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The directions received by the minimization task were used to generate
an orthonormal basis for the minimization subspace, and the product of
the matrix A with these basis vectors (included in the counts above) was
performed by the minimization task. Upon restart, the current residual was
used as the right hand side.

Algorithm KMS was run in two modes: no communication from Task, to
the other tasks, and communication every 20 iterations in order to have the
splitting tasks work with the best solution vector found thus far. The maximal
size for the minimization subspace in the kMs and GMRES algorithms was 20.
The conjugate gradient algorithm, of course, was run without restarts.

Results of the experiments are given in Figures 1 and 2, in which the
norms of the residuals for the various algorithms are plotted as a function of
number of matrix-vector multiplications.

There are two curves for each kMs algorithm. The upper ones correspond
to no communication from Task, to the other tasks and indicate that the
algorithms stall and fail to converge. This is due to the generation of
directions that are effectively random when Gram-Schmidt orthogonalization
is applied to a long sequence of Krylov vectors. The same problem limits the
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number of steps that can be performed in the s-step conjugate gradient
algorithm of Chronopoulos and Gear, and can be somewhat alleviated by
using Householder orthogonalization [20]. With feedback every 20 iterations,
all xms algorithms converged.

These experiments lead us to believe that Algorithm xMs is an effective
alternative to standard implementations of Krylov subspace methods even on
sequential computers, and the xMs formulation enables us to take advantage
of multisplitting preconditioners. On parallel computers, the Algorithm KMS
has the further advantage of not requiring frequent communication from
Task, to the multisplitting tasks, and in balancing the number of matrix-vector
multiplications among the tasks.

6. CONCLUSIONS

We have presented a nontraditional implementation of Krylov subspace
methods that does not use an orthogonal basis to compute the subspace.
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If only the vectors Ax are used for minimization, then this algorithm is
equivalent to preconditioned conjugate gradients or GMRES; if additional
vectors are used, then the minimization is performed over a larger subspace
that includes the standard Krylov subspace. This algorithm has more flexibility
than standard implementations and many advantages for parallel computation:

1. The number of synchronization points between the multisplitting
tasks and the minimization task is greatly reduced.

2. Additional vectors can be added to the subspace if the Krylov
generators are not working fast enough to keep the minimization task busy.

3. Vectors can be dropped if they do not provide a sufficient decrease.

4. We have the option of creating several vectors from any particular
basis vector by partitioning it into subvectors and creating a vector from each
of these padded with zeros. This might improve the convergence if the
preconditioner is locally good but normalization between pieces of the vector
is not so good.

5. The minimization task can reinitialize the direction generators at any
time by sending the updated x vector. If the minimization has been
performed using only the AX vectors, then this has no effect on the
computation, but if other directions have been added, then convergence can
be accelerated without significant synchronization penalty.

6. There are natural extensions of these ideas to nonlinear problems [9].

Clearly, further work remains to be done in developing effective multisplit-
tings and in implementing the algorithm on parallel machines.

In the special case of p =1 (ie., a single splitting), the idea behind
Algorithm KMs should be attributed to Gene Golub, who frequently asks the
question, “But why do you need an orthogonal basis?”

Bob Plemmons made useful comments on a draft of the manuscript.
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