdon, and A, D. Waren {19663 *The Method of Conjugate
Gradients for Optimal Control Problems,”” Pree. [EEE 54, pp. 904-905,

Notes that the Pletcher-Reeves {1964) method also appiies in function space.

JAN/ Pitha, 1. and R, Norman Jones (19667 A Comparisen of Optimization
Methods for Fitting Curves t Infrared Band Envelopes,”” Camadian J. of Chemistry
44, pp. 3031-3050.

Concludes that DFP is more effective than a nonlinear conjugate gradient method.

fCEP/ Wachspress, Eugene L. (1966} Jrerative Sofution of Elliptic Svstems and
Applications to the Neutron Diffusion Eguations of Reactor Physics, Prentice-Hall,
Englewood Cliffs, New Jersev,

in Chapter 5, derives the Lanczos (1950} algorithm and “‘combined™ algonthms
{e.g., Lanczas-Chebyshev) in a way similar to Bngell et al, (1859). Notes that the
algorithms can be applied 10 a product of two symmetric matrices. Derives the
Chebyshev algorithm for real eigenvalues and for eigenvalues bounded by an ellipse
in the complex plane. Discusses Lanczos” eigenvalue algorithm with initial filtering
and with a polynomial in 4 as the operator. In Chapter 6, discussss premuitiplica-
tion of the linear system by a matrix. and applying the Lancros or Chebyshev algo-
rithm to the transformed system. Uses ADI preconditioning 28 an example, Gives
@ rate of convergence estimate for the model problem ADI preconditioned algo-
rithm.  In Chapter 9, derives a multigrid algorithm, relating the idea of conracting
the basis (o Lanczos projection, and performs numerical experiments indicating im-
provement over the Golub-Varga two-cvolic version of the Chebyshev algorithm
and over S30R.

JANS Wilson, Robert {1964 ““Compuiation of Opdmal Controls,” /. of Mazh,
Anral, and Applics. 14, po. 77-82,

Changes a consirained optimization problem w an unconsirained dual problem,
decomposes i inlo subproblems, and applies conjugate gradients,

[AN/ Young, P. C. (i966) “‘Parameter Estimauon and the Method of Coniugate
Gradients,” Proe. IFEE 534, pp. 1965-1967.

Uses Miiter, Lasdon, Waren {1966 version of Fletcher-Reeves (1964) algorithm for
real-time process parameter estimation.  “Unfortunately, the excellent characteristics
of the coniugate gradients approach . . . are not mainfained as the levei of additive
noise is mereased. Considerable data averaging or ‘smoothing’ becomes necessary
even for low noise levels, and this tends to destroy the real-time natwre of the algo-
rithm. ™"

JOWY Brovden, C G (I907)  “Quasi-Newion Methods and Thelr Application io
Function Mimmuzation,”” Math. of Comp. 21, pp. 368381,

Further develops the algorithms in Brovden (1963), focusing on rank-two updates,
function minimization, and linear systemns with symmetric matrices,



