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REGULARIZATION BY TRUNCATED TOTAL LEAST SQUARES*

R. D. FIERROT, G. H. GOLUB#, P. C. HANSEN$, AND D. P. O’LEARYY

Abstract. The total least squares (TLS) method is a successful method for noise reduction in
linear least squares problems in a number of applications. The TLS method is suited to problems in
which both the coefficient matrix and the right-hand side are not precisely known. This paper focuses
on the use of TLS for solving problems with very ill-conditioned coefficient matrices whose singular
values decay gradually (so-called discrete ill-posed problems), where some regularization is necessary
to stabilize the computed solution. We filter the solution by truncating the small singular values of
the TLS matrix. We express our results in terms of the singular value decomposition (SVD) of the
coefficient matrix rather than the augmented matrix. This leads to insight into the filtering properties
of the truncated TLS method as compared to regularized least squares solutions. In addition, we
propose and test an iterative algorithm based on Lanczos bidiagonalization for computing truncated
TLS solutions.
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1. Introduction. The TLS method is a technique for solving overdetermined
linear systems of equations. It was independently derived in several bodies of work,
and is known by statisticians as the errors in variables model. Numerical analysts
came to know it through the work of Golub and Van Loan [10] and Van Huffel and
Vandewalle [24, 25, 26], and this literature has advanced the algorithmic and theoret-
ical understanding of the method.

1.1. Motivation. The development of the TLS technique was motivated by
linear models A x = b in which both the coefficient matrix A and the right-hand side
b are subject to errors. In the TLS method one allows a residual matrix as well as a
residual vector, and the computational problem becomes

(1) min [|(A, b) — (A, b)||p  subject to b= Az .
Ab

Throughout the paper we assume that A is m x n with m > n. In contrast to the
TLS formulation, the ordinary least squares (LS) method requires that A = A and
minimizes the 2-norm of the residual vector b — b.
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The TLS technique has been traditionally applied to problems that are numeri-
cally rank deficient, i.e., where (A, b) has one or more small (nonzero) singular values
well separated from the large ones. The idea is to simply treat the small singular values
of (A4, b) as zeros, reducing the problem to an exactly rank-deficient one [5, 26]. We
shall call this technique truncated TLS. The technique is similar in spirit to truncated
SVD, a natural generalization of the ordinary LS method for nearly rank-deficient
problems that treats small singular values of A as zeros. In both methods, the al-
most redundant information in (4, b) and A, respectively, associated with the small
singular values, is discarded and the original ill-conditioned problem is replaced with
another nearby and more well-conditioned problem with an exactly rank-deficient ma-
trix. The major difference between the methods lies in the way that this is done: in
truncated SVD the modification depends solely on A, while in truncated TLS the
modification depends on both A and b.

Fierro and Bunch [5, 6] made a sensitivity analysis for the truncated TLS tech-
nique applied to a nearly rank-deficient A and showed how subspace sensitivity trans-
lates to solution sensitivity. The conclusion from their analysis is that truncated TLS
is superior to truncated SVD when the right-hand side has large components cor-
responding to the small singular values that are retained (as in the full-rank case).
An underlying assumption of this analysis is that the resulting rank-deficient system,
obtained by deleting the small singular values, is well conditioned.

A related analysis which also focuses on the similarities between the truncated
SVD and truncated TLS solutions of problems with well-defined numerical rank has
been given by Wei [29, 30].

Many ill-conditioned problems arising in practical applications do not have a
well-determined numerical rank; instead the singular values decay gradually to zero.
Typically, these problems arise in connection with the numerical treatment of ill-posed
problems, e.g., in spectroscopy, image processing, and nondestructive testing [12].
The discrete systems Ax = b derived from such ill-posed problems are often called
discrete ill-posed problems, as they inherit many of the difficulties of the underlying
ill-posed problem and therefore require a specialized treatment including some form
of regularization [13] to suppress the effects of errors.

Most regularization methods used today assume that the errors are confined to the
right-hand side b. Although this is true in many applications there are also problems in
which the coefficient matrix A is not precisely known. For example, A may be available
only by measurement or may be an idealized approximation of the true operator.
Discretization typically also adds some errors to the matrix A. Hence, there is a need
for developing methods that take into account the errors in A and their size relative to
those in b. Since there is no gap in the singular value spectrum, the previous analyses
have little to say about these problems, and the first goal of our work is to study
properties of the truncated TLS solutions of discrete ill-posed problems. Our second
goal is to develop practical computational algorithms for producing these solutions.

Thus, in this paper we investigate the truncated TLS technique and show that it
produces a filtered solution. Moreover, we propose an iterative algorithm for comput-
ing the truncated TLS solution, based on Lanczos bidiagonalization. Our algorithm
is efficient when the number of retained singular values of (A, b) is small compared
with the dimensions of A.

1.2. Stabilization by filtering. Most previous results about TLS have been
stated in terms of the SVD of (A, b), making comparisons with regularized least
squares solutions difficult. The basis for our analysis in this paper is the SVD of A,
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given by
(2) A=USVT =) uo]
i=1
where U = (uy,...,u,) and V = (v1,...,v,) have orthonormal columns, ¥ =
diag(o1,...,0p) with o7 > -++ > 0, > 0, and the rank r of A is the number of

strictly positive singular values.
The instabilities associated with discrete ill-posed problems can easily be illus-
trated. Consider the ordinary LS solution, which can be written as

s

uZ-Tb
TS = E v; .
05

i=1

Due to the division by small singular values o;, the solution x5 may be dominated by
components associated with the errors in b. Therefore, regularization is necessary to
stabilize the solution. For example, in truncated SVD this is achieved by truncating
the above sum at k < n:

ul'b
3) =D

Tikhonov regularization [12, 13] is another well-known technique in which one solves
the problem (with a given \)

(4) min {HAx—bH%—i—)\QHLJCH%} ;

where L is a matrix of full row rank used to control the size of the solution vector. It
is easy to prove that if L = I, then the solution to (4) is given by

r 2 T
o7 u;b
(5) Tx = Z Vi

2 2
~ o; + A2 oy

showing that this approach suppresses (filters) the components of the solution corre-
sponding to the small singular values of A; see, e.g., [12, Section 5.1] or [15]. In this
paper we prove that the same is true for truncated TLS.

Our paper is organized as follows. Section 2 summarizes the truncated TLS
algorithm, and the filtering properties of this algorithm are analyzed in section 3.
In section 4 we present an iterative algorithm based on Lanczos bidiagonalization
that avoids the computation of the complete SVD of (A4, b). Regularization problems
in general form are briefly discussed in section 5. Finally, in section 6 we present
numerical results. We do not address the important issue of scaling of A and b
(see instead [26, Section 3.6.2] for some details); neither do we address the choice of
regularization parameter as it is beyond the scope of this paper.

2. Truncated TLS. We shall first explain what we mean by a truncated TLS
solution, and in the next two sections we analyze this solution by means of the SVD.

The standard approach to TLS, developed by Golub and Van Loan [10], is based
on the SVD of (A, b). Recently, computationally cheaper techniques based on rank-
revealing orthogonal decompositions have also appeared [2, 28]. For clarity, in this
section we shall confine ourselves to the SVD-based approach and return to compu-
tational and algorithmic aspects in sections 4 and 5.
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As mentioned in the Introduction, the approach taken in the truncated SVD
technique is simply to neglect the small singular values of A. A similar approach is
used in the truncated TLS method by neglecting the small singular values of (A, b).
To determine the number k of large singular values we can require a user-specified
threshold or determine k adaptively; cf. section 4.2. The truncated TLS algorithm,
given in [26, Section 3.6.1], can be summarized as follows.

ALGORITHM T-TLS.

1. Compute the SVD of the augmented matrix (A, b):

n+1
(6) (A, b)=U%VT = U; 50
1

+

%

with &1 > «++ > Gnp1.
2. Choose a truncation parameter k < min(n,rank(A, b)) such that

(7) Gr>0ke1 and Voo = (Ung1htts-- - Ungingt) 0.

3. Partition the matrix V such that (with ¢ =n —k + 1)

k q

—> —
> Vit Vi) 1 n
8 v(m Y .
®) (V21 V22) 11

4. Compute the minimum-norm TLS solution 7y, as
(9) T = —Via Vi = —Vaa Vi [ Vas 5% -

~ In (9), Vi, = V& |[Vaz|l3? denotes the pseudoinverse of Vs, which exists because
[Vaz]l2 # 0. The norms of Zj;, and the corresponding TLS residual matrix are given
by

(10) |Zxll2 = /|| Voo |, * — 1

and

(11) 1A, 0) = (A, B)[p = \JoRyy + o+ 0%

where A and b are defined in (1). We see that ||Z||2 increases with k while the residual
norm decreases with k.

If the second condition in (7) is violated, then k corresponds to a nongeneric
problem (cf. [26, Section 3.4] for a definition). A more difficult situation is when the
TLS problem is near nongeneric, for then ||Vas|l2 can become arbitrarily small and
thus the solution norm ||Zg||2 can become arbitrarily large. For this reason, it may
be convenient to require that ||Vas|| is greater than some specified threshold 7 which
then limits the solution norm.

3. Filtering properties of the truncated TLS solution. In this section we
take a closer look at the truncated TLS solution Zj; and show how the SVD components
corresponding to the small singular values are filtered. We will assume that the TLS
problem associated with Ax a2 b is not near nongeneric—otherwise ||Vaz||2 can be
very small and ||Zy||2 therefore very large.
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From [6, Theorem 4.1] we learn that

_ 2
e~ 4l < O ((”j;j) ) VIT TP V1T Tl
If k < n and there is a well-defined gap between oy and o1 of A and if G541 is
close to op41 (e.g., if the system Ax ~ b is almost consistent), then 7x41/0% < 1
and hence the truncated TLS and the truncated SVD solutions are guaranteed to
be similar (provided that the problem is not near nongeneric). Since xy, is a filtered
solution we conclude that z; is also a filtered solution.

For the discrete ill-posed problems that we are interested in, there is no gap in
the singular value spectrum, and therefore we must use a different approach in our
analysis of the filtering properties of Zj,. In order not to clutter our presentation with
technical details and studies of special cases, we will assume that the nonzero singular
values of A and (A, b) are simple, i.e., o4 > 09 > -+ > o0, > 0, and similarly for
the ;. In this way, we can concentrate on the insight that we get from the derived
results.

3.1. Technicalities. Our goal is to relate the truncated TLS solution zj to the
SVD of A by writing Zj as a filtered sum

7

- ul'b
(12) =) fi-—w
=1

K2

where f; are the filter factors for truncated TLS. In order for this relation to be mean-
ingful, we must show that T has no components along the vectors v; corresponding
to either ulb = 0 or i > r. In the rest of this subsection, we prove this in a series of
technical lemmas.

LEMMA 3.1. If the nonzero singular values of A are simple, then a nonzero
singular value of (A, b) is equal to a singular value of A, i.e., 6; = 0; # 0, if and
only if ul'b = 0.

Proof. First, we write (A, b)T (A, b) in the form

(s DG Y

with A being a bordered diagonal matrix

i— 2 XUTh
S \o'us [Pl )

For o; # 0 we consider the matrix

A—o?l =

7

Y2 -0l XU
brUY  |bl3 -7 )’

where the ith diagonal element of X2 — 021 is zero. The matrix A — 0?1 is singular
if o; is a singular value of (A, b). We now use Gaussian elimination to annihilate the
last row of A — 021, except for the ith and the last element, and we obtain

Y2 -0l XUTH
oy bel, vy ’
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where e; 5, is the 7th unit vector of dimension n, and v is given by

" o2(uTh)?

2 2
7:||b||2—0i—2m~

j=1 J

J#i
We now interchange the ith and the last rows to obtain
E%:i—l,l:i—l - 07:2[ 0 0 Z1:2‘71,1:2‘71U:,T1:z'—1b
0 oulb 0 v
0 0 E%—Q—l:mi-{-l:n - 0—12-[ Ei+1:n,i+1:nU3;+1:nb
0 0 0 oulb

Obviously, if o; # 0, then this matrix is singular (i.e., o; = &; for some j) if and only
if ul'b=0. 0

LEMMA 3.2. If the nonzero singular values of both A and (A, b) are simple, then
ulb=0&0;=0; <0, =(v],0).

Proof. From [26, Theorem 3.11] it follows that if the nonzero singular values of
(A, b) are simple and if o; = 5; # 0, then u/b = 0 & @JT = (v],0). Moreover,
from Lemma 3.1 we know that if the nonzero singular values of A are simple, then
0;=0; # 04 ul'b=0. These two results lead to the result in Lemma 3.2. O

LEMMA 3.3. If the nonzero singular values of A and (A, b) are simple, and if
o; # 0, then ul'b = 0 implies that vl 7, = 0.

Proof. Let 0; = ; # 0 define the relation between i and j that we use throughout
this proof. From Lemma 3.2 we have 17? = (v]',0), and from the orthogonality of V'
it then follows that ‘

7 [ V12 O 0, if j <k,
Uj <‘/22> — ‘/12 B {e;r—k,n+l—k ’ lf] >k )

where ejT_k’n_H_k is the (j — k)th unit vector of dimension n + 1 — k. If j < k, we
therefore have vl Vi3 V5 = 0, and if j > k, we have vl Vis V5 = eglk’nﬂfk‘_/;; =
Unt1,; = 0. Hence, we get v] %), = —vl'Vig Voo H‘_/22||2_2 = 0, and since 0, = 7; <
ul'b = 0 we have proved that ulb =0 = v}z, = 0. 0

LEMMA 3.4. If o; = 0, then vl z), = 0.

Proof. 1f o; = 0, then obviously (A, b) also has a zero singular value with corre-
sponding singular vector (v}, 0)”. Hence, following the proof for Lemma 3.3, we have
that vl 7 = 0. |

LEMMA 3.5. If 0; # 0 and ulb # 0, then v,41; # 0 implies that ; # ;.

Proof. We begin with the eigenequation (A, b)T(A, b)v,; = 5?@, which implies
(ATA — 5']2'1)171:n,j = —@nJrLjATb and

(X* =) V01 = —Up41, 507D

which is equivalent to the system of equations

(U?—&?)U?@l;n’j = —Un+1,5 U,Usz R 1=1,...,n.
If we assume that o; # 0 and ul b # 0, then for any j we see that 9,41 ; # 0 implies
that the left-hand side is different from zero, and therefore &; # o;. O

We have thus proved that (12) is a valid expression for Z;. Moreover, we have
shown that a singular value o; of A coincides with a singular value of (A, b) if and

only if u] b= 0, and that 0,41 ; # 0 implies that &; is not a singular value of A.
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3.2. Main result: Filter factors. We can now state our main results about
the filter factors f; for truncated TLS.

THEOREM 3.6. Let (2) be the SVD of the coefficient matriz A and (6) be the SVD
of (A, b), and suppose that the nonzero singular values of A and (A, b) are simple.
Then the filter factors f; for Ty corresponding to ul'b # 0 and o; # 0 are given by

n+1 ’Di_;’_l ) 0_2
(13) fi= _7% ﬁ
o [|Vazly o7 = 7
Fow2, . g2
(14) =y
= |Vaelly 75 o

Proof. We see from (9) that the only columns 9; that contribute to the solution
Ty are those for which v,41; # 0, i.e.,

n+1

- 2 : Untl,j

T = — — 5 Ulin,j -
=kl HV22||2
Un41,570

Moreover, due to our assumptions and Lemma 3.5, the corresponding &; satisfy 7; #
o; for all i. By considering (A, b) as an update of A, and using the secular equations
from [1, Section 4.2], these columns can be written

_ wj . _ W1:n,j
Vi = —2— with w; = ’j>
T wsll ! ( -1

and with wy.,, ; given by

iz % =1 1 i

} o — i (u]'b) ~_op ulb
Drny =V (Z = FDTRUTb =) THogvi=) ot i
J i=1 J

Using this relation and the fact that ©,,1; = —||@|; ", the expression for Z; then
takes the form

n+1 _ r 2 T
Z Z < ,UnJrLj Z O'i U/i b >
=- 7_ 2 i
L g — G2 oy
i=1

Lk = — 12
St \[Veally llwsll i I
Un+1,j5

r n+1 _9 2 T

_ Un+t1,j g; u; b

- 5 12 g2 — 52 TUi :
i=1 _=k+41 H‘/22H2 ? J g

Un+1,; 70

The expression in parentheses is the ith filter factor f; in (12). From Lemma 3.5
we know that if ulb # 0 and i < r, then 5; # o; and therefore we can remove the
requirement ¥p41,; 7 0 in the j-summation without worrying about dividing by zero.
Hence, we have proved (13).

The proof for (14) is based on the secular equations associated with downdating
the SVD of (A, b) when b is deleted [1, Section 5]. For all the values of ¢ that we
consider, we know that 7; # o0;, and the corresponding secular equations are

n+1 (ﬂfb)z

1—Zm=0.

j=1 J 4
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From the relation UT(A, b) = £V it follows immediately that @] b = 60,41, for
j=1,...,n+ 1. Hence, the secular equations become
n+1 -2
o
~2 i _
1-— E Upg1,j 72 =0.
i=1 g

e 72 /(52 _ 42) — 2/(52 _ 2 - =2 :
Since 67 /(07 —o07) = 1407 /(65 —0}), and since the v;, ; ; sum to one, this becomes

n

+

1 2
—2 g;
v > S— 0 .
nt+lj 52 _ 52
1 J i

<.
I

Using this relation and rewriting (13) for the filter factors, we obtain

Ppas; o? PR o?
Sl 2 ' o= 2 i
Y I AR =l L1 P A b=
=1 D =1 Y
k 2
_ 92 _ ag;
= HV22||2 Z”i+17j52 —~ o2
j=1 i
This is (14). O
Remark. f k =nor g1 =+ = Gpt1, then (13) reduces to f; = 01.2/(01275721+1),

consistent with [26, Theorem 2.7].

3.3. Bounds for the filter factors. We shall now give a further characteriza-
tion of the filter factors for truncated TLS and thus show that Z; is indeed a filtered
solution.

THEOREM 3.7. Suppose that the nonzero singular values of A and (A, b) are
simple. Then the filter factors f; for i <k corresponding to ul'b # 0 increase mono-
tonically with i and satisfy

&
(15) 0<fi—1< 54—
05 = Okt
Moreover, the filter factors fi for k <i <r corresponding to ul'b # 0 satisfy

2

;
—2 _ 35
O

(16) 0<fi< HV22||;2 =

Proof. To prove (15) we first rewrite (13) in the form

n+1 172 n+1 172 ) n+1 1—}2 —~2

f' _ 2 : n+1,j + 2 : n+1,j J =14 2 : n+1,j J
T 2 =2 | — — 2 2 =2
77 [Vaz[; \ 7%~

j=k+1 |W22||; j=k+1 |W22||§ i J j=k+1

It follows from the interlacing inequalities for the singular values of A and (A, b) that
0; > 041 for i =1,... k, and the inequality is sharp due to Lemma 3.2. Hence, the
second term in the above equation is positive and we have proved the left inequality
n (15). We also see that the filter factors increase with ¢ because the singular values
o; decrease with i. The right inequality follows from ;LL: 41 o2 1, = H‘?QQH; and
the relation 63 /(07 —7) < aj,, /(07 —0jy) for j=k+1,...,n+1.
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The proof for (16) is based on (14). With our assumptions we have oy # Ggy1,
thus ensuring that f; is positive for ¢ > k. Inserting the relation Zle 17721+17j =

HVﬂHz < 1 into (14), we obtain

2 k 2
_ —2 o — —92 ag;
< Vs e S E :172 < v G T
fz = || 22H2 5.]% _ O.i2 pt n+l,j — || 22”2 5-]% _ Uz’z
Thus, we have proved (16). O
COROLLARY 3.8. The norms of T and xj satisfy

(17) IZl2 > llzsle,  k=1,....n.

Proof. Equation (17) is an immediate consequence of the fact that f; > 1 for
t=1,...,k,and f; > 0fori=k+1,...,n. The corresponding filter factors for xy
are one and zero. ]

From Theorem 3.7 we obtain the following expression for the first &k filter factors:

Tht1 Tt ,
1<fi<1l+—75+0 1 , i=1,...,k,
g; 9
showing that the larger the ratio between o; and 71, the closer the bound on f; is

to one. Similarly, for the last n — k filter factors we obtain

_ 0',2 0',2
05 < Wal? Sy (140( %)) i=hetn,
T% Tk
showing that the smaller the ratio between o; and &y, the closer f; is to zero. Hence,
Theorem 3.7 guarantees that the first & filter factors will be close to one and that the
last n — k filter factors will be small, even in the case where there is no large gap in
the singular value spectrum, provided that ||Vas||2 is not very small.

Thus, we have shown that Zj is a filtered solution because the contributions to
Ty corresponding to all the small o; are filtered out while the remaining, significant
contributions are retained in Zy.

If £ = n and the errors in A and b are small, then the difference ||zrLs — Zn||2
between the LS and the TLS solutions is small [23], and our experience is that the
same is true for |z — Zr|l2 when k < n. However, when the noise is large, then Z
can be very different from zj, and the filter factors f; for ¢ < k—especially fr—can
differ considerably from one (we have observed f; &~ 1.2 in our experiments).

4. A bidiagonalization algorithm for large-scale problems. When the di-
mensions of A are not too large, one can compute the complete SVD of (A, b) and
then experiment with various choices of k. This is particularly useful if no a priori
estimate of a suitable k is known.

When the dimensions of A become large, this approach becomes prohibitive be-
cause the SVD algorithm is of complexity O(mn?). We shall therefore describe an
alternative technique that is much better suited for large-scale problems whenever
k < n, which is indeed the case in most discrete ill-posed problems.

A fairly straightforward approach would be to choose a sufficiently large kpax and
compute a partial SVD of (A, b), namely, the first ky.x singular triplets (o, 4;, ¥;)
of (A, b). Then Zy can be computed by the alternative formula

(18) ze = (V)TV) .
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The partial SVD can be computed by a technique similar to the PSVD algorithm
described in [27] for computing the last few singular triplets. However, for large
sparse or structured matrices (e.g., Toeplitz matrices, which arise in connection with
discretization of many convolution problems) the partial SVD approach is prohibitive
because this algorithm initially performs a reduction of (A, b) to bidiagonal form,
and the sparsity or structure of the matrix is lost in the first step of this reduction.

4.1. The Lanczos T-TLS algorithm. The above considerations lead us to
consider iterative methods, based on Lanczos bidiagonalization, that do not alter the
matrix A. It is well known that Lanczos bidiagonalization can be used to compute
good approximations to the singular triplets associated with the largest singular values
of a matrix; see, e.g., [9, 20]. We refer to the original papers and omit a discussion of
the Lanczos bidiagonalization algorithm here. Again, we could choose some integer
kmax and perform k., Lanczos iterations applied to the augmented matrix (A4, b),
after which we could compute approximate truncated TLS solutions for various k less
than kpax by means of (18).

Here we propose an alternative technique based on Lanczos bidiagonalization of
the matrix A rather than (A, b). The key to our algorithm is to recognize that after
k iterations, the Lanczos process with starting vector u; = b/||b||2 has produced two
sets of vectors Uy, = (u1,...,urs1) and Vi = (v1,...,v;) and a (k+ 1) x k bidiagonal
matrix By such that

AVk = UkBk and ﬁlul =b.

Thus, after k& Lanczos iterations we can project the TLS problem onto the subspaces
spanned by Uy and Vj, in the hope that for large enough k£ we have captured all the
large singular values of A that are needed for computing a useful regularized solution.
The projected TLS problem is equivalent to

UT (A, b) — (Ay, b)) (‘g ‘f) subject to UL Ay Viy = UL by .

min
F
or
(19) min ||(By , fre1) — (B, éx)llr subject to By = é, ,
where e; = (1,0,...,0)T, and By, and ey are generally full. Our algorithm reduces to

the LSQR algorithm [21] if we require By = By, in each step.

In each Lanczos step we can now compute an approximate truncated TLS solution
Zr by applying the Algorithm TLS to the small-size problem in (19). Hence, we
compute the SVD of the matrix (By, S1e1),

k 1
—> —>
= (k) = (k)
O OIEION k) (V] Ve 1 k
(B, pre) =0 £ (V) v (w AR
Vo Uy

and the standard TLS solution g, to (19) is
_ = (k) (_(k)\ !
==V (052)) :
Then the approximate TLS solution Zj is given by

N _ = (k) (~(k)) "
(20) T = —Vk Yk = —Vk V12 (Ug;)) .
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For convenience, we can permute the vector (3ie; in front of By such that, in each
step, we merely need to compute the last singular triplet of the (k4 1) x (k+1) upper
bidiagonal matrix (3ie1 , By). This can be done in O(k?) operations by means of the
PSVD algorithm [27].

We remark that it is easy to augment the above algorithm to include the com-
putations of the LSQR algorithm [21]. Approximate truncated SVD solutions can be
computed together with the approximate T-TLS solutions with little extra overhead.

4.2. Stopping criterion. During the iterations it is helpful to display the norms
of the solution vector T and the corresponding TLS residual matrix. Both norms are
easy to express in terms of the SVD of (By, $1e1) and require very little computational
effort.

THEOREM 4.1. The norms of the solution and the residual matriz in the Lanczos
T-TLS algorithm satisfy

(21) &l =/ (5) " —1

and

(22) (4, 8) = (A, B)llF = (A, DI~ 1By, Bren)lli + (@517

where 5,(;21 is the smallest singular value of (B, f1e1). Moreover, ||Zk|2 is a non-

decreasing function of k and the residual norm in (22) is a nonincreasing function
of k.

Proof. Equations (21) and (22) follow immediately from the SVD of (B, Sie1).
That the residual norm cannot increase is an immediate consequence of the interlacing
inequalities for the singular values of (By, f1e1) and (Bgy1, f1e1). To prove that

|Zk]|2 cannot decrease with k we must show that |1_72];)| > |5g§+1)| for all k. This is
proved in the Appendix. a

We remark that for the LSQR algorithm, the norm of the residual vector is mono-
tonically decreasing, since we minimize over an expanding subspace [21]. Further,
since LSQR is mathematically equivalent to applying the conjugate gradient method
to the normal equations, the fact that the solution norm is monotonically increasing
follows from equation (6:3) of Hestenes and Stiefel [19].

Notice that (22) is only guaranteed to hold in exact arithmetic while it fails to
hold in inexact arithmetic when spurious singular values of (A4, b) start to appear in
(B, B1e1). The cure is either to use selective reorthogonalization or to identify the
spurious singular values; see the discussion in [3, Chapter 2].

The Lanczos iteration gives us a sequence of truncated TLS solutions {#}.1 We
need a criterion for choosing a good stopping index k. If explicit knowledge about
the errors in A and b is available, then this information can be used to stop when the
norm of the TLS residual matrix equals its expected value—similar to the so-called
discrepancy principle for LS problems; see [13, Section 5.3]. Here we are concerned
with the situation where no knowledge about the noise in A and b is available, so that
this information, in a sense, has to be extracted from the given data.

A conceptually simple stopping criteria is to stop when the norm of the residual
vector—in our case ||A Ty — b||a—is considered small, e.g., when it levels off at some

LAt each iteration we could also truncate at singular value k< k, producing a set of T-TLS
solutions {#;, , } for k=1,2,... and k = 1,2, ..., k, but we do not pursue this idea here.
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value reflecting the errors. This is a quite useful stopping rule for well-conditioned
least squares problems because the solution vector for such problems changes slowly
from step to step, and hence the precise choice of k is not so important. On the other
hand, for discrete ill-posed problems this criterion is more likely to fail because the
solution vector for such problems may change dramatically in each iteration step as
the residual norm approaches its stalling phase. Nevertheless, we have actually had
some success with this stopping rule; see section 6.

Another popular method for choosing the regularization parameter is the method
of generalized cross-validation due to Golub, Heath, and Wahba [8]. Currently, we do
not have any experience with this method when applied to our algorithms.

A third possible stopping criterion can be based on the L-curve criterion studied
recently in [16, 18]. The idea in this method is to plot in log—log scale the solution
norm versus the residual norm, in our case ||Z||2 versus ||(A, b) — (Ax, bx)||lp, and
choose as the optimal k the truncation parameter at which this curve has an L-shaped
corner. Essentially, the corner is defined by locating the point with greatest curvature
in the log-log scale. For more information on this technique, see [18].

Of course, the L-curve’s corner cannot be identified without going a few steps too
far, but we believe that any good stopping criterion for discrete ill-posed problems
(including generalized cross-validation) will suffer from this mild inconvenience.

5. Regularization in general form. Theorems 3.6 and 3.7 show that the T-
TLS solution Zy is a filtered solution whose main contributions come from the first k
right singular vectors v;. It is common knowledge that these vectors are not always
the best basis vectors for a regularized solution. This is the reason for using a matrix
L # I in Tikhonov regularization (4), commonly called regularization in general
form. Then it is convenient to introduce the quotient SVD (QSVD)? of the matrix
pair (A, L):

(23) A=Udiag(ey,) W™,  L=Vdiag() W,

for then the regularized solution is expanded in terms of the columns w; of W, and the
main contributions come from the vectors w; associated with the largest generalized
singular values «;/3;; see, e.g., [14], [13, Section 4], or [17, Section 6] for details.

In connection with our T-TLS algorithms it may also be convenient to implicitly
use regularization in general form with I # I. This is done in the same way as
general-form regularization is treated in connection with Tikhonov regularization and
other methods. First, transform the problem involving A, L, and b into a standard-
form problem with matrix Ay and right-hand side bgs. Then apply T-TLS or Lanczos
T-TLS to the standard-form problem to obtain a regularized solution zg. Finally,
transform x4 back to the general-form setting.

There are several ways to transform a problem into standard form. The following
transformation originally due to Eldén [4] is well suited. Let

LL = W diag(; ) VT

denote the A-weighted generalized inverse of L; cf. [4] for a formal definition. Then
Agt and bt are given by

(24) Ag = ALY = Udiag(a;57H VT, by=b— A,

2The QSVD is also commonly referred to as the generalized SVD (GSVD).
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where 1z is the component of the solution in the null space of L (this vector can easily
be computed a priori). Moreover, the transformation back to the general-form setting

essentially requires a multiplication with LL:
(25) T = LLIESf + 0 -

When the T-TLS algorithm is applied to the standard-form problem, then

_ i sf v
Tpp = Z st 17_ (2
- ;g

where ¢ is the row rank of L, and f; are the filter factors associated with the
application of T-TLS to (As¢, bst). Moreover, we get

T

¢
U
§ sfz U)Z-F(E(] .

When L is well conditioned (which is the usual case in regularization problems), then
the generalized singular values of (A, L) decay gradually to zero in the same manner
as the singular values of A. Some insight into this phenomenon can be found in [14],
and as a consequence the filter factors fg; essentially filter out the contributions
to Zj corresponding to the small generalized singular values. Hence, T is indeed a
general-form regularized solution.

The key to the efficiency of this method in connection with the Lanczos T-TLS
algorithm is that the matrix Agf is never formed explicitly; we only need to be able to
perform matrix—vector multiplications with A, AT, LTA, and (LTA)T. Given a basis NV
for the null space of L, the latter two matrix multiplications can be done in O((n—/£)n)
operations, as long as L is a banded matrix, by means of the following algorithms:

COMPUTE y = Lz . COMPUTE y = (LI,)Tz
1.y<—<In_L£O> <2> l.re—x—-TT'NTx
-T
- y L
2.y—y—NTy 2. (Z><_<Ofn_g> z

where the (n — ¢) x n matrix T' = (AN)TA is computed only once in O(mn(n — £))
operations. The work in the computation of x( is dominated by n — ¢ multiplications
with A. We omit the details here and refer to the discussion of implementation details
given in [13, Section 4.3].

6. Numerical examples. In this section we illustrate the use of the T-TLS and
Lanczos T-TLS algorithms for solving discrete ill-posed problems. We compare the
solutions computed by these two methods with the solutions from three classical meth-
ods for discrete ill-posed problems, namely, Tikhonov regularization, truncated SVD,
and LSQR. Our experiments were carried out in MATLAB using the REGULARIZATION
TOOLS package [17].

Our test problems were generated as follows. The matrix A is 64 x 32 and comes
from discretization of Phillips’s test problem (cf. [17, phillips]). Two right-hand sides
bl b2 were generated artificially by means of the SVD of A. The Fourier coefficients

[1] = uTb of the first satisfy
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7751}, . ,ng] are geometrically spaced between 10™% and 1,

775[3”, . 777:[),12] are geometrically spaced between 1 and 10720,
For the second,

nF}, . ,77:[322] are geometrically spaced between 1 and 10716,

Here geometrically spaced means that the ratio nl[p ] /771@1 is a constant. Only bl
has coefficients 771[1] that increase with ¢, and from the theory in [5, 6] we therefore
expect that TLS is superior to LS for bl!! only. Both systems are scaled such that
max;; |a;j| = max; |b£p ]| = 1 and the corresponding exact solutions are x,[ef(]act = Atplrl,
Then we add perturbations F and e with elements from a Gaussian distribution with
zero mean and standard deviation chosen such that ||E|2 = |le||l2 = €, where € is a
specified constant.

When we perturb the matrix A randomly as described above, and if the noise
level is large, then the singular vectors of the perturbed A are approximately equal to
the corresponding unperturbed singular vector plus a high-frequency component that
clearly resembles the Gaussian noise added to the unperturbed matrix. This follows
from a Taylor expansion of the singular vectors with respect to the elements of the
perturbation matrix F.

An important consequence of the above perturbation of the SVD is that standard-
form regularization with L = I is not suited because the high-frequency component
appearing in all singular vectors also appears in the regularized solutions, no matter
which regularization method is used and how the regularization parameter is chosen.
The only way to avoid the high-frequency part in the regularized solutions is to use
a different regularization matrix. We have chosen L equal to the approximate second
derivative operator; i.e., L is (n—2) xn and has rows of the form (...,0,1,—-2,1,0,...).
The transformation to and from standard form was carried out as explained in section
5 using the implementations gen_form and std_form from [17].

For each combination of € and right-hand side b we generated 1000 test problems,
and each test problem was solved by means of the following regularization methods:

1. T-TLS with k =1,...,12.

2. Lanczos T-TLS with ky.x = 12 iterations and complete reorthogonalization.

3. Tikhonov regularization with X in the range (1078,10%).

4. Truncated SVD with £k =1,...,12.

5. The LSQR algorithm with kp,.x = 12 iterations.
First, we want to compare the optimal accuracy that can be attained by any of the
above methods. To do this, for each method we define the optimal regularized solution
Zopt as the one closest to the exact solution. For example, for T-TLS,

H-fopt - xexact||2 < ||fk - xexact||2 5 k= 1,...,12.

In this way, we can investigate under which circumstances the TLS approach is capable
of outperforming the LS approach.

Test 1. This test was carried out with a relatively “large” noise level € = 5- 1072
and with the first right-hand side b!) for which the first eight coefficients ngl] increase.
Figure 1 shows histograms of the relative errors ||Zopt — Texact||2/||Texact||2 for all five
regularization methods. It is evident that for this test problem, both the T-TLS and
the Lanczos T-TLS algorithms are able to produce more accurate solutions than the
three classical regularization methods. Moreover, we see that T-TLS and Lanczos
T-TLS produce almost the same histograms—and the same is true for the other three
methods.
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Fic. 1. Test 1: error level e = 5-10~2 and right-hand side bl}]. Histograms for the optimal
relative errors of 1000 test problems solved by five different regularization methods. Algorithms
T-TLS and Lanczos T-TLS are superior to the three classical methods.
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FIG. 2. Test 2: error level € = 10~3 and right-hand side bl Histograms for the optimal
relative errors of 1000 test problems solved by five different regularization methods. All five methods
give essentially the same results.

Test 2. Our second test problem is identical to the first problem, except that the
noise level is now smaller, e = 1073, It is well known that for small noise levels, we
should not expect much difference in the TLS and LS solutions. The results in Fig. 2
confirm this: even though the right-hand side is the same as in Test 1, the histograms
for all five methods are now almost identical. Notice, in particular, the resemblance
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TABLE 1
Average flop counts for three test problems.

Test 1 Test 2 Test 3
Full SVD 7.8-10° 6.7-10° 7.9-10°
Bidiagonalization —4.0-10° 4.0-10° 4.0-10°
Lanczos T-TLS 0.9-105 1.7-10° 0.5-10°

of T-TLS, Tikhonov and truncated SVD, and the resemblance of Lanczos T-TLS and
LSQR.

Test 3. Our final test problem uses the second right-hand side bl for which all
the Fourier coefficients uinm decay, and the same “large” noise level as in Test 1. All
five histograms (not shown here) are almost identical, illustrating that for this class
of problems, we cannot expect the TLS approach to outperform the LS approach.

These examples illustrate that the TLS technique can indeed produce results that
are superior to those computed by the classical regularization methods, when the noise
is large and the right-hand has large SVD components corresponding to the smallest
retained singular values. Moreover, we have seen that the iterative Lanczos T-TLS
algorithm can produce results which are very similar to those obtained by the much
more expensive T-TLS algorithm that requires a (partial) SVD computation.

We have also illustrated that when the right-hand side does not have large SVD
components corresponding to the smallest retained singular values, or when the errors
are “small,” then there is no advantage in using the TLS approach over the classical
methods.

To illustrate that the Lanczos T-TLS procedure can be much more efficient than
the T-TLS procedure, Table 1 shows the average number of flops used in the Lanczos
T-TLS procedure as well as in a full SVD computation and in a full bidiagonalization
(excluding the standard-form transformation). The last two flop counts are lower
bounds for the computational work involved in computing the T-TLS solution via
a full and partial SVD, respectively. In the third test problem, the Lanczos T-TLS
procedure is almost 10 times faster than the T-TLS procedure using a partial SVD.
The ratio can easily be much bigger when the procedures are applied to sparse or
structured matrices.

Next, we briefly report on our experience with choosing a good regularization
parameter k for T-TLS and Lanczos T-TLS.

For Test 1, we found that plots of the solution norm versus the norm of the TLS
residual matrix or the TLS residual vector do not have any L-shape, as required in
the L-curve criterion. Instead, we obtained good results when stopping the iteration
process when the norm of the residual vector, ||AZy — b||2, levels off. In fact, in our
experiments ||A Zy — b||2 always reached a minimum for some small value of k, after
which it increased slowly again, and this minimum was used to choose k. When we
compare the optimal errors with the errors obtained by using this simple parameter
choice rule, we obtain essentially the same results and histograms (not shown here).

For Tests 2 and 3, we find that the L-curve criterion works well when we plot the
norm of the solution versus the norm of the TLS residual matrix. We refer to [16, 18]
for numerical examples. Further research in this area is required.

7. Conclusion. We have demonstrated that the T-TLS method has a filtering
effect when applied to discrete ill-posed problems and that the method in some cases is
superior to the truncated SVD method. We have also presented an iterative algorithm
for computing approximate T-TLS solutions, based on Lanczos bidiagonalization,



REGULARIZATION BY TRUNCATED TOTAL LEAST SQUARES 1239

which can be much more efficient than the SVD-based T-TLS algorithm for sparse
and structured matrices.

Appendix. In this appendix we complete the proof of Theorem 4.1 by proving
that |1:)$)| > \57(2];+1)| for all k > 0.> We introduce the following notation:

~(k ~(k
Ty = (Bre1, Be) (Biexr, By) , sk = 02421 Skl = Ul(cfgl) ;

and the first column of By, is denoted (aq, 32,0,...)T. Then T} is a tridiagonal sym-
metric positive definite (k+ 1) X (k+ 1) matrix with eigenvalues (Egk))2, cee (52’21)2.
Due to the Lanczos process all elements of By are nonnegative, and it follows that
Ty is an oscillatory matrix [7, Chapter XIII, Section 9] and that the eigenvector w

associated with the smallest eigenvalue s? has k sign changes [7, p. 105], i.e.,
sign(w;41) = —sign(w;) , 1=1,...,k.

Moreover, we can always choose w such that wy; > 0. The following two lemmas lead
to the desired result.
LEMMA A.1. Let 7; denote the diagonal elements of Ty,. Then

(A.26) 52 <minr; for k>0.

Proof. We know that s < 27Tz for any vector z of length one. Choosing z as
the ¢th unit vector yields this familiar result. 0
LEMMA A.2. Fiz k and let w and z be eigenvectors such that

Tryw = siw and Ty+12 = Sjiq2

with ||w|lz = ||z|l2 =1, w1 >0, and z1 > 0. Then

(A27) w1 — 21 > 0.

Proof. Our proof strategy will be to show that if we normalize so that w; = z;,
then |wit1] < |zi+1|. It then follows that renormalization to |w|2 = ||z|l2 = 1 yields
(A.27).

Let w; = z; = 1. Denote the nonzeros in the ith row of Ty by (s, 74, ¥i+1). Then
the first row yields the relations

2
TIW1 + Yews = spws ,

2
T121 + Y222 = Skpy1%1

SO
82 —T1
Wy = )
V2
2
_ 8k+1 —T1
z2 = )
Y2

3This result can also be established as a consequence of equation (3.4.8) in Szegd [22] by noting

that |1=)g;)| and \5ég+1)| are the square roots of the Christoffel numbers A;; and Ay p41 [11], but we
prefer a direct matrix algebra proof.
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S0 29 < wg < 0. A similar computation for the second row yields

(r2 = sp)(=wa) =7

w3 = )
V3
(12 = sj1)(—22) =2
23 = )
73

and therefore 0 < w3 < z3.
There is a stronger monotonicity relation

z3 ws 1

2 V2 2 Y2
— — — = —4q—(19g—s — — 4+ (172 —81) + —
29 wWs ’73{ ( k+1) 29 ( k) wz}

1 9 9 1 1
= — — S + _— =
73 {( k+1 k) 72 (w2 22>}

<0,

since both quantities in parentheses are negative.

This is the setup for an induction argument. Assume, for convenience, that we
renormalize so that w; = z; =1 (i < k —1), and assume that the renormalized vector
satisfies z;11 < w;y1 < 0. Then the same argument, using the (i + 1)st row of the
matrix, yields 0 < w; o < 2z;42 and

Z w;
1+2 B 142 < 0 ’
i+l Wit
completing the induction. ]
The result about |1:)$)| > |1:)g§+1)| now follows immediately by recognizing that

the eigenvectors associated with s7 = (5,(6]21)2 and 3, = (5,(;?:;1))2 are

=(k) =(k+1)
v v

w = :2(%) and Z = :2(?@+1) )
Via 12

= (k = (k+1
i.e., cyclic permutations of the last column of V( ) and V( )

|{7§’;)| - \{7(2]§+1)| =w; —z >0forall k> 0.

from section 4.1. Thus,
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