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Prefa
eThese are my le
ture notes from CMSC 651: Design and Analysis of Algorithms. This 
ourse hasbeen taught several times and ea
h time the 
overage of the topi
s di�ers slightly. Here I have 
ompiledall the notes together. The 
ourse 
overs 
ore material in data stru
tures and algorithm design, and alsohelps students prepare for resear
h in the �eld of algorithms. The reader will �nd an unusual emphasis ongraph theoreti
 algorithms, and for that I am to blame. The 
hoi
e of topi
s was mine, and is biased by mypersonal taste.The material for the �rst few weeks was taken primarily from the textbook on Algorithms by Cormen,Leiserson and Rivest. In addition, I have used material from several other books su
h as the CombinatorialOptimization book by Papadimitriou and Steiglitz, as well as the Network Flow book by Ahuja, Magnantiand Orlin and the edited book on Approximation Algorithms by Ho
hbaum. A few papers were also 
overed,that I personally feel give some very important and useful te
hniques that should be in the toolbox of everyalgorithms resear
her.



Contents1 Overview of Course 51.1 Amortized Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 Splay Trees 72.1 Use of Splay Operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72.2 Time for a Splay Operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 Amortized Time for Splay Trees 103.1 Additional notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 Maintaining Disjoint Sets 144.1 Disjoint set operations: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144.2 Data stru
ture: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144.3 Union by rank . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154.4 Upper Bounds on the Disjoint-Set Union Operations . . . . . . . . . . . . . . . . . . . . . . . 164.5 Con
ept of Blo
ks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 Binomial heaps 185.1 Fibona

i Heaps (F-Heaps) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 F-heap 226.1 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226.2 De
rease-Key operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 Minimum Spanning Trees 277.1 Prim's algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277.2 Yao/Boruvka's algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 Fredman-Tarjan MST Algorithm 299 Bran
hing Problem 3110 Light Approximate Shortest Path Trees 3310.1 Analysis of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3310.2 Spanners . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3411 Mat
hings 3711.1 Hall's Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3711.2 Berge's Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3812 Hop
roft-Karp Mat
hing Algorithm 4013 Two Pro
essor S
heduling 4314 Assignment Problem 4515 Network Flow - Maximum Flow Problem 4816 The Max Flow Problem 5317 An O(n3) Max-Flow Algorithm 5518 Vertex Covers and Network Flow 5718.1 Redu
ing Bipartite Vertex Covers to Min Cuts . . . . . . . . . . . . . . . . . . . . . . . . . . 57
1



19 Planar Graphs 5819.1 Euler's Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5819.2 Kuratowski's 
hara
terization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5819.3 Flow in Planar Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5819.4 Two algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5920 Planar Graphs 6220.1 Bridges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6220.2 Kuratowski's Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6321 Graph Coloring 6522 Graph Minor Theorem and other CS Colle
tibles 6622.1 Towards an algorithm for testing planarity in genus k . . . . . . . . . . . . . . . . . . . . . . 6722.2 Appli
ations: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6723 The Min Cost Flow Problem 6924 Shortest Path based Algorithm for Min Cost Flows 7124.1 Review of Shortest Paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7124.2 Min Cost Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7125 NP-
ompleteness 7326 NP-Completeness 7527 NP-Completeness 7728 More on NP-Completeness 7829 2 Satis�ability 8030 Linear Programming 8131 Vertex Cover 8631.1 2-Approximation Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8631.1.1 Simple Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8631.1.2 Maximal Mat
hing-based Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8632 Weighted Vertex Cover 8732.1 LP Relaxation for Minimum Weighted Vertex Cover . . . . . . . . . . . . . . . . . . . . . . . 8732.1.1 Primal-Dual Applied to Weighted Minimum Cover . . . . . . . . . . . . . . . . . . . . 8832.1.2 Clarkson's Greedy Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8932.1.3 Bar-Yehuda and Even's Greedy Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 9033 A (2� f(n)) Approximation Algorithm for the Vertex Cover Problem 9133.1 Lo
al Ratio Theorem and Subgraph Removal . . . . . . . . . . . . . . . . . . . . . . . . . . . 9133.2 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9234 Nemhauser-Trotter Theorem 9435 Approximation Algorithms: Set Cover 9535.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9535.2 Approximation Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9535.3 Polynomial Approximation S
hemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9535.4 Set Cover . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9635.5 Approximating Set Cover . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 962



36 Approximation Algorithms: Set Cover and Max Coverage 9936.1 Johnson's set 
over proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9937 Approximation Algorithms: K-Centers 10137.1 Gonzalez's Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10137.2 Ho
hbaum-Shmoys method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10138 Bin Pa
king 10338.1 Approximate S
hemes for bin-pa
king problems . . . . . . . . . . . . . . . . . . . . . . . . . . 10338.1.1 Restri
ted Bin Pa
king . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10339 Multi-
ost Minimum Spanning Trees 10740 Set and Vertex Cover Approximations: Randomized Algorithms 11040.1 Randomized Hitting Set Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11040.2 Randomized Weighted Vertex Cover Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 11141 Steiner Tree Problem 11341.1 Approximation Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11341.2 Steiner Tree is NP-
omplete . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11442 Traveling Salesperson and Chinese Postman Problem 11842.1 Traveling Salesperson Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11842.2 Traveling Salesperson Path Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12042.3 Chinese Postman Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12143 Vehi
le Routing Problems:Sta
ker Crane 12343.1 Algorithm 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12343.2 Algorithm 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12443.3 Combining both results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12544 Vehi
le Routing Problems: Capa
ity Bounded Vehi
les 12645 Unit Capa
ity Problem (1-delivery TSP) 12646 K-
apa
ity problem 12747 Unbounded 
apa
ity problem 13048 Lower Bounds on Approximations 13148.1 Probabilisti
ally Che
kable Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13248.2 Example 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13248.3 Example 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13449 Lower Bounds on Approximations (
ontd) 13649.1 Inapproximability of CLIQUE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13649.2 PCP -veri�er for SAT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13750 Linear Programming: The Use of Duality 13951 Using duality to analyze (and design) approximation algorithms 14451.1 Using duality to bound OPT-IP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14451.2 The \proper fun
tion" framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14551.3 Several problems, phrased in terms of proper fun
tions . . . . . . . . . . . . . . . . . . . . . . 14551.4 The greedy algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
3



52 A General Approximation Te
hnique for Constrained Forest Problems 14952.1 Constrained Forest Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14952.2 Des
ription of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15052.3 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15153 On Line vs. O� Line: A Measure for Quality Evaluation 15453.1 K-Server Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15453.2 K-servers on a straight line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

4



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 1Original notes by Hsiwei Yu.1 Overview of CourseThe 
ourse will 
over many di�erent topi
s. We will start out by studying various 
ombinatorial algorithmstogether with te
hniques for analyzing their performan
e. We will also study linear programming andunderstand the role that it plays in the design of 
ombinatorial algorithms. We will then go on to the studyof NP-
ompleteness and NP-hard problems, along with polynomial time approximation algorithms for thesehard problems.1.1 Amortized AnalysisTypi
ally, most data stru
tures provide absolute guarantees on the worst 
ase time for performing a singleoperation. We will study data stru
tures that are unable to guarantee a good bound on the worst 
ase timeper operation, but will guarantee a good bound on the average time it takes to perform an operation. (Forexample, a sequen
e of m operations will be guaranteed to take m�T time, giving an average, or amortizedtime of T per operation. A single operation 
ould take time more than T .)Example 1 (not 
overed in 
lass): Consider a STACK with the following two operations: Push(x) pushesitem x onto the sta
k, and M-POP(k) pop's the top-most k items from the sta
k (if they exist). Clearly, asingle M-POP operation 
an take more than O(1) time to exe
ute, in fa
t the time is min(k; s) where s is thesta
k-size at that instant.It should be evident, that a sequen
e of n operations however runs only in O(n) time, yielding an\average" time of O(1) per operation. (Ea
h item that is pushed into the sta
k 
an be popped at moston
e.)There are fairly simple formal s
hemes that formalize this very argument. The �rst one is 
alled thea

ounting method. We shall now assume that our 
omputer is like a vending ma
hine. We 
an put in $1 into the ma
hine, and make it run for a 
onstant number of steps (we 
an pi
k the 
onstant). Ea
h timewe push an item onto the sta
k we use $ 2 in doing this operation. We spend $ 1 in performing the pushoperation, and the other $ 1 is stored with the item on the sta
k. (This is only for analyzing the algorithm,the a
tual algorithm does not have to keep tra
k of this money.) When we exe
ute a multiple pop operation,the work done for ea
h pop is paid for by the money stored with the item itself.The se
ond s
heme is the potential method. We de�ne the potential � for a data stru
ture D. Thepotential maps the 
urrent \state" of the data stru
ture to a real number, based on its 
urrent 
on�guration.In a sequen
e of operations, the data stru
ture transforms itself from state Di�1 to Di (starting at D0).The real 
ost of this transition is 
i (for 
hanging the data stru
ture). The potential fun
tion satis�es thefollowing properties:� �(Di) � 0.� �(D0) = 0We de�ne the amortized 
ost to be 
0i = 
i + �(Di) � �(Di�1), where 
i is the true 
ost for the ithoperation.Clearly, nXi=1 
0i = nXi=1 
i +�(Dn)� �(D0):Thus, if the potential fun
tion is always positive and �(D0) = 0, then the amortized 
ost is an upperbound on the real 
ost. Noti
e that even though the 
ost of ea
h individual operation may not be 
onstant,we may be able to show that the 
ost over any sequen
e of length n is O(n). (In most appli
ations, wheredata stru
tures are used as a part of an algorithm; we need to use the data stru
ture for over a sequen
e5



of operations and hen
e analyzing the data stru
ture's performan
e over a sequen
e of operations is a veryreasonable thing to do.)In the sta
k example, we 
an de�ne the potential to be the number of items on the sta
k. (Exer
ise:work out the amortized 
osts for ea
h operation to see that Push has an amortized 
ost of 2, and M-Pop hasan amortized 
ost of 1.)Example 2: The se
ond example we 
onsider is a k-bit 
ounter. We simply do INCREMENT operations onthe k-bit 
ounter, and wish to 
ount the total number of bit operations that were performed over a sequen
eof n operations. Let the 
ounter be = < bkbk�1 : : : b1 >. Observe that the least signi�
ant bit b1, 
hanges inevery step. Bit b2 however, 
hanges in every alternate step. Bit b3 
hanges every 4th step, and so on. Thusthe total number of bit operations done are:n+ n2 + n4 + n8 : : : � 2n:A potential fun
tion that lets us prove an amortized 
ost of 2 per operation, is simply the number of 1'sin the 
ounter. Ea
h time we have a 
as
ading 
arry, noti
e that the number of 1's de
rease. So the potentialof the data stru
ture falls and thus pays for the operation. (Exer
ise: Show that the amortized 
ost of anINCREMENT operation is 2.)
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CMSC 651 Advan
ed AlgorithmsLe
turer: William Gasar
h Le
ture 2Tu. Jan. 24, 1995Original notes by Mark Carson.
2 Splay TreesRead [21℄ Chapter 4.3 for Splay trees stu�.Splay trees are a powerful data stru
ture developed by Sleator and Tarjan [20℄, that fun
tion as sear
htrees without any expli
it balan
ing 
onditions. They serve as an ex
ellent tool to demonstrate the powerof amortized analysis.Our basi
 operation is: splay(k), given a key k. This involves two steps:1. Sear
h through out the tree to �nd node with key k.2. Do a series of rotations (a splay) to bring it to the top.The �rst of these needs a slight 
lari�
ation:If k is not found, grab the largest node with key less than k instead (then splay this to the top.)2.1 Use of Splay OperationsAll tree operations 
an be simpli�ed through the use of splay:1. A

ess(x) - Simply splay to bring it to the top, so it be
omes the root.2. Insert(x) - Run splay(x) on the tree to bring y, the largest element less than x, to the top. The insertis then trivial: A By �! Ay Bx3. Delete(x) - Run splay(x) on the tree to bring x to the top. Then run splay(x) again in x's left subtreeA to bring y, the largest element less than x, to the top of A. y will have an empty right subtree in Asin
e it is the largest element there. Then it is trivial to join the pie
es together again without x:A Bx �! A B.A �! A'y�! A' By7



4. Split(x) - Run splay(x) to bring x to the top and split.
A Bx �! x;A;BThus with at most 2 splay operations and 
onstant additional work we 
an a

omplish any desiredoperation.2.2 Time for a Splay OperationHow mu
h work does a splay operation require? We must:1. Find the item (time dependent on depth of item).2. Splay it to the top (time again dependent on depth)Hen
e, the total time is O(2� depth of item).How mu
h time do k splay operations require? The answer will turn out to be O(k logn), where n is thesize of the tree. Hen
e, the amortized time for one splay operation is O(log n).The basi
 step in a splay operation is a rotation:
A Bx Cy �!rotate(y) A B CyxClearly a rotation 
an be done in O(1) time. (Note there are both left and right rotations, whi
h are infa
t inverses of ea
h other. The sket
h above depi
ts a right rotation going forward and a left rotation goingba
kward. Hen
e to bring up a node, we do a right rotation if it is a left 
hild, and a left rotation if it is aright 
hild.)A splay is then done with a (
arefully-sele
ted) series of rotations. Let p(x) be the parent of a node x.Here is the splay algorithm:Splay Algorithm:while x 6= root doif p(x) = root then rotate(p(x))

A Bx Croot �!rotate(p(x))A B Crootx
else if both x and p(x) are left (resp. right) 
hildren, do right (resp. left) rotations: beginrotate(p2(x))rotate(p(x))end

8



A Bx Cy = p(x) Dz = p2(x) �!rotate(p2(x))A Bx C Dzy
�!rotate(p(x))A B C Dzy

x
else /* x and p(x) are left/right or right/left 
hildren */ beginrotate(p(x))rotate(p(x)) /* note this is a new p(x) */end A B Cxy Dz �!rotate(p(x)) A By Cx Dz

�!rotate(p(x))A By C Dzx
�odWhen will a

esses take a long time? When the tree is long and skinny.What produ
es long skinny trees?� a series of inserts in as
ending order 1, 3, 5, 7, . . .� ea
h insert will take O(1) steps { the splay will be a no-op.� then an operation like a

ess(1) will take O(n) steps.� HOWEVER this will then result in the tree being balan
ed.� Also note that the �rst few operations were very fast.Therefore, we have this general idea { splay operations tend to balan
e the tree. Thus any long a

esstimes are \balan
ed" (so to speak) by the fa
t the tree ends up better balan
ed, speeding subsequent a

esses.In potential terms, the idea is that as a tree is built high, its \potential energy" in
reases. A

essing adeep item releases the potential as the tree sinks down, paying for the extra work required.

9



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 3Th. Jan. 26, 1995Original notes by Mark Carson.
3 Amortized Time for Splay TreesRead [21℄ Chapter 4.3 for Splay trees stu�.Theorem 3.1 The amortized time of a splay operation is O(log n).To prove this, we need to de�ne an appropriate potential fun
tion.De�nition 3.2 Let s be the splay tree. Let d(x) = the number of des
endants of x (in
luding x). De�nethe rank of x; r(x) = log d(x) and the potential fun
tion�(s) =Xx�s r(x):Thus we have:� d(leaf node) = 1, d(root) = n� r(leaf node) = 0, r(root) = lognClearly, the better balan
ed the tree is, the lower the potential � is. (You may want to work out thepotential of various trees to 
onvin
e yourself of this.)We will need the following lemmas to bound 
hanges in �.Lemma 3.3 Let 
 be a node in a tree, with a and b its 
hildren. Then r(
) > 1 +min(r(a); r(b)).Proof:Looking at the tree, we see d(
) = d(a) + d(b) + 1. Thus we have r(
) > 1 +min(r(a); r(b)).

. .a . .b

2We apply this toLemma 3.4 (Main Lemma) Let r(x) be the rank of x before a rotation (a single splay step) bringing xup, and r0(x) be its rank afterward. Similarly, let s denote the tree before the rotation and s0 afterward.Then we have:1. r0(x) � r(x)2. If p(x) is the root then �(s0)� �(s) < r0(x)� r(x)3. if p(x) 6= root then �(s0)� �(s) < 3(r0(x) � r(x)) � 1Proof: 10



1. Obvious as x gains des
endants.2. Note in this 
ase we have
A Bx Cy �!rotate(p(x))A B Cy

x
so that 
learly r0(x) = r(y). But then sin
e only x and y 
hange rank in s0,�(s0)� �(s) = (r0(x)� r(x)) + (r0(y)� r(y))= r0(y)� r(x) < r0(x)� r(x)sin
e 
learly r0(y) < r0(x).3. Consider just the following 
ase (the others are similar):

A Bx Cy = p(x) Dz = p2(x) �!rotate(p2(x))A Bx C Dzy
�!rotate(p(x))A B C Dzy

x
Let r represent the ranks in the initial tree s, r00 ranks in the middle tree s00 and r0 ranks in the �naltree s0. Note that, looking at the initial and �nal trees, we haver(x) < r(y)and r0(y) < r0(x)so r0(y)� r(y) < r0(x) � r(x)Hen
e, sin
e only x; y and z 
hange rank,�(s0)� �(s) = (r0(x) � r(x)) + (r0(y)� r(y)) + (r0(z)� r(z))< 2(r0(x) � r(x)) + (r0(z)� r(z))(�)Next from Lemma 1, we have r00(y) > 1 +min(r00(x); r00(z)). But looking at the middle tree, we haver00(x) = r(x)r00(y) = r0(x)(= r(z))r00(z) = r0(z)11



so that r(z) = r0(x) > 1 +min(r(x); r0(z))Hen
e, either we have r0(x) > 1 + r(x); so r0(x) � r(x) > 1or r(z)) > 1 + r0(z); so r0(z)� r(z) < �1In the �rst 
ase, sin
e r0(z) < r(z) => r0(z)� r(z) < 0 < r0(x)� r(x) � 1
learly �(s0)� �(s) < 3(r0(x) � r(x)) � 1In the se
ond 
ase, sin
e we always have r0(x)� r(x) > 0, we again get�(s0)� �(s) < 2(r0(x) � r(x)) � 1< 3(r0(x) � r(x)) � 1 2We will apply this lemma now to determine the amortized 
ost of a splay operation. The splay operation
onsists of a series of splay steps (rotations). For ea
h splay step, if s is the tree before the splay, and s0 thetree afterwards, we have at = rt+�(s0)� �(s)where at is the amortized time, rt the real time. In this 
ase, rt = 1, sin
e a splay step 
an be done in
onstant time.Note: Here we have s
aled the time fa
tor to say a splay step takes one time unit. If instead we say a splaytakes 
 time units for some 
onstant 
, we 
hange the potential fun
tion � to be�(s) = 
Xx�s r(x):Consider now the two 
ases in Lemma 2. For the �rst 
ase (x a 
hild of the root), we haveat = 1 + �(s0)� �(s) < 1 + (r0(x) � r(x))< 3�r + 1For the se
ond 
ase, we haveat = 1 + �(s0)� �(s) < 1 + 3(r0(x)� r(x)) � 1= 3(r0(x)� r(x))= 3�rThen for the whole splay operation, let s = s0; s1; s2; : : : ; sk be the series of trees produ
ed by the sequen
eof splay steps, and r = r0; r1; r2; : : : ; rk the 
orresponding rank fun
tions. Then the total amortized 
ost isat = kXi=0 ati < 1 + kXi=0 3�riBut the latter series teles
opes, soat < 1 + 3( final rank of x� initial rank of x)Sin
e the �nal rank of x is logn, we then haveat < 3 logn+ 1as desired. 12



3.1 Additional notes1. (Exer
ise) The a

ounting view is that ea
h node x stores r(x) dollars [or some 
onstant multiplethereof℄. When rotates o

ur, money is taken from those nodes whi
h lose rank to pay for the operation.2. The total time for k operations is a
tually O(k logm), where m is the largest size the tree ever attains(assuming it grows and shrinks through a series of inserts and deletes).3. As mentioned above, if we say the real time for a rotation is 
, the potential fun
tion � is�(s) =Xx�s 
r(x)

13



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 2Th. Jan 29, 1998Original notes by Matos Gilberto and Pat
hanee Ittarat.4 Maintaining Disjoint SetsRead Chapter 22 for Disjoint Sets Data Stru
ture and Chapter 24 for Kruskal's Minimum Spanning TreeAlgorithm [5℄.I assume everyone is familiar with Kruskal's MST algorithm. This algorithm is the ni
est one to motivatethe study of the disjoint set data stru
ture. There are other appli
ations for the data stru
ture as well. Wewill not go into the details behind the implementation of the data stru
ture, sin
e the book gives a very ni
edes
ription of the UNION, MAKESET and FIND operations.4.1 Disjoint set operations:� Makeset(x) : A Makeset(x) � A = fxg.� Find(y) : given y, �nd to whi
h set y belongs.� Union(A;B) : C  Union(A;B) � C = A [ B.Observe that the Union operation 
an be spe
i�ed either by two sets or by two elements (in the latter
ase, we simply perform a union of the sets the elements belong to).The name of a set is given by the element stored at the root of the set (one 
an use some other naming
onvention too). This s
heme works sin
e the sets are disjoint.4.2 Data stru
ture: name
Figure 1: Data Stru
tureWe will maintain the sets as rooted trees. Performing the UNION operation is done by linking one treeonto another. To perform a FIND, we traverse the path from the element to the root.To improve total time we always hook the shallower tree to the deeper tree (this will be done by keepingtra
k of ranks and not the exa
t depth of the tree).Ques: Why will these improve the running time?Ans: Sin
e the amount of work depends on the height of a tree.We use the 
on
ept of the \rank" of a node. The rank of a vertex denotes an upper bound on the depthof the sub-tree rooted at that node.rank(x) = 0 for fxgUnion(A,B) - see Fig. 2. 14



A Brank(a) rank(b)
C = Union(A,B)A B

Figure 2: UnionxFigure 3: Rank 0 nodeIf rank(a) < rank(b), rank(
) = rank(b).If rank(a) = rank(b), rank(
) = rank(b) + 1.4.3 Union by rankUnion by rank guarantees \at most O(log n) of depth".Lemma 4.1 A node with rank k has at least 2k des
endants.Proof:[By indu
tion on size of tree℄rank(x) = 0) x has one des
endant (itself).The rank and the number of des
endants of any node are 
hanged only by the Union operation, so let's
onsider a Union operation in Fig. 2.Case 1 rank(a) < rank(b): rank(
) = rank(b)des
(
) � des
(b)� 2rank(b)Case 2 rank(a) = rank(b): rank(
) = rank(b) + 1des
(a) � 2rank(a) anddes
(b) � 2rank(b)des
(
) = node(a) + node(b)� 2rank(a) + 2rank(b)� 2rank(b)+1
15



2In the Find operation, we 
an make a tree shallower by path 
ompression. During path 
ompression,we take all the nodes on the path to the root and make them all point to the root (to speed up future �ndoperations).The UNION operation is done by hooking the smaller rank vertex to the higher rank vertex, and theFIND operation performs the path 
ompression while we traverse the path from the element to the root.Path 
ompression takes two passes { �rst to �nd the root, and se
ond time to 
hange the pointers of allnodes on the path to point to the root. After the �nd operation all the nodes point dire
tly to the root ofthe tree.4.4 Upper Bounds on the Disjoint-Set Union OperationsSimply re
all that ea
h vertex has a rank (initially the rank of ea
h vertex is 0) and this rank is in
rementedby 1 whenever we perform a union of two sets that have the same rank. We only worry about the time forthe FIND operation (sin
e the UNION operation takes 
onstant time). The parent of a vertex always hashigher rank than the vertex itself. This is true for all nodes ex
ept for the root (whi
h is its own parent).The following theorem gives two bounds for the total time taken to perform m �nd operations. (A uniontakes 
onstant time.)Theorem 4.2 m operations (in
luding makeset, �nd and union) take total time O(m log� n) or O(m +n logn), where log� n = fmin(i)j log(i) n � 1g.log� 16 = 3; andlog� 216 = 4To prove this, we need some observations:1. Rank of a node starts at 0 and goes up as long as the node is a root. On
e a node be
omes a non-rootthe rank does not 
hange.2. Rank(p(x)) is non-de
reasing. In fa
t, ea
h time the parent 
hanges the rank of the parent mustin
rease.3. Rank(p(x)) > rank(x).The rank of any vertex is lesser than or equal log2 n, where n is the number of elements.First lets see the O(m + n logn) bound (its easier to prove). This bound is 
learly not great whenm = O(n).The 
ost of a single �nd is 
harged to 2 a

ounts1. The �nd pays for the 
ost of the root and its 
hild.2. A bill is given to every node whose parent 
hanges (in other words, all other nodes on the �nd path).Note that every node that has been issued a bill in this operation be
omes the 
hild of the root, andwon't be issued any more bills until its parent be
omes a 
hild of some other root in a union operation. Notealso that one node 
an be issued a bill at most log2 n times, be
ause every time a node gets a bill its parent'srank goes up, and rank is bounded by log2 n. The sum of bills issued to all nodes will be upper bounded byn log2 nWe will re�ne this billing poli
y shortly.Lemma 4.3 There are at most n2r nodes of rank r.Proof:When the node gets rank r it has � 2r des
endants, and it is the root of some tree. After some unionoperations this node may no longer be root, and may start to lose des
endants, but its rank will not 
hange.Assume that every des
endant of a root node gets a timestamp of r when the root �rst in
reases its rank16



to r. On
e a vertex gets stamped, it will never be stamped again sin
e its new roots will have rank stri
tlymore than r. Thus for every node of rank r there are at least 2r nodes with a timestamp of r. Sin
e thereare n nodes in all, we 
an never 
reate more than n2r verti
es with rank r. 2We introdu
e the fast growing fun
tion F whi
h is de�ned as follows.1. F (0) = 12. F (i) = 2F (i�1)4.5 Con
ept of Blo
ksIf a node has rank r, it belongs to blo
k B(log� r).� B(0) 
ontains nodes of rank 0 and 1.� B(1) 
ontains nodes of rank 2.� B(2) 
ontains nodes of rank 3 and 4.� B(3) 
ontains nodes of rank 5 through 16.� B(4) 
ontains nodes of rank 17 through 65536.Sin
e the rank of a node is at most log2 n where n is the number of elements in the set, the number ofblo
ks ne
essary to put all the elements of the sets is bounded by log�(log n) whi
h is log� n� 1. So blo
ksfrom B(0) to B(log� n� 1) will be used.The �nd operation goes the same way as before, but the billing poli
y is di�erent. The �nd operationpays for the work done for the root and its immediate 
hild, and it also pays for all the nodes whi
h are notin the same blo
k as their parents. All of these nodes are 
hildren of some other nodes, so their ranks willnot 
hange and they are bound to stay in the same blo
k until the end of 
omputation. If a node is in thesame blo
k as its parent it will be billed for the work done in the �nd operation. As before �nd operationpays for the work done on the root and its 
hild. Number of nodes whose parents are in di�erent blo
ks islimited to log� n� 1, so the 
ost of the �nd operation is upper bounded by log� n� 1 + 2.After the �rst time a node is in the di�erent blo
k from its parent, it is always going to be the 
ase sin
ethe rank of the parent only in
reases. This means that the �nd operation is going to pay for the work onthat node every time. So any node will be billed for the �nd operations a 
ertain number of times, and afterthat all subsequent �nds will pay for their work on the element. We need to �nd an upper bound for thenumber of times a node is going to be billed for the �nd operation.Consider the blo
k with index i; it 
ontains nodes with the rank in the interval from F (i�1)+1 to F (i).The number of nodes in this blo
k is upper bounded by the possible number of nodes in ea
h of the ranks.There are at most n=2r nodes of rank r, so this is a sum of a geometri
 series, whose value isF (i)Xr=F (i�1)+1 n2r � n2F (i�1) = nF (i)Noti
e that this is the only pla
e where we make use of the exa
t de�nition of fun
tion F .After every �nd operation a node 
hanges to a parent with a higher rank, and sin
e there are onlyF (i) � F (i � 1) di�erent ranks in the blo
k, this bounds the number of bills a node 
an ever get. Sin
ethe blo
k B(i) 
ontains at most n=F (i) nodes, all the nodes in B(i) 
an be billed at most n times (its theprodu
t of the number of nodes in B(i) and the upper bound on the bills a single node may get). Sin
e thereare at most log� n blo
ks the total 
ost for these �nd operations is bounded by n log� n.This is still not the tight bound on the number of operations, be
ause Tarjan has proved that there is aneven tighter bound whi
h is proportional to the O(m�(m;n)) for m union, makeset and and �nd operations,where � is the inverse a
kerman fun
tion whose value is lower than 4 for all pra
ti
al appli
ations. Thisis quite diÆ
ult to prove (see Tarjan's book). There is also a 
orresponding tight lower bound on anyimplementation of the disjoint set data stru
ture on the pointer ma
hine model.17



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 2Original notes by King-Ip Lin.5 Binomial heapsThese are heaps that also provide the power to merge two heaps into one.De�nition 5.1 (Binomial tree) A binomial tree of height k (denoted as Bk) is de�ned re
ursively asfollows:1. B0 is a single node2. Bi+1 is formed by joining two Bi heaps, making one's root the 
hild of the otherBasi
 properties of Bk� Number of nodes : 2k� Height : k� Number of 
hildren of root (degree of root) : kIn order to store n nodes in binomial tress when n 6= 2k, write n in binary notation; for every bit that is\1" in the representation, 
reate a 
orresponding Bk tree, treating the rightmost bit as 0.Example : n = 13 = 11012 �! use B3; B2; B0De�nition 5.2 (Binomial heap) A binomial heap is a (set of) binomial tree(s) where ea
h node has akey and the heap-order property is preserved. We also have the requirement that for any given i there is atmost one Bi.Algorithms for the binomial heap :Find minimum Given n, there will be logn binomial trees and ea
h tree's minimum will be its root. Thusonly need to �nd the minimum among the roots.T ime = lognInsertion Invariant to be maintained : only 1 Bi tree for ea
h iStep 1: 
reate a new B0 tree for the new elementStep 2: i 0Step 3: while there are still two Bi trees dojoin the two Bi trees to form a Bi+1 treei i+ 1Clearly this takes at most O(log n) time.Deletion
18



Delete min Key observation: Removing the root from a Bi tree will form i binomial trees, from B0to Bi�1Step 1: Find the minimum root (assume its Bk)Step 2: Break Bk, forming k smaller treesStep 3: while there are still at least two Bi trees dojoin the two Bi trees to form a Bi+1 treei i+ 1Note that at ea
h stage there will be at most three Bi trees, thus for ea
h i only one join is required.DeleteStep 1: Find the elementStep 2: Change the element key to �1Step 3: Push the key up the tree to maintain the heap-order propertyStep 4: Call Delete minSteps 2 and 3 are grouped and 
alled DECREASE KEY(x)Time for insertion and deletion : O(log n)5.1 Fibona

i Heaps (F-Heaps)Amortized running time :� Insert, Findmin, Union, De
rease-key : O(1)� Delete-min, Delete : O(log n)Added features (
ompared to the binomial heaps)� Individual trees are not ne
essary binomial (denote trees by B0i)� Always maintain a pointer to the smallest root� permit many 
opies of B0iAlgorithms for F-heaps:InsertStep 1: Create a new B00Step 2: Compare with the 
urrent minimum and update pointer if ne
essaryStep 3: Store $1 at the new root(Noti
e that the $ is only for a

ounting purposes, and the implementation of the data stru
ture doesnot need to keep tra
k of the $'s.)Delete-minStep 1: Remove the minimum, breaking that tree into smaller tree againStep 2: Find the new minimum, merge trees in the pro
ess, resulting in at most one B0i tree for ea
h i
19



De
rease-keyStep 1: De
rease the keyStep 2: if heap-order is violatedbreak the link between the node and its parent (note: resulting tree may not be a true binomialtree)Step 3: Compare the new root with the 
urrent minimum and update pointer if ne
essaryStep 4: Put $1 to the new rootStep 5: Pay $1 for the 
utProblem with the above algorithm: Can result in trees where the root has a very large number of 
hildren.Solution:� whenever a node is being 
ut{ mark the parent of the 
ut node in the original tree{ put $2 on that node� when a se
ond 
hild of that node is lost (by that time that node will have $4), re
ursively 
ut thatnode from its parent, use the $4 to pay for it:{ $1 for the 
ut{ $1 for new root{ $2 to its original parent� repeat the re
ursion upward if ne
essaryThus ea
h 
ut requires only $4.Thus de
rease-key takes amortized time O(1)De�ne rank of the tree = Number of 
hildren of the root of the tree.Consider the minimum number of nodes of a tree with a given rank:

20



B1 1 2 2. .
.

Rank Worst 
ase size Size of binomial treeB0 0 1 1
B2 2 3 4
B3 3 5 8
B4 4 8 16

Marked node from previous deletionFigure 4: Minimum size B0i trees
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 3Original notes by Pat
hanee Ittarat.6 F-heap6.1 PropertiesF-heaps have the following properties:� maintain the minimum key in the heap all the time,� relax the 
ondition that we have at most one Bk tree for any k,i.e., we 
an have any number of Bktrees 
o-existing.� trees are not true binomial trees.For example, 2 1 54 3 1013 20 26
min pointer

Figure 5: Example of F-heapProperty: size of a tree, rooted at x, is in exponential in the degree of x.In Binomial trees we have the property that size(x) � 2k, here we will not have as strong a property,but we will have the following: size(x) � �kwhere k is degree of x and � = 1+p52 .Note that sin
e � > 1 this is suÆ
ient to guarantee a O(log n) bound on the depth and the number of
hildren of a node.6.2 De
rease-Key operationMark strategy:� when a node is 
ut o� from its parent, ti
k one mark to its parent,� when a node gets 2 marks, 
ut the edge to its parent and ti
k its parent as well,� when a node be
omes a root, erase all marks atta
hed to that node,� every time a node is 
ut, give $1 to that node as a new root and $2 to its parent.22




ut o� x


ut o� z yx z$1 $1$1
*$2

yx z yx z$1 *$2

yx z$1 $1**$4
... ...

......
Figure 6: Marking Strategy
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The 
ost of De
rease-Key operation = 
ost of 
utting link + $3. We 
an see that no extra dollars areneeded when the parent is 
ut o� re
ursively sin
e when the 
ut o� is done, that parent must have $4 inhand ($2 from ea
h 
ut 
hild and there must be 2 
hildren have been 
ut), then we use those $4 dollars topay for 
utting link 
ost ($1), giving to its parent ($2), and for itself as a new root ($1).Example: How does De
rease-Key work (see CLR also)?

$120 1min pointer$13$1*$2 724 17 2326 30 5$1 $1

$120

5$1 $11min pointer

5$1 $11min pointer$1717 2330 26$1 24$1

$1 $1 $17 3 2024 17 2326 46 3035*$2
min pointer

*$2De
-Key(46,1)
De
-Key(35,5)**$4

$11$1 $1*$2 7 324 17 2326 3035
$1724 17 2330 26**$4 $1

min pointer

Figure 7: ExampleThe property we need when two trees are merged, is the degree of the roots of both trees should be thesame.Let y1 be the oldest 
hild and yk be the youngest 
hild. Consider yi, at the point yi was made a 
hild ofthe root x, x had degree at least i� 1 and so does yi. Sin
e yi has lost at most 1 
hild, now yi has at leastdegree i� 2.We now study some properties about Fibona

i numbers, and see how they relate to the sizes of the treeswith the de
rease-key operation. De�ne
24



y2 x yi . . . yky1 . . .
Figure 8: ExampleFk = 8<: 0 if k = 01 if k = 1Fk�1 + Fk�2 if k � 2These numbers are 
alled Fibona

i numbers.Property 6.1 Fk+2 = 1 +Pki=1 FiProof:[By indu
tion℄ k = 1 : F3 = 1 + F1= 1 + 1= F1 + F2 (where F2 = F1 + F0 = 1 + 0)Assume Fk+2 = 1 +Pki=1 Fi for all k � nk = n+ 1 : Fn+3 = 1 + n+1Xi=1 Fi= 1 + nXi=1 Fi + Fn+1= Fn+2 + Fn+1 2Property 6.2 Fk+2 � �kProof:[By indu
tion℄ k = 0 : F2 = 1� �0k = 1 : F3 = 2� � = 1 +p52 = 1:618::Assume Fk+2 � �k for all k < n 25



k = n : Fn+2 = Fn+1 + Fn� �n�1 + �n�2� 1 + ��2 � �n� �n 2Theorem 6.1 x is a root of any subtree. size(x) � Fk+2 � �k where k is a degree of xProof:[By indu
tion℄k = 0:xsize(x) = 1 � 1 � 1k = 1: x
size(x) = 2 � 2 � 1+p52Assume size(x) � Fk+2 � �k for any k � n
k = n+ 1: y2 x yi . . . yky1 . . .

size(x) = 1 + size(y1) + :::+ size(yi) + :::+ size(yk)� 1 + 1 + 1 + F3 + :::+ Fk (from assumption)� 1 + F1 + F2 + :::+ Fk� Fk+2 (from property1)� �k (from property2)log� size(x) � kSo the number of 
hildren of node x is bounded by log� size(x). 226



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 4Th. Feb. 5, 1998Notes by Samir Khuller.7 Minimum Spanning TreesRead Chapter 6 from [21℄. Yao's algorithm is from [23℄.Given a graph G = (V;E) and a weight fun
tion w : E ! R+ we wish to �nd a spanning tree T � E su
hthat its total weightPe2T w(e) is minimized. We 
all the problem of determining the tree T the minimum-spanning tree problem and the tree itself an MST. We 
an assume that all edge weights are distin
t (thisjust makes the proofs easier). To enfor
e the assumption, we 
an number all the edges and use the edgenumbers to break ties between edges of the same weight.We will present now two approa
hes for �nding an MST. The �rst is Prim's method and the se
ond isYao's method (a
tually a re�nement of Boruvka's algorithm). To understand why all these algorithms work,one should read Tarjan's red-blue rules. A red edge is essentially an edge that is not in an MST, a blue edgeis an edge that is in an MST. A 
ut (X;Y ) for X;Y � V is simply the set of edges between verti
es in thesets X and Y .Red rule: 
onsider any 
y
le that has no red edges on it. Take the highest weight un
olored edge and
olor it red.Blue rule: 
onsider any 
ut (S; V �S) where S � V that has no blue edges. Pi
k the lowest weight edgeand 
olor it blue.All the MST algorithms 
an be viewed as algorithms that apply the red-blue rules in some order.7.1 Prim's algorithmPrim's algorithm operates mu
h like Dijkstra's algorithm. The tree starts from an arbitrary vertex v andgrows until the tree spans all verti
es in V . At ea
h step our 
urrently 
onne
ted set is S. Initially S = fvg.A lightest edge 
onne
ting a vertex in S with a vertex in V � S is added to the tree. Corre
tness of thisalgorithm follows from the observation that a partition of verti
es into S and V � S de�nes a 
ut, and thealgorithm always 
hooses the lightest edge 
rossing the 
ut. The key to implementing Prim's algorithmeÆ
iently is to make it easy to sele
t a new edge to be added to the tree formed by edges in MST. Using aFibona

i heap we 
an perform EXTRACT-MIN and DELETE-MIN operation in O(log n) amortized timeand DECREASE-KEY in O(1) amortized time. Thus, the running time is O(m+ n logn).It turns out that for sparse graphs we 
an do even better! We will study Yao's algorithm (based onBoruvka's method). There is another method by Fredman and Tarjan that uses F-heaps. However, thisis not the best algorithm. Using an idea known as \pa
keting" this The FT algorithm was improved byGabow-Galil-Spen
er-Tarjan (also uses F-heaps). More re
ently (in Fall 1993), Klein and Tarjan announ
eda linear time randomized MST algorithm based on a linear time veri�
ation method (i.e., given a tree T anda graph G 
an we verify that T is an MST of G?).7.2 Yao/Boruvka's algorithmWe �rst outline Boruvka's method. Boruvka's algorithm starts with a 
olle
tion of singleton vertex sets. Weput all the singleton sets in a queue. We pi
k the �rst vertex v, from the head of the queue and this vertexsele
ts a lowest weight edge in
ident to it and marks this edge as an edge to be added to the MST. We
ontinue doing this until all the verti
es in the queue, are pro
essed. At the end of this round we 
ontra
tthe marked edges (essentially merge all the 
onne
ted 
omponents of the marked edges into single nodes{ you should think about how this is done). Noti
e that no 
y
les are 
reated by the marked edges if weassume that all edge weights are distin
t.Ea
h 
onne
ted 
omponent has size at least two (perhaps more). (If v merges with u, and then w mergeswith v, we get a 
omponent of size three.) The entire pro
essing of a queue is 
alled a phase. So at the endof phase i, we know that ea
h 
omponent has at least 2i verti
es. This lets us bound the number of phases27



by logn. (Can be proved by indu
tion.) This gives a running time of O(m logn) sin
e there are at most lognphases. Ea
h phase 
an be implemented in O(m) time if ea
h node marks the 
heapest edge in
ident to it,and then we 
ontra
t all these edges and re
onstru
t an adja
en
y list representation for the new \shrunken"graph where a 
onne
ted 
omponent of marked edges is viewed as a vertex. Edges in this graph are edgesthat 
onne
t verti
es in two di�erent 
omponents. Edges between nodes in the same 
omponent be
omeself-loops and are dis
arded.We now des
ribe Yao's algorithm. This algorithm will maintain 
onne
ted 
omponents and will notexpli
itly 
ontra
t edges. We 
an use the UNION-FIND stru
ture for keeping tra
k of the 
onne
ted 
om-ponents.The main bottlene
k in Boruvka's algorithm is that in a subsequent phase we have to re
ompute (froms
rat
h) the lowest weight edge in
ident to a vertex. This for
es us to spend time proportional toPv2Ti d(v)for ea
h tree Ti. Yao's idea was to \somehow order" the adja
en
y list of a vertex to save this 
omputationaloverhead. This is a
hieved by partitioning the adja
en
y list of ea
h vertex v into k groups E1v ; E2v ; : : : ; Ekvwith the property that if e 2 Eiv and e0 2 Ejv and i < j, then w(e) � w(e0). For a vertex with degree d(v),this takes O(d(v) log k) time. (We run the median �nding algorithm, and use the median to partition theset into two. Re
urse on ea
h portion to break the sets, and obtain four sets by a se
ond appli
ation of themedian algorithm, ea
h of size d(v)4 . We 
ontinue this pro
ess until we obtain k sets.) To perform this forall the adja
en
y lists takes O(m log k) time.Let T be a set of edges in the MST. V S is a 
olle
tion of vertex sets that form 
onne
ted 
omponents. Wemay assume that V S is implemented as a doubly linked list, where ea
h item is a set of verti
es. Moreover,the root of ea
h set 
ontains a pointer to the position of the set in the doubly linked list. (This enables thefollowing operation: given a vertex u do a FIND operation to determine the set it belongs to, and then yankthe set out of the queue.)The root of a set also 
ontains a list of all items in the set (it is easy to modify the UNION operationto maintain this invariant.) E(v) is the set of edges in
ident on vertex v. `[v℄ denotes the 
urrent group ofedges being s
anned for vertex v. small[v℄ 
omputes the weight of the lowest weight edge in
ident on v thatleaves the set W . If after s
anning group E`[v℄v we do not �nd an edge leaving W , we s
an the next group.pro
 Yao-MST(G);T; V S  ;;8v : `[v℄ 1;while jV Sj > 1 doLet W be the �rst set in the queue VS;For ea
h v 2 W do;small[v℄  1;while small[v℄ = 1 and `[v℄ � k doFor ea
h edge e = (v; v0) in E`[v℄v doIf find(v0) = find(v) then delete e from E`[v℄velse small[v℄  min (small[v℄, w(e))If small[v℄ =1 then `[v℄ `[v℄ + 1end-whileend-forLet the lowest weight edge out of W be (w;w0) where w 2W and w0 2 W 0;Delete W and W 0 from V S and add union(W;W 0) to V S;Add (w;w0) to Tend-whileend pro
;Ea
h time we s
an an edge to a vertex in the same set W , we delete the edge and 
harge the edge the
ost for the �nd operation. The �rst group that we �nd 
ontaining edges going out of W , are the edgeswe pay for (at most d(v)k log� n). In the next phase we start s
anning at the point that we stopped lasttime. The overall 
ost of s
anning in one phase is O(mk log� n). But we have logn phases in all, so the totalrunning time amounts to O(mk log� n logn) +O(m log k) (for the prepro
essing). If we pi
k k = logn we getO(m log� n) +O(m log logn), whi
h is O(m log logn).28



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 6Tu. 7 Feb., 1995Notes by Samir Khuller.8 Fredman-Tarjan MST AlgorithmFredman and Tarjan's algorithm appeared in [6℄.We maintain a forest de�ned by the edges that have so far been sele
ted to be in the MST. Initially, theforest 
ontains ea
h of the n verti
es of G, as a one-vertex tree. We then repeat the following step until thereis only one tree.High Levelstart with n trees ea
h of one vertexrepeat pro
edure GROWTREESpro
edure CLEANUPuntil only one tree is leftInformally, the algorithm is given at the start of ea
h round a forest of trees. The pro
edure GROWTREESgrows ea
h tree for a few steps (this will be made more pre
ise later) and terminates with a forest havingfewer trees. The pro
edure CLEANUP essentially \shrinks" the trees to single verti
es. This is done bysimply dis
arding all edges that have both the endpoints in the same tree. From the set of edges betweentwo di�erent trees we simply retain the lowest weight edge and dis
ard all other edges. A linear time im-plementation of CLEANUP will be done by you in the homework (very similar to one phase of Boruvka'salgorithm).The idea is to grow a single tree only until its heap of neighboring verti
es ex
eeds a 
ertain 
riti
al size.We then start from a new vertex and grow another tree, stopping only when the heap gets too large, or if ween
ounter a previously stopped tree. We 
ontinue this way until every tree has grown, and stopped be
auseit had too many neighbours, or it 
ollided with a stopped tree. We distinguish these two 
ases. In the former
ase refer to the tree has having stopped, and in the latter 
ase we refer to it as having halted. We now
ondense ea
h tree into a single supervertex and begin a new iteration of the same kind in the 
ondensedgraph. After a suÆ
ient number of passes, only one vertex will remain.We �x a parameter k, at the start of every phase { ea
h tree is grown until it has more than k \neighbours"in the heap. In a single 
all to Growtrees we start with a 
olle
tion of old trees. Growtrees 
onne
ts thesetrees to form new larger trees that be
ome the old trees for the next phase. To begin, we unmark all thetrees, 
reate an empty heap, pi
k an unmarked tree and grow it by Prim's algorithm, until either its heap
ontains more than k verti
es or it gets 
onne
ted to a marked old tree. To �nish the growth step we markthe tree. The F-heap maintains the set of all trees that are adja
ent to the 
urrent tree (tree to grow).Running Time of GROWTREESCost of one phase: Pi
k a node, and mark it for growth until the F-heap has k neighbors or it 
ollideswith another tree. Assume there exist t trees at the start and m is the number of edges at the start of aniteration. Let k = 22m=t:Noti
e that k in
reases as the number of trees de
reases. (Observe that k is essentially 2d, where d is theaverage degree of a vertex in the super-graph.) Time for one 
all to Growtrees is upperbounded byO(t log k +m) = O(t log(22m=t) +m)= O(t2m=t+m)= O(m)This is the 
ase be
ause we perform at most t deletemin operations (ea
h one redu
es the number of trees),and log k is the upperbound on the 
ost of a single heap operation. The time for CLEANUP is O(m).29



Data Stru
turesQ = F-heap of trees (heap of neighbors of the 
urrent tree)e = array[trees℄ of edge (e[T ℄ = 
heapest edge joining T to 
urrent tree)mark = array[trees℄ of (true, false), (true for trees already grown in this step)tree = array[vertex℄ of trees (tree[v℄ = tree 
ontaining vertex v)edge-list = array[trees℄ of list of edges (edges in
ident on T )root = array[trees℄ of trees (�rst tree that grew, for an a
tive tree)pro
 GROWTREES(G);MST  ;;8T : mark[T ℄ false;while there exists a tree T0 with mark[T0℄= false domark[T0℄ true; (* grow T0 by Prim's algorithm *)Q ;; root[T0℄ T0For edges (v; w) on edge-list[T0℄ do;T  tree[w℄; (* assume v 2 T0 *)insert T into Q with key = w(v; w);e[T ℄ (v; w);end-fordone  (Q = ;) _ (jQj > k);while not done doT  deletemin(Q);add edge e[T ℄ to MST; root[T ℄ T0;If not mark[T ℄ then for edges (v; w) on edge-list[T ℄ doT 0  tree[w℄; (* assume v 2 T *)If root[T 0℄ 6= T0 then (* edge goes out of my tree *)If T 0 =2 Q then insert T 0 into Q with key = w(v; w) and e[T 0℄ (v; w);else if T 0 2 Q and w(v; w) < w(e[T 0℄) then de
-key T 0 to w(v; w) and e[T 0℄ (v; w);end-ifdone  (Q = ;) _ (jQj > k) _mark[T ℄;mark[T ℄ true;end-whileend-whileend pro
;Comment: It is assumed that insert will 
he
k to see if the heap size ex
eeds k, and if it does, no itemswill be inserted into the heap.We now try to obtain a bound on the number of iterations. The following simple argument is due toRandeep Bhatia. Consider the e�e
t of a pass that begins with t trees and m0 � m edges (some edges mayhave been dis
arded). Ea
h tree that stopped due to its heap's size having ex
eeded k, has at least k edgesin
ident on it leaving the tree. Let us \
harge" ea
h su
h edge (hen
e we 
harge at least k edges).If a tree halted after 
olliding with an initially grown tree, then the merged tree has the property that ithas 
harged at least k edges (due to the initially stopped tree). If a tree T has stopped growing be
ause ithas too many neighbors, it may happen that due to a merge that o

urs later in time, some of its neighborsare in the same tree (we will see in a se
ond this does not 
ause a problem). In any 
ase, it is true thatea
h �nal tree has 
harged at least k edges. (A tree that halted after merging with a stopped tree does notneed to 
harge any edges.) Ea
h edge may get 
harged twi
e; hen
e t0 � 2m0k . Clearly, t0 � 2mk . Hen
ek0 = 2 2mt0 � 2k. In the �rst round, k = 22m=n. When k � n, the algorithm runs to 
ompletion. How manyrounds does this take? Observe that k is in
reasing exponentially in ea
h iteration.Let �(m;n) = minfij log(i) n � 2mn g. It turns out that the number of iterations is at most �(m;n).This gives us an algorithm with total running time O(m�(m;n)). Observe that when m > n logn then�(m;n) = 1. For graphs that are not too sparse, our algorithm terminates in one iteration! For very sprasegraphs (m = O(n)) we a
tually run for log� n iterations. Sin
e ea
h iteration takes O(m) time, we get anupper bound of O(m log� n).CLEANUP will have to do the work of updating the root and tree data stru
tures for the next iteration.30



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 24Th. Apr 25, 2002Notes by Samir Khuller.9 Bran
hing ProblemConsider a dire
ted graph GD = (V;E) with a spe
i�ed vertex r as the root.A bran
hing of G is a subgraph that is a spanning tree if the dire
tions of the edges are ignored, andwhi
h 
ontains a dire
ted path from r to every other vertex.Given a 
ost fun
tion 
 : E ! R+, the problem is to obtain a bran
hing of least total 
ost. This problemlooks similar to the minimum spanning tree problem, but is a
tually mu
h tri
kier. The greedy algorithmdoes not solve it!Noti
e the following property about a min-
ost bran
hing.Lemma 9.1 GD 
ontains a bran
hing rooted at r if and only if for all v 2 V , GD 
ontains a path from rto v.The proof is quite easy and left as an exer
ise. Noti
e that if T is a bran
hing then every vertex in T(ex
ept for r) has in-degree 1.We are going to assume that the 
osts on edges are non-negative (this is not restri
tive, sin
e we 
an adda large 
onstant K to the 
ost of ea
h edge without a�e
ting the stru
ture of the optimal solution).Consider all the in
oming edges to a single vertex v (6= r). A bran
hing will 
ontain exa
tly one of theseedges. Hen
e we 
an subtra
t any 
onstant from the 
osts of these edges without a�e
ting the stru
tureof the optimal solution. For every vertex, we add a negative 
onstant to the in
oming edges to v, so as tomake the min-
ost in
oming edge have 
ost 0. We 
an now assume that the 
heapest in
oming edge to anysingle vertex has 
ost 0. If we 
onsider the subgraph of 0 
ost edges, we 
an either �nd a path from r tov by walking ba
kwards on the 0 
ost edges, or we �nd a 0 
ost 
y
le. If we �nd a path, we simply deletethe path and 
ontinue. If we �nd a 
y
le, we shrink the 
y
le to a single node and �nd a bran
hing in thesmaller graph. This gives an easy polynomial time algorithm for the problem.We now prove that the algorithm a
tually gives us the min 
ost bran
hing. The proof uses a notion of\
ombinatorial dual" that should remind you of linear programming duality. (In fa
t, if you write the IP forMin Cost Bran
hing and relax it to an LP, and then write the dual of this LP, you get exa
tly the problemof 
omputing a weight fun
tion w(F ) for ea
h r-
ut. In 
lass we 
alled this a dual variable yS .)We de�ne a rooted r-
ut as follows: partition V into sets S; V n S with r 2 S. The set of edges from Sto V n S is 
alled a rooted r-
ut.Let F be the set of all rooted r-
uts. We de�ne a weight fun
tion w : F ! R+. This weight fun
tion issaid to be valid if for any edge e 
(e) � XF 
ontains ew(F ):Theorem 9.2 If w is a valid weight fun
tion then
(B) � XF2F w(F )where B is any bran
hing.Proof:The proof of this theorem is easy. Consider any bran
hing B, and add up the 
osts of the edges in thebran
hing. 
(B) =Xe2B 
(e)31




(B) �Xe2B XF 
ontains ew(F )Ea
h w(F ) term o

urs in the summation as many times as the number of edges of F that are in 
ommonwith B. Sin
e ea
h F is 
rossed by every bran
hing, for any rooted r-
ut F and B, we have j F \ B j� 1.Hen
e the theorem follows. 2We now prove that there is a valid weight fun
tion for whi
h PF2F w(F ) is equal to 
(B), where B isthe bran
hing produ
ed by the algorithm. Thus B is an optimal bran
hing.Theorem 9.3 If w is a valid weight fun
tion thenminB (
(B)) = maxw XF2F w(F ):Proof:The proof is by indu
tion on (number of verti
es + number of non-zero 
ost edges). The proof is easy toverify for a graph with 2 nodes (base 
ase). We will prove the � part of the equality (the other follows fromthe previous theorem).The �rst stage of the algorithm redu
es the 
ost on all edges in
oming to v (let's 
all this set of edgesFv). We 
hange the 
ost of the min-
ost bran
hing by K (
ost of 
heapest edge in Fv). The new graph hasthe same number of verti
es, but fewer non-zero 
ost edges, so we 
an apply the indu
tion hypothesis. Fv isa rooted r-
ut that has weight 0 in the new graph G0. In GD we de�ne its weight to be K; it 
an be 
he
kedthat this yields a valid weight fun
tion. The other rooted r-
uts get the same weight as they re
eived in theshrunken graph.The other 
ase is when the algorithm 
ontra
ts a 0 
y
le. We now get a graph with fewer verti
es, sowe 
an apply the indu
tion hypothesis to the shruken graph G0. We 
an obtain a min-
ost bran
hing forGD with the same 
ost as that for G0. The rooted r-
uts for G0 
orrespond to the rooted r-
uts for GD forwhi
h all the verti
es of the 0 
y
le are in the same set of the partition. We keep their weights un
hanged,and de�ne the weights of the other rooted r-
uts to be 0. The weight fun
tion 
learly a
hieves the boundsin the lemma. 2
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 9Th. Feb 16, 1995Notes by Samir Khuller.10 Light Approximate Shortest Path TreesSee the algorithm des
ribed in [14℄. Also dire
tly relevant is work by Awerbu
h, Baratz and Peleg referen
edin [14℄. The basi
 idea is due to [1℄, further improvements are due to [4, 14℄.Does a graph 
ontain a tree that is a \light" tree (at most a 
onstant times heavier than the minimumspanning tree), su
h that the distan
e from the root to any vertex is no more than a 
onstant times the truedistan
e (the distan
e in the graph between the two nodes). We answer this question in the aÆrmative andalso give an eÆ
ient algorithm to 
ompute su
h a tree (also 
alled a Light Approximate Shortest Path Tree(LAST)). We show that w(T ) < (1 + 2� )w(TM ) and 8v distT (r; v) � (1 + �)dist(r; v). Here TM refers to theMST of G. distT refers to distan
es in the tree T , and dist(r; v) refers to the distan
e from r to v in theoriginal graph G. TS refers to the shortest path tree rooted at r (if you do not know what a shortest pathtree is, please look up [CLR℄).The main idea is the following: �rst 
ompute the tree TM (use any of the standard algorithms). Now doa DFS traversal of TM , adding 
ertain paths to TM . These paths are 
hosen from the shortest path tree TSand added to bring \
ertain" nodes 
loser to the root. This yields a subgraph H , that is guaranteed (we willprove this) to be only a little heavier than TM . In this subgraph, we do a shortest path 
omputation from robtaining the LAST T (rooted at r). The LAST tree is not mu
h heavier than TM (be
ause H was light),and all the nodes are 
lose to the root.The algorithm is now outlined in more detail. Fix � to be a 
onstant (� > 0). This version is moreeÆ
ient than what was des
ribed in 
lass (why?).Algorithm to 
ompute a LASTStep 1. Constru
t a MST TM , and a shortest path tree TS (with r as the root) in G.Step 2. Traverse TM in a DFS order starting from the root. Mark nodes B0; : : : ; Bk as follows. Let B0 be r.As we traverse the tree we measure the distan
e between the previous marked node to the 
urrent vertex.Let Pi be the shortest path from the root to marked node Bi. (Clearly, w(P0) is 0.) Let P [j℄ be the shortestpath from r to vertex j.Step 3. If the DFS traversal is 
urrently at vertex j, and the last marked node is Bi, then 
ompare(w(Pi) + distTM (Bi; j)) with (1+ �)w(P [j℄). If (w(Pi) + distTM (Bi; j)) > (1+ �)w(P [j℄) then set vertex j tobe the next marked node Bi+1.Step 4. Add paths Pi to TM , for ea
h marked node Bi, to obtain subgraph H .Step 5. Do a shortest path 
omputation in H (from r) to �nd the LAST tree T .10.1 Analysis of the AlgorithmWe now prove that the tree a
hieves the desired properties. We �rst show that the entire weight of thesubgraph H , is no more than (1 + 2� )w(TM ). We then show that distan
es from r to any vertex v is notblown up by a fa
tor more than (1 + �).Theorem 10.1 The w(H) < (1 + 2� )w(TM )Proof:Assume that Bk is the last marked node. Consider any marked node Bi (0 < i � k), we know that(w(Pi�1) + distTM (Bi�1; Bi)) > (1 + �)w(Pi). Adding up the equations for all values of i, we getkXi=1[w(Pi�1) + distTM (Bi�1; Bi)℄ > (1 + �) kXi=1 w(Pi):
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Clearly, kXi=1 distTM (Bi�1; Bi) > � kXi=1 w(Pi):Hen
e the total weight of the paths added to TM is < 2�w(TM ). (The DFS traversal traverses ea
h edgeexa
tly twi
e, hen
e the weight of the paths between 
onse
utive marked nodes is at most twi
e w(TM ).)Hen
e w(H) < (1 + 2� )w(TM ). 2Theorem 10.2 8v distT (r; v) � (1 + �)dist(r; v)Proof:If v is a marked node, then the proof is trivial (sin
e we a
tually added the shortest path from rto v, distH(r; v) = dist(r; v). If v is a vertex between marked nodes Bi and Bi+1, then we know that(w(Pi) + distTM (Bi; v)) � (�w(P [v℄)). This 
on
ludes the proof (sin
e this path is in H). 210.2 SpannersThis part of the le
ture is taken from the paper \On Sparse Spanners of Weighted Graphs" by Althofer,Das, Dobkin, Joseph and Soares in [2℄.For any graph H , we de�ne distH(u; v) as the distan
e between u and v in the graph H . Given a graphG = (V;E) a t-spanner is a spanning subgraph G0 = (V;E0) of G with the property that for all pairs ofverti
es u and v, distG0(u; v) � t � distG(u; v):In other words, we wish to 
ompute a subgraph that provides approximate shortest paths between ea
h pairof verti
es. Clearly, our goal is to minimize the size and weight of G0, given a �xed value of t (also 
alled thestret
h fa
tor). The size of G0 refers to the number of edges in G0, and the weight of G0 refers to the totalweight of the edges in G0.There is a very simple (and elegant) algorithm to 
ompute a t-spanner.pro
 SPANNER(G);G0  (V; ;);Sort all edges in in
reasing weight; w(e1) � w(e2) � : : : � w(em);for i = 1 to m do;let ei = (u; v);Let P (u; v) be the shortest path in G0 from u to v;If w(P (u; v)) > t � w(ei) then;G0  G0 [ ei;end-forend pro
;Lemma 10.3 The graph G0 is a t-spanner of G.Proof:Let P (x; y) be the shortest path in G between x and y. For ea
h edge e on this path, either it was addedto the spanner or there was a path of length t �w(e) 
onne
ting the endpoints of this edge. Taking a union ofall the paths gives us a path of length at most t �P (x; y). (Hint: draw a little pi
ture if you are still puzzled.)2Lemma 10.4 Let C be a 
y
le in G0; then size(C) > t+ 1.34



Proof:Let C be a 
y
le with at most t + 1 edges. Let emax = (u; v) be the heaviest weight edge on the 
y
leC. When the algorithm 
onsiders emax all the other edges on C have already been added. This implies thatthere is a path of length at most t �w(emax) from u to v. (The path 
ontains t edges ea
h of weight at mostw(emax).) Thus the edge emax is not added to G0. 2Lemma 10.5 Let C be a 
y
le in G0 and e an arbitrary edge on the 
y
le. We 
laim that w(C�e) > t �w(e).Proof:Suppose there is a 
y
le C su
h that w(C � e) � t � w(e). Assume that emax is the heaviest weight edgeon the 
y
le. Then w(C) � (t + 1) � w(e) � (t + 1) � w(emax). This implies that when we were adding thelast edge emax there was a path of length at most t � w(emax) 
onne
ting the endpoints of emax. Thus thisedge would not be added to the spanner. 2Lemma 10.6 The MST is 
ontained in G0.The proof of the above lemma is left to the reader.De�nition: Let E(v) be the edges of G0 in
ident to vertex v that do not belong to the MST.We will prove that w(E(v)) � 2w(MST )(t�1) .From this we 
an 
on
lude the following (sin
e ea
h edge of G0 is 
ounted twi
e in the summation, andwe simply plug in the upper bound for E(v)).w(G0) � w(MST ) + 12Xv w(E(v)) � w(MST )(1 + nt� 1):
v

Edges in E(v)Edges in MST
Poly

e1
e2

e5e3 e4

Figure 9: Figure to illustrate polygon, MST and E(v).Theorem 10.7 w(E(v)) � 2w(MST )t� 1 :35



Proof:This proof is a little di�erent from the proof we did in 
lass. Let the edges in E(v) be numberede1; e2; : : : ; ek. By the previous lemma we know that for any edge e in G0 and path P in G0 that 
onne
ts theendpoints of e, we have t � w(e) < w(P ).Let Poly be a polygon de�ned by \doubling" the MST. Let Wi be the perimeter of the polygon after iedges have been added to the polygon (see Fig. 9). (Initially, W0 = 2w(MST ).)Let Ti =Pij=1 w(ej).How does the polygon 
hange after edge ei = (u; v) has been added?Wi+1 =Wi + w(ei)� w(P (u; v)) < Wi � w(ei)(t� 1):Ti+1 = Ti + w(ei):A moment's re
e
tion on the above pro
ess will reveal that as T in
reases, the perimeter W drops. Theperimeter 
learly is non-zero at all times and 
annot drop below zero. Thus the �nal value of Tk is upperbounded by 2w(MST )t�1 . But this is the sum total of the weights of all edges in E(v). 2The proof I gave in 
lass was a more \pi
torial" argument. You 
ould write out all the relevant equationsby 
hoosing appropriate paths to 
harge at ea
h step. It gives the same bound.Mu
h better bounds are known if the underlying graph G is planar.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 2Th., Jan 31, 2002.Original notes by Mi
hael Tan.11 Mat
hingsRead: Chapter 9 [21℄. Chapter 10 [19℄.In this le
ture we will examine the problem of �nding a maximum mat
hing in bipartite graphs.Given a graph G = (V;E), amat
hingM is a subset of the edges su
h that no two edges in M share anendpoint. The problem is similar to �nding an independent set of edges. In the maximum mat
hing problemwe wish to maximize jM j.With respe
t to a given mat
hing, a mat
hed edge is an edge in
luded in the mat
hing. A free edgeis an edge whi
h does not appear in the mat
hing. Likewise, a mat
hed vertex is a vertex whi
h is anendpoint of a mat
hed edge. A free vertex is a vertex that is not the endpoint of any mat
hed edge.A bipartite graph G = (U; V;E) has E � U � V . For bipartite graphs, we 
an think of the mat
hingproblem in the following terms. Given a list of boys and girls, and a list of all marriage 
ompatible pairs (apair is a boy and a girl), a mat
hing is some subset of the 
ompatibility list in whi
h ea
h boy or girl gets atmost one partner. In these terms, E = f all marriage 
ompatible pairs g, U = f the boysg, V = f the girlsg,and M = f some potential pairing preventing polygamyg.A perfe
t mat
hing is one in whi
h all verti
es are mat
hed. In bipartite graphs, we must have jV j = jU jin order for a perfe
t mat
hing to possibly exist. When a bipartite graph has a perfe
t mat
hing in it, thefollowing theorem holds:11.1 Hall's TheoremTheorem 11.1 (Hall's Theorem) Given a bipartite graph G = (U; V;E) where jU j = jV j, 8S � U; jN(S)j �jSj (where N(S) is the set of verti
es whi
h are neighbors of S) i� G has a perfe
t mat
hing.Proof:( ) In a perfe
t mat
hing, all elements of S will have at least a total of jSj neighbors sin
e every elementwill have a partner. (!) We give this proof after the presentation of the algorithm, for the sake of 
larity.2 For non-bipartite graphs, this theorem does not work. Tutte proved the following theorem (you 
an readthe Graph Theory book by Bondy and Murty for a proof) for establishing the 
onditions for the existen
eof a perfe
t mat
hing in a non-bipartite graph.Theorem 11.2 (Tutte's Theorem) A graph G has a perfe
t mat
hing if and only if 8S � V; o(G� S) �jSj. (o(G � S) is the number of 
onne
ted 
omponents in the graph G � S that have an odd number ofverti
es.)Before pro
eeding with the algorithm, we need to de�ne more terms.An alternating path is a path whose edges alternate between mat
hed and unmat
hed edges.An augmenting path is an alternating path whi
h starts and ends with unmat
hed vertex (and thusstarts and ends with a free edge).The mat
hing algorithm will attempt to in
rease the size of a mat
hing by �nding an augmenting path.By inverting the edges of the path (mat
hed be
omes unmat
hed and vi
e versa), we in
rease the size of amat
hing by exa
tly one.If we have a mat
hingM and an augmenting path P (with respe
t toM), thenM�P = (M�P )[(P�M)is a mat
hing of size jM j + 1.
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11.2 Berge's TheoremTheorem 11.3 (Berge's Theorem) M is a maximum mat
hing i� there are no augmenting paths withrespe
t to M .Proof:(!) Trivial. ( ) Let us prove the 
ontrapositive. Assume M is not a maximum mat
hing. Then thereexists some maximum mat
hing M 0 and jM 0j > jM j. Consider M �M 0. All of the following will be true ofthe graph M �M 0:1. The highest degree of any node is two.2. The graph is a 
olle
tion of 
y
les and paths.3. The 
y
les must be of even length, with half the edges from M and half from M 0.4. Given these �rst three fa
ts (and sin
e jM 0j > jM j), there must be some path with more M 0 edgesthan M edges.This fourth fa
t des
ribes an augmenting path (with respe
t to M). This path begins and ends with M 0edges, whi
h implies that the path begins and ends with free nodes (i.e., free in M). 2Armed with this theorem, we 
an outline a primitive algorithm to solve the maximum mat
hing problem.It should be noted that Edmonds (1965) was the �rst one to show how to �nd an augmenting path in anarbitrary graph (with respe
t to the 
urrent mat
hing) in polynomial time. This is a landmark paper thatalso de�ned the notion of polynomial time 
omputability.Simple Mat
hing Algorithm [Edmonds℄:Step 1: Start with M = ;.Step 2: Sear
h for an augmenting path.Step 3: In
rease M by 1 (using the augmenting path).Step 4: Go to 2.We will dis
uss the sear
h for an augmenting path in bipartite graphs via a simple example (see Fig. 13).See [19℄ for a detailed des
ription of the pseudo-
ode for this algorithm.Theorem 11.4 (Hall's Theorem) A bipartite graph G = (U; V;E) has a perfe
t mat
hing if and only if8S � V; jSj � jN(S)j.Proof:To prove this theorem in one dire
tion is trivial. If G has a perfe
t mat
hing M , then for any subset S,N(S) will always 
ontain all the mates (in M) of verti
es in S. Thus jN(S)j � jSj. The proof in the otherdire
tion 
an be done as follows. Assume that M is a maximum mat
hing and is not perfe
t. Let u be afree vertex in U . Let Z be the set of verti
es 
onne
ted to u by alternating paths w.r.t M . Clearly u is theonly free vertex in Z (else we would have an augmenting path). Let S = Z \ U and T = Z \ V . Clearlythe verti
es in S �fug are mat
hed with the verti
es in T . Hen
e jT j = jSj � 1. In fa
t, we have N(S) = Tsin
e every vertex in N(S) is 
onne
ted to u by an alternating path. This implies that jN(S)j < jSj. 2The upper bound on the number of iterations is O(jV j) (the size of a mat
hing). The time to �nd anaugmenting path is O(jEj) (use BFS). This gives us a total time of O(jV jjEj).In the next le
ture, we will learn the Hop
roft-Karp O(pjV jjEj) algorithm for maximum mat
hing ona bipartite graph. This algorithm was dis
overed in the early seventies. In 1981, Mi
ali-Vazirani extendedthis algorithm to general graphs. This algorithm is quite 
ompli
ated, but has the same running time as theHop
roft-Karp method. It is also worth pointing out that both Mi
ali and Vazirani were �rst year graduatestudents at the time. 38
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hed edge

Figure 10: Sample exe
ution of Simple Mat
hing Algorithm.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 6Th. Feb 14, 2002Notes by Samir Khuller.12 Hop
roft-Karp Mat
hing AlgorithmThe original paper is by Hop
roft and Karp [SIAM J. on Computing, 1973℄.We present the Hop
roft-Karp mat
hing algorithm that �nds a maximum mat
hing in bipartite graphs.The main idea behind the Hop
roft-Karp algorithm is to augment along a set of shortest augmentingpaths simultaneously. (In parti
ular, if the shortest augmenting path has length k then in a single phase weobtain a maximal set S of vertex disjoint augmenting paths all of length k.) By the maximality property,we have that any augmenting path of length k will interse
t a path in S. In the next phase, we will havethe property that the augmenting paths found will be stri
tly longer (we will prove this formally later). Wewill implement ea
h phase in linear time.We �rst prove the following lemma.Lemma 12.1 Let M be a mat
hing and P a shortest augmenting path w.r.t M . Let P 0 be a shortestaugmenting path w.r.t M � P (symmetri
 di�eren
e of M and P ). We havejP 0j � jP j+ 2jP \ P 0j:jP \ P 0j refers to the edges that are 
ommon to both the paths.Proof:Let N = (M � P ) � P 0. Thus N �M = P � P 0. Consider P � P 0. This is a 
olle
tion of 
y
les andpaths (sin
e it is the same as M �N). The 
y
les are all of even length. The paths may be of odd or evenlength. The odd length paths are augmenting paths w.r.t M . Sin
e the two mat
hings di�er in 
ardinalityby 2, there must be two odd length augmenting paths P1 and P2 w.r.t M . Both of these must be longerthan P (sin
e P was the shortest augmenting path w.r.t M).jM �N j = jP � P 0j = jP j+ jP 0j � 2jP \ P 0j � jP1j+ jP2j � 2jP j:Simplifying we get jP 0j � jP j+ 2jP \ P 0j: 2We still need to argue that after ea
h phase, the shortest augmenting path is stri
tly longer than theshortest augmenting paths of the previous phase. (Sin
e the augmenting paths always have an odd length,they must a
tually in
rease in length by two.)Suppose that in some phase we augmented the 
urrent mat
hing by a maximal set of vertex disjoint pathsof length k (and k was the length of the shortest possible augmenting path). This yields a new mat
hingM 0. Let P 0 be an augmenting path with respe
t to the new mat
hing. If P 0 is vertex disjoint from ea
hpath in the previous set of paths it must have length stri
tly more than k. If it shares a vertex with somepath P in our 
hosen set of paths, then P \ P 0 
ontains at least one edge in M 0 sin
e every vertex in P ismat
hed in M 0. (Hen
e P 0 
annot interse
t P on a vertex and not share an edge with P .) By the previouslemma, P 0 ex
eeds the length of P by at least two.Lemma 12.2 A maximal set S of disjoint, minimum length augmenting paths 
an be found in O(m) time.Proof:Let G = (U; V;E) be a bipartite graph and let M be a mat
hing in G. We will grow a \Hungarian Tree"in G. (The tree really is not a tree but we will 
all it a tree all the same.) The pro
edure is similar to BFSand very similar to the sear
h for an augmenting path that was done in the previous le
ture. We start byputting the free verti
es in U in level 0. Starting from even level 2k, the verti
es at level 2k+1 are obtained40



by following free edges from verti
es at level 2k that have not been put in any level as yet. Sin
e the graphis bipartite the odd(even) levels 
ontain only verti
es from V (U). From ea
h odd level 2k + 1, we simpleadd the mat
hed neighbours of the verti
es to level 2k+2. We repeat this pro
ess until we en
ounter a freevertex in an odd level (say t). We 
ontinue the sear
h only to dis
over all free verti
es in level t, and stopwhen we have found all su
h verti
es. In this pro
edure 
learly ea
h edge is traversed at most on
e, and thetime is O(m).We now have a se
ond phase in whi
h the maximal set of disjoint augmenting paths of length k is found.We use a te
hnique 
alled topologi
al erase, 
alled so be
ause it is a little like topologi
al sort. With ea
hvertex x (ex
ept the ones at level 0), we asso
iate an integer 
ounter initially 
ontaining the number of edgesentering x from the previous level (we also 
all this the indegree of the vertex). Starting at a free vertex vat the last level t, we tra
e a path ba
k until arriving at a free vertex in level 0. The path is an augmentingpath, and we in
lude it in S.At all points of time we maintain the invariant that there is a path from ea
h free node (in V ) in thelast level to some free node in level 0. This is 
learly true initially, sin
e ea
h free node in the last level wasdis
overed by doing a BFS from free nodes in level 0. When we �nd an augmenting path we pla
e all verti
esalong this path on a deletion queue. As long as the deletion queue is non-empty, we remove a vertex fromthe queue, delete it together with its adja
ent verti
es in the Hungarian tree. Whenever an edge is deleted,the 
ounter asso
iated with its right endpoint is de
remented if the right endpoint is not on the 
urrent path(sin
e this node is losing an edge entering it from the left). If the 
ounter be
omes 0, the vertex is pla
edon the deletion queue (there 
an be no augmenting path in the Hungarian tree through this vertex, sin
eall its in
oming edges have been deleted). This maintains the invariant that when we grab paths 
omingba
kwards from the �nal level to level 0, then we automati
ally delete nodes that have no paths ba
kwardsto free nodes.After the queue be
omes empty, if there is still a free vertex v at level t, then there must be a path fromv ba
kwards through the Hungarian tree to a free vertex on the �rst level; so we 
an repeat this pro
ess. We
ontinue as long as there exist free verti
es at level t. The entire pro
ess takes linear time, sin
e the amountof work is proportional to the number of edges deleted. 2Let's go through the following example (see Fig. 11) to make sure we understand what's going on. Startwith the �rst free vertex v6. We walk ba
k to u6 then to v5 and to u1 (at this point we had a 
hoi
e of u5 oru1). We pla
e all these nodes on the deletion queue, and start removing them and their in
ident edges. v6is the �rst to go, then u6 then v5 and then u1. When we delete u1 we delete the edge (u1; v1) and de
reasethe indegree of v1 from 2 to 1. We also delete the edges (v6; u3) and (v5; u5) but these do not de
rease theindegree of any node, sin
e the right endpoint is already on the 
urrent path.Start with the next free vertex v3. We walk ba
k to u3 then to v1 and to u2. We pla
e all these nodeson the deletion queue, and start removing them and their in
ident edges. v3 is the �rst to go, then u3 (thisdeletes edge (u3; v4) and de
reases the indegree of v4 from 2 to 1). Next we delete v1 and u2. When wedelete u2 we remove the edge (u2; v2) and this de
reases the indegree of v2 whi
h goes to 0. Hen
e v2 getsadded to the deletion queue. Doing this makes the edge (v2; u4) get deleted, and drops the indegree of u4to 0. We then delete u4 and the edge (u4; v4) is deleted and v4 is removed. There are no more free nodesin the last level, so we stop. The key point is that it is not essential to �nd the maximum set of disjointaugmenting paths of length k, but only a maximal set.Theorem 12.3 The total running time of the above des
ribed algorithm is O(pnm).Proof:Ea
h phase runs in O(m) time. We now show that there are O(pn) phases. Consider running thealgorithm for exa
tly pn phases. Let the obtained mat
hing be M . Ea
h augmenting path from now on isof length at least 2pn + 1. (The paths are always odd in length and always in
rease by at least two afterea
h phase.) Let M� be the max mat
hing. Consider the symmetri
 di�eren
e of M and M�. This is a
olle
tion of 
y
les and paths, that 
ontain the augmenting paths w.r.t M . Let k = jM�j � jM j. Thus thereare k augmenting paths w.r.t M that yield the mat
hing M�. Ea
h path has length at least 2pn + 1, andthey are disjoint. The total length of the paths is at most n (due to the disjointness). If li is the length ofea
h augmenting path we have: k(2pn+ 1) � kXi=1 li � n:41
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Figure 11: Sample exe
ution of Topologi
al Erase.Thus k is upper bounded by n2pn+1 � n2pn � pn2 . In ea
h phase we in
rease the size of the mat
hing by atleast one, so there are at most k more phases. This proves the required bound of O(pn). 2
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 4Th. Feb 7. 2002Notes by Samir Khuller.13 Two Pro
essor S
hedulingWe will also talk about an appli
ation of mat
hing, namely the problem of s
heduling on two pro
essors.The original paper is by Fujii, Kasami and Ninomiya [7℄.There are two identi
al pro
essors, and a 
olle
tion of n jobs that need to be s
heduled. Ea
h job requiresunit time. There is a pre
eden
e graph asso
iated with the jobs (also 
alled the DAG). If there is an edgefrom i to j then i must be �nished before j is started by either pro
essor. How should the jobs be s
heduledon the two pro
essors so that all the jobs are 
ompleted as qui
kly as possible. The jobs 
ould represent
ourses that need to be taken (
ourses have prerequisites) and if we are taking at most two 
ourses in ea
hsemester, the question really is: how qui
kly 
an we graduate?This is a good time to note that even though the two pro
essor s
heduling problem 
an be solved inpolynomial time, the three pro
essor s
heduling problem is not known to be solvable in polynomial time, orknown to be NP-
omplete. In fa
t, the 
omplexity of the k pro
essor s
heduling problem when k is �xed isnot known.From the a
y
li
 graph G we 
an 
onstru
t a 
ompatibility graph G� as follows. G� has the same nodesas G, and there is an (undire
ted) edge (i; j) if there is no dire
ted path from i to j, or from j to i in G. Inother words, i and j are jobs that 
an be done together.
nodes in S

new matched edge

(a) (b)

nodes in S

J1 J 01J2 J 02
mat
hed edge in M�

J1 J 01J2 J 02J3 J 03
mat
hed edge in M�

Figure 12: (a) Changing the s
hedule (b) Continuing the proof.A maximum mat
hing in G� is the indi
ates the maximum number of pairs of jobs that 
an be pro
essedsimultaneously. Clearly, a solution to the s
heduling problem 
an be used to obtain a mat
hing in G�. Moreinterestingly, a solution to the mat
hing problem 
an be used to obtain a solution to the s
heduling problem!Suppose we �nd a maximum mat
hing inM in G�. An unmat
hed vertex is exe
uted on a single pro
essorwhile the other pro
essor is idle. If the maximum mat
hing has size m�, then 2m� verti
es are mat
hed, andn� 2m� verti
es are left unmat
hed. The time to �nish all the jobs will be m� + n� 2m� = n�m�. Hen
ea maximum mat
hing will minimize the time required to s
hedule all the jobs.We now argue that given a maximum mat
hing M�, we 
an extra
t a s
hedule of size n�m�. The keyidea is that ea
h mat
hed job is s
heduled in a slot together with another job (whi
h may be di�erent fromthe job it was mat
hed to). This ensures that we do not use more than n�m� slots.43



Let S be the subset of verti
es that have indegree 0. The following 
ases show how a s
hedule 
an be
onstru
ted from G and M�. Basi
ally, we have to make sure that for all jobs that are paired up in M�, wepair them up in the s
hedule. The following rules 
an be applied repeatedly.1. If there is an unmat
hed vertex in S, s
hedule it and remove it from G.2. If there is a pair of jobs in S that are mat
hed in M�, then we s
hedule the pair and delete both thejobs from G.If none of the above rules are appli
able, then all jobs in S are mat
hed; moreover ea
h job in S ismat
hed with a job not in S.Let J1 2 S be mat
hed to J 01 =2 S. Let J2 be a job in S that has a path to J 01. Let J 02 be the mate ofJ2. If there is path from J 01 to J 02, then J2 and J 02 
ould not be mat
hed to ea
h other in G� (this 
annot bean edge in the 
ompatibility graph). If there is no path from J 02 to J 01 then we 
an 
hange the mat
hing tomat
h (J1; J2) and (J 01; J 02) sin
e (J 01; J 02) is an edge in G� (see Fig. 12 (a)).The only remaining 
ase is when J 02 has a path to J 01. Re
all that J2 also has a path to J 01. We repeatthe above argument 
onsidering J 02 in pla
e of J 01. This will yield a new pair (J3; J 03) et
 (see Fig. 12 (b)).Sin
e the graph G has no 
y
les at ea
h step we will generate a distin
t pair of jobs; at some point of timethis pro
ess will stop (sin
e the graph is �nite). At that time we will �nd a pair of jobs in S we 
an s
heduletogether.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 7Tu. Feb 19, 2002Notes by Samir Khuller.14 Assignment ProblemConsider a 
omplete bipartite graph, G(X;Y;X�Y ), with weights w(ei) assigned to every edge. (One 
ouldthink of this problem as modeling a situation where the set X represents workers, and the set Y representsjobs. The weight of an edge represents the \
ompatability" fa
tor for a (worker,job) pair. We need to assignworkers to jobs su
h that ea
h worker is assigned to exa
tly one job.) The Assignment Problem is to�nd a mat
hing with the greatest total weight, i.e., the maximum-weighted perfe
t mat
hing (whi
h is notne
essarily unique). Sin
e G is a 
omplete bipartite graph we know that it has a perfe
t mat
hing.An algorithm whi
h solves the Assignment Problem is due to Kuhn and Munkres. We assume that allthe edge weights are non-negative, w(xi; yj) � 0:where xi 2 X; yj 2 Y:We de�ne a feasible vertex labeling l as a mapping from the set of verti
es in G to the real numbers, wherel(xi) + l(yj) � w(xi; yj):(The real number l(v) is 
alled the label of the vertex v.) It is easy to 
ompute a feasible vertex labeling asfollows: (8yj 2 Y ) [l(yj) = 0℄:and l(xi) = maxj w(xi; yj):We de�ne the Equality Subgraph, Gl, to be the spanning subgraph of G whi
h in
ludes all verti
es ofG but only those edges (xi; yj) whi
h have weights su
h thatw(xi; yj) = l(xi) + l(yj):The 
onne
tion between equality subgraphs and maximum-weighted mat
hings is provided by the fol-lowing theorem:Theorem 14.1 If the Equality Subgraph, Gl, has a perfe
t mat
hing, M�, then M� is a maximum-weightedmat
hing in G.Proof:Let M� be a perfe
t mat
hing in Gl. We have, by de�nition,w(M�) = Xe2M� w(e) = Xv2X[Y l(v):Let M be any perfe
t mat
hing in G. Thenw(M) = Xe2M w(e) � Xv2X[Y l(v) = w(M�):Hen
e, w(M) � w(M�):45



2In fa
t note that the sum of the labels is an upper bound on the weight of the maximum weight perfe
tmat
hing.High-level Des
ription:The above theorem is the basis of an algorithm, due to Kuhn and Munkres, for �nding a maximum-weighted mat
hing in a 
omplete bipartite graph. Starting with a feasible labeling, we 
ompute the equalitysubgraph and then �nd a maximum mat
hing in this subgraph (now we 
an ignore weights on edges). If themat
hing found is perfe
t, we are done. If the mat
hing is not perfe
t, we add more edges to the equalitysubgraph by revising the vertex labels. We also ensure that edges from our 
urrent mat
hing do not leavethe equality subgraph. After adding edges to the equality subgraph, either the size of the mat
hing goes up(we �nd an augmenting path), or we 
ontinue to grow the hungarian tree. In the former 
ase, the phaseterminates and we start a new phase (sin
e the mat
hing size has gone up). In the latter 
ase, we grow thehungarian tree by adding new nodes to it, and 
learly this 
annot happen more than n times.Let S = the set of free nodes in X . Grow hungarian trees from ea
h node in S. Let T = all nodesin Y en
ountered in the sear
h for an augmenting path from nodes in S. Add all nodes from X that areen
ountered in the sear
h to S.Some More Details:We note the following about this algorithm: S = X � S:T = Y � T:jSj > jT j:There are no edges from S to T , sin
e this would imply that we did not grow the hungarian trees
ompletely. As we grow the Hungarian Trees in Gl, we pla
e alternate nodes in the sear
h into S and T . Torevise the labels we take the labels in S and start de
reasing them uniformly (say by �), and at the sametime we in
rease the labels in T by �. This ensures that the edges from S to T do not leave the equalitysubgraph (see Fig. 13).As the labels in S are de
reased, edges (in G) from S to T will potentially enter the Equality Subgraph,Gl. As we in
rease �, at some point of time, an edge enters the equality subgraph. This is when we stopand update the hungarian tree. If the node from T added to Gl is mat
hed to a node in S, we move boththese nodes to S and T , whi
h yields a larger Hungarian Tree. If the node from T is free, we have found anaugmenting path and the phase is 
omplete. One phase 
onsists of those steps taken between in
reases inthe size of the mat
hing. There are at most n phases, where n is the number of verti
es in G (sin
e in ea
hphase the size of the mat
hing in
reases by 1). Within ea
h phase we in
rease the size of the hungarian treeat most n times. It is 
lear that in O(n2) time we 
an �gure out whi
h edge from S to T is the �rst one toenter the equality subgraph (we simply s
an all the edges). This yields an O(n4) bound on the total runningtime. Let us �rst review the algorithm and then we will see how to implement it in O(n3) time.The Kuhn-Munkres Algorithm (also 
alled the Hungarian Method):Step 1: Build an Equality Subgraph, Gl by initializing labels in any manner (this was dis
ussed earlier).Step 2: Find a maximum mat
hing in Gl (not ne
essarily a perfe
t mat
hing).Step 3: If it is a perfe
t mat
hing, a

ording to the theorem above, we are done.Step 4: Let S = the set of free nodes in X . Grow hungarian trees from ea
h node in S. Let T = all nodes inY en
ountered in the sear
h for an augmenting path from nodes in S. Add all nodes from X thatare en
ountered in the sear
h to S.Step 5: Revise the labeling, l, adding edges to Gl until an augmenting path is found, adding verti
es to Sand T as they are en
ountered in the sear
h, as des
ribed above. Augment along this path andin
rease the size of the mat
hing. Return to step 4.
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Only edges in Gl are shown
+���

S T

SFigure 13: Sets S and T as maintained by the algorithm.More EÆ
ient Implementation:We de�ne the sla
k of an edge as follows:sla
k(x; y) = l(x) + l(y)� w(x; y):Then � = minx2S;y2T sla
k(x; y)Naively, the 
al
ulation of � requires O(n2) time. For every vertex in T , we keep tra
k of the edge withthe smallest sla
k, i.e., sla
k[yj ℄ = minxi2S sla
k(xi; yj)The 
omputation of sla
k[yj ℄ requires O(n2) time at the start of a phase. As the phase progresses, it iseasy to update all the sla
k values in O(n) time sin
e all of them 
hange by the same amount (the labels ofthe verti
es in S are going down uniformly). Whenever a node u is moved from S to S we must re
omputethe sla
ks of the nodes in T , requiring O(n) time. But a node 
an be moved from S to S at most n times.Thus ea
h phase 
an be implemented in O(n2) time. Sin
e there are n phases, this gives us a runningtime of O(n3).
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 8Th. Feb 21, 2002Original notes by Sibel Adali and Andrew Vakhutinsky.15 Network Flow - Maximum Flow ProblemRead [21, 5, 19℄.The problem is de�ned as follows: Given a dire
ted graph Gd = (V;E; s; t; 
) where s and t are spe
ialverti
es 
alled the sour
e and the sink, and 
 is a 
apa
ity fun
tion 
 : E ! <+, �nd the maximum 
owfrom s to t.Flow is a fun
tion f : E ! < that has the following properties:1. (Skew Symmetry) f(u; v) = �f(v; u)2. (Flow Conservation) �v2V f(u; v) = 0 for all u 2 V � fs; tg.(In
oming 
ow) �v2V f(v; u) = (Outgoing 
ow) �v2V f(u; v)-:qR * q-R >
Carry 
ow intothe vertex Carry 
ow outof the vertexFlow Conservation3. (Capa
ity Constraint) f(u; v) � 
(u; v)Maximum 
ow is the maximum value jf j given byjf j = �v2V f(s; v) = �v2V f(v; t):De�nition 15.1 (Residual Graph) GDf is de�ned with respe
t to some 
ow fun
tion f , Gf = (V;Ef ; s; t; 
0)where 
0(u; v) = 
(u; v)� f(u; v). Delete edges for whi
h 
0(u; v) = 0.As an example, if there is an edge in G from u to v with 
apa
ity 15 and 
ow 6, then in Gf there is an edgefrom u to v with 
apa
ity 9 (whi
h means, I 
an still push 9 more units of liquid) and an edge from v to uwith 
apa
ity 6 (whi
h means, I 
an 
an
el all or part of the 6 units of liquid I'm 
urrently pushing) 1. Ef
ontains all the edges e su
h that 
0(e) > 0.Lemma 15.2 Here are some easy to prove fa
ts:1. f 0 is a 
ow in Gf i� f + f 0 is a 
ow in G.2. f 0 is a maximum 
ow in Gf i� f + f 0 is a maximum 
ow in G.3. jf + f 0 j = jf j+ jf 0 j.1Sin
e there was no edge from v to u in G, then its 
apa
ity was 0 and the 
ow on it was -6. Then, the 
apa
ity of this edgein Gf is 0� (�6) = 6. 48



Y=	Y ?j �s? q>
�j? q>>q?s�

(Max 
ow = 4)A The min-
utThe residual graph311 231s t ts
s st t14 2 13The 
apa
ity of edges 1 13 30The 
ow fun
tion12 3(C(A,B)=4)Figure 14: An example4. If f is a 
ow in G, and f� is the maximum 
ow in G, then f� � f is the maximum 
ow in Gf .De�nition 15.3 (Augmenting Path) A path P from s to t in the residual graph Gf is 
alled augmentingif for all edges (u; v) on P , 
0(u; v) > 0. The residual 
apa
ity of an augmenting path P is mine2P 
0(e).The idea behind this de�nition is that we 
an send a positive amount of 
ow along the augmenting pathfrom s to t and "augment" the 
ow in G. (This 
ow in
reases the real 
ow on some edges and 
an
els 
owon other edges, by reversing 
ow.)De�nition 15.4 (Cut) An (s; t) 
ut is a partitioning of V into two sets A and B su
h that A \ B = ;,A [ B = V and s 2 A; t 2 B.

z......................Æ9� Æ-
j: -�? U

BA
ts

Figure 15: An (s; t) CutDe�nition 15.5 (Capa
ity Of A Cut) The 
apa
ity C(A;B) is given byC(A;B) = �a2A;b2B 
(a; b):49



By the 
apa
ity 
onstraint we have that jf j = �v2V f(s; v) � C(A;B) for any (s; t) 
ut (A;B). Thus the
apa
ity of the minimum 
apa
ity s; t 
ut is an upper bound on the value of the maximum 
ow.Theorem 15.6 (Max 
ow - Min 
ut Theorem) The following three statements are equivalent:1. f is a maximum 
ow.2. There exists an (s; t) 
ut (A;B) with C(A;B) = jf j.3. There are no augmenting paths in Gf .An augmenting path is a dire
ted path from s to t.Proof:We will prove that (2)) (1)) (3)) (2).((2) ) (1)) Sin
e no 
ow 
an ex
eed the 
apa
ity of an (s; t) 
ut (i.e. f(A;B) � C(A;B)), the 
owthat satis�es the equality 
ondition of (2) must be the maximum 
ow.((1)) (3)) If there was an augmenting path, then I 
ould augment the 
ow and �nd a larger 
ow, hen
e fwouldn't be maximum.((3)) (2)) Consider the residual graph Gf . There is no dire
ted path from s to t in Gf , sin
e if there wasthis would be an augmenting path. Let A = fvjv is rea
hable from s in Gfg. A and A form an (s; t) 
ut,where all the edges go from A to A. The 
ow f 0 must be equal to the 
apa
ity of the edge, sin
e for allu 2 A and v 2 A, the 
apa
ity of (u; v) is 0 in Gf and 0 = 
(u; v) � f 0(u; v), therefore 
(u; v) = f 0(u; v).Then, the 
apa
ity of the 
ut in the original graph is the total 
apa
ity of the edges from A to A, and the
ow is exa
tly equal to this amount. 2A "Naive" Max Flow Algorithm:Initially let f be the 0 
owwhile (there is an augmenting path P in Gf ) do
(P ) mine2P 
0(e);send 
ow amount 
(P ) along P ;update 
ow value jf j  jf j+ 
(P );
ompute the new residual 
ow network GfAnalysis: The algorithm starts with the zero 
ow, and stops when there are no augmenting paths froms to t. If all edge 
apa
ities are integral, the algorithm will send at least one unit of 
ow in ea
h iteration(sin
e we only retain those edges for whi
h 
0(e) > 0). Hen
e the running time will be O(mjf�j) in the worst
ase (jf�j is the value of the max-
ow).A worst 
ase example. Consider a 
ow graph as shown on the Fig. 16. Using augmenting paths(s; a; b; t) and (s; b; a; t) alternatively at odd and even iterations respe
tively (�g.1(b-
)), it requires total jf�jiterations to 
onstru
t the max 
ow.If all 
apa
ities are rational, there are examples for whi
h the 
ow algorithm might never terminate. Theexample itself is intri
ate, but this is a fa
t worth knowing.Example. Consider the graph on Fig. 17 where all edges ex
ept (a; d), (b; e) and (
; f) are unbounded(have 
omparatively large 
apa
ities) and 
(a; d) = 1, 
(b; e) = R and 
(
; f) = R2. Value R is 
hosen su
hthat R = p5�12 and, 
learly (for any n � 0, Rn+2 = Rn � Rn+1. If augmenting paths are sele
ted as shownon Fig. 17 by dotted lines, residual 
apa
ities of the edges (a; d), (b; e) and (
; f) will remain 0, R3k+1 andR3k+2 after every (3k + 1)st iteration (k = 0; 1; 2; : : :). Thus, the algorithm will never terminate.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 09Feb 26, 2002Notes by Samir Khuller.16 The Max Flow ProblemToday we will study the Edmonds-Karp algorithm that works when the 
apa
ities are integral, and has amu
h better running time than the Ford-Fulkerson method. (Edmonds and Karp gave a se
ond heurisit
that we will study later.)Assumption: Capa
ities are integers.1st Edmonds-Karp Algorithm:while (there is an augmenting path s� t in Gf ) dopi
k up an augmenting path (in Gf ) with the highest residual 
apa
ity;use this path to augment the 
ow;Analysis: We �rst prove that if there is a 
ow in G of value jf j, the highest 
apa
ity of an augmentingpath in Gf is � jf jm . In 
lass we 
overed two di�erent proofs of this lemma. The notion of 
ow de
ompositionsis very useful so I am des
ribing this proof in the notes.Lemma 16.1 Any 
ow in G 
an be expressed as a sum of at most m path 
ows in G and a 
ow in G ofvalue 0, where m is the number of edges in G.Proof:Let f be a 
ow in G. If jf j = 0, we are done. (We 
an assume that the 
ow on ea
h edge is the sameas the 
apa
ity of the edge, sin
e the 
apa
ities 
an be arti�
ally redu
ed without a�e
ting the 
ow. Asa result, edges that 
arry no 
ow have their 
apa
ities redu
ed to zero, and su
h edges 
an be dis
arded.The importan
e of this will be
ome 
lear shortly.) Otherwise, let p be a path from s to t in the graph. Let
(p) > 0 be the bottlene
k 
apa
ity of this path (edge with minimum 
ow/
apa
ity). We 
an redu
e the
ow on this path by 
(p) and we output this 
ow path. The bottlene
k edge now has zero 
apa
ity and 
anbe deleted from the network, the 
apa
ities of all other edges on the path is lowered to re
e
t the new 
owon the edge. We 
ontinue doing this until we are left with a zero 
ow (jf j = 0). Clearly, at most m pathsare output during this pro
edure. 2Sin
e the entire 
ow has been de
omposed into at most m 
ow paths, there is at least one augmentingpath with a 
apa
ity at least jf jm .Let the max 
ow value be f�. In the �rst iteration we push at least f1 � f�m amount of 
ow. The valueof the max-
ow in the residual network (after one iteration) is at mostf�(1� 1=m):The amount of 
ow pushed on the se
ond iteration is at leastf2 � (f� � f1) 1m:The value of the max-
ow in the residual network (after two iteations) is at mostf� � f1 � f2 � f� � f1 � (f� � f1) 1m = f�(1� 1m )� f1(1� 1m) � f�(1� 1m )� f�m (1� 1m ):= f�(1� 1m)2:53



Finally, the max 
ow in the residual graph after the kth iteration is� f�(m� 1m )k:What is the smallest value of k that will redu
e the max 
ow in the residual graph to 1?f�(m� 1m )k � 1 ;Using the approximation logm� log(m� 1) = �( 1m ) we 
an obtain a bound on k.k = �(m log f�):This gives a bound on the number of iterations of the algorithm. Taking into a 
onsideration that a pathwith the highest residual 
apa
ity 
an be pi
ked up in time O(m + n logn), the overall time 
omplexity ofthe algorithm is O((m+ n logn)m log f�).Tarjan's book gives a slightly di�erent proof and obtains the same bound on the number of augmentingpaths that are found by the algorithm.HistoryFord-Fulkerson (1956)Edmonds-Karp (1969) O(nm2)Dini
 (1970) O(n2m)Karzanov (1974) O(n3)Malhotra-Kumar-Maheshwari (1977) O(n3)Sleator-Tarjan (1980) O(nm logn)Goldberg-Tarjan (1986) O(nm logn2=m)
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 14Th. Mar. 4, 1993Notes by Marios Leventopoulos17 An O(n3) Max-Flow AlgorithmThe max-
ow algorithm operates in phases. At ea
h phase we 
onstru
t the residual network Gf , and fromit we �nd the layered network LGf .In order to 
onstru
t LGf we have to keep in mind that the shortest augmenting paths in G with respe
tto f 
orrespond to the shortest paths from s to t in Gf . With a breadth-�rst sear
h we 
an partition theverti
es of Gf into disjoint layers a

ording to their distan
e (the number of ar
s in the shortest path) froms. Further more, sin
e we are interested only in shortest s � t paths in Gf we 
an dis
ard any verti
es inlayers greater than that of t, and all other than t in the same layer as t, be
ause they 
annot be in anyshortest s� t path. Additionally a shortest path 
an only 
ontain ar
s that go from layer j to layer j + 1,for any j. So we 
an also dis
ard ar
s that go from a layer to a lower layer, or any ar
 that joins two nodesof the same layer.An augmenting path in a layered network with respe
t to some 
ow g is 
alled forward if it uses noba
kward ar
s. A 
ow g is 
alled maximal (not maximum) if there are no Forward Augmenting Paths(FAP).We then �nd a maximal 
ow g in LGf , add g to f and repeat. Ea
h time at least one ar
 be
omes satu-rated, and leaves the net. (the ba
kward ar
 
reated is dis
arded). Eventually s and t be
ome dis
onne
ted,and that signals the end of the 
urrent phase. The following algorithm summarizes the above:Step 1: f = 0Step 2: Constru
t GfStep 3: Find maximal 
ow g in LGfStep 4: f  f + gStep 5: goto step 2 (next phase)In LGf there are no forward augmenting paths with respe
t to g, be
ause g is maximal. Thus allaugmenting paths have length greater than s � t distan
e. We 
an 
on
lude that the s � t distan
e in thelayered network is in
reasing from one phase to the other. Sin
e it 
an not be greater than n, the numberof phases is O(n).Throughput(v) of a vertex v is de�ned as the sum of the outgoing 
apa
ities, or the in
oming 
apa
ities,whi
hever is smaller, i.e it is the maximum amount of 
ow that 
an be pushed through vertex v.The question is, given a layered net Gf (with a sour
e and sink node), how 
an we eÆ
iently �nd amaximal 
ow g?Step 1: Pi
k a vertex v with minimum throughput,Step 2: Pull that mu
h 
ow from s to v and push it from v to tStep 3: Repeat until t is dis
onne
ted from sBy pi
king the vertex with the smallest throughput, no node will ever have to handle an amount of 
owlarger than its throughput, and hen
e no ba
ktra
king is required. In order to push 
ow from v to t wepro
ess nodes layer by layer in breadth-�rst way. Ea
h vertex sends 
ow away by 
ompletely saturating ea
hof its outgoing edges, one by one, so there is at most one outgoing edge that had 
ow sent on it but did notget saturated. 55



Ea
h edge that gets saturated is not further 
onsidered in the 
urrent phase. We 
harge ea
h su
h edgewhen it leaves the net, and we 
harge the node for the partially saturated edge.The operation required to bring 
ow from s to v is 
ompletely symmetri
al to pushing 
ow from v to t.It 
an be 
arried out by traversing the ar
s ba
kwards, pro
essing layers in the same breadth-�rst way andpro
essing the in
oming ar
s in the same organized manner.To summarize we have used the following te
hniques:1. Consider nodes in non-de
reasing order of throughput2. Pro
ess nodes in layers (i.e. in a breadth-�rst manner)3. While pro
essing a vertex we have at most one unsaturated edge (
onsider only edges we have sent
ow on)After a node is pro
essed it is removed from the net, for the 
urrent phase.Work done: We have O(n) phases. At ea
h phase we have to 
onsider how many times di�erent ar
s arepro
essed. Pro
essing an ar
 
an be either saturating or partial. On
e an ar
 is saturated we 
an ignore itfor the 
urrent phase. Thus saturated pushes take O(m) time. However one ar
 may have more than oneunsaturated push per phase, but note that the total number of pulls and pushes at ea
h stage is at most nbe
ause every su
h operation results to the deletion of the node with the lowest throughput; the node wherethe this operation was started. Furthermore, for ea
h push or pull operation, we have at most n partialsteps, for ea
h node pro
essed. Therefore the work done for partial saturation at ea
h phase is O(n2).So we have O(n3) total work done for all phases.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 6Tu. Feb. 16, 1999Notes by Samir Khuller.18 Vertex Covers and Network FlowWe �rst show how to redu
e the problem of �nding a minimum weight vertex 
over in a bipartite graph tothe minimum 
ut problem in a dire
ted 
ow network. Minimum 
uts 
an be 
omputed by �nding maximum
ows.18.1 Redu
ing Bipartite Vertex Covers to Min CutsLet the bipartite graph G have vertex sets X [ Y and edge set E. We will 
onstru
t a 
ow network asfollows. Add a sour
e s and a sink t. Dire
t all the edges from X to Y . Add edges (s; x) for ea
h x 2 Xwith 
apa
ity w(x) and edges (y; t) for ea
h y 2 Y with 
apa
ity w(y). Let the 
apa
ity of edges in E be avery high value M (say nW where W is the max vertex weight and n is the size of the graph).Find a min-
ut (S; T = V � S) separating s from t (this 
an be done by �nding a max
ow in the 
ownetwork and de�ning S to be the set of verti
es rea
hable from s in the residual graph). De�ne the vertex
over as follows: V C = (S \ Y ) [ (T \X). We 
laim that the weight of the 
ut is exa
tly the same as theweight of the vertex 
over V C. To see this, noti
e that the edges that 
ross the 
ut are the edges from s toT \ X and edges from S \ Y to t. These have weight exa
tly equal to the 
apa
ity of the 
ut. There 
anbe no edges from S \X to T \ Y sin
e the 
apa
ity of ea
h edge in E ex
eeds the 
apa
ity of the min-
ut,hen
e V C is a vertex 
over in G = (X;Y;E).To 
omplete the proof, we need to argue that there is no vertex 
over of smaller weight. To see thisnoti
e that a min weight vertex 
over, indu
es a 
ut of exa
tly the same 
apa
ity as the weight of the 
over.Hen
e the min 
ut 
orresponds to the min weight vertex 
over.Now re
all that we 
an �nd a 2 approximation for vertex 
over by redu
ing it to the problem of �ndinga minimum weight 2-
over in a graph. The minimum weight 2-
over 
an be found by redu
ing it to theproblem of �nding a min vertex 
over in an appropriate bipartite graph.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 20Tu. April 11, 1995Original notes by Vadim Kagan.19 Planar GraphsThe planar 
ow stu� is by Hassin [10℄. If you want to read more about planar 
ow, see the paper by Khullerand Naor [13℄.A planar embedding of a graph, is a mapping of the verti
es and edges to the plane su
h that no two edges
ross (the edges 
an interse
t only at their ends). A graph is said to be planar, if it has a planar embedding.One 
an also view planar graphs as those graphs that have a planar embedding on a sphere. Planar graphsare useful sin
e they arise in the 
ontext of VLSI design. There are many interesting properties of planargraphs that 
an provide many hours of entertainment (there is a book by Nishizeki and Chiba on planargraphs [18℄).19.1 Euler's FormulaThere is a simple formula relating the numbers of verti
es (n), edges (m) and fa
es (f) in a 
onne
ted planargraph. n�m+ f = 2:One 
an prove this formula by indu
tion on the number of verti
es. From this formula, we 
an prove that asimple planar graph with n � 3 has a linear number of edges (m � 3n� 6).Let fi be the number of edges on fa
e i. ConsiderPi fi. Sin
e ea
h edge is 
ounted exa
tly twi
e in thissummation, Pi fi = 2m. Also note that if the graph is simple then ea
h fi � 3. Thus 3f � Pi fi = 2m.Sin
e f = 2 +m� n, we get 3(2 +m� n) � 2m. Simplifying, yields m � 3n� 6.There is a linear time algorithm due to Hop
roft and Karp (based on DFS) to obtain a planar embeddingof a graph (the algorithm also tests if the graph is planar). There is an older algorithm due to Tutte that�nds a straight line embedding of a tri
onne
ted planar graph (if one exists) by redu
ing the problem to asystem of linear equations.19.2 Kuratowski's 
hara
terizationDe�nition: A subdivision of a graph H is obtained by adding nodes of degree two on edges of H . G 
ontainsH as a homeomorph if G 
ontains a subdivision of H as a subgraph.The following theorem very pre
isely 
hara
terizes the 
lass of planar graphs. Note that K5 is the
omplete graph on �ve verti
es. K3;3 is a 
omplete bipartite graph with 3 nodes in ea
h partition.Theorem 19.1 (Kuratowski's Theorem) G is planar if and only if G does not 
ontain a subdivision ofeither K5 or K3;3.We will prove this theorem in the next le
ture. Today, we will study 
ow in planar graphs.19.3 Flow in Planar NetworksSuppose we are given a (planar) undire
ted 
ow network, su
h that s and t are on the same fa
e (we 
anassume, without loss of generality, that s and t are both on the in�nite fa
e). How do we �nd max-
ow insu
h a network (also 
alled an st-planar graph)?In the algorithms des
ribed in this se
tion, the notion of a planar dual will be used: Given a graphG = (V;E) we 
onstru
t a 
orresponding planar dual GD = (V D; ED) as follows (see Fig. 18). For ea
h fa
ein G put a vertex in GD; if two fa
es fi; fj share an edge in G, put an edge between verti
es 
orrespondingto fi; fj in GD (if two fa
es share two edges, add two edges to GD).Note that GDD = G; jV D j = f; jED j = m, where f is the number of fa
es in G.58



Figure 18: Graph with 
orresponding dual19.4 Two algorithmsUppermost Path Algorithm (Ford and Fulkerson)1. Take the uppermost path (see Fig. 19).2. Push as mu
h 
ow as possible along this path (until the minimum residual 
apa
ity edge on the pathis saturated).3. Delete saturated edges.4. If there exists some path from s to t in the resulting graph, pi
k new uppermost path and go to step2; otherwise stop.
s tUppermost path

Figure 19: Uppermost pathFor a graph with n verti
es and m edges, we repeat the loop m times, so for planar graphs this is aO(nm) = O(n2) algorithm. We 
an improve this bound to O(n logn) by using heaps for min-
apa
ity edge�nding. (This takes a little bit of work and is left as an exer
ise for the reader.) It is also interesting tonote that one 
an redu
e sorting to 
ow in st-planar graphs. More pre
isely, any implementation of theuppermost path algorithm 
an be made to output the sorted order of n numbers. So implementing theuppermost path algorithm is at least as hard as sorting n numbers (whi
h takes 
(n logn) time on a de
isiontree 
omputation model).We now study a di�erent way of �nding a max 
ow in an st-planar graph. This algorithm gets more
ompli
ated when the sour
e and sink are not on the same fa
e, but one 
an still solve the problem inO(n logn) time.Hassin's algorithm 59
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Figure 20: GD?Given a graph G, 
onstru
t a dual graph GD and split the vertex 
orresponding to the in�nte fa
e intotwo nodes s? and t?.Node s? is added at the top of GD, and every node in GD 
orresponding to a fa
e that has an edge onthe top of G, is 
onne
ted to s?. Node t? is similarly pla
ed and every node in GD, 
orresponding to a fa
ethat has an edge on the bottom of G, is 
onne
ted to t?. The resulting graph is denoted GD?.If some edges form an s � t 
ut in G, the 
orresponding edges in GD? form a path from s? to t?. InGD?, the weight of ea
h edge is equal to the 
apa
ity of the 
orresponding edge in G, so the min-
ut in G
orresponds to a shortest path between s? and t? in GD?. There exists a number of algorithms for �ndingshortest paths in planar graphs. Frederi
kson's algorithm, for example, has running time O(nplogn). Morere
ently, this was improved to O(n), but the algorithm is quite 
ompli
ated.On
e we have found the value of max
ow, the problem to �nd the exa
t 
ow through ea
h individualedge still remains. To do that, label ea
h node vi in GD? with di, vi's distan
e from s? in GD? (as usual,measured along the shortest path from s? to vi). For every edge e in G, we 
hoose the dire
tion of 
ow in away su
h that the larger label, of the two nodes in GD? \adja
ent" to e is on the right (see Fig. 21).If di and dj are labels for a pair of fa
es adja
ent to e, the value of the 
ow through e is de�ned to bethe di�eren
e between the larger and the smaller of di and dj . We prove that the de�ned fun
tion satis�esthe 
ow properties, namely that for every edge in G the 
ow through it does not exeed its 
apa
ity and forevery node in G the amount of 
ow entering it is equal to the amount of 
ow leaving it (ex
ept for sour
eand sink).Suppose there is an edge in G having 
apa
ity C(e) (as on Fig. 22), su
h that the amount of 
ow f(e)through it is greater than C(e): di � dj > C(e) (assuming, without loss of generality, that di > dj).By following the shortest path to vj and then going from dj to di a
ross e, we obtain a path from s? tovi. This path has length dj + C(e) < di. This 
ontradi
ts the assumption that di was the shortest path.To show that for every node in G the amount of 
ow entering it is equal to the amount of 
ow leavingit (ex
ept for sour
e and sink), we do the following. We go around in some (say, 
ounter
lo
kwise) dire
tionand add together 
ows through all the edges adja
ent to the vertex (see Figure 23). Note that, for edge ei,di � di+1 gives us negative value if ei is in
oming (i.e. di < di+1) and positive value if ei is outgoing. Byadding together all su
h pairs di � di+1, we get (d1 � d2) + (d2 � d3) + : : : + (dk � d1) = 0, from whi
h itfollows that 
ow entering the node is equal to the amount of 
ow leaving it.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 21Th. April 13, 1995Original notes by Marsha Che
hik.20 Planar GraphsIn this le
ture we will prove Kuratowksi's theorem (1930). For more details, one is referred to the ex
ellentGraph Theory book by Bondy and Murty [3℄. The proof of Kuratowski's theorem was done for fun, and willnot be in the �nal exam. (However, the rest of the stu� on planar graphs is part of the exam syllabus.)The following theorem is stated without proof.Theorem 20.1 The smallest non-planar graphs are K5 and K3;3.Note: Both K5 and K3;3 are embeddable on a surfa
e with genus 1 (a doughnut).De�nition: Subdivision of a graph G is obtained by adding nodes of degree two on edges of G.G 
ontains H as a homeomorph if we 
an obtain a subdivision of H by deleting verti
es and edges from G.20.1 BridgesDe�nition: Consider a 
y
le C in G. Edges e and e0 are said to be on the same bridge if there is a pathjoining them su
h that no internal vertex on the path shares a node with C.By this de�nition, edges form equivalen
e 
lasses that are 
alled bridges. A trivial bridge is a singletonedge.De�nition: A 
ommon vertex between the 
y
le C and one of the bridges with respe
t to C, is 
alled avertex of atta
hment.
B BB B1 4 32Figure 24: Bridges relative to the 
y
le C.De�nition: Two bridges avoid ea
h other with respe
t to the 
y
le if all verti
es of atta
hment are onthe same segment. In Fig. 24, B2 avoids B1 and B3 does not avoid B1. Bridges that avoid ea
h other
an be embedded on the same side of the 
y
le. Obviously, bridges with two identi
al atta
hment pointsare embeddable within ea
h other, so they avoid ea
h other. Bridges with three atta
hment points whi
h
oin
ide (3-equivalent), do not avoid ea
h other (like bridges B2 and B4 in Fig. 24). Therefore, two bridgeseither1. Avoid ea
h other2. Overlap (don't avoid ea
h other).� Skew: Ea
h bridge has two atta
hment verti
es and these are pla
ed alternately on C (see Fig. 25).62



u' vu
v'u' vu
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vv'u'u
Skew Bridges
Two bridges with 4 atta
hment verti
es

Figure 25:� 3-equivalent (like B2 and B4 in Fig. 24)It 
an be shown that other 
ases redu
e to the above 
ases. For example, a 4-equivalent graph (seeFig.25) 
an be 
lassi�ed as a skew, with verti
es u and v belonging to one bridge, and verti
es u0 and v0belonging to the other.20.2 Kuratowski's TheoremConsider all non-planar graphs that do not 
ontain K5 or K3;3 as a homeomorph. (Kuratowski's theorem
laims that no su
h graphs exist.) Of all su
h graphs, pi
k the one with the least number of edges. We nowprove that su
h a graph must always 
ontain a Kuratowksi homeomorph (i.e., a K5 or K3;3). Note that su
ha graph is minimally non-planar (otherwise we 
an throw some edge away and get a smaller graph).The following theorem is 
laimed without proof.Theorem 20.2 A minimal non-planar graph that does not 
ontain a homeomorph of K5 or K3;3 is 3-
onne
ted.Theorem 20.3 (Kuratowski's Theorem) G is planar i� G does not 
ontain a subdivision of either K5or K3;3.Proof:If G has a subdivision of K5 or K3;3, then G is not planar. If G is not planar, we will show that it must
ontain K5 or K3;3. Pi
k a minimal non-planar graph G. Let (u; v) be the edge, su
h that H = G � (u; v)is planar. Take a planar embedding of H , and take a 
y
le C passing through u and v su
h that H has thelargest number of edges in the interior of C. (Su
h a 
y
le must exist due to the 3-
onne
tivity of G.)Claims:1. Every external bridge with respe
t to C has exa
tly two atta
hment points. Otherwise, a path in thisbridge going between two atta
hment points, 
ould be added to C to obtain more edges inside C.63



2. Every external bridge 
ontains exa
tly one edge. This result is from the 3-
onne
tivity property.Otherwise, removal of atta
hment verti
es will make the graph dis
onne
ted.3. At least one external bridge must exist, be
ause otherwise the edge from u to v 
an be added keepingthe graph planar.4. There is at least one internal bridge, to prevent the edge between u and v from being added.5. There is at least one internal and one external bridge that prevents the addition of (u; v) and thesetwo bridges do not avoid ea
h other (otherwise, the inner bridge 
ould be moved outside).
xy uu y xABAuA Bv

zBw
v

b) This graph 
ontains K3;3 homeomorpha) This graph 
ontains K5 homeomorphFigure 26: Possible vertex-edge layouts.Now, let's add (u; v) to H . The following 
ases is happen:1. See Fig. 26(a). This graph 
ontains a homeomorph of K5. Noti
e that every verti
es are 
onne
tedwith an edge.2. See Fig. 26(b). This graph 
ontains a homeomorph of K3;3. To see that, let A = fu; x; wg andB = fv; y; zg. Then, there is an edge between every v1 2 A and v2 2 B.The other 
ases are similar and will not be 
onsidered here. 2
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 18Tu. Mar
h 30, 1993Notes by Vadim Kagan.21 Graph ColoringProblem : Given a graph G = (V;E), assign 
olors to verti
es so that no adja
ent verti
es have the same
olor.Note that all the verti
es of the same 
olor form an independent set (hen
e appli
ations in parallelpro
essing).Theorem 21.1 (6-
olorability) If G = (V;E) is planar,then G is 6-
olorable.Proof:Main property: there is a vertex in G with degree � 5. Suppose all the verti
es in G have degree � 6.Then sin
e jEj = PV deg(V )2we get jEj � 3n whi
h 
ontradi
ts the fa
t that for planar graphs jEj � 3n � 6 for n � 3. So there is (atleast one) vertex in G with degree � 5.Proof of 6-
olorability of G is done by indu
tion on the number of verti
es. Base 
ase is trivial, sin
e anygraph with � 6 verti
es is 
learly 6-
olorable. For indu
tive 
ase, we assume that any planar graph with nverti
es is 6-
olorable and try to prove that the same holds for a graph G with n+ 1 verti
es.Let us pi
k a minimum-degree vertex v and delete it from G. The resulting graph has n verti
es and is6-
olorable by the indu
tion hypothesis. Let C be some su
h 
oloring. Now let's put v ba
k in the graph.Sin
e v was the minimal-degree vertex, the degree of v was at most 5 (from the lemma above). Even if allthe neighbours of v are assigned di�erent 
olors by C, there is still one unused 
olor left for v, su
h that inthe resulting graph no two adja
ent verti
es have the same 
olor. This gives an O(n) algorithm for 6 
oloringof planar graphs. 2We will now prove a stronger property about planar graph 
oloring.Theorem 21.2 (5-
olorability of planar graphs) Every planar graph is 5-
olorable.Proof:We will use the same approa
h as for the 6-
olorability. Proof will again be on indu
tion on the number ofverti
es in the graph. The base 
ase is trivial. For indu
tive 
ase, we again �nd the minimum degree vertex.When we delete it from the graph, the resulting graph is 5-
olorable by indu
tion hypothesis. This time,though, putting the deleted vertex ba
k in the graph is more 
ompli
ated than in 6-
olorability 
ase. Let usdenote the vertex that we are trying to put ba
k in the graph by v. If v has � 4 neighbours, putting it ba
kis easy sin
e one 
olor is left unused and we just assign v this 
olor. Suppose v has 5 neighbours (sin
e v wasthe minimum-degree vertex in a planar graph, its degree is � 5) and all of them have di�erent 
olors (if anytwo of v's neighbours have the same 
olor, there is one free 
olor and we 
an assign v this 
olor). To put vba
k in G we have to 
hange 
olors somehow (see Fig. 27). How do we 
hange 
olors? Let us 
on
entrate onthe subgraph of nodes of 
olors 2 and 4. Suppose 
olors 2 and 4 belong to di�erent 
onne
ted 
omponents.Then 
ip 
olors 2 and 4 in the 
omponent that vertex 4 belongs to, i.e., 
hange 
olor of all 4-
olored nodesto 
olor 2 and nodes with 
olor 2 to 
olor 4. Sin
e 
olors 2 and 4 are in the di�erent 
onne
ted 
omponents,we 
an do this without violating the 
oloring (in the resulting graph, all the adja
ent nodes will still havedi�erent 
olors). But now we have a free 
olor - namely, 
olor 4 - that we 
an use for v.What if 
olors 2 and 4 are in the same 
omponent? In this 
ase, there is a path P of alternating 
olors (asshown on Fig. 27).Note that node 3 is now \trapped" - any path from node 3 to node 5 
rosses P . If we now 
onsidera subgraph 
onsisting of 3-
olored and 5-
olored nodes, nodes 3 and 5 
annot be in the same 
onne
ted
omponent - it would violate planarity of G. So we 
an 
ip 
olors 3 and 5 (as we did for 2 and 4) and getone free 
olor that 
ould be used for v; this 
on
ludes the proof of 5-
olorability of planar graphs. 265



Figure 27: Graph with alternating 
olors pathCMSC 651 Advan
ed AlgorithmsLe
turer: Bill Gasar
h Le
ture 17Th, Mar. 25, 1993Notes by Mi
hael Tan and Samir Khuller.22 Graph Minor Theorem and other CS Colle
tiblesIn this le
ture, we dis
uss graph minors and their 
onne
tions to polynomial time 
omputability.De�nition 22.1 (minor) We say that H is a minor of G (H � G) if H 
an be obtained from G by edgeremoval, vertex removal and edge 
ontra
tion.De�nition 22.2 (
losed under minor) Given a 
lass of graphs C, and graphs G and H, C is 
losed undertaking minors if G 2 C and H � G implies H 2 C.An example of a 
lass of graphs that is 
losed under taking minors is the 
lass of planar graphs. (If G isplanar, and H is a minor of G then H is also a planar graph.)Theorem 22.3 (Graph Minor Theorem Corollary) [Robertson�Seymour℄ If C is any 
lass of graphs
losed under taking minors, then there exists a �nite obstru
tion set H1; : : : ; Hl su
h that G 2 C $ (8i)[Hi 6�G℄.The proof of this theorem is highly non-trivial and is omitted.Example: For genus 1 (planar graphs), the �nite obstru
tion set is K5 and K3;3. G is planar if and onlyif K5 and K3;3 are not minors of G. Intuitively, the \forbidden" minors (in this 
ase, K5 and K3;3) are theminimal graphs that are not in the family C.Theorem 22.4 Testing H � G, for a �xed H, 
an be done in time O(n3), if n is the number of verti
es inG. Noti
e that the running time does not indi
ate the dependen
e on the size of H . In fa
t, the dependen
eon H is huge! There is an embarassingly large 
onstant that is hidden in the big-O notation. This algorithmis far from pra
ti
al for even very small sizes of H .Some results of the above statements:1. If C =fall planar graphsg, we 
an test G 2 C in O(n3) time. (To do this, test if K5 and K3;3 are minorsof G. Ea
h test takes O(n3) time.)2. If C = fall graphs in genus kg (�xed k), we 
an test if (G 2 C) in O(n3) time. (To do this, test if Hi� G(i = 1::L) for all graphs of C's obstru
tion set. The time to do this is O(L � n3) = O(n3), sin
e L is a
onstant for ea
h �xed k.)3. We 
an solve Vertex Cover for �xed k in POLYNOMIAL time. (The set of all graphs with (vertex 
over size) �k, is 
losed under taking minors. Therefore, it has a �nite obstru
tion set. We 
an test a given graph G aswe did in 2.)
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22.1 Towards an algorithm for testing planarity in genus kWe 
an use a trustworthy ora
le for SAT to �nd a satisfying assignment for a SAT instan
e (set a variable,quiz the ora
le, set another variable, quiz the ora
le, ....). The solution will be guaranteed. With anuntrustworthy ora
le, we may use the previous method to �nd a satisfying assignment, but the assignmentis not guaranteed to be 
orre
t. However, this is something that we 
an test for in the end. We use thisprin
iple in the algorithm below.The following theorem is left to the reader to verify (see homework).Theorem 22.5 Given a graph G and an ora
le that determines planarity on a surfa
e with genus k, we 
andetermine if G is planar in genus k and �nd su
h a planar embedding in polynomial time.We will now use this theorem, together with the graph minor theorem to obtain an algorithm for testingif a graph 
an be embedded in a surfa
e of genus k (�xed k).ALGORITHM for testing planarity in genus k and giving the embedding: (uses an untrust-worthy \Planarity in k" Ora
le)The ora
le uses a \
urrent" list H of forbidden minors to determine if a given graph is planar or non-planar. The main point is that if the ora
le is working with an in
omplete list of forbidden minors, and liesabout the planarity of a graph then in the pro
ess of obtaining a planar embedding we will determine thatthe ora
le lied. However, some point of time we will have obtained the 
orre
t list of forbidden minors (eventhough we will not know that), the ora
le does not lie thereafter. Sin
e there is only a �nite forbidden list,this will happen after 
onstant time.1. Input(G)2. For i := 1 to 12.1 - generate all graphs F1; F2; :::Fi.2.2 - for every graph f in F1::Fi- Che
k if f is planar (in k) (using brute for
e to try all possible embeddings of f)- if f is not planar, put f in set H [We are 
onstru
ting the �nite obstru
tion set℄2.3 - test if (H1 � G); (H2 � G); :::(Hl � G)2.4 - if any H � G, then RETURN(G IS NOT PLANAR)2.5 - else2.5.1 - try to make some embedding of G (We do this using H , whi
h gives us an untrustworthy ora
le todetermine if a graph is planar in k. There exists an algorithm (see homework) whi
h 
an determine a planarembedding using this PLANARITY ora
le.)2.5.2 - if we 
an, RETURN (the planar embedding, G IS PLANAR);- else keep looping (H must not be 
omplete yet)Running time:The number of iterations is bounded by a 
onstant number (independent of G) sin
e at the point when the�nite obstru
tion set is 
ompletely built, statement 2.4 or 2.5.2 MUST su
eed.22.2 Appli
ations:Sin
e we know VC for �xed k is in P , a good polynomial algorithm may exist. Below are several algorithms:Algorithm 1 [Fellows℄:build a tree as follows:- find edge (u,v) whi
h is un
overed- on left bran
h, insert u into VC, on right bran
h insert v into VC- des
end, re
urse. VC={}, (u,v) is un
overed/ \ 67



VC = {u} / \ VC = {v}. ./ \ / \VC={u,v4}/ \ / \ VC = {v, v2}et
.. . . . . . . . .Build tree up to height k. There will be O(2k) leaves. If there exists a vertex 
over of size � k, then itwill be in one of these leaves. Total time is O(n � 2k) = O(n).A se
ond simpler algorithm is as follows: any vertex that has degree > k must be in the VERTEXCOVER (sin
e if it is not, all its neighbours have to be in any 
over). We 
an thus in
lude all su
h nodes inthe 
over (add them one at a time). We are now left with a graph in whi
h ea
h vertex has degree � k. Inthis graph we know that there 
an be at most a 
onstant number of edges (sin
e a vertex 
over of 
onstantsize 
an 
over a 
onstant number of edges in this graph). The problem is now easy to solve.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 12Mar
h 7, 2002Notes by Samir Khuller.23 The Min Cost Flow ProblemToday we dis
uss a generalization of the min weight perfe
t mat
hing problem, the max 
ow problem andthe shortest path problem 
alled the min 
ost 
ow problem. Here you have a 
ow network, whi
h is basi
allya dire
ted graph. Ea
h edge (i; j) has a 
ost 
ij and 
apa
ity uij . This is denoted by a tuple (
ij ; uij) forthe edge (i; j). Nodes v have supplies/demands b(v). If b(v) > 0 then v is a supply vertex with supply valueb(v). If b(v) < 0 then v is demand vertex with demand �b(v).Our goal is to �nd a 
ow fun
tion f : E ! < su
h that ea
h vertex has a net out
ow of b(v) and thetotal 
ost is minimized. As before, the 
ow on an edge 
annot ex
eed the 
orresponding 
apa
ity. The 
ostof the 
ow fun
tion is de�ned as Pe2E f(e) � 
(e). (In other words, supply nodes have a net out
ow anddemand nodes have a net in
ow equal to their jb(v)j value.)We will assume that the total supply available is exa
tly equal to the total demand in the network. (Ingeneral, for a feasible solution to exist we need to assume that the total supply is at least the total demand.We 
an add a \dummy" vertex that absorbs the surplus 
ow, and thus 
an assume that the total supplyand demand values are the same.)The reader 
an easily see that the shortest path problem is a very spe
ial 
ase when we need to ship oneunit of 
ow from s to t at min 
ost, where ea
h edge has 
apa
ity one. The min weight perfe
t mat
hingproblem is also a spe
ial 
ase when ea
h vertex on one side has b(i) = 1 and the verti
es on the other sidehave b(i) = �1. When all edges have 
ost zero, it 
learly models the max 
ow problem.We �rst dis
uss an appli
ation of this problem to show how powerful it is.Caterer problem: A 
aterer needs to provide di napkins on ea
h of the next n days. He 
an buy newnapkins at the pri
e of � 
ents per napkin, or have the dirty napkins laundered. Two types of laundryservi
e are available: regular and express. The regular servi
e requires two working days and 
osts � 
entsper napkin, the express servi
e 
osts 
 
ents per napkin and requires one working day. The problem is to
ompute a pur
hasing/laundring poli
y at min total 
ost.This problem 
an be formulated as a min 
ost 
ow problem and 
an handle generalizations like inventory
osts et
.The basi
 idea is to 
reate a sour
e vertex s that a
ts as a supply node of new napkins. For ea
h dayi;� i � n, we 
reate two verti
es xi and yi. We set b(xi) = �di so this is a demand vertex with thedemand equal to the requirement for day i. We set b(yi) = di so this is a supply vertex that 
an providethe dirty napkins to future days. We set b(s) = Pni=1 di. From vertex s there is an edge to ea
h xi vertexwith parameters (�; di). From yi; 1 � i � n � 2 there is an edge to xi+2 with parameters (
; di). Fromyi; 1 � i � n� 3 there is an edge to xi+3 with parameters (�; di). These edges denote the fa
t that we 
anlaunder napkins by using the express servi
e and provide them after a gap of one day at 
ost 
 per napkin,and launder napkins by using the regular servi
e and provide them after a gap of two days at a 
ost of � pernapkin. The total number of su
h napkins is 
learly upper bounded by di (number of dirty napkins on dayi). Finding a min 
ost 
ow, gives us the way to �nd a min 
ost solution. A formal proof of this is left to thereader. You should note that we need to 
reate two verti
es for ea
h day sin
e one node absorbs the 
ow(
lean napkins) and one provides the 
ow (used napkins). We also 
reate one sink vertex t that 
an absorbthe surplus napkins at zero 
ost. (Sin
e the total supply in the network ex
eeds the demand.)Residual Graph: We de�ne the 
on
ept of residual graphs Gf with respe
t to a 
ow fun
tion f . The
apa
ity fun
tion is the same as before. The 
ost of the reverse edge is �
ij if the 
ost of edge (i; j) is 
ij .This 
orresponds to the fa
t that we 
an redu
e the 
ost by pushing 
ow along this edge, sin
e this onlyredu
es the 
ow that we were pushing in the forward dire
tion.We now dis
uss a very simple min 
ost 
ow algorithm. We 
an �rst 
ompute a feasible solution, byignoring 
osts and solving a max 
ow problem. We 
reate a single sour
e vertex s, add edges from s to ea
hsupply node v with 
apa
ity b(v). We 
reate a single sink vertex t, and add edges from ea
h demand vertex69



v to t with 
apa
ity jb(v)j. If the max 
ow does not saturate all the edges 
oming out of the sour
e thenthere is no feasible solution.Unfortunately, this solution may have a very high 
ost! We now show how to redu
e the 
ost of themax 
ow. Constru
t the residual graph, and 
he
k to see if this has a negative 
ost 
y
le (one 
an use aBellman-Ford shortest path algorithm for dete
ting negative 
ost 
y
les). If it does have a negative 
ost
y
le we 
an push 
ow around the 
y
le until we 
annot push any more 
ow on it. Pushing a 
ow of Æ unitsaround the 
y
le redu
es the total 
ow 
ost by ÆjCj where C is the 
ost of the 
y
le. If there is no negative
ost 
y
le in Gf then we 
an prove that f is an optimal solution. Noti
e that pushing 
ow around a 
y
ledoes not 
hange the net in
oming 
ow to any vertex, so all the demands are still satis�ed. We only redu
ethe 
ost of the solution.The next question is: how do we pi
k a 
y
le around whi
h to 
an
el 
ow? Goldberg and Tarjan provedthat pi
king a min mean 
y
le2 gives a polynomial bound on the total number of iterations of the algorithm.One 
an also try to �nd the 
y
le with the least 
ost, but then one might only be able to push a smallamount of 
ow around this 
y
le. One 
ould also try to identify the 
y
le whi
h would redu
e the 
ost bythe maximum possible amount.Lemma 23.1 A 
ow f is a min 
ost 
ow if and only if Gf has no negative 
ost 
y
les in it.Proof:If Gf has a negative 
ost 
y
le, we 
an redu
e the 
ost of 
ow f , hen
e it was not an optimal 
ow. IfGf has no negative 
ost 
y
les, we need to argue that f is an optimal solution. Suppose f is not optimal,then there is a 
ow f� that has the same 
ow value, but at lower 
ost. Consider the 
ow f� � f ; this is aset of 
y
les in Gf . Hen
e f 
an be 
onverted to f� by pushing 
ow around this set of 
y
les. Sin
e these
y
les are non-negative, this would only in
rease the 
ost! Hen
e 
(f) � 
(f�). Sin
e f� is an optimal 
ow,the two must have the same 
ost. 2In the next le
ture we will study a di�erent min 
ost 
ow algorithm.

2A min mean 
y
le minimizes the ratio of the 
ost of the 
y
le to the number of edges on the 
y
le.70



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 17Apr 2, 2002Notes by Samir Khuller.24 Shortest Path based Algorithm for Min Cost FlowsRe
all that we have a 
ow network, whi
h is basi
ally a dire
ted graph. Ea
h edge (i; j) has a 
ost 
ij and
apa
ity uij . This is denoted by a tuple (
ij ; uij) for the edge (i; j). Nodes v have supplies/demands b(v). Ifb(v) > 0 then v is a supply vertex with supply value b(v). If b(v) < 0 then v is demand vertex with demand�b(v). As before we assume that the total supply equals the total demand.Our goal is to �nd a 
ow fun
tion f : E ! < su
h that ea
h vertex has a net out
ow of b(v) (in otherwords, supply nodes have a net out
ow and demand nodes have a net in
ow equal to their jb(v)j value) andthe total 
ost is minimized. As before, the 
ow on an edge 
annot ex
eed the 
orresponding 
apa
ity. The
ost of the 
ow fun
tion is de�ned as Pe2E f(e) � 
(e).24.1 Review of Shortest PathsA shortest path tree is a rooted tree with the property that the unique path from the root to any vertexis a shortest path to that vertex. (Noti
e that Dijkstra's algorithm impli
itly 
omputes su
h a tree while
omputing shortest paths.)Shortest Path Veri�
ation: Given any rooted tree T , how does one verify that it is a shortest path tree?Suppose we use distan
es in the tree to 
ompute distan
e labels d(i) for ea
h vertex i. For ea
h dire
tededge (i; j) in the graph, we 
he
k the 
ondition
ij + d(i) � d(j):If this is true for all edges, we 
laim that T en
odes shortest paths. It is easy to see that if for some edged(j) > d(i) + 
ij then we 
an �nd a shorter path from s to j by going through vertex i.Consider any path P = [s = v0; v1; v2; : : : ; vk℄ from s to vk. 
(P ) =P(vi;vi+1) 
vivi+1 �P(vi;vi+1)(d(i +1)� d(i)) � d(vk)� d(v0) � d(vk). Hen
e path P is longer than the path in the tree from s to vk.We 
an de�ne redu
ed 
osts of edges as follows: 
0ij = 
ij + d(i)� d(j). It is easy to see that 
0ij � 0 and
0ij = 0 for edges on a shortest path.24.2 Min Cost FlowsSimilar to the 
on
ept of redu
ed 
osts via distan
e labels, we 
an de�ne the 
on
ept of redu
ed 
osts vianode potentials. We de�ne a fun
tion �(i) that denotes the potential of vertex i. We de�ne the redu
ed 
ostof edges in the 
ow network as 
�ij = 
ij + �(i)� �(j).The proof of the following lemma is trivial.Lemma 24.1 For any path P from vertex k to `, we have1. P(i;j)2P 
�ij =P(i;j)2P 
ij + �(k)� �(`).2. for any dire
ted 
y
le W , P(i;j)2W 
�ij =P(i;j)2W 
ij .Lemma 24.2 (Redu
ed Cost Optimality) A feasible 
ow x is optimal if and only if there exist node potentials� su
h that 
�ij � 0 for all edges in Gx.Proof:We re
all that a feasible 
ow x is optimal if and only if there are no negative 
ost 
y
les in Gx. If the
ow is optimal, we 
onsider Gx and de�ne �(i) = d(i) where d(i) is the distan
e to i from an arbitrary vertexs (sin
e the residual graph has no negative 
ost 
y
les, distan
es are well de�ned). By the shortest pathproperty all edges have non negative redu
ed 
osts. 71



To prove the 
onverse we see that if su
h node potentials exist, and we 
onsider the total 
ost of any
y
le W ; by the previous lemma, the total length of this 
y
le is non-negative and the same as the totallength of the 
y
le with the original 
ost fun
tion. Hen
e the residual graph has no negative 
y
les and thesolution is optimal. 2We de�ne a pseudo
ow f , as a 
ow fun
tion that meets the 
apa
ity requirement, but may not meet thedemand(s). One 
an view this as a partial solution. The main idea will be to augment 
ow along shortestpaths from a supply vertex to a demand vertex. We will eventually meet the full demand. We start withthe zero 
ow as the pseudo
ow, and in ea
h iteration de
rease the remaining total demand. In the end, wewill have a 
ow fun
tion that satis�es redu
ed 
ost optimality.The algorithm is based on the following two lemmas.Lemma 24.3 Let x be a pseudo
ow that satis�es redu
ed 
ost optimality 
onditions with respe
t to nodepotentials �. Let ve
tor d represent shortest path distan
es from a vertex s to all other nodes in Gx withrespe
t to 
ost 
�ij . The following properties are valid:1. Pseudo
ow x also satis�es redu
ed 
ost optimality with respe
t to node potentials �0 = � + d.2. The redu
ed 
osts 
�0ij are zero for all edges on shortest paths from s to nodes in Gx with 
osts 
�ij .Proof:We �rst show that 
�0ij � 0. By de�nition, 
�0ij = 
ij + �0(i) � �0(j) = 
ij + �(i) + d(i) � �(j) � d(j) =
�ij + d(i)� d(j) � 0 (by the shortest path property).The last equation is met with equality for edges on shortest paths, so 
�0ij = 0. 2Lemma 24.4 Suppose x is a pseudo
ow satisfying redu
ed 
ost optimality. If we obtain x0 from x by sending
ow along a shortest path from s to some other demand node k, then x0 also satis�es redu
ed 
ost optimality.Proof:If we de�ne potentials �0 from � su
h that x satis�es redu
ed 
ost optimality with respe
t to both nodepotentials. When we saturate a shortest path, the redu
ed 
ost of this path is zero and we 
reate edges inthe residual graph in the opposite dire
tion with zero 
ost. These still satisfy redu
ed 
ost optimality. 2We 
an now dis
uss the algorithm. The main idea is to start with a pseudo
ow of zero initially, and�(i) = 0 for ea
h vertex. Sin
e the initial 
osts are non-negative, the edges satisfy redu
ed 
ost optimality.We 
ompute the new potential �0 and saturate 
ow on a zero 
ost path from a supply to a demand vertex.(Pi
k the sour
e s as a supply vertex to 
ompute shortest paths.) We then re
ompute the new shortestpaths, update the potentials and saturate the next zero 
ost shortest path from a supply to a demand node.In ea
h step we update the ex
ess remaining 
ow in the supply/demand nodes. The algorithm terminateswhen we 
onvert our pseudo
ow into a real 
ow.pro
 Min 
ost 
ow(G);x = 0;� = 0;8i e(i) = b(i);E = fije(i) > 0g;D = fije(i) < 0g;while E 6= ; doSele
t a node k 2 E; ` 2 D;Find shortest distan
es d(j) from k to nodes in Gx with edge 
osts 
�;8i �(i) = �(i) + d(i);Let P be a shortest path from k to `;Æ = min(e(k); e(`);min(rij ; (i; j) 2 P ));augment Æ units of 
ow along P , update x, Gx; E;D et
.end-whileend pro
;
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 24Th. Apr 25, 2002Notes by Samir Khuller.25 NP-
ompletenessTo really understand NP-
ompleteness, you will need to read Chapter 36. This handout summarizes thebasi
 
on
epts we dis
ussed in the �rst 
lass on NP-
ompleteness.For the last few months, we have seen many di�erent problems, all of whi
h 
ould be solved fairlyeÆ
iently (we were able to design fast algorithms for them). We are going to de�ne an eÆ
ient algorithmas one that runs in worst 
ase polynomial time { O(n
) for an input of size n, where 
 is a �xed 
onstant.However, there are many problems for whi
h the best known algorithms take exponential time in the worst
ase { these problems arise in various 
ontexts, graphs, layout, s
heduling jobs, logi
, 
ompiler optimizationet
. to name a few.To make life simple, we will 
on
entrate on rather simple versions of these problems, whi
h are thede
ision versions of these problems. For example, rather than asking for the shortest path between a pairof verti
es in an unweighted graph, we 
ould ask the question: given a graph G and an integer K, is therea path from s to v of length at most K? This question has a simple YES/NO answer. Note that we do noteven ask for the path itself! (This was just to illustrate the 
on
ept of de
ision problems, this parti
ularproblem is not NP-
omplete! In fa
t, we 
ould run BFS, �nd out the shortest path length from s to v andthen output YES/NO appropriately.) It should be 
lear that if we wanted to determine the length of theshortest path, we 
ould ask \Is there a path of length 1", if the answer was \NO" we 
ould ask \Is there apath of length 2" and so on until we determine the length of the shortest path. Sin
e the path length variesfrom 0 to n � 1, asking n questions is suÆ
ient. (Noti
e that we 
ould also use binary sear
h to �nd thelength of the shortest path.)Let P be the 
lass of problems that 
an be solved in polynomial time. In other words, given an instan
e ofa de
ision problem in this 
lass, there is a polynomial time algorithm for de
iding if the answer is YES/NO.Let NP denote the 
lass of problems for whi
h we 
an 
he
k a proposed YES solution in polynomialtime. In other words, if I 
laim that there is a path of length at most K between s and v and I 
an giveyou a proof that you 
an 
he
k in polynomial time, we say that the problem belongs to NP . Clearly, thisproblem is in NP , but its also in P . There are many other problems in NP , that are not known to be inP . One example is LONGEST PATH: given a graph G, and an integer L, is there a simple path of length atleast L from s to v? Clearly, this problem is in NP , but not known to be in P . (To show that it is in NP ,I 
an give you a path of length at least L and in polynomial time it 
an be 
he
ked for validity { namely,that it has length at least L and is a simple path.) Usually we do need to argue that problem is in NP sin
ethere are problems that are not in NP (more on this later).Redu
tions: We say problem X / Y (X redu
es to Y ) if we 
an show the following: if there is apolynomial time algorithm for problem Y and we 
an use it to design a polynomial time algorithm forproblem X , then X 
an be redu
ed to solving Y .NP-
ompleteness: A problem Q is said to be NP-
omplete, if we 
an prove (a) Q 2 NP and (b)8X 2 NP X / Q.The notion of NP-
ompleteness tries to 
apture the \hardest" problems in the 
lass NP . In other words,the way we have de�ned the 
lass of NP-
omplete problems, if ever we were able to �nd a polynomial timealgorithm for Q, an NP-
omplete problem, we 
an then �nd a polynomial time algorithm for any problemX that is in the 
lass NP (and hen
e for every NP-
omplete problem). This follows by the de�nition ofNP-
ompleteness.The next question is: do NP-
omplete problems even exist? At �rst glan
e it appears pretty hard to showthat there is a general way to redu
e ANY problem in NP to problem Q. We need to do this to prove that
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Q is NP-
omplete. Cook did pre
isely that in 1971. He showed that the following problem is NP-
omplete.SATISFIABILITY PROBLEM: Given n boolean variables X1; : : : ; Xn (ea
h 
an be TRUE or FALSE),is there a way to assign values to the variables so that a given boolean formula evaluates to TRUE? Theboolean formula 
ould take the form:(Xi [Xj [Xk) \ (Xp [Xm [Xk) \ (Xj) \ (Xj [Xi) : : : \ (Xp [Xk).Cook's theorem: COOK proved that the SATISFIABILITY problem is NP-
omplete.It is easy to see that the problem belongs to the 
lass NP . Understanding the proof requires knowledgeof Turing Ma
hines and a more formal des
ription of what an algorithm is.Now that we have one problem Q that is NP-
omplete, our task is mu
h easier. If we 
an prove thatQ / Z AND Z 2 NP then we 
laim that Z is NP-
omplete. If we show that Q / Z then we have shown thatif Z 
an be solved in polynomial time then so 
an Q. But if Q 
an be solved in polynomial time and sin
eit is NP-
omplete, we 
an solve any problem X 2 NP in polynomial time! Thus we have shown 8X 2 NPX / Z, and thus established that Z is NP-
omplete.We now dis
uss a few spe
i�
 NP-
omplete problems. All of these problems 
an be proven to be NP-
omplete by redu
ing SATISFIABILITY (a known NP-
omplete problem) to ea
h of them. The proofs forsome of them are 
omplex. For fun, I will outline the redu
tion from SATISFIABILITY to CLIQUE in 
lass.HAMILTONIAN CYCLE PROBLEM: Given a graph G = (V;E) is there a 
y
le that visits ea
h vertexexa
tly on
e? (Noti
e that the 
losely related Euler tour problem, where we desire a tour (or 
y
le) thatvisits ea
h edge exa
tly on
e 
an be solved in polynomial time.)CLIQUE PROBLEM: Given a graph G = (V;E) and an integer K, is there a set S � V su
h thatjSj = K and there is an edge between ea
h pair of nodes in S.TRAVELING SALESMAN PROBLEM: Given a matrix D of distan
es between n 
ities (assume entriesin D are integers for 
onvenien
e), and an integer L { Is there a traveling salesman tour of length at mostL? (A traveling salesman tour visits ea
h 
ity exa
tly on
e.)BIN PACKING: Given n items, ea
h with a size si, and an integer K { 
an we pa
k the items into Kbins of unit size?Noti
e that there are problems that may not be in NP. Given a graph G, and an integer L, is thereexa
tly one path of length L from s to v? Even if i 
laim that the answer is YES, and show you a path oflength L { how do I 
onvin
e you that there is no other path of length L? So, we dont know if this problemis in NP . I just wanted to point out that there are problems for whi
h we 
annot even 
he
k a proposedsolution in polynomial time (at least for now). Maybe some day, we will be able to �gure out a polynomialtime algorithm (someone from this 
lass might be able to!).
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 23Th. Apr. 20, 1995Notes by Samir Khuller.26 NP-CompletenessIn the last le
ture we showed every non-deterministi
 Turing Ma
hine 
omputation 
an be en
oded as aSATISFIABILITY instan
e. In this le
ture we will assume that every formula 
an be written in a restri
tedform (3-CNF). In fa
t, the form is C1 \ C2 \ : : : \ Cm where ea
h Ci is a \
lause" that is the disjun
tionof exa
tly three \literals". (A literal is either a variable or its negation.) The proof of the 
onversion of anarbitrary boolean formula to one in this form is given in [5℄.The redu
tions we will study today are:1. SAT to CLIQUE.2. CLIQUE to INDEPENDENT SET.3. INDEPENDENT SET to VERTEX COVER.4. VERTEX COVER to DOMINATING SET.5. SAT to DISJOINT CONNECTING PATHS.The �rst three redu
tions are taken from Chapter 36.5 [5℄ pp. 946{949.Vertex Cover Problem: Given a graph G = (V;E) and an integer K, does G 
ontain a vertex 
over ofsize at most K? A vertex 
over is a subset S � V su
h that for ea
h edge (u; v) either u 2 S or v 2 S (orboth).Dominating Set Problem: Given a graph G0 = (V 0; E0) and an integer K 0, does G0 
ontain a dominatingset of size at most K 0? A dominating set is a subset S � V su
h that ea
h vertex is either in S or has aneighbor in S.DOMINATING SET PROBLEM:We prove that the dominating set problem is NP-
omplete by redu
ing vertex 
over to it. To prove thatdominating set is in NP, we need to prove that given a set S, we 
an verify that it is a dominating set inpolynomial time. This is easy to do, sin
e we 
an 
he
k membership of ea
h vertex in S, or of one of itsneighbors in S easily.Redu
tion: Given a graph G (assume that G is 
onne
ted), we repla
e ea
h edge of G by a triangle to
reate graph G0. We set K 0 = K. More formally, G0 = (V 0; E0) where V 0 = V [ Ve where Ve = fvei jei 2 Egand E0 = E[Ee where Ee = f(vei ; vk); (vei ; v`)jei = (vk; v`) 2 Eg. (Another way to view the transformationis to subdivide ea
h edge (u; v) by the addition of a vertex, and to also add an edge dire
tly from u to v.)If G has a vertex 
over S of size K then the same set of verti
es forms a dominating set in G0; sin
eea
h vertex v has at least one edge (v; u) in
ident on it, and u must be in the 
over if v isnt. Sin
e v is stilladja
ent to u, it has a neighbor in S.For the reverse dire
tion, assume that G0 has a dominating set of size K 0. Without loss of generalitywe may assume that the dominating set only pi
ks verti
es from the set V . To see this, observe that if veiis ever pi
ked in the dominating set, then we 
an repla
e it by either vk or v`, without in
reasing its size.We now 
laim that this set of K 0 verti
es form a vertex 
over. For ea
h edge ei, vei) must have a neighbor(either vk or v`) in the dominating set. This vertex will 
over the edge ei, and thus the dominating set inG0 is a vertex 
over in G.DISJOINT CONNECTING PATHS:Given a graph G and k pairs of verti
es (si; ti), are there k vertex disjoint paths P1; P2; : : : ; Pk su
h thatPi 
onne
ts si with ti ?This problem is NP-
omplete as 
an be seen by a redu
tion from 3SAT.Corresponding to ea
h variable xi, we have a pair of verti
es si; ti with two internally vertex disjointpaths of length m 
onne
ting them (where m is the number of 
lauses). One path is 
alled the true path75



and the other is the false path. We 
an go from si to ti on either path, and that 
orresponds to setting xito true or false respe
tively.For 
lause Cj = (xi ^ x` ^ xk) we have a pair of verti
es sn+j ; tn+j . This pair of verti
es is 
onne
ted asfollows: we add an edge from sn+j to a node on the false path of xi, and an edge from this node to tn+j .Sin
e if xi is true, the si; ti path will use the true path, leaving the false path free that will let sn+j rea
htn+j . We add an edge from sn+j to a node on the true path of x`, and an edge from this node to tn+j . Sin
eif x` is false, the s`; t` path will use the false path, leaving the true path free that will let sn+j rea
h tn+j .If xi is true, and x` is false then we 
an 
onne
t sn+j to tn+j through either node. If 
lause Cj and 
lauseCj0 both use xi then 
are is taken to 
onne
t the sn+j vertex to a distin
t node from the vertex sn+j0 is
onne
ted to, on the false path of xi. So if xi is indeed true then the true path from si to ti is used, andthat enables both the 
lauses Cj and Cj0 to be true, also enabling both sn+j and sn+j0 to be 
onne
ted totheir respe
tive partners.Proofs of this 
onstru
tion are left to the reader.x1 = T pathx1 = F path
All upper paths 
orresp to setting thevariable to True

pairs 
orresp to 
lausesC1 = (x1 or x2 or x3)

s1s2s3

sn+1
sn+2

(si; ti) pairs 
orresp to ea
h variablet1t2t3

tn+1
tn+2Figure 28: Graph 
orresponding to formula
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 20Tu. Apr. 5, 1993Notes by Samir Khuller.27 NP-CompletenessWe will assume that everyone knows that SAT is NP-
omplete. The proof of Cook's theorem was given inCMSC 650, whi
h most of you have taken before. The other students may read it from [CLR℄ or the bookby Garey and Johnson.The redu
tion we will study today is: CLIQUE to MULTIPROCESSOR SCHEDULING.MULTIPROCESSOR SCHEDULING: Given a DAG representing pre
eden
e 
onstraints, and a set of jobsJ all of unit length. Is there a s
hedule that will s
hedule all the jobs on M parallel ma
hines (all of thesame speed) in T time units ?Essentially, we 
an exe
ute upto M jobs in ea
h time unit, and we have to maintain all the pre
eden
e
onstraints and �nish all the jobs by time T .Redu
tion: Given a graph G = (V;E) and an integer k we wish to produ
e a set of jobs J , a DAG as wellas parameters M;T su
h that there will be a way to s
hedule the jobs if and only if G 
ontains a 
lique onk verti
es.Let n;m be the number of verti
es and edges in G respe
tively.We are going to have a set of jobs fv1; : : : ; vn; e1; : : : ; emg 
orresponding to ea
h vertex/edge. We putan edge from vi to ej (in the DAG) if ej is in
ident on vi in G. Hen
e all the verti
es have to be s
heduledbefore the edges they are in
ident to. We are going to set T = 3.Intuitively, we want the k verti
es that form the 
lique to be put in time slot 1. This makes C(k; 2) edgesavailable for time slot 2 along with the remaining n� k verti
es. The remaining edges m�C(k; 2) go in slot3. To ensure that no more than k verti
es are pi
ked in the �rst slot, we add more jobs. There will be jobsin 3 sets that are added, namely B;C;D. We make ea
h job in B a prerequisite for ea
h job in C, and ea
hjob in C a prerequisite for ea
h job in D. Thus all the B jobs have to go in time 1, the C jobs in time 2,and the D jobs in time 3.The sizes of the sets B;C;D are 
hosen as follows:jBj+ k = jCj+ (n� k) + C(k; 2) = jDj+ (m� C(k; 2)):This ensures that there is no 
exibility in 
hoosing the s
hedule. We 
hoose these in su
h a way, thatmin(jBj; jCj; jDj) = 1.It is trivial to show that the existen
e of a 
lique of size k implies the existen
e of a s
hedule of length 3.The proof in the other dire
tion is left to the reader.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 21Th. Apr. 7, 1993Notes by Samir Khuller.28 More on NP-CompletenessThe redu
tions we will study today are:1. 3 SAT to 3 COLORING.2. 3D-MATCHING (also 
alled 3 EXACT COVER) to PARTITION.3. PARTITION to SCHEDULING.I will outline the proof for 3SAT to 3COLORING. The other proofs may be found in Garey and Johnson.We are given a 3SAT formula with 
lauses C1; : : : ; Cm and n variables x1; : : : ; xn. We are going to
onstru
t a graph that is 3 
olorable if and only if the formula is satis�able.We have a 
lique on three verti
es. Ea
h node has to get a di�erent 
olor. W.l.o.g, we 
an assume thatthe three verti
es get the 
olors T; F; �. (T denotes \true" F denotes \false".)For ea
h variable xi we have a pair of verti
es Xi and Xi that are 
onne
ted to ea
h other by an edgeand also 
onne
ted to the vertex �. This for
es these two verti
es to be assigned 
olors di�erent from ea
hother, and in fa
t there are only two possible 
olorings for these two verti
es. If Xi gets the 
olor T , thenXi gets the 
olor F and we say that variable xi is true. Noti
e that ea
h variable 
an 
hoose a 
olor with nointerferen
e from the other variables. These verti
es are now 
onne
ted to the gadgets that denote 
lauses,and ensure that ea
h 
lause is true.We now need to 
onstru
t an \or" gate for ea
h 
lause. We want this gadget to be 3 
olorable if andonly if one of the inputs to the gate is T (true). We 
onstru
t a \gadget" for ea
h 
lause in the formula. Forsimpli
ity, let us assume that ea
h 
lause has exa
tly three literals.If all three inputs to this gadget are F , then there is no way to 
olor the verti
es. The verti
es below theinput must all get 
olor �. The verti
es on the bottom line now 
annot be 
olored. On the other hand if anyinput is T , then the vertex below the T input 
an be given 
olor F and the vertex below it (on the bottomline) gets 
olor �, and the graph 
an be three 
olored.If the formula is satis�able, it is really easy to use this assignmenmt to the variables to produ
e a three
oloring. We 
olor ea
h vertex Xi with T if xi is True, and with F otherwise. (The vertex Xi is 
oloredappropriately.) We now know that ea
h 
lause has a true input. This lets us 
olor ea
h OR gate (sin
e whenan input it true, we 
an 
olor the gadget). On the other hand, if the graph has a three 
oloring we 
an usethe 
oloring to obtain a satisfying assignment (verify that this is indeed the 
ase).
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T F
Inputs T F*X1X2X3

X1X2X3
For ea
h 
lause

same vertexsame vertex

Figure 29: Gadget for OR gate
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 24Th. Apr 25, 2002Notes by Samir Khuller.29 2 Satis�abilitySee Chapter 36.4 (page 942) for a des
ription of the Satis�ability problem. This le
ture provides a solutionto the 2-SAT problem (Problem 36.4-7).Constru
t a dire
ted graph G as follows. Corresponding to ea
h literal we 
reate a vertex (hen
e twonodes for ea
h variable are 
reated, one for xi and one for xi. If there is a 
lause x _ y where x and y areliterals, then we know that x! y and y ! x. (In other words, if x is F then y must be T, and vi
e-versa.)Add dire
ted edges in G from x to y and y to x.Claim: The formula has a satisfying assignment if and only if there is no variable xi su
h that the nodes
orresponding to xi and xi are in the same strongly 
onne
ted 
omponent.If xi and xi are in the same strongly 
onne
ted 
omponent then we 
annot set xi to either T or F (settingxi to T would imply that we need to set xi to T as well, setting it to F would imply that xi is F and so isxi).We now show how to 
ompute a satisfying assignment if there is no variable and its negation that arein the same strongly 
onne
ted 
omponent. In the following, whenever the value of a literal is set, weimmediately set the value of its negation. Start with variable x1. There are three 
ases: (i) x1 has a path tox1 (ii) x1 has a path to x1 (iii) no path in either dire
tion. In (i) set x1 = F . All literals that are rea
hablefrom x1 are set to T . One might wonder if this assignment is 
onsistent (you should wonder!). Can it bethat x1 has a path to xj and also a path to xj (for some j)? Observe that if x1 has a path to xj then xjhas a path to x1. This would imply that x1 and x1 are on a 
y
le, a 
ontradi
tion.In (ii) set x1 = T . All literals that are rea
hable from x1 are set to T . Can it be that x1 has a path toxj and also a path to xj (for some j)? Observe that if x1 has a path to xj then xj has a path to x1. Thiswould imply that x1 and x1 are on a 
y
le, a 
ontradi
tion.In (iii) set x1 = T . All literals that are rea
hable from x1 are set to T . Can it be that x1 has a path toxj and also a path to xj (for some j)? Observe that if x1 has a path to xj then xj has a path to x1. Thisimplies that x1 has a path to x1, a 
ontradi
tion.Thus we 
an use this pro
edure to set the values to all the variables in order. At ea
h step a 
onsistentvalue is assigned to ea
h literal. We just ensure that if a literal is set to T , then its entire rea
hable set isalso set to T . This is suÆ
ient to guarantee a satisfying assignment.Another way of �nding the assignment is to build the DAG of strong 
omponents and to �nd a topologi
alorder for it. On
e we have the topologi
al order, we 
an denote O(xi) as the topologi
al number assigned toxi. Clearly O(xi) and O(xi) are di�erent sin
e they belong to di�erent strong 
omponents. If O(xi) < O(xi)then we set xi = F , otherwise we set xi = T . Clearly, if there is a path from xi to xi we are guaranteedthat we set xi = F (other 
ase is similar). The main 
he
k we need to perform is if there is a path from aTRUE literal to a FALSE literal, whi
h would yield a 
lause that was false. Suppose xi = T and there is apath from xi to xj = F . Clearly, O(xi) < O(xi) and O(xj) < O(xj ). Sin
e there is a path from xi to xj ,O(xi) < O(xj)(< O(xj)). By the 
onstru
tion of the graph if there is a path from xi to xj then there mustbe a path from xj to xi. Sin
e O(xi) < O(xi) < O(xj) < O(xj) this is not possible.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
tures 4 and 5February 9 and 11Notes by Samir.30 Linear ProgrammingLinear programming is one of the most general problems known to be solvable in polynomial time. Manyoptimization problems 
an be 
ast dire
tly as polynomial-size linear programs and thus solved in polynomialtime. Often the theory underlying linear programming is useful in understanding the stru
ture of optimiza-tion problems. For this reason, L.P. theory is often useful in designing eÆ
ient algorithms for an optimizationproblem and for understanding su
h algorithms within a general framework.Here is an example of a linear programming problem.max (5x1 + 4x2 + 3x3)s.t. 2x1 + 3x2 + x3 � 54x1 + x2 + 2x3 � 113x1 + 4x2 + 2x3 � 8x1; x2; x3 � 0The goal is to �nd values (real numbers) for the xi's meeting the 
onstraints so that the obje
tive fun
tionis maximized. Note that all of the 
onstraints are linear inequalities or equations and the obje
tive fun
tionis also linear. In general, a linear program is a problem of maximizing or minimizing a linear fun
tion ofsome variables subje
t to linear 
onstraints on those variables.Simplex Method. The most 
ommon method of solving linear programs is the simplex algorithm, dueto Dantzig. The method �rst 
onverts the linear inequalities into equality 
onstraints by introdu
ing sla
kvariables. The original variables are referred to as the de
ision variables.de�nex4 = 5� 2x1 � 3x2 � x3x5 = 11� 4x1 � x2 � 2x3x6 = 8� 3x1 � 4x2 � 2x3z = 5x1 + 4x2 + 3x3x1; x2; x3; x4; x5; x6 � 0max zIt then starts with an initial feasible solution (an assignment to the variables meeting the 
onstraints,but not ne
essarily optimizing the obje
tive fun
tion). For instan
e, let x1; x2; x3 = 0, so that x4 = 5; x5 =11; x6 = 8 gives a feasible solution. The simplex method then does su

essive improvements, 
hanging thesolution and in
reasing the value of z, until the solution is optimal.Clearly, if we 
an in
rease x1 without 
hanging x2 or x3, we 
an in
rease the value of z. We 
onsiderin
reasing x1 and leaving x2 and x3 zero, while letting the equations for x4, x5, and x6 determine theirvalues. If we do this, how mu
h 
an we in
rease x1 before one of x4, x5 or x6 be
omes zero? Clearly, sin
ex4 � 0, we require that x1 � 52 . Sin
e x5 � 0, we require that x1 � 114 . Similarly, sin
e x6 � 0, we requirethat x1 � 83 . We thus in
rease x1 to 52 , and see that z = 12:5. Now x2; x3; x4 = 0 and x1; x5; x6 are non-zero.This operation is 
alled a pivot. A pivot improves the value of the obje
tive fun
tion, raises one zerovariable, brings one non-zero variable down to zero.How do we 
ontinue ? We rewrite the equations so that all the non-zero variables (simplex 
alls thesethe \basi
" variables) are expressed in terms of the zero variables. In this 
ase, this yields the followingequations.max zs.t. x1 = 52 � 32x2 � 12x3 � 12x4 81



x5 = 1 + 5x2 + 2x4x6 = 12 + 12x2 � 12x3 + 32x4z = 252 � 72x2 + 12x3 � 52x4x1; x2; x3; x4; x5; x6 � 0The natural 
hoi
e for the variable to in
rease is x3. It turns out that we 
an in
rease x3 to 1, and thenx6 be
omes 0. Then, the new modi�ed system we get (by moving x3 to the LHS) is:max zs.t. x3 = 1 + x2 + 3x4 � 2x6x1 = 2� 2x2 � 2x4 + x6x5 = 1 + 5x2 + 2x4z = 13� 3x2 � x4 � x6x1; x2; x3; x4; x5; x6 � 0Now we have z = 13 (with the 
urrent solution in whi
h x2; x4; x6 = 0). Also noti
e that in
reasing anyof the zero variables will only de
rease the value of z. Sin
e this system of equations is equivalent to ouroriginal system, we have an optimal solution.

82



Possible Problems:Initialization: Is it easy to get a starting feasible solution ?Progress in an iteration: Can we always �nd a variable to in
rease if we are not at optimality?Termination: Why does the algorithm terminate ?Their are fairly easy ways to over
ome ea
h of these problems.Linear Programming DualityGiven an abstra
t linear programming problem (with n variables and m 
onstraints), we 
an write it as:max z = 
Tx 
T = (1� n), x = (n� 1)s.t. Ax � b A = (m� n), b = (m� 1)x � 0Simplex obtains an optimal solution (i.e., maximizes z). Noti
e that any feasible solution to the primalproblem yields a lower bound on the value of z. The entire motivation for studying the linear programmingdual is a quest for an upper bound on the value of z.Consider the following linear programming problem:max z = 4x1 + x2 + 5x3 + 3x4s.t. x1 � x2 � x3 + 3x4 � 15x1 + x2 + 3x3 + 8x4 � 55�x1 + 2x2 + 3x3 � 5x4 � 3x1; x2; x3; x4 � 0Noti
e that (0; 0; 1; 0) is a feasible solution to the primal, and this yields the value of z = 5, implyingthat z� � 5 (z� is the optimum value). The solution (3; 0; 2; 0) is also feasible and shows that z� � 22.If we had a solution, how would we know that it was optimal ?Here is one way of giving an upper bound on the value of z�. Add up equations (2) and (3). This gives us4x1+3x2+6x3+3x4 � 58. Clearly, for non-negative values of xi this is always � z, (4x1+x2+5x3+3x4 �4x1 + 3x2 + 6x3 + 3x4 � 58). This gives us an upper bound on the value of z� of 58.In general, we are sear
hing for a linear 
ombination of the 
onstraints to give an upper bound for thevalue of z�. What is the best 
ombination of 
onstraints that will give us the smallest upper bound ? Wewill formulate this as a linear program ! This will be the dual linear program.Consider multiplying equation (i) (i = 1; 2; 3) in the above example by yi and adding them all up. Weobtain(y1 + 5y2 � y3)x1 + (�y1 + y2 + 2y3)x2 + (�y1 + 3y2 + 3y3)x3 + (3y1 + 8y2 � 5y3)x4 � y1 + 55y2 + 3y3We also require that all yi � 0.We would like to use this as an upper bound for z. Sin
e we would like to obtain the tightest possiblebounds (want to minimize the RHS), we 
ould rewrite it as the following LP.y1 + 5y2 � y3 � 4�y1 + y2 + 2y3 � 1�y1 + 3y2 + 3y3 � 53y1 + 8y2 � 5y3 � 3y1; y2; y3 � 0If these 
onstraints are satis�ed, we 
on
lude that z � y1+55y2+3y3. If we try to minimize (y1+55y2+3y3)subje
t to the above 
onstraints, we obtain the dual linear program.The dual linear program 
an be written su

in
tly as:min bT y bT = (1�m), y = (m� 1)s.t. yTA � 
T A = (m� n), 
T = (1� n)y � 0 83



Primal LP (n variables, m equations):maxPnj=1 
jxjs.t. Pnj=1 aijxj � bi (i = 1 : : :m)xj � 0 (j = 1 : : : n)Dual LP (m variables, n equations):minPmi=1 biyis.t. Pmi=1 aijyi � 
j (j = 1 : : : n)yi � 0 (i = 1 : : :m)Theorem 30.1 (Weak Duality Theorem)For every primal feasible solution x, and every dual feasible solution y, we have:nXj=1 
jxj � mXi=1 biyi:Proof:The proof of this theorem is really easy and follows almost by de�nition.nXj=1 
jxj � nXj=1( mXi=1 aijyi)xj = mXi=1( nXj=1 aijxj)yi � mXi=1 biyi 2It is easy to see that if we obtain x� and y�, su
h that the equation in the Weak Duality theorem is metwith equality, then both the solutions, x�; y� are optimal solutions for the primal and dual programs. Bythe Weak Duality theorem, we know that for any solution x, the following is true:nXj=1 
jxj � mXi=1 biy�i = nXj=1 
jx�jHen
e x� is an optimal solution for the primal LP. Similarly, we 
an show that y� is an optimal solution tothe Dual LP.Theorem 30.2 (Strong Duality Theorem)If the primal LP has an optimal solution x�, then the dual has an optimal solution y� su
h that:nXj=1 
jx�j = mXi=1 biy�i :Proof:To prove the theorem, we only need to �nd a (feasible) solution y� that satis�es the 
onstraints of theDual LP, and satis�es the above equation with equality. We solve the primal program by the simplex method,and introdu
e m sla
k variables in the pro
ess.xn+i = bi � nXj=1 aijxj (i = 1; : : : ;m)Assume that when the simplex algorithm terminates, the equation de�ning z reads as:z = z� + n+mXk=1 
kxk:Sin
e we have rea
hed optimality, we know that ea
h 
k is a nonpositive number (in fa
t, it is 0 for ea
hbasi
 variable). In addition z� is the value of the obje
tive fun
tion at optimality, hen
e z� = Pnj=1 
jx�j .To produ
e y� we pull a rabbit out of a hat ! De�ne y�i = �
n+i (i = 1; : : : ;m). To show that y� is an84



optimal dual feasible solution, we �rst show that it is feasible for the Dual LP, and then establish the strongduality 
ondition.>From the equation for z we have:nXj=1 
jxj = z� + nXk=1 
kxk � mXi=1 y�i (bi � nXj=1 aijxj):Rewriting it, we get nXj=1 
jxj = (z� � mXi=1 biy�i ) + nXj=1(
j + mXi=1 aijy�i )xj :Sin
e this holds for all values of xi, we obtain:z� = mXi=1 biy�i(this establishes the equality) and 
j = 
j + mXi=1 aijy�i (j = 1; : : : ; n):Sin
e 
k � 0, we have y�i � 0 (i = 1; : : : ;m):mXi=1 aijy�i � 
j (j = 1; : : : ; n)This establishes the feasibility of y�. 2Complementary Sla
kness Conditions:Theorem 30.3 Ne
essary and SuÆ
ient 
onditions for x� and y� to be optimal solutions to the primal anddual are as follows. mXi=1 aijy�i = 
j or x�j = 0 (or both) for j = 1; : : : ; nnXj=1 aijx�j = bi or y�i = 0 (or both) for i = 1; : : : ;mIn other words, if a variable is non-zero then the 
orresponding equation in the dual is met with equality,and vi
e versa.Proof:We know that 
jx�j � ( mXi=1 aijy�i )x�j (j = 1; : : : ; n)( nXj=1 aijx�j )y�i � biy�i (i = 1; : : : ;m)We know that at optimality, the equations are met with equality. Thus for any value of j, either x�j = 0or Pmi=1 aijy�i = 
j . Similarly, for any value of i, either y�i = 0 or Pnj=1 aijx�j = bi. 285



CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
tures 4 and 5February 9 and 11Original Notes by Chi-Jiun Su.31 Vertex CoverThe vertex 
over problem is de�ned as follows:Given a graph G= (V,E) �nd a subset C � V su
h that for all (u; v) 2 E, at least one of uor v is in
luded in C and the 
ardinality of set C is minimized.This problem is a spe
ial 
ase of the set 
over problem in whi
h the elements 
orrespond to edges. Thereis a set 
orresponding to ea
h vertex whi
h 
onsists of all the edges in
ident upon it and ea
h element is
ontained exa
tly in two sets. Although the greedy algorithm for set 
over we mentioned in the last 
lass 
anbe applied for vertex 
over, the approximation fa
tor is still H(�(G)), where �(G) is the maximum degreeof a node in the graph G. Can we hope to �nd algorithms with better approximation fa
tors? The answeris yes and we will present a number of 2-approximation algorithms.31.1 2-Approximation Algorithms31.1.1 Simple AlgorithmInput: Unweighted graph G(V,E)Output: Vertex 
over C1. C  ;2. while E 6= ; do beginPi
k any edge e = (u; v) 2 E and 
hoose both end-points u and v.C  C [ fu; vgE  E n fe 2 E j e = (x; y) su
h that u 2 fx; yg or v 2 fx; yggend.3. return C.The algorithm a
hieves an approximation fa
tor of 2 be
ause for a 
hosen edge in ea
h iteration of thealgorithm, it 
hooses both verti
es for vertex 
over while the optimal one will 
hoose at least one of them.Note that pi
king only one of the verti
es arbitrarily for ea
h 
hosen edge in the algorithm will fail tomake it a 2-approximation algorithm. As an example, 
onsider a star graph. It is possible that we are goingto 
hoose more than one non-
entral vertex before we pi
k the 
entral vertex.Another way of pi
king the edges is to 
onsider a maximal mat
hing in the graph.31.1.2 Maximal Mat
hing-based AlgorithmInput: Unweighted graph G(V,E)Output: Vertex 
over C1. Pi
k any maximal mat
hing M � E in G.2. C  fv j v is mat
hed in Mg.3. return C.
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It is also a 2-approximation algorithm. The reason is as follows. Let M be a maximal mat
hing of thegraph. At least one of the end-points in all the edges in E nM is mat
hed sin
e, otherwise, that edge 
ouldbe added to M , 
ontradi
ting the fa
t that M is a maximal mat
hing. This implies that every edge in Ehas at least one end-point that is mat
hed. Therefore, C is a vertex 
over with exa
tly 2 jM j verti
es.To 
over the edges in M , we need at least jM j verti
es sin
e no two of them share a vertex. Hen
e, theoptimal vertex 
over has size at least jM j and we haveV C = 2 jM j � 2 V Coptimalwhere V C is the size of vertex 
over.32 Weighted Vertex CoverGiven a graph G = (V;E) and a positive weight fun
tion w : V ! R+ on the verti
es, �nd asubset C � V su
h that for all (u; v) 2 E, at least one of u or v is 
ontained in C andPv2C w(v)is minimized.The greedy algorithm, whi
h 
hoose the vertex with minimum weight �rst, does not give a 2-approximationfa
tor. As an example, 
onsider a star graph with N + 1 nodes where the 
entral node has weight 1 + �,� << 1, and other non-
entral nodes have weight 1. Then, it is obvious that the greedy algorithm givesvertex 
over of weight N while the optimal has only weight 1 + �.32.1 LP Relaxation for Minimum Weighted Vertex CoverWeighted vertex 
over problem 
an be expressed as an integer program as follows.OPT-VC = Minimize Pv2V w(v)X(v)subje
t to X(u) +X(v) � 1 8e = (u; v) 2 Ewhere X(u) 2 f0; 1g 8u 2 VIf the solution to the above problem has X(u) = 1 for a vertex u, we pi
k vertex u to be in
luded in thevertex 
over.But, sin
e the above integer program is NP-
omplete, we have to relax the binary value restri
tion ofX(u) and transform it into a linear program as follows.LP-Cost = Minimize Pv2V w(v)X(v)subje
t to X(u) +X(v) � 1 8e = (u; v) 2 Ewhere X(u) � 0 8u 2 VNemhauser and Trotter showed that there exists an optimal solution of the linear program of the form:X�(u) =8<: 0121 .How do we interpret the results from LP as our vertex 
over solution? One simple way is to in
lude a vertexu in our vertex 
over if X�(u) � 12 . That is, the resultant vertex 
over isC = fu 2 V jX�(u) � 12gThis forms a 
over sin
e for ea
h edge, it 
annot be that the X values of both end points is < 12 . This turnsout to give 2-approximation of minimum weighted vertex 
over. Why?Xu2Cw(u) � Xu2C 2X�(u)w(u) � Xu2V 2X�(u)w(u) = 2 LP-
ost
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Moreover, sin
e LP is obtained by the relaxation of binary value restri
tion of X(u) in the original integerprogram, LP-Cost � OPT-VC:Therefore, the 
ost of the vertex 
over we rounded from the LP isVC = Xu2Cw(u) � 2 OPT-VC32.1.1 Primal-Dual Applied to Weighted Minimum CoverAlthough relaxation to LP and rounding from the LP solutions gives us a 2-approximation for the minimumweighted vertex 
over, LP is still 
omputationally expensive for pra
ti
al purposes. How about the dualform of the relaxed LP?Given a LP in standard form: Primal (P)Minimize 
Txsubje
t to Ax � bx � 0where x; b; 
 are 
olumn ve
tors, A is a matrix and T denotes the transpose. We 
an transform it into itsdual form as follows: Dual (D)Maximize bT ysubje
t to AT y � 
y � 0Then, the dual of our relaxed LP isDLP-Cost = Maximize Pe2E Y (e)subje
t to Pu:e=(u;v)2E Y (e) � w(v) 8v 2 VY (e) � 0 8e 2 EYe is 
alled \pa
king fun
tion". A pa
king fun
tion is any fun
tion Y : E ! R+ whi
h satis�es the abovetwo 
onstraints.A

ording to Weak Duality Theorem, if PLP-Cost and DLP-Cost are the 
osts for a feasible solution tothe primal and dual problem of the LP respe
tively,DLP-Cost � PLP-CostTherefore, DLP-Cost � DLP-Cost� � PLP-Cost�But, remember that PLP-Cost� � OPT-VC. Therefore, we don't need to �nd the optimal solution tothe dual problem. Any feasible solution is just �ne, as long as we 
an upper bound the 
ost of the vertex
over as a fun
tion of the dual feasible solution. How do we �nd a feasible solution to the dual problem? Itredu
es to the problem: \how to �nd a pa
king fun
tion". In fa
t, any maximal pa
king fun
tion will work.By maximal, we mean that for an edge e(u; v) 2 E, in
rease Y (e) as mu
h as possible until the inequalityin the �rst 
onstraint be
omes equality for u or v. Suppose u is an end-point of the edge e for whi
h the
onstraint be
omes equality. Add u to the vertex 
over, C, and remove all the edges in
ident on u. Obviously,C is a vertex 
over. Does this vertex 
over give 2-approximation?Note that w(v) = Xe(u;v):u2N(v) Y (e) 8v 2 C
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where N(v) is the set of verti
es adja
ent to vertex v. Therefore,Xv2Cw(v) = Xv2C Xe(u;v):u2N(v) Y (e) = Xe=(u;v)2E jC \ fu; vgj Y (e) � Xe(u;v)2E 2 Y (e)However, a

ording to the 
onstraint of the pa
king fun
tion,w(v) � Xe(u;v):u2N(v)YeXv2C�w(v) � Xv2C� Xe(u;v):u2N(v)Yewhere C� is the optimal weighted vertex 
over.Sin
e some of the edges are 
ounted twi
e in the right-side expression of the above inequality,Xv2C� Xe(u;v):u2N(v)Ye � Xe2E YeHen
e, Xv2C w(v) � 2 Xv2C� w(v) = 2 OPT-VCOne simple pa
king fun
tion is, for some vertex v, to distribute its weight w(v), onto all the in
identedges uniformly. That is, Ye = w(v)d(v) for all the in
ident edges e where d(v) is the degree of the vertex v.For other verti
es, adjust Ye appropriately. This way of de�ning pa
king fun
tion leads to the followingalgorithm.32.1.2 Clarkson's Greedy AlgorithmInput: Graph G(V,E) and weight fun
tion w on VOutput: Vertex 
over C1. for all v 2 V do W (v) w(v)2. for all v 2 V do D(v) d(v)3. for all e 2 E do Ye  04. C  ;5. while E 6= ; do beginPi
k a vertex v 2 V for whi
h W (v)D(v) is minimizedfor all edges e = (u; v) 2 E do beginE  E n e;W (u) W (u)� W (v)D(v) and D(u) D(u)� 1Ye  W (v)D(v)endC  C [ fvg and V  V n fvgW (v) 0end.6. return C.
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32.1.3 Bar-Yehuda and Even's Greedy AlgorithmInput: Graph G(V,E) and weight fun
tion w on VOutput: Vertex 
over C1. for all v 2 V do W (v) w(v)2. for all e 2 E do Ye  03. C  ;4. while E 6= ; do beginPi
k an edge (p; q) 2 ESuppose W (p) �W (q)Ye  W (p)W (q) W (q)�W (p)for all edges e = (p; v) 2 E do beginE  E n e;endC  C [ fpg and V  V n fpgend.5. return C.Note that both these algorithms 
ome up with a maximal pa
king (or maximal dual solution) and pi
kthose verti
es in the 
over for whi
h the dual 
onstraint is met with equality. Any method that 
omes upwith su
h a maximal dual solution would in fa
t yield a 2 approximation. These are just two ways of de�ninga maximal dual solution.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
tures 7 & 8Feb 18 & 23, 1999Original notes by K. Subramani33 A (2 � f(n)) Approximation Algorithm for the Vertex CoverProblemThe Vertex Cover problem has been introdu
ed in previous le
tures. To re
apitulate, we are given a graphG = (V;E) and the aim is to determine a 
over of of minimum weight, where a 
over is de�ned a set X � V ,su
h that for every edge e = (u; v) 2 E we have at least one of u 2 X or v 2 X . Te
hni
ally speaking, avertex 
over is any subset of verti
es that 
overs all the edges. We are interested in approximations to theMinimum Vertex Cover. We have seen several fa
tor 2 approximations for this problem in previous le
tures.In this le
ture, we aim to improve this approximation to a fa
tor of (2� log logn2 logn ).33.1 Lo
al Ratio Theorem and Subgraph RemovalConsider a pattern graph H and its o

urren
e as an indu
ed subgraph in the given graph G. If we 
andetermine that G does not have the pattern H , then we know that G belongs to the 
lass of graphs thatdoes not 
ontain H as a subgraph. In su
h an event, it may be possible to �nd better approximations forthis spe
ial 
lass of graphs. (Assume the existen
e of an algorithm AH that gives an approximation fa
torof (2� f(n)) for graphs that do not 
ontain any subgraph isomorphi
 to H .) On the other hand, if G does
ontain this spe
ial pattern then we 
an use the following approa
h:1. Eliminate3 
ertain verti
es from GH (the subgraph of G that is isomorphi
 to H), in a manner spe
i�edby the algorithm given below. Elimination of these verti
es from G also eliminates the edges in
identon them, so we are left with a smaller graph G�GH2. Find the Vertex Cover for G�GH re
ursively.We terminate the above pro
edure when we determine that the residual graph, say G0 does not have anysubgraph that is isomorphi
 to H . At this point, we apply the spe
ial 
ase algorithm to G0. It is easily seenthat the above sequen
e of steps results in a 
over for G. What remains to be shown is that the vertex 
overthus obtained gives a (2� f(n)) approximation for G, with f(n) = log logn2 logn .Let H 0 be a set of graphs. Let AH0 be an approximation algorithm for the weighted vertex 
over problemin the 
ase when the input graph does not have any subgraph isomorphi
 to a pattern in H 0. w is the weightfun
tion asso
iated with the input graph G. The algorithm will 
ontinuously modify w.We now formalize the ideas presented above by presenting the Bar-Yehuda and Even algorithm (a.k.a.Subgraph Removal Algorithm.)Fun
tion Bar{Yehuda and Even(G;w)beginSet w0 = w.while there there exists a subgraph H of G that is isomorphi
 to some member of H 0 doLet Æ = fminw0(v)jv 2 V (H0)g.8v 2 V (H) set w0(v) w0(v)� Æ.Let V C0  fv 2 Gjw0(v) = 0g;V1  V � V C0:Let V C1 = AH (GV1 ; w0).return(V C  V C0 [ V C1)end.3i.e. in
lude them in the 
over 91



33.2 AnalysisLet us de�ne for ea
h H 2 H 0, rH = nH
H , where nH is the number of verti
es in H and 
H is the 
ardinalityof a minimum unweighted vertex 
over in H . rH is 
alled the lo
al ratio of H .We will require the following lemma and theorem to aid us in our analysis.Lemma 33.1 Let G = (V;E) be a graph and w;w0 and w1 be weight fun
tions on the vertex set V , su
hthat w(v) � w0(v) + w1(v) for all v 2 V . Let C�, C�0 and C�1 be optimal weighted vertex 
overs with respe
tto the three weight fun
tions, then w(C�) � w0(C�0 ) + w1(C�1 ):Proof: w(C�) = Xv2C� w(v) � Xv2C�(w0(v) + w1(v))= w0(C�) + w1(C�) � w0(C�0 ) + w1(C�1 ): 2Theorem 33.2 Lo
al Ratio Theorem{ Let rH0 = maxH2H0 rH and let rAH0 be the approximation fa
torguaranteed by the spe
ial-
ase algorithm on a graph G0 that does not have a subgraph isomorphi
 to any ofthe patterns in H 0. Then the vertex 
over returned by the Subgraph Removal algorithm has weight at mostr = max frH0 ; rAH0 g:Proof:The proof is by indu
tion on s, the number of times that the do-while loop in Step 1 of the algorithm isiterated through. For s = 0, the theorem is trivially true.Consider the 
ase s = 1. Let H 2 H 0 be the pattern that is isomorphi
 to a subgraph in G0. Let C�and C�0 be the optimal solutions w.r.t w and w0 respe
tively and let C be the vertex 
over returned by thealgorithm. Then w(C) � w0(C) + Æ � nH � rAH � w0(C�) + rH � Æ � 
H� r(w0(C�0 ) + Æ
H) � r � w(C�):(The last equation follows by applying the previous lemma.)For s > 1, imagine running Step 1 through one iteration. Then, by 
onsidering the remainder of thealgorithm as \AH0" with performan
e guarantee r ( from the indu
tion hypothesis), we are in the 
ase s�1,from whi
h the result follows. 2Thus by sele
tingH 0 appropriately and designing AH0 to take advantage of the absen
e of su
h subgraphs,we 
an obtain improved approximation guarantees.Let us analyze the situation when H 0 = fall odd 
y
les of length (2k � 1), where k is 
hosen to be assmall as possible su
h that (2k � 1)k > n.g. Thus k = 2 lognlog log n . For this set, we have,rH = 2k � 1k = 2� 1k (1)Assume that during the 
ourse of the algorithm, we have eliminated all odd 
y
les of length 2k � 1. LetGk denote the graph that is so obtained. Our goal now is to design an improved approximation algorithmfor Gk.We now apply the Nemhauser-Trotter Algorithm (
ompute a fra
tional solution to the LP with values1; 0; 12 ) to Gk, whi
h partitions the set of verti
es into three sets. We denote these 
lasses as T1; T0 and T 12respe
tively. The verti
es in Ti have fra
tional value i in the optimal fra
tional solution. Nemhauser andTrotter proved that there is an optimal integer solution (optimal vertex 
over) that in
ludes all the verti
esin T1, none of the verti
es in T0 and a subset of the verti
es in T 12 . We know that the verti
es in T1 arede�nitely in
luded in a minimum vertex 
over so we in
lude all these verti
es in our 
over and delete the92



edges that are in
ident upon them. Likewise the verti
es in T0 are not part of the vertex 
over. Now we areleft with a graph G0k whi
h only has the verti
es in T 12 and the edges between them. Sin
e the fra
tionalweight of this set is at least 12w(T 12 ), we 
an assume that we are now working with a graph where theoptimal 
over has at least half the weight of all the verti
es! (So, pi
king all the verti
es gives us a fa
tor 2approximation.)A

ordingly we get the following algorithm:Step 1: Build a Breadth-First Sear
h Tree TBS starting from the heaviest vertex vP 2 G0k.Step 2: Divide the verti
es into 
lasses as follows: Let Li denote the set of verti
es at a distan
e i from vP .A

ordingly, we have, L0 = vP , L1 =f all verti
es at unit distan
e from vP g and so on.Step 3: Observe that G0k 
annot have an edge between the verti
es of any 
lass Li, for i < k as this wouldimply an odd 
y
le of length � (2k�1), 
learly a 
ontradi
tion. Thus we need to pi
k only alternatelayers in our vertex 
over.Step 4: De�ne (for even t) Bt = Lt [ Lt�2 : : : [ L0i.e., Bt is the union of vertex 
lasses beginning at Lt and pi
king every alternate 
lass before it, tillwe hit L0. For odd values of t, we de�ne Bt in a similar way until we hit L1.Step 5: Continue building additional layers Lt as long as w(Bt) � (2k � 1) � w(Bt�1). (This is a rapidlyexpanding BFS.)Step 6: Suppose we stop at step m with w(Bm) < (2k � 1)w(Bm�1). Pi
k Bm in the 
over, and delete allverti
es in Bm [ Bm�1 sin
e all the edges in
ident on them are 
overed.Step 7: Re
urse on G00.When we stop the BFS, say at Lm, we know that w(Bm) < (2k � 1)w(Bm�1). We now argue that therapidly expanding BFS 
annot go on for more than k steps. If this were not the 
asew(Bk) � (2k � 1) � w(Bk�1) : : : � (2k � 1)k:w(B0) > n � w(B0);whi
h is a 
ontradi
tion, sin
e B0 = vP is the heaviest vertex in the graph. In other words our BFS pro
essmust terminate in m < k steps.Consider the total weight of the nodes in all the layers when we stop. We have,w(Dm) = w(Bm) + w(Bm�1)w(Dm) > w(Bm) + w(Bm)(2k � 1)w(Bm) < (2k � 12k )w(Dm)However from our earlier dis
ussions, we are assured that w(C�) � Pm w(Dm)2 The 
ost of the vertex
over obtained by our algorithm is w(C) =Xw(Bm)�X(2k � 12k )w(Dm) � (2k � 12k )(2w(C�))� (2� 1k )w(C�):Thus we have shown that in a graph with no \small" odd 
y
les we 
an a
hieve an approximation fa
torof (2 � 1k ). Likewise, from equation (1) we have a lo
al ratio of (2 � 1k ) for odd 
y
les of length (2k � 1).Applying the lo
al ratio theorem, we have the desired result i.e., the algorithm presented indeed provides a(2 � 1k ) approximation to the Vertex Cover of the graph. Pi
king k = 2 log nlog logn satis�es the 
ondition on kand gives the result. (Also note that the running time depends 
ru
ially on k.)93



CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 4Mon. Feb. 26, 2001Notes by Samir Khuller34 Nemhauser-Trotter TheoremConsider the IP formulation for the weighted vertex 
over problem. When we relax this to a linear programand solve it, it turns out that any extreme point solution (there always exists an optimal solution extremepoint solution) has the property that the variables take one of three possible values f0; 12 ; 1g. There arevarious ways of proving this theorem. However, our primary 
on
ern is of showing the following interestingtheorem originally proven by Nemhauser and Trotter. The proof given here is simpler than their proof.First some de�ntions.1. V0 is the set of nodes whose fra
tional values are 0.2. V1 is the set of nodes whose fra
tional values are 1.3. V 12 ais the set of nodes whose fra
tional values are 1/2.Theorem 34.1 (Nemhauser and Trotter) There exists an optimal solution OPT with the following properties(a) OPT is a subset of (V1 [ V 12 ).(b) OPT in
ludes all of V1.Proof:We will only prove (a). Note that if OPT satis�es (a) then it must also satisfy (b). Let us see why.Suppose OPT does not in
lude v 2 V1. If v does not have any neighbors in V0 then we 
an redu
e thefra
tional variable Xv and get a BETTER LP solution. This assumes that the weight of the node is > 0. Ifthe weight of the node is 0, then 
learly we 
an in
lude it in OPT without in
reasing the weight of OPT. Ifv has a neighbor in V0, then OPT does not 
over this edge!We will now prove (a). Suppose OPT pi
ks nodes from V0. Let us 
all (OPT \ V0) as BI (bad guys in)and (V1 n OPT ) as LO (left out guys). The nodes in BI 
an have edges to ONLY nodes in V1. The edgesgoing to LO are the only ones that have one end 
hosen, all the other edges are double 
overed. The nodes inLO have no edges to nodes in (V0 nOPT ), otherwise these edges are not 
overed by OPT. IF w(BI ) � w(LO)then we 
an repla
e BI by LO in OPT and get another OPTIMAL solution satisfying (a). If w(BI ) < w(LO)then we 
an pi
k an � and then modify the fra
tional solution by redu
ing the Xv values of the nodes in LOby � and in
reasing the fra
tional Xv values of the nodes in BI to produ
e a lower weight fra
tional solution,
ontradi
ting the assumption that we started o� with an optimal LP solution. 2Using this theorem, lets us 
on
entrate our attention on �nding a vertex 
over in the subgraph indu
edby the verti
es in V 12 . If we �nd a 
over S in this subgraph, then S[V1 gives us a 
over in the original graph.Moreover, if we 
an prove bounds on the weight of S then we 
ould use this to derive an approximationfa
tor better than 2. Note that the optimal solution in V 12 has weight � 12w(V 12 ).
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 01Jan 28, 1999Original Notes by Charles Lin35 Approximation Algorithms: Set Cover35.1 Introdu
tionThe goal of algorithm design is to develop eÆ
ient algorithms to solve problems. An algorithm is usually
onsidered eÆ
ient if its worst 
ase running time on an instan
e of a problem is polynomial in the size of theproblem. However, there are problems where the best algorithms have running times whi
h are exponential(or worse) in the worst 
ase. Most notably, the 
lass of NP-hard problems 
urrently have algorithms whi
hare exponential in the worst 
ase.The need to develop eÆ
ient algorithms has lead to the study of approximation algorithms. By relaxingthe optimality of the solution, polynomial algorithms have been developed that solve NP 
omplete problemsto within a 
onstant fa
tor of an optimal solution.35.2 Approximation AlgorithmsWe 
an formalize the notion of an approximation algorithm some more by 
onsidering what it means toapproximate a minimization problem. A minimization problem is one where the solution minimizes somequantity under 
ertain 
riteria. For example, vertex 
over is usually 
onsidered a minimization problem.Given a graph G, the goal is to �nd the fewest verti
es that \
over" all edges.Let P be the set of problem instan
es for a minimization problem. Let OPT be the optimal algorithmfor solving the problems in P . If the problem is vertex 
over, then P 
ontains all undire
ted graphs, andOPT would �nd the minimum vertex 
over for ea
h of the instan
es. Let I 2 P be a problem instan
e.Then, we will say that OPT (I) is the minimum solution for I . For vertex 
over, we 
an say that this is thesize of the minimum vertex 
over.An �-approximation algorithm A (we often refer to � as the approximation fa
tor), approximates theoptimal solution as follows: 8I; A(I) � � OPT (I) where � > 1:If there were a 2-approximation algorithm for vertex 
over and the optimal solution for a given graphhad 3 verti
es, then the approximate solution would do no worse than �nd a vertex 
over with 6 verti
es.Note that an �-approximation algorithm only gives an upper bound to how far away the approximation isfrom optimal. While there may exist problem instan
es as bad as � times the optimal, the algorithm mayprodu
e solutions 
lose to optimal for many problem instan
es.Some �-approximation algorithms have � depend on the size of the input instan
e or some other propertyof the input, whereas others produ
e approximations independent of the input size. Later on, for example,we will 
onsider an H(jSmaxj)-approximation algorithm where the approximation fa
tor is a fun
tion of themaximum set size in a 
olle
tion of sets.For a maximization problem, an �-approximation algorithm would satisfy the following formula:8I; OPT (I) � A(I) � � OPT (I) where � < 1:35.3 Polynomial Approximation S
hemesFor some problems, there are polynomial approximation s
hemes (PAS). PAS are a
tually a family of algo-rithms that approximate the solution to a given problem as well as we wish. However, the 
loser the solutionis to the optimal, the longer it takes to �nd it. More formally, for any � > 0, there is an approximationalgorithm, A� su
h that 8I; A�(I) � (1 + �) OPT (I)95



There is a similar formula for maximization problems.Although a problem may have a PAS, these s
hemes 
an have a very bad dependen
e on �. A PAS
an produ
e algorithms that are exponential in 1� , e.g., O(n 1� ). Noti
e that for any �xed �, the 
omplexityis polynomial. However, as � approa
hes zero, the polynomial grows very qui
kly. A fully polynomialapproximation s
heme (FPAS) is one whose 
omplexity is polynomial in both n (the problem size) and 1� .Very few problems have a FPAS and those that do are often impra
ti
al be
ause of their dependen
e on �.Bin pa
king is one su
h example.35.4 Set CoverWe will start by 
onsidering approximation algorithms for set 
over, whi
h is a very fundamental NP-
ompleteproblem, as well as problems related to set 
over.The input to set 
over are two sets, X and S.X = fx1; x2; : : : ; xngS = fS1; S2; : : : ; Smg where Si � XWe further assume that SSi2S Si = X . Hen
e, ea
h element of X is in some set Si. A set 
over is a subsetS0 � S su
h that [Sj2S0 Sj = XThe set 
over problem attempts to �nd the minimum number of sets that 
over the elements in X . Avariation of the problem assigns weights to ea
h set of S. An optimal solution for this problem �nds a set
over with the least total weight. The standard set 
over problem 
an then be seen as a weighted set 
overproblem where the weights of ea
h set are 1.The set 
over problem 
an also be des
ribed as the Hitting Set Problem. The formulation of the hittingset problem is di�erent from set 
over, but the problems are equivalent. In the hitting set problem, we havea hypergraph, H = (V;E) where V = fv1; v2; : : : ; vngE = fe1; e2; : : : ; emgIn a normal graph, an edge is in
ident on two verti
es. In a hypergraph, an edge 
an be in
ident on one ormore verti
es. We 
an represent edges in a hypergraph as subset of verti
es. Hen
e, ei � V for all ei 2 E.In the Hitting Set Problem, the goal is to pi
k the fewest verti
es whi
h \
over" all hyperedges in H .To show that that hitting set is equivalent to set 
over, we 
an transform an instan
e of hitting set tothat of set 
over. X = ES = fS1; S2; : : : ; Sngwhere e 2 Si i� edge e 2 E tou
hes vertex vi. For every vertex vi in V , there is a 
orresponding set Si in S.The reverse transformation from set 
over to hitting set is similar.The Hitting Set Problem 
an be seen as a generalization of the vertex 
over problem on graphs, tohypergraphs. The two problems are exa
tly the same ex
ept that vertex 
over adds the 
onstraint thatedges tou
h exa
tly two verti
es. Vertex 
over 
an also be seen as a spe
ialization of set 
over where ea
helement of X appears in exa
tly two sets in S.35.5 Approximating Set CoverWe will 
onsider an approximation algorithm for set 
over whose value for � is H(jSmaxj) where Smax is thelargest set in S. H is the harmoni
 fun
tion and is de�ned asH(d) = dXi=1 1i :96



A simple heuristi
 is to greedily pi
k sets from S. At ea
h step, pi
k Sj 2 S whi
h 
ontains the mostnumber of un
overed verti
es. Repeat until all verti
es are 
overed. The following is pseudo-
ode for thatgreedy algorithm.Greedy-Set-Cover(X, S)1 U  X // U is the set of un
overed elements2 S0  ; // S0 is the 
urrent set 
over3 while U 6= ; do4 pi
k Sj 2 S su
h that jSj \ U j is maximized // pi
k set with most un
overed elements5 S0  S0 [ Sj6 U  U � Sj7 endTo show that the approximation fa
tor is H(jSmaxj), we will use a \
harging" s
heme. The 
ost of
hoosing a set is one (dollar). If we pi
k a set with k un
overed elements, ea
h of the un
overed elementswill be 
harged 1k dollars. Sin
e ea
h element is 
overed only on
e, it is 
harged only on
e. The 
ost of thegreedy algorithm's solution will be the total 
harge on all the elements.Greedy Cost = Xxi2X 
(xi) � XSi2OPT C(Si) � jOPT j �H(jSmaxj)where 
(xi) is the 
ost assigned to element xi. Si is a set in the optimum set 
over. C(Si) is the 
ost of setSi by summing the 
harges of the elements in Si. That is,C(Si) = Xxi2Si 
(xi)
(xi) is still the 
ost assigned to xi from the greedy algorithm.The inequality, Pxi2X 
(xi) � PSi2OPT C(Si), says that the 
ost of the optimum set 
over is at leastthe sum of the 
ost of the elements. We 
an see this more readily if we rewrite the 
ost of the optimum set
over as XSi2OPT C(Si) = Xxi2X 
(xi) � n(xi)where n(xi) is the number of times element xi appears in the optimum set 
over. Sin
e ea
h element appearsat least on
e, the inequality naturally follows.To show the se
ond inequality, PSi2OPT C(Si) � jOPT j � H(jSmaxj), it suÆ
es to show that C(Si) �H(jSij). The inequality would then hold as follows:XSi2OPT C(Si) � XSi2OPT H(jSij) � XSi2OPT H(jSmaxj) = jOPT j �H(jSmaxj):To show C(Si) � H(jSij), 
onsider an arbitrary set Si 2 S. As sets are being pi
ked by the greedyalgorithm, we want to see what happens to the elements of Si. Let U0 be the set of un
overed elements inSi when the algorithm starts. As sets are pi
ked, elements of Si will be 
overed a pie
e at a time. Supposewe are in the middle of running the algorithm. After j iterations, Uj represents the un
overed elements ofSi. If the algorithm pi
ks a set whi
h 
overs elements in Uj , we write the new set of un
overed elementsas Uj+1. Note that Uj+1 is a proper subset of Uj . Hen
e, U0; U1; : : : ; Uk; Uk+1 is the history of un
overedelements of Si, where Uk+1 = ;.The following illustrates the history of un
overed elements in Si.U0 jU0�U1j�! U1 jU1�U2j�! U2 : : : Uk jUkj�! Uk+1 = ;Above ea
h arrow is the number of elements that were 
harged. Going from Uj to Uj+1, the number ofelements 
harged is jUj � Uj+1j. How mu
h are these elements 
harged?Suppose we are at the point in the algorithm where Uj represents the set of un
overed elements in Si,and the greedy algorithm is just about to pi
k a set. Assume that it pi
ks a set whi
h 
overs at least oneun
overed element in Si (otherwise, let the algorithm 
ontinue until this happens).97



We want to show that the elements that get 
overed are 
harged no more than 1=jUj j. If it pi
ks Si, thenea
h element in Uj is 
harged exa
tly 1=jUjj. Let's assume it doesn't pi
k Si, but pi
ks T instead. The onlyreason it would pi
k T is if T had at least jUj j un
overed elements. In this 
ase, ea
h of un
overed elementsin T is 
harged at most 1=jT j � 1=jUj j.By assumption, we said some elements of T overlap un
overed elements in Si. Spe
i�
ally, T \ Uj was
overed when T was pi
ked. The total additional 
ost to Si from pi
king T is at mostjT \ Uj j � 1jUj j = (Uj � Uj+1) � 1jUj jThe total 
ost 
harged to Si is thereforeC(Si) � jU0 � U1jjU0j + jU1 � U2jjU1j + : : :+ jUk � Uk+1jjUkjSin
e Uk+1 = ;, the last term simpli�es to 1.Ea
h of the terms of sum have the form (x�y)=x for x > y. The 
laim is that this is less thanH(x)�H(y).This 
an be shown by expanding H(x) and H(y).Consider H(x)�H(y)= (1 + 12 + : : :+ 1x )� (1 + 12 + : : :+ 1y )= 1y + 1 + 1y + 2 + : : : 1x� (x� y) � 1xThe last equation 
omes from the fa
t that line 3 
ontains x� y terms, ea
h term being at least 1=x.Using this fa
t, we 
an rewrite the total 
harge on Si asC(Si) � (H(jU0j)�H(jU1j)) + (H(jU1j)�H(jU2j)) + : : :+ (H(jUkj)�H(jUk+1j))= H(jU0j)�H(jUk+1j)= H(jU0j)Sin
e U0 is just Si, then C(Si) � H(jSij).One might ask how tight 
an C(Si) be made? Suppose Si 
ontains 5 elements. In one step 3 elements are
overed and in a subsequent step 2 more elements are 
overed. The 
ost of the set is at most 15+ 15+ 15+ 12+ 12whi
h is less than H(5). Can we make C(Si) exa
tly equal to H(jSij)? Yes, but only if at most one elementis 
overed in Si whenever the greedy algorithm pi
ks a set to be added to the set 
over.Here is a s
enario where S0 
an be 
harged exa
tly H(jS0j). Let S = fS0; S1; : : : ; Smg. Let jSj j = j(the size of the set is the subs
ript) ex
ept for S0 whi
h has size m. Let S0 = fx1; : : : ; xmg. The setsS1; : : : ; Sm will have no elements in 
ommon. Ea
h set only has one element in 
ommon with S0. Spe
i�
ally,Sj \ S0 = fxjg where j > 0.If the greedy algorithm pi
ks its set in the following order, Sm; Sm�1; : : : ; S1, then C(S0) will be exa
tlyH(jS0j).
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 02Feb 2, 1999Notes by Samir Khuller.36 Approximation Algorithms: Set Cover and Max CoverageIn this le
ture we will study a di�erent proof of the approximation guarantee for the greedy set 
overalgorithm. The bound we derive is not as good as the bound we obtained last time, but this proof method isoften used for other problems (like node-weighted Steiner trees, whi
h we will 
ome to later in the semester).We will also study a linear programming based approa
h for set 
over due to Chvatal, and see how thisleads very naturally to the analysis we learnt in the �rst le
ture on Set Cover (see Se
tion 3.2 in the book).(If you did not follow this part of the le
ture, do not worry about it for now, sin
e we will 
ome ba
k tostudying linear programming duality, and its role in proving approximation guarantees.)Finally, we study a problem 
losely related to set 
over 
alled max 
overage. Here we are given a set ofelements X with ea
h element having an asso
iated weight. We are also given a 
olle
tion of subsets of X .We wish to pi
k k subsets so as to maximize the total weight of the elements that are in
luded in the 
hosensubsets. For this problem we 
an show a 
onstant (1� 1e ) approximation fa
tor (see Se
tion 3.9 in the book).36.1 Johnson's set 
over proofLet ni be the number of un
overed elements at the start of the ith iteration of the greedy set 
over algorithm.Initially, n1 = n the number of elements.Lemma 36.1 Let Si be the set pi
ked by the greedy set 
over algorithm in the ith iteration.w(Si)jSij � w(OPT )ni :Proof:Note that Si is the set that a
hieves the minimum \weight to size" ratio. Suppose this ratio is �. Wewish to prove that � � w(OPT )ni .Consider the optimal set 
over. Let S 0 be the 
olle
tion of sets in the optimal set 
over. Note that forea
h set Sj 2 S 0 we have that w(Sj)jSjj � �. This implies that w(Sj) � �jSj j. Summing over all sets in theoptimal solution, this yields PSj2S0 w(Sj) � �PSj2S0 jSj j � �ni. Sin
e the sum of the weights of thesets is exa
tly w(OPT ), we get w(OPT ) � �ni. This proves the lemma. 2Note that ni+1 = ni � jSijUsing the lemma, we obtain ni+1 � ni � w(Si)w(OPT )ni:ni+1 � ni(1� w(Si)w(OPT ) ):ni+1ni � (1� w(Si)w(OPT ) ):Using the fa
t that for 0 � x � 1 we have 1� x � e�x, we getni+1ni � e� w(Si)w(OPT) :
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Assuming that Sp is the last set that we pi
k, so that np+1 = 0, we getnpnp�1 � e�w(Sp�1)w(OPT ) :Taking the produ
t of all these terms (for ea
h value of i = 1 : : : (p� 1)) we obtain.npn1 � e�Pp�1i=1 w(Si)w(OPT ) :Taking natural log's and multiplying by �1 we getln n1np � p�1Xi=1 w(Si)w(OPT ) :w(OPT ) ln nnp � p�1Xi=1 w(Si):Sin
e np � 1 we get w(OPT ) ln n � p�1Xi=1 w(Si):Sin
e we only pi
k one more set, Sp that has 
ost at most w(OPT ), our 
ost is at most (1 + lnn)w(OPT ).
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 03Feb 4, 1999Notes by Samir Khuller.37 Approximation Algorithms: K-CentersThe basi
 K-
enter problem is a fundamental fa
ility lo
ation problem and is de�ned as follows: given anedge-weighted graph G = (V;E) �nd a subset S � V of size at most K su
h that ea
h vertex in V is \
lose"to some vertex in S. More formally, the obje
tive fun
tion is de�ned as follows:minS�V maxu2V minv2S d(u; v)where d is the distan
e fun
tion. For example, one may wish to install K �re stations and minimize themaximum distan
e (response time) from a lo
ation to its 
losest �re station. The problem is known to beNP-hard. See Se
tion 9.4 for more details.37.1 Gonzalez's AlgorithmGonzalez des
ribes a very simple greedy algorithm for the basi
 K-
enter problem and proves that it givesan approximation fa
tor of 2. The algorithm works as follows. Initially pi
k any node v0 as a 
enter andadd it to the set C. Then for i = 1 to K do the following: in iteration i, for every node v 2 V , 
ompute itsdistan
e di(v; C) = min
2C d(v; 
) to the set C. Let vi be a node that is farthest away from C, i.e., a nodefor whi
h di(vi; C) = maxv2V d(v; C). Add vi to C. Return the nodes v0; v1; : : : ; vK�1 as the solution.We 
laim that this greedy algorithm obtains a fa
tor of 2 for the K-
enter problem. First note that theradius of our solution is dK(vK ; C), sin
e by de�nition vK is the node that is farthest away from our set of
enters. Now 
onsider the set of nodes v0; v1; : : : ; vK . Sin
e this set has 
ardinalityK+1, at least two of thesenodes, say vi and vj , must be 
overed by the same 
enter 
 in the optimal solution. Assume without loss ofgenerality that i < j. Let R� denote the radius of the optimal solution. Observe that the distan
e from ea
hnode to the set C does not in
rease as the algorithm progresses. Therefore dK(vK ; C) � dj(vK ; C). Also wemust have dj(vK ; C) � dj(vj ; C) otherwise we would not have sele
ted node vj in iteration j. Therefored(
; vi) + d(
; vj) � d(vi; vj) � dj(vj ; C) � dK(vK ; C)by the triangle inequality and the fa
t that vi is in the set C at iteration j. But sin
e d(
; vi) and d(
; vj)are both at most R�, we have the radius of our solution = dK(vK ; C) � 2R�.37.2 Ho
hbaum-Shmoys methodWe give a high-level des
ription of the algorithm. We may assume for simpli
ity that G is a 
omplete graph,where the edge weights satisfy the triangle inequality. (We 
an always repla
e any edge by the shortest pathbetween the 
orresponding pair of verti
es.)High-Level Des
riptionThe algorithm uses a thresholding method. Sort all edge weights in non-de
reasing order. Let the (sorted)list of edges be e1; e2; : : : em. For ea
h i, let the threshold graph Gi be the unweighted subgraph obtainedfrom G by in
luding edges of weight at most w(ei). Run the algorithm below for ea
h i from 1 to m, untila solution is obtained. (Ho
hbaum and Shmoys suggest using binary sear
h to speed up the 
omputation.If running time is not a fa
tor, however, it does appear that to get the best solution (in pra
ti
e) we shouldrun the algorithm for all i, and take the best solution.) In ea
h iteration, we work with the unweightedsubgraph Gi. Sin
e Gi is an unweighted graph, when we refer to the distan
e between two nodes, we refer tothe number of edges on a shortest path between them. In iteration i, we �nd a solution using some number101



of 
enters. If the number of 
enters ex
eeds K, we prove that there is no solution with 
ost at most w(ei).If the number of 
enters is at most K, we �nd a solution.Observe that if we sele
t as 
enters a set of nodes that is suÆ
iently well-separated in Gi then no two
enters that we sele
t 
an share the same 
enter in the optimal solution, if the optimal solution has radiusw(ei). This suggests the following approa
h. First �nd a maximal independent set I in G2i . (G2i is the graphobtained by adding edges to Gi between nodes that have a 
ommon neighbor.) Let I be the 
hosen set of
enters. If I has 
ardinality at most K we are done, sin
e ea
h vertex has a neighbour in the independentset at distan
e 2w(ei). This means that all verti
es have a 
enter 
lose to them. If the 
ardinality of Iex
eeds K, then there is no solution with 
ost w(ei). This is be
ause no two verti
es in I 
an be 
overed bya 
ommon 
enter. (If there was a vertex that 
ould 
over both the nodes in I at distan
e w(ei) then, in Gi,these two nodes have a 
ommon neighbor and 
annot both be in a maximal independent set.Sin
e the optimal solution has some 
ost Æ = w(ej) for some j. The 
laim is that we will �nd a maximalindependent set of size at most K when we try i = j and build the graph Gi. This graph has a dominatingset of size at most K. If N(k) is the set of verti
es dominated (either k or a vertex adja
ent to k in Gj) byk 2 OPT (OPT is the optimal solution), then we 
an pi
k at most one vertex in any maximal independentset in N(k). This implies that we will �nd a maximal independent set of size at most K in G2i . We might�nd one for some i < j, in whi
h 
ase we obtain a solution with 
ost 2w(ei) � 2w(ej).
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 26Tu. May 4, 1999Original notes by Chung-Yeung Lee and Gisli Hjaltason.38 Bin Pa
kingProblem Statement: Given n items s1; s2; :::; sn, where ea
h si is a rational number, 0 < si � 1, our goalis to minimize the number of bins of size 1 su
h that all the items 
an be pa
ked into them.Remarks:1. It is known that the problem is NP-Hard.2. A Simple Greedy Approa
h (First-Fit) 
an yield an approximation algorithm with a performan
e ratioof 2.38.1 Approximate S
hemes for bin-pa
king problemsIn the 1980's, two approximate s
hemes were proposed. They are1. (Fernandez de la Vega and Lueker) 8� > 0, there exists an Algorithm A� su
h thatA�(I) � (1 + �)OPT (I) + 1where A� runs in time polynomial in n, but exponential in 1=� (n=total number of items).2. (Karmarkar and Karp) 8� > 0, there exists an Algorithm A� su
h thatA�(I) � OPT (I) +O(log2(OPT (I))where A� runs in time polynomial in n and 1=� (n=total number of items). They also guarantee thatA�(I) � (1 + �)OPT (I) +O( 1�2 ).We shall now dis
uss the proof of the �rst result. Roughly speaking, it relies on two ideas:� Small items does not 
reate a problem.� Grouping together items of similar sizes 
an simplify the problem.38.1.1 Restri
ted Bin Pa
kingWe 
onsider the following restri
ted version of the bin pa
king problem (RBP). We require that1. Ea
h item has size � Æ.2. The size of ea
h item takes only one of m distin
t values v1; v2; :::; vm. That is we have ni items of sizevi (1 � i � m), with Pmi=1 ni = n.For 
onstant Æ and m, the above 
an be solved in polynomial time (a
tually in O(n+ f(m; Æ))). Our overallstrategy is therefore to redu
e BP to RBP (by throwing away items of size < Æ and grouping items 
arefully),solve it optimally and use RBP (Æ;m) to 
ompute a soluton to the original BP.Theorem 38.1 Let J be the instan
e of BP obtained from throwing away the items of size less than Æ frominstan
e I. If J requires � bins then I needs only max(�; (1 + 2Æ)OPT (I) + 1) bins.
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Proof:We observe that from the solution of J , we 
an add the items of size less than Æ to the bins until theempty spa
e is less than Æ. Let S be the total size of the items, then we may assume the number of itemswith size < Æ is large enough (otherwise I needs only � bins) so that we use �0 bins.S � (1� Æ)(�0 � 1)�0 � 1 + S1� Æ�0 � 1 + OPT (I)1� Æ�0 � 1 + (1 + 2Æ)OPT (I)as (1� Æ)�1 � 1 + 2Æ for 0 < Æ < 12 . 2Next, we shall introdu
e the grouping s
heme for RBP. Assume that the items are sorted in des
endingorder. Let n0 be the total number of items. De�ne G1=the group of the largest k items, G2=the group that
ontains the next k items, and so on. We 
hoosek = b�2n02 
:Then, we have m+1 groups G1; ::; Gm+1, where m = bn0k 
:Further, we 
onsider groups Hi = group obtained from Gi by setting all items sizes in Gi equal to thelargest one in Gi. Note that� size of any item in Hi � size of any items in Gi.� size of any item in Gi � size of any items in Hi+1.The following diagram (Fig 1) illustrates the ideas:We then de�ne Jlow be the instan
e 
onsisting of items in H2; ::; Hm+1. Our goal is to showOPT(Jlow) � OPT(J) � OPT(Jlow) + k;The �rst inequality is trivial, sin
e from OPT(J) we 
an always get a solution for Jlow.Using OPT(Jlow) we 
an pa
k all the items in G2; : : : ; Gm+1 (sin
e we over allo
ated spa
e for these by
onverting them to Hi). In parti
ular, group G1, the group left out in Jlow, 
ontains k items, so that nomore than k extra bins are needed to a

ommodate those items.Sin
e (H1 [ Jlow) is an instan
e of a Restri
ted Bin Pa
king Problem we 
an solve it optimally, and thenrepla
e the items in Hi with items in Gi to get a solution for J .Dire
tly from this inequality, and using the de�nition of k, we haveSoln(J) � OPT (H1 [ : : : [Hm+1) � OPT(Jlow) + k � OPT(J) + k � OPT(J) + �2n02 :Choosing Æ = �=2, we get that OPT(J) � n0Xi=1 si � n0 �2 ;so we have Soln(J) � OPT(J) + �2n02 � OPT(J) + �OPT(J) = (1 + �)OPT(J):By applying Theorem 38.1, using � � (1 + �)OPT(J) and the fa
t that 2Æ = �, we know that the number ofbins needed for the items of I is at mostmaxf(1 + �)OPT(J); (1 + �)OPT(I) + 1g � (1 + �)OPT(I) + 1:104



Grouping S
heme for RBP

G1 G2k k
H1 H2

Gm HmGm+1 Hm+1
Figure 30: Grouping s
hemeThe last inequality follows sin
e OPT (J) � OPT (I).We will turn to the problem of �nding an optimal solution to RBP. Re
all that an instan
e of RBP(Æ;m)has items of sizes v1; v2; : : : ; vm, with 1 � v1 � v2 � � � � � vm � Æ, where ni items have size vi, 1 � i �m. Summing up the ni's gives the total number of items, n. A bin is 
ompletely des
ribed by a ve
tor(T1; T2; : : : ; Tm), where Ti is the number of items of size vi in the bin. How many di�erent di�erent (valid)bin types are there? From the bin size restri
tion of 1 and the fa
t that vi � Æ we get1 �Xi Tivi �Xi TiÆ = ÆXi Ti )Xi Ti � 1Æ :As 1Æ is a 
onstant, we see that the number of bin types is 
onstant, say p.Let T (1); T (2); : : : ; T (p) be an enumeration of the p (valid) di�erent bin types. A solution to the RBP 
annow be stated as having xi bins of type T (i). Let T (i)j denote the number of items of size vj in T (i). Theproblem of �nding the optimal solution 
an be posed as an integer linear programming problem:min pXi=1 xi;su
h that pXi=1 xiT (i)j = nj 8j = 1; : : : ;m:xi � 0; xi integer 8i = 1; : : : ; p:This is a 
onstant size problem, sin
e both p and m are 
onstants, independent of n, so it 
an be solvedin time independent of n. This result is 
aptured in the following theorem, where f(Æ;m) is a 
onstant thatdepends only on Æ and m.Theorem 38.2 An instan
e of RBP(Æ;m) 
an be solved in time O(n; f(Æ;m)).An approximation s
heme for BP may be based on this method. An algorithm A� for solving an instan
eI of BP would pro
eed as follows: 105



Step 1: Get an instan
e J of BP(Æ; n0) by getting rid of all elements in I smaller than Æ = �=2.Step 2: Obtain Hi from J , using the parameters k and m established earlier.Step 3: Find an optimal pa
king forH1[: : :[Hm+1 by solving the 
orresponding integer linear programmingproblem.Step 4: Pa
k the items of Gi in pla
e of the 
orresponding (larger) items of Hi as pa
ked in step 3.Step 5: Pa
k the small items in I n J using First-Fit.This algorithm �nds a pa
king for I using at most (1 + �)OPT(I) + 1 bins. All steps are at most linear inn, ex
ept step 2, whi
h is O(n logn), as it basi
ally amounts to sorting J . The fa
t that step 3 is linear in nwas established in the previous algorithm, but note that while f(Æ;m) is independent of n, it is exponentialin 1Æ and m and thus 1� . Therefore, this approximation s
heme is polynomial but not fully polynomial. (Anapproximation s
heme is fully polynomial if the running time is a polynomial in n and 1� .
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CMSC 858K Advan
ed AlgorithmsLe
turer: Yoram J. Sussmann Le
ture 9Feb 27, 1997Notes by Samir Khuller and Yoram J. Sussmann.39 Multi-
ost Minimum Spanning TreesThis talk summarizes results presented by R. Ravi and M. X. Goemans in SWAT '96.The Constrained MST problemGiven:� Undire
ted graph G = (V;E).� Two 
ost fun
tions we (weight) and le (length) on the edges.� Budget L on the length.Find: Spanning tree of total edge length at most L that has minimum possible total weight.De�nition 39.1 ((�; �)-approximation algorithm) A poly-time algorithm that always outputs a span-ning tree with total length at most �L and total weight at most �W (L), whereW (L) is the minimum weightof any spanning tree with total length at most L.Main Result: A (1 + �; 1)-approximation for the 
onstrained MST problem.Integer Program IP for the 
onstrained MST problem: Let S be the set of in
iden
e ve
tors ofspanning trees of G. In short, we are de�ning an integer variable xe for ea
h edge e 2 E. This may be either0 or 1. If we 
onsider the ve
tor x of all xe values, we say that x 2 S if x de�nes a spanning tree.The integer program is: W = minXe2Ewexesubje
t to: x 2 SXe2E lexe � L:Lagrangean Relaxation Pz of IP :
(z) = minXe2Ewexe + z(Xe2E lexe � L)subje
t to: x 2 S:
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Notes:1. Pz is an MST problem w.r.t. the 
ost fun
tion 
e = we + zle, sin
e zL is a �xed term.2. W � LR = maxz�0 
(z). For any �xed value of z � 0 noti
e that the optimal tree with length at mostL is a tree with Pe2E lexe � L � 0 and hen
e the min 
ost tree for Pz has 
ost lower than W . Sin
ethis is true for any z, the 
laim is proven.3. Let z� be the value of z for whi
h 
(z�) = LR.4. Let 
�e = we + z�le.5. For any spanning tree T , let w(T ) denote the total weight of T and l(T ) denote the total length of T .Theorem 39.2 Let T be an MST under 
ost fun
tion 
�. Then w(T ) � LR i� l(T ) � L.Proof:LR = 
(z�) = w(T ) + z�(l(T )� L). If l(T ) � L and z� � 0 then w(T ) � LR. The reverse dire
tion 
anbe argued similarly. 2The main point is that if we �nd an MST T (under the proje
ted 
ost) for some z with l(T ) � L thenwe are guaranteed that the tree also has a lower weight than W . The key question is: how 
an we guaranteethat the length will not be too mu
h more than L? We will guarantee this by �nding another tree T 0 (thisis guaranteed to exist for the optimal value z� sin
e two lines 
ut ea
h other, one with a positive slope andone with a negative slope) with length l(T 0) � L and \
onvert" T 0 to T by 
hanging one edge at a time. Atsome step, we will go from a tree with length at most L to a tree with length > L. Sin
e we only add oneedge in doing so, we 
an in
rease the weight of the tree by at most the weight of one edge.High-level stru
ture of (2; 1)-approximation:1. Remove edges of length greater than L from E. These edges would never be used in an optimal solutionsin
e they are too long.2. Use Megiddo's parametri
 sear
h te
hnique4 to sear
h for z�. To test a value of z, 
ompute trees Tminand Tmax with respe
tively the shortest and longest total length of any MSTs under 
ost fun
tion 
.If l(Tmin) > L then z� > z; if l(Tmax) < L then z� < z (see Fig. 31). This is be
ause at the optimalvalue of z = z�, we have a tree with l(T ) � L and a tree with l(T ) � L. (If we �nd one tree withl(T ) = L that is even better!)3. Given z�, Tmin and Tmax, 
ompute a sequen
e of MSTs Tmin = T0; T1; : : : ; Tk = Tmax under 
� su
hthat adja
ent trees di�er by exa
tly one edge swap5. Return the �rst tree Ti in the sequen
e with totallength at least L. Then w(T ) � LR (by Thm. 39.2), and l(T ) � l(Ti�1) + lmax � L+ L = 2L, wherelmax = maxe2E le.Polynomial-time approximation s
heme: To modify the (2; 1)-approximation algorithm in order toget a s
heme that gives a (1+ �; 1)-approximation for any � > 0, we prune more edges from the graph. If weprune all edges of weight at most �L, then we have lmax � �L, giving us a tree of length at most (1 + �)L.But we may remove edges that are used in the optimal solution.4One approa
h is to guess a value of z, solve Pz and 
onsider the length of trees Tmin and Tmax the shortest and longestlength minimum spanning trees under 
ost 
. These 
an be 
omputed by 
hoosing the shortest or longest length edges when wehave to break ties under the proje
ted 
ost. If l(Tmin) > L then z� > z, otherwise if l(Tmax) < L then z� < z. Otherwise wehave found two trees, one with length � L and the other with length � L. The problem is that this sear
h may never terminatesin
e we are sear
hing over the real line. Megiddo's method gets around this problem in a 
lever way. Start running an MST
omputation without spe
ifying z. When we 
ompare the 
osts of two edges, we are 
omparing two linear fun
tions in z withone 
rossing point �. We 
hoose this 
rossing point z = � and run a new MST 
omputation (with a spe
i�ed value for z) tode
ide if z� is < � or > �. On
e we know where z� is, we know whi
h edge is smaller under the 
omparison, we 
ontinue. Thisruns in time O(T 2) where T is the time for an MST 
omputation, sin
e for ea
h 
omparison we run a new MST 
omputationwith a spe
i�ed z value. Megiddo uses parallel algorithms to speed up the 
omputation.5We essentially have two spanning trees of the same proje
ted 
ost, but with di�erent lengths. We use the property thatone tree 
an be 
onverted into the other by a sequen
e of edge swaps.108
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z

(z)

Trees with positive slope have l(T ) > LTrees with negative slope have l(T ) < Lz�
Figure 31: Figure to show various tree 
osts as a fun
tion of z.Key observation: At most 1� of the pruned edges may be used in any optimal solution. Therefore we 
antry all O(nO( 1� )) (polynomial!) possible subsets of these edges for in
lusion in the tree. For ea
h subset, wein
lude its edges in the tree, shrink the 
onne
ted 
omponents, and run the above algorithm on the resultinggraph, modifying the budget by subtra
ting the total length of the in
luded edges. We return as our solutionthe tree with minimum total weight among all the solutions returned by the sub-algorithm (note that alltrees returned have length at most (1 + �)L).Remark: We 
an also obtain a pseudopolynomial time algorithm that gives a (1; 1+ �)-approximation bysear
hing on a budget for the weight. This means that given a budget on the length L, we 
an obtain a treewhere we meet the budget on the length and get a weight bound of (1 + �)W where W is the lowest weightof any tree that a
hieves length L.To do this, we have to \guess" a weight wi, run the algorithm by �xing a budget on the weight. If weobtain a length of `i and `i > L then we know that we have to in
rease our guess for wi. If `i < L then wehave to de
rease our guess for wi. When we guess the 
orre
t weight W we are guaranteed to get a tree oflength L with weight (1 + �)W . (This works if we assume that the weights are all integers.)
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 12Mar
h 11, 1997Notes by Kalvis Apsitis.40 Set and Vertex Cover Approximations: Randomized Algo-rithmsTwo randomized algorithms for the set 
over and vertex 
over problems are proposed. We start with HittingSet problem whi
h is a 
lose analogue to Set Cover.40.1 Randomized Hitting Set AlgorithmGiven set X = fe1; : : : ; eng of weighted elements and a 
olle
tion of subsets of X : fS1; : : : ; Smg, �nd aminimum weight subset C � X whi
h interse
ts every Sj .Integer program for Hitting Set (variable xi = 1 i� we pi
k element ei):minimize: Pni=1 wixisubje
t to: Pei2Sj xi � 1 (j = 1; : : : ;m);0 � xi � 1 (i = 1; : : : ; n);xi is integer (i = 1; : : : ; n):By dropping (relaxing) the last 
ondition we get a linear programming problem whi
h 
an be solved inpolynomial time.Let LP� be the minimum value of the linear program and C� | the (unknown) optimal solution of theHitting Set problem. Then LP� � w(C�) = Xi:ei2C�wi:Solution x1; : : : ; xn of the relaxed problem typi
ally 
onsists of nonintegers. We want to round xi to 0 or 1,to obtain a feasible Hitting Set solution C.In the �rst round of our randomized algorithm we 
onsider ea
h element ei 2 X and add it to our hittingset C with probability xi. There is no guarantee that at the end of the �rst round C will be feasible; it mighteven happen that we have not pi
ked any ei. Although, after O(logm) su
h rounds of pi
king elements forC we will arrive at feasible solution with probability greater than 1=2. Here is our proof.The expe
ted 
ost of the elements pi
ked in the �rst round:Xe2X wi � Pr(ei is 
hosen) =Xwixi = LP�:Compute the probability that the elements pi
ked in some round will hit a parti
ular set Sj :Pr(Sj is hit) = 1� Pr(Sj is not hit) = 1� Yei2Sj(1� xi) � 1��1� 1k�k � 1� 1e ;where k is the size of Sj . The last inequality follows from the de�nition of the number e. The inequalitypre
eding it uses the fa
t that the geometri
 average does not ex
eed the arithmeti
 average (equality happenswhen all numbers 1� xi are equal) as well as the restri
tion Pei2Sj xi � 1.Suppose that we have t rounds of random pi
king a

ordingly to the same probability distributionx1; : : : ; xn. Then Pr(Si is left un
overed after t rounds) < (1=e)t :Choosing t = 2 logm we get 1=2m � (1=e)t. So, after t rounds:Pr(All sets are 
overed) > �1� 12m�m ! 1pe > 50%:110



In pra
ti
e we 
ould delete all the sets that are hit after ea
h round, formulate a new linear programand pi
k elements of X a

ordingly to its solution. This modi�
ation does not improve the approximationfa
tor.40.2 Randomized Weighted Vertex Cover AlgorithmGiven a graph G = (V;E) and a weight fun
tion w : V ! R+, sele
t a set of verti
es C so that ea
h edgehas at least one endpoint in C and the total weight of C is minimal.Randomized Weighted Vertex Cover AlgorithmInput: Graph G(V,E), weight fun
tion w.Output: Vertex 
over C.1. C  ;.2. while E 6= ; do beginPi
k a random edge (u; v) 2 E.Flip a biased 
oin:
hoose u with probability w(v)w(u)+w(v) ;
hoose v with probability w(u)w(u)+w(v) .Denote by z the 
hosen vertex.Delete from E all edges 
overed by z.end3. return CIn the 
ase of unweighted problem, endpoints u and v are pi
ked with the same probabilty 1=2. It is easyto see that the approximation fa
tor for this algorithm applied to the unweighted problem is 2:Basi
 Idea. Fix an optimal solution C�. The randomized algorithm yields an approximate solu-tion C where jCj is the number of the edges 
onsidered. Suppose that whenever the randomizedalgorithm adds a vertex from C� to C, a bell rings. Sin
e ea
h edge is 
overed by C�, bell ringsfor ea
h edge with probability 1=2. Therefore C� � E(number of bell rings) = jCj=2.In the general (weighted) 
ase we 
an get the same estimate. Let C be the vertex 
over pi
ked by thealgorithm and C� be an optimal vertex 
over. De�ne a random variable:Xu = � w(u) if u 2 C;0 otherwise.We 
ompute the expe
ted weight of the 
over w(C) =Pv2V Xv:E(w(C)) = E Xv2V Xv! = Xv2V E(Xv) = Xv2V ev;where we denote ev = E(Xv). We 
laim that the approximation fa
tor is 2. This is equivalent to thefollowingLet C� be an optimal vertex 
over. Let C 0 = C \ C�. Thus w(C 0 ) = Pv2C� Xv and E(w(C 0 )) =Pv2C� ev � w(C�).Theorem 40.1 E(w(C)) =Pv2V ev � 2E(w(C 0 )) � 2w(C�).Proof. Think of ev as money put on vertex v. We want to distribute all money from verti
es to edges sothat ea
h edge gets equal amount of money from its both endpoints. The edge now returns all its money toa vertex that is in C� (at least one su
h vertex exists). Ea
h vertex in C� has at most double the amount ofmoney it started with, and verti
es not in C� have no money. Thus the total amount of money at verti
esis at most 2Pv2C� ev = 2E(w(C 0)).We now show how to do the distribution of the ev values so that ea
h edge gets the same amount ofmoney from ea
h end point. De�ne a new random variable:Xu;v = � w(u) if u is pi
ked upon pro
essing the 
riti
al edge (u; v);0 otherwise. 111



An edge is 
alled 
riti
al if it is pi
ked by the randomized algorithm. We haveXu = Xv2V Xu;v; E(Xu) = E Xv2V Xu;v! = Xv2V E(Xu;v):Let E(Xu;v) be the amount of money transferred from vertex u to edge (u; v). We have E(Xu;v) = E(Xv;u),sin
e E(Xu;v) = w(u) w(v)w(u) + w(v)Pr((u; v) is 
riti
al);E(Xv;u) = w(v) w(u)w(u) + w(v)Pr((u; v) is 
riti
al):This tells us that a distribution s
heme with the desired properties exists. We 
an pay at least the sameamount of money to ea
h edge, if initially the money is only in C� verti
es and ea
h vertex v 2 C� has 2evmoney units. Therefore 2Pv2C� ev �Pv2V ev whi
h justi�es our 
laim.
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 25Thu April 22, 1993Notes by Marga Alisjahbana.41 Steiner Tree ProblemWe are given an undire
ted graph G = (V;E), with edge weights w : E ! R+ and a spe
ial subset S � V .A Steiner tree is a tree that spans all verti
es in S, and is allowed to use the verti
es in V �S (
alled steinerverti
es) at will. The problem of �nding a minimum weight Steiner tree has been shown to be NP -
omplete.We will present a fast algorithm for �nding a Steiner tree in an undire
ted graph that has an approximationfa
tor of 2(1� 1jSj), where jSj is the 
ardinality of of S.41.1 Approximation AlgorithmAlgorithm :1. Constru
t a new graph H = (S;ES), whi
h is a 
omplete graph. The edges of H have weight w(i; j)= minimal weight path from i to j in the original graph G.2. Find a minimum spanning tree MSTH in H .3. Constru
t a subgraph GS of G by repla
ing ea
h edge in MSTH by its 
orresponding shortest path inG.4. Find a minimal spanning tree MSTS of GS .5. Constru
t a Steiner tree TH from MSTS by deleting edges in MSTS if ne
essary so that all leaves arein S (these are redundant edges, and 
an be 
reated in the previous step).Running time :1. step 1 : O(jSjjV j2)2. step 2 : O(jSj2)3. step 3 : O(jV j)4. step 4 : O(jV j2)5. step 5 : O(jV j)So worst 
ase time 
omplexity is O(jSjjV j2).Will will show that this algorithm produ
es a solution that is at most twi
e the optimal. More formally:weight(our solution) � weight(MSTH) � 2� weight(optimal solution)To prove this, 
onsider the optimal solution, i.e., the minimal Steiner tree Topt.Do a DFS on Topt and number the points in S in order of the DFS. (Give ea
h vertex a number the �rsttime it is en
ountered.) Traverse the tree in same order of the DFS then return to starting vertex. Ea
hedge will be traversed exa
tly twi
e, so weight of all edges traversed is 2� weight(Topt). Let d(i; i+ 1) bethe length of the edges traversed during the DFS in going from vertex i to i + 1. (Thus there is a pathP (i; i + 1) from i to i + 1 of length d(i; i + 1).) Also noti
e that the sum of the lengths of all su
h pathsPjSji=1 d(i; i+ 1) = 2 �MSTS. (Assume that vertex jSj+ 1 is vertex 1.)We will show that H 
ontains a spanning tree of weight � 2� w(Topt). This shows that the weight of amininal spanning tree in H is no more than 2� w(Topt). Our steiner tree solution is upperbounded in 
ostby the weight of this tree. If we follow the points in S, in graph H , in the same order of their above DFSnumbering, we see that the weight of an edge between points i and i + 1, in H , 
annot be more than thelength of the path between the points inMSTS during the DFS traversal (i.e., d(i; i+1)). So using this pathwe 
an obtain a spanning tree in H (whi
h is a
tually a Hamilton Path in H) with weight � 2 � w(Topt).Figure 33 shows that the worst 
ase performan
e of 2 is a
hievable by this algorithm.113
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Figure 32: Optimal Steiner Tree41.2 Steiner Tree is NP-
ompleteWe now prove that the Steiner Tree problem is NP-
omplete, by a redu
tion from 3-SAT to Steiner TreeproblemConstru
t a graph from an instan
e of 3-SAT as follows:Build a gadget for ea
h variable 
onsisting of 4 verti
es and 4 edges, ea
h edge has weight 1, and every
lause is represented by a node.If a literal in a 
lause is negated then atta
h 
lause gadget to F of 
orresponding variable in graph, elseatta
h to T . Do this for all literals in all 
lauses and give weight M (where M � 3n) to ea
h edge. Finallyadd a root vertex on top that is 
onne
ted to every variable gadget's upper vertex. The points in S arede�ned as: the root vertex, the top and bottom verti
es of ea
h variable, and all 
lause verti
es.We will show that the graph above 
ontains a Steiner tree of weight mM + 3n if and only if the 3-SATproblem is satis�ed.If 3-SAT is satis�able then there exists a Steiner tree of weight mM + 3n We obtain the Steiner tree asfollows:� Take all edges 
onne
ting to the topmost root vertex, n edges of weight 1.� Choose the T or F node of a variable that makes that variable "1" (e.g. if x = 1 then take T , elsetake F ). Now take the path via that node to 
onne
t top and bottom nodes of a variable, this gives2n edges of weight 1.� If 3-SAT is satis�ed then ea
h 
lause has (at least) 1 literal that is "1", and thus 
onne
ts to the T orF node 
hosen in (2) of the 
orresponding variable. Take this 
onne
ting edge in ea
h 
lause; we thushave m edges of weight M , giving a total weight of mM . So, altogether weight of the Steiner tree ismM + 3n.If there exists a Steiner tree of weight mM + 3n then 3-SAT is satis�able. To prove this we note thatthe Steiner tree must have the following properties:� It must 
ontain the n edges 
onne
ting to the root vertex. There are no other edges 
onne
ted nodes
orresponding to di�erent variables. 114
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Figure 35: Redu
tion from 3-SAT.116



� It must 
ontain one edge from ea
h 
lause node, giving a weight of mM . Sin
e M is big, we 
annota�ord to pi
k two edges of weightM from a single 
lause node. If it 
ontains more than one edge froma 
lause (e.g. 2 edges from one 
lause) the weight would be mM +M > mM +3n. Thus we must haveexa
tly one edge from ea
h 
lause in the Steiner tree.� For ea
h variable must have 2 more edges via the T or the F node.Now say we set the variables to true a

ording to whether their T or F node is in the Steiner tree (if Tthen x = 1, if F then x = 1.) We see that in order to have a Steiner tree of size mM + 3n, all 
lause nodesmust have an edge 
onne
ted to one of the variables (i.e. to the T or F node of that variable that is in theSteiner tree), and thus a literal that is assigned a "1", making 3-SAT satis�ed.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
tures 10 and 11Mar 2 and 4, 1999Notes by Alexandros Labrinidis and Samir Khuller42 Traveling Salesperson and Chinese Postman ProblemIn this le
ture some routing problems were presented. Generally, in routing problems we are given a graphG (typi
ally undire
ted, but 
an also be dire
ted or even mixed), and we are asked to �nd the best routeon the graph based on a 
ompleteness 
riterion (i.e. visit all verti
es/edges) and a weight/distan
e fun
tionwhi
h we are trying to minimize.42.1 Traveling Salesperson ProblemIn the Traveling Salesperson Problem (TSP for short), a salesperson has to visit n 
ities. If we model theproblem as a 
omplete graph G = (V;E) with n verti
es, we 
an say that the salesperson wishes to makea tour, visiting ea
h 
ity exa
tly on
e and �nishing in the same 
ity s/he started from. There is a 
ost 
i;jasso
iated with traveling from 
ity i to 
ity j and the salesperson wishes to minimize that 
ost.De�nition 42.1 (Eu
lidean TSP) Given a set of points in the plane, S = fs1; s2; : : : ; sng, and a Eu-
lidean distan
e fun
tion di;j , �nd the shortest tour that visits all the points.Eu
lidean TSP was proven NP-hard, so we only hope to approximate it, if we want to have an algorithmwith polynomial time 
omplexity. In fa
t, re
ently Arora and Mit
hell independently announ
ed a (1 + �)approximation.Heuristi
s:� We 
an take the greedy approa
h and always try to visit the next unvisited node that is 
losest to our
urrent position.
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Figure 36: Greedy heuristi
� Be
ause the triangular inequality holds, we 
an always eliminate \
rossing tours" and get better tours.
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��Figure 37: Eliminating Crossing tours� We 
an simply fo
us on an in
remental algorithm whi
h, based on an existing tour, tries to �nd thebest possible \augmentation" to insert an \new" unvisited 
ity to the tour.118



Minimum Spanning Tree Another idea for �nding a solution/tour for the TSP is to �nd a MinimumSpanning Tree for the given graph. After we've found the MST we 
an simply take a depth-�rst traversalof the tree. This guarantees the 
ompletion 
riterion for the TSP, but the 
ost of the resulting path 
an beas bad as twi
e the 
ost of MST. An improvement to this is trying to make \short
uts" whenever possible(in other words we want to try and not revisit any node, advan
ing to the next unvisited node in thetraversal without going through the \ba
k" steps). This is feasible be
ause of triangular inequality and
learly improves the total 
ost.
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Figure 38: Minimum Spanning TreeWe have 
MST < 
OPT , sin
e if we take out one edge of the optimal tour then we would have a tree thatspans the entire graph (whi
h might not be of minimum 
ost).Q: How to 
onvert spanning trees into an optimal tour? Basi
ally, we need to make the graphEulerian, in other words guarantee that 8v 2 V; degree(v) is even (or in the 
ase of dire
ted graphs: in-degree(v) = out-degree(v)). This would imply that for every node we visit we 
an always exit that node sothat we don't ever get \stu
k" at one pla
e. So, sin
e we have to visit every node at least on
e (and thusdon't mind visiting the same vertex more than on
e), augmenting an MST to be
ome an Eulerian graphshould be a reasonable solution to the TSP.Claim: There is an even number of odd degree verti
es in any graph.We know that 2 � jEj = P8v2V d(v). If we partition V into two disjoint sets VO and VE , so that VO
ontains all the verti
es with odd degree, and VE 
ontains all the verti
es with even degree, we have:2� jEj = X8v2VO d(v) + X8v2VE d(v)Sin
e both 2 � jEj and P8v2VE d(v) are even, we have that P8v2VO d(v) should also be even, whi
himplies that the number of verti
es with odd degree is an even number. 2One idea that 
an help us transform an MST into a Eulerian graph, is to \pair up" the odd degreeverti
es (by adding more edges to the graph - we 
an do this sin
e we are given a distan
e metri
) and thus\for
e" all verti
es to have even degree. To de
ide on the \pairs" we 
an simply �nd a minimum-weightmaximum-mat
hing on the distan
e graph of the odd degree nodes.
matching

���� ���� ���� ���� ������
MST

����Figure 39: Mat
hing vs MST sizeWe want to quantify how good an approximation we 
an a
hieve with this solution. However, there isno way to reasonably bound the weight of the produ
ed mat
hing with respe
t to the weight of the MST,sin
e in the worst 
ase they 
an even be equal (see �gure 39).119



However, we have more lu
k when we try to 
ompare the size of the mat
hing against the size of theoptimal tour.Claim: w(mS) � 12w(OPT )Say that mat
hingA and mat
hingB are the two di�erent mat
hings that 
an be derived from theminimum-weight maximum-mat
hing on the distan
e graph of the odd degree nodes. w(mA) and w(mB)are their respe
tive sizes.
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matching B

OPT  tour

matching A

Figure 40: Mat
hing vs OPT sizeSin
e triangular inequality holds, we have that:w(mA) + w(mB) � w(OPT )where w(OPT ) is the size of the optimal tour.If we pi
k the smallest of the two mat
hings (namedmS) than we have that 2�w(mS) � w(mA)+w(mB),whi
h in turn gives us w(mS) � 12w(OPT ). 2So the overall size of our solution is:w(MST ) + w(mS) � w(OPT ) + 12w(OPT ) = 1:5w(OPT )and therefore � = 1:5.42.2 Traveling Salesperson Path ProblemOne variation of the TSP is the Traveling Salesperson Path Problem. In this 
ase, instead of trying to �ndthe best tour, we simply want to �nd the best path that would 
over all the 
ities. There are three obvioussub-variations:� The path 
an start at any 
ity and end at any 
ity.� The �rst point of the path is �xed, but the end 
an be any other point in the graph.� Both endpoints are �xed and given to us.We will 
onsider the third variants here. Let s and t be two spe
i�ed verti
es in G. We 
onsiderthe problem of �nding a path with s and t as its two ends, that visits all verti
es of G. One 
an solve thisproblem in a manner similar to Christo�des' algorithm for TSP, by starting withMST (G), adding a suitablemat
hing, and then �nding an Eulerian walk of the resulting graph. We do not get a 32 approximation ratiosin
e in the TSPP the optimal solution is a path, and not a tour. The bound of 12OPT on the weight ofa minimum-weight perfe
t mat
hing of a subset of the verti
es, whi
h holds for TSP (tour), does not holdhere.We obtain a 53 approximation ratio as follows.Theorem 42.2 There exists a polynomial-time algorithm for TSPP between given end verti
es s and t, that�nds solutions S1 and S2 whi
h satisfy the following equations:l(S1) � 2 MST (G)� l(s; t)120



� 2 OPT � l(s; t);l(S2) � MST (G) + 12(OPT + l(s; t))� 32 OPT + 12 l(s; t):Proof:We \double" the edges of MST (G) ex
ept for those on the unique s � t path on it. The result is a
onne
ted multigraph whose vertex degrees are all even ex
ept for those of s and t. We now �nd an Eulerianwalk between s and t on this multigraph and turn it into a Hamiltonian path between s and t withoutin
reasing the weight by short
utting and applying the triangle inequality. We 
all it S1. The length of S1is at most 2MST (G)� l(s; t), whi
h is at most 2OPT � l(s; t).To obtain S2, we adopt the following strategy. Consider adding the edge (s; t) to OPT, and making it a
y
le. The length of this 
y
le is OPT + l(s; t). The 
y
le 
an be de
omposed into two mat
hings betweenany even-size subset of verti
es, and the length of the smaller mat
hing is at most 12 (OPT + l(s; t)). We addto MST (G) a minimum-weight mat
hing of verti
es sele
ted based on their degree in MST (G) (odd degreeverti
es of V n fs; tg and even degree verti
es of fs; tg in MST (G)), and output an Eulerian walk S2 from sto t in the resulting graph. This Eulerian walk 
an be 
onverted into a Hamiltonian path by short
utting.Using the triangle inequality, we obtain that l(S2) is at mostMST (G)+ 12 (OPT + l(s; t)) � 32OPT + 12 l(s; t).2Corollary 42.3 The shorter of the paths S1 and S2 is at most 53OPT .Proof:Observe that if l(s; t) > 13OPT , then l(S1) � 53OPT . Otherwise, l(s; t) � 13OPT , in whi
h 
ase l(S2) �53OPT . 242.3 Chinese Postman ProblemGiven:� a 
onne
ted graph G = (V;E)� a 
ost fun
tion 
 : E ! Z+Find: a walk in whi
h we traverse every edge at least on
e, su
h that the total 
ost of the walk (withmultiple traversals of an edge 
harged multiply) is as small as possible.For simple undire
ted graphs there is a polynomial time algorithm to solve the problem optimaly. Formixed graphs (were we have both undire
ted and dire
ted edges) the problem was proven to beNP-
omplete,but there are approximation algorithms.We will �rst review the algorithm for undire
ted graphs and then give some more information about thetwo algorithms for mixed graphs.Undire
ted graphs We observe that if G = (V;E) is an Eulerian graph (every vertex has even degree),then it is easy to �nd an optimal solution, sin
e ea
h edge will be traversed exa
tly on
e in an Euler tour. Inany tour that starts and ends at the same vertex, ea
h node is entered and left exa
tly the same number oftimes. Hen
e, for the 
ase that the graph is not Eulerian, we are looking for the lowest-weight set of edgeswhose addition to G will make ea
h vertex have even degree.The solution to this is to simply �nd a minimum weight perfe
t mat
hing, m, on the set of odd degreeverti
es of G. If VO � V is the set of verti
es with odd degree, we know that jVO j is even. Let GO = (VO ; EO)be the 
omplete graph on the verti
es of VO , where the weight for ea
h edge ei;j 2 EO is the weight of theshortest path on G between vertex i and vertex j. Find a minimum weight perfe
t mat
hing on GO, andadd the paths 
orresponding to the edges in the mat
hing to G. This 
reates a new multigraph G0, where121



ea
h vertex has even degree. Find an Euler tour in this multigraph. This 
an be done in linear time (linearin the size of G0).To prove that this is optimal, let w(G) be the total weight of the edges in G. Let w(m) be the totalweight of the mat
hing on GO. We will now prove that any tour has 
ost at least w(G) + w(m) (whi
h isthe 
ost of our solution). Let T be any Chinese Postman tour. This tour must enter and leave ea
h vertexexa
tly the same number of times. Let's 
reate multiple 
opies of an edge when it is traversed more thanon
e. The resulting multigraph T 0 has the property that ea
h vertex has even degree. So, we have that`(T ) = w(T 0) = w(G) + w(G00), where G00 is the subgraph obtained by removing E from T 0.If v is a a vertex having odd degree in G, then it must have odd degree in G00. If it has even degree inG, then it must have even degree in G00. Clearly, if VO is the set of odd degree verti
es in G, then G00 is apossible solution to the problem of �nding a minimum weight subgraph where the verti
es in VO have odddegrees and the other verti
es have even degrees. The minimum weight perfe
t mat
hing problem solves thisproblem optimally. Hen
e w(m) � w(G00) (sin
e we found an optimal solution to the mat
hing problem),and `(T ) = w(G) + w(G00) � w(G) + w(m), implying that the solution we found is optimal.
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CMSC 858K Advan
ed Algorithms Le
ture 18April 10, 1997Notes by Alexander Dekhtyar43 Vehi
le Routing Problems:Sta
ker CraneThis part summarizes results presented by Frederi
kson, He
ht and Kim (SICOMP 78)Problem. We are given two sets of points fA1; : : : ; Ang (we will 
all them pegs) and fB1; : : : ; Bng (wewill 
all them slots). Without loss of generality we 
an assume that all Ai and Bj 
orrespond to some pointson the plane. Ea
h point Ai is thought to 
ontain a peg that has to be deleivered to a 
orresponding slot Bi(for all 1 � i � n). The 
rane operator has to deleiver all the pegs to appropriate slots. A 
rane 
an onlyhold one peg at a time. The goal is to produ
e an optimal tour that would pass through all peg and slotpoints and deleiver all pegs to the designated slots.TSP 
an be redu
ed to the Sta
ker Crane problem. Consider an instan
e of the Sta
ker Crane problemwhere Ai 
oin
ides with (or lies very 
lose to) Bi for all 1 � i � n. The optimal Sta
ker Crane tour thenwill also be an optimal TSP tour.In what follows we present two approximation algorithms for SCP and show that both will give a 2-approximation. Then we will show that for ea
h instan
e of the problem the better of the two solutions willgive us a 1.8-approximation.The two algorithms will employ two polar ideas. One of them will work gell in the situation when thedistan
es between ea
h peg and its designated slot are relatively short 
ompared to the distan
es that the
rane will have to travel between the delieveries. Se
ond algorithm will be based on the assumption that thedistan
es that the 
rane has to 
over delivering the pegs ex
eed by far the distan
es that the 
rane has totravel between the deliveries.43.1 Algorithm 1We will 
all a route between any peg Ai and 
orresponding to it slot Bi a delivery route. Generally speakingevery Sta
ker Crane route 
onsists of 2 parts:1. all delivery routes2. a tour between di�erent delivery routesThe main assumption this algorithm employs is that the delivery routes are short 
ompared the lengthof the tour that 
onne
ts these routes. If that is the 
ase - we would like very mu
h to �nd the best possibletour 
onne
ting the delivery routes. The pri
e we might wind up paying for su
h tour is that we might befor
ed to traverse delivery routes more than on
e. But if delivery routes are short 
ompared to the lengthof a tour 
onne
ting them, it is a reasonable pri
e to pay. As a \good" 
onne
ting tour we will be lookingfor a \reasonably" short TSP tour between all delivery routes.1. We 
onstru
t a 
omplete graph G0, with the set of nodes V = fv1; : : : ; vng. Ea
h vi 
orresponds to thedelivery route Ai to Bi.2. For ea
h pair of ver
i
es vi; vj 2 V we set d(vi; vj) = minfd(Ai; Aj); d(Bi; Bj); d(Ai; Bj); d(Bi; Aj)g.The algorithm will do the following:Algorithm 1.1. Constru
t G0.2. Solve TSP on G0.3. Let (vi; vj) be the edge of a 
omputed in G0 TSP tour. Let d(vi; vj) = d(Di; Dj), where Di 2fAi; Big; Dj 2 fAj ; Bjg. The part of the Sta
ker Crane tour 
orresponding to it will be: Ai ! Bi !Di ! Dj ! Aj . 123



4. Using the 
onversion from (3) 
ompute and return the Sta
ker Crane tour.Let us now see how well this algorithm does. Let T be the 
ost of 
omputed TSP tour on G0. Let CAbe the 
ost of all deliveries (CA =Pni=1 d(Ai; Bi)). We show that the total 
ost of the Sta
ker Crane tour(SCT ) 
omputed by Algorithm 1 is: SCT � T + 2CALet us look at the two tours SCT1 and SCT2: one is the Sta
ker Crane tour T followed in 
ounter
lo
kwisedire
tion, the other is the Sta
ker Crane tour T followed in 
lo
kwise dire
tion. We 
an see that SCT1 +SCT2 = 2T + 4CA whi
h will give us SCT = min(SCT1; SCT2) � T + 2CA.From previous material we know that we 
an expe
t T � 1:5T � where T � is the 
ost of an optimum TSPtour on G0. Let SCT � be the optimum sta
ker 
rane tour. It must be that CA � SCT �. Also, it mustbe that T � � SCT � � CA (i.e, optimum Sta
ker Crane tour save the deliveries part must be suÆ
ient to
onne
t all delivery routes). Finally the 
ombining with the previously 
omputed bound for SCT we get:SCT � T + 2CA � 1:5T � + 2CA � 1:5(STC� � CA) + 2CA � 1:5STC� + 0:5CA � 2STC�i.e. Algorithm 1 gives us a 2-approximation.As you 
an see - the reason why this algorithm gives us 2-approximation is be
ause we bound CA withthe size of the optimal tour. However if CA is mu
h smaller than STC� then this algorithm will give a bettersolution.43.2 Algorithm 2Se
ond algorithm, in 
ontrast with the �rst one will be designed under the assumption that the length of alldelivery routes (CA in our adopted in previous subse
tion notation) is relatively big (greater than the lengthof the tour between the delivery routes).In this 
ase we do not want to risk travelling along the delivery route \emptyhanded" -as this might be alarge distan
e. We would prefer to �nd su
h a tour that would take us from the slot to the peg for the nextdelivery. Now the tour 
onne
ting delivery routes might be bigger, but we will travel along ea
h deliveryroute only on
e instead of 2 times as it is expe
ted in Algorithm 1 On the other hand we still want a the
onne
ting tour to be reasonably small.We will �nd su
h a tour in two steps. First we will establish minimum-weight perfe
t mat
hing on thebi-partite graph G1 =< fA1; : : : ; Ang; fB1; : : : ; Bng; f(Ai; Bj)ji 6= jg. This mat
hing might still not besuÆ
ient to establish a tour (it 
ould be that the perfe
t mat
hing breaks G into a number of 
y
les). Wewill then 
onsider a 
omplete graph of su
h 
y
les and we will �nd its minimum spanning tree. This willgive us a Sta
ker Cran
e route with the important property that it travels along every delivery route onlyon
e (in the dire
tion from peg to slot).Algorithm 2.1. Constru
t bipartite graph G1 =< fA1; : : : ; Ang; fB1; : : : ; Bng; f(Ai; Bj)ji 6= jg.2. Find a minimum weight perfe
t mat
hing M on graph G1 (noti
e that Ai has no edge to Bi in G1 forall 1 � i � n and therefore, Ai 
annot be mat
hed to Bi).3. If M is a tour 
onne
ting all delivery routes, than M + CA is our Sta
ker Crane route. Otherwise,4. M breaks G1 into a number of 
y
les. Constru
t (
omplete) graph G2 where the nodes are all 
y
les
1; : : : ; 
k, M indu
es on G1 and d(
i; 
j) = minCi2
i;Cj2
j (d(Ci; Cj)).5. Find minimum spanning tree ST (G2). The �nal Sta
ker Crane route will be as follows:(a) Start at some 
y
le 
 of G2 (
hoose the starting point among the pegs in that 
y
le).(b) While inside the 
y
le, do deliveries in 
lo
kwise dire
tion using mat
hing M to 
hoose nextdelivery route, until a vertex that indu
ed an edge in ST (G2) is rea
hed.(
) Follow that vertex. Goto step 2. Stop when all deliveries are made.
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The �gure below illustrates the Sta
ker Crane route found by Algorithm 2.Let us now �nd out how good (or bad) this algorithm is. As usual, let STC denote the length of theSta
ker 
rane route found by Algorithm 2, and let STC� be the optimum Sta
ker Crane route. Let w(M)denote the weight of mat
hing M .It is easy to see that w(M)+CA � STC�. In fa
t, any Sta
ker Crane route (in
luding optimal) has to doall the deliveries (that is 
overed by CA) and has to 
onne
t all the delivery routes with ea
h other somehow.This 
onne
tion of delivery routes indu
es a perfe
t mat
hing on graph G1 But M is a mimnimum weightmat
hing in this graph, so, we have to 
on
lude that the inequality above holds.Let now w(ST ) be the wieght of minimum spanning tree of G2. >From the de
ription of the Sta
kerCrane route 
reated by Algorithm 2 we see that:STC � w(M) + CA + 2w(ST )Optimal tour STC� 
onsits of two parts: delivery routes and tour 
onne
ting delivery routes. This se
ondpart 
an be thought of as a spanning tree on the graph where ea
h 
y
le is just one delivery route. It is
lear that our spanning tree ST (G2) is not longer than this tour in optimal route. Therefore, we also obtain:w(ST ) � STC� � CA.Combining our knowledge about w(M) and w(ST ) together we obtain the bound on STC:STC � w(M) + CA + 2w(ST ) � STC� + 2(STC� � CA) = 3STC� � 2CAWhen CA � 0:5STC� ( and this is exa
tly the 
ase for whi
h we designed Algorithm 2) we obtainSTC � 2STC�43.3 Combining both resultsIn order to �nd a good Sta
ker Crane route we may run both Algorithm 1 and Algorithm 2 and then 
hoosea better solution. Surprisingly (?) this simple 
ombination of two methods allows us to prove a betterapproximation bound.Indeed, we know that our solution STC will be bounded by the following :STC � 1:5STC� + 0:5CA (Algorithm 1)STC � 3STC� � 2CA (Algorithm 2)Therefore we 
an always assume thatSTC � min(1:5STC� + 0:5CA; 3STC� � 2CA)The worst possible 
ase will be if 1:5STC� + 0:5CA = 3STC� � 2CAi.e., CA = 0:6STC�Plugging it in we get STC � 1:8STC�, whi
h is a better than a 2-approximation obtained by ea
h singlealgorithm.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 19Apr 15 , 1997Notes by Zhexuan Song and Samir Khuller.44 Vehi
le Routing Problems: Capa
ity Bounded Vehi
lesRead \Algorithms for Robot Grasp and Delivery" by Chalasani, Motwani and Rao. [CMR℄K-Delivery TSP Given: n sour
e points and n sink points in some metri
 spa
e, with exa
tly one pegspla
ed at ea
h sour
e (all pegs are identi
al), and a vehi
le of 
apa
ity k,Find: A minimum length route for the vehi
le to deliver exa
tly one peg to ea
h sink.The 
apa
ity k may be unbounded. This problem is easily seen to be NP-hard via a redu
tion to TSP: pi
kk = 1 and put sink very 
lose to sour
e. In the rest of the notes, we give a 2.5-approximation algorithm fork = 1, then we will dis
uss a 9.5-approximation algorithm in [CMR℄ for arbitrary k, after some improvement,the ratio will �nally be 6.5. Then we will talk about algorithms for unbounded k.We will refer to the sour
es as pegs or red points and the sinks as slots or blue points. Also we willassume for 
onvenien
e that n is a multiple of k.45 Unit Capa
ity Problem (1-delivery TSP)De�nition 45.1 (Unit 
apa
ity problem) Given an edge-weighted graph G with n pegs and slots, �ndthe optimal bipartite tour starting and ending at a designated peg s and visiting all verti
es. A tour 
alledbipartite if every pair of adja
ent points in it must be peg and slot.Anily and Hassin have shown a 2.5-approximation algorithm. Suppose A is a minimum-weight perfe
tmat
hing. T is a TSP tour of pegs. The �nal route 
onsists of visiting the red verti
es in the sequen
espe
i�ed by the tour T , using the mat
hing edges in A to deliver a part to a slot and return to peg (or goto the next peg in the T ). So Our 
ost = T + 2A.T is a tour of red verti
es, Using Christo�des' heuristi
, we 
an �nd a 1.5-approximation tour of pegs. Sin
eany OPT tour must 
over all red verti
es. So we haveT � 1:5 OPT (red verti
es) � 1:5OPTEa
h OPT solution looks like s (peg) ! slot ! peg ! slot ! � � � ! slot ! s (peg). We 
an easily dividethe tour into two perfe
t mat
hing M1 and M2. Sin
e A is a minimum-weight perfe
t mat
hing, we haveM1;M2 � A. So 2�A �M1 +M2 =OPTand Our 
ost = T + 2�A � 1:5 OPT + OPT = 2:5 OPT.In fa
t, now the best algorithm is 2-approximation. We 
an �nd it in [CMR℄. The 
entral idea of thisalgorithm is try to �nd a bipartite spanning tree T where ea
h red vertex has degree at most 2. Then Thas exa
tly one red vertex s of degree 1. If T is rooted at s then every red vertex has exa
tly one 
hild.Clearly, if we traverse this tree T in depth-�rst order (in fa
t any order), the sequen
e of verti
es visitedare of alternating 
olor. Clearly, the OPT bipartite tour 
ontains a bipartite spanning tree where all redverti
es have degree at most 2. Therefore the weight of the minimum-weight bipartite spanning tree whosered verti
es have degree at most 2 is a lower bound on OPT. Then the problem 
hanges to how to �nd su
ha tree. Here, they use some new tool 
alled "matroid" to a
hieve the result.126



46 K-
apa
ity problemWhen k is arbitrary, we will not get a 2.5-approximation solution by using above algorithm. For example,

pegs
slotsFigure 41: An example of k-
apa
ity problemWe have n pegs and n slots. All the pegs are very 
lose, and so are the slots. At the same time, thedistan
e between slots and pegs is quite large. One good solution should be: �rst pi
k k pegs then go to otherside and put them down, then go ba
k and pi
k another k pegs and so on. The 
ost should be n=k� 2�Mwhere M is the distan
e between pegs and slots. But if we use the algorithm above, T is almost 0 and A isn�M . So the approximation ratio is (OPT � a linear fun
tion of k). It is a bad solution.What we do here is try to �nd a 
onstant approximation algorithm.9.5-approximation algorithm First, we will talk about the algorithm in [CMR℄ whose approximationratio is 9.5.Let Ck denote the optimal k-Delivery tour, and let Cr and Cb denote the optimal tours on the red andblue points respe
tively. Let A denote the weight of the minimum-weight perfe
t mat
hing in the bipartitegraph with red verti
es on one side and blue verti
es on the other. To keep the notation simple, we willoften use the same symbol to denote a graph and its weight, and the 
ontext will make it 
lear whi
h one isintended.Lemma 46.1 A � C1=2 and C1 � 2k � CkProof:First part has been proved above, we will not prove se
ond part here be
ause we will improve it later. 2We use Christo�des' heuristi
 to obtain a 1.5-approximation tour Tr of the red verti
es and a 1.5-approximation tour Tb of the blue verti
es. We omit the proof of the following lemma:Lemma 46.2 Tr(Tb) � 1:5� OPT(Tr(Tb)) � 1:5� CkFirst we break up Tr and Tb into paths of k verti
es ea
h, by deleting edges appropriately. It will be
onvenient to view ea
h k-path as a \super-node" in the following. Now we have a bipartite graph with n=ksuper-nodes on ea
h side. Then we try to �nd a minimum-weight perfe
t mat
hing in the graph. Supposethis mat
hing 
alled M .Lemma 46.3 M � A=k
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Proof:We overlay the minimum-weight perfe
t mat
hing of 
ost A on this graph. Note that ea
h super-nodenow has degree exa
tly k, and that there may be several edges between two given super-nodes. Think aboutproblem 1 in our homework 1, \Every d-regular bipartite graph always has a perfe
t mat
hing". If we deletethis perfe
t mat
hing, we left with a (k � 1)-regular bipartite graph. Repeat the pro
ess and �nally wepartition A into k perfe
t mat
hing. Among these mat
hing, at lease one with weight less than A=k. Sin
eM is the minimum-weight mat
hing, This proves the lemma. 2After �nding out the mat
hing M , we 
an partition the graph into n=k sub-graphs and label them H1,H2, � � �Hn=k, ea
h 
onsisting of a red super-node 
onne
ted via an edge of M to a blue super-node. We 
antraverse the sub-graph in sequen
e as follows. Within ea
h sub-graph Hi, �rst visit all the red verti
es, thenuse the edge of M to go to the blue side and visit all the blue verti
es. Then return to the red side, and goto the red vertex that is 
onne
t via an edge e of Tb to the next sub-graph Hi+1, and use the edge e to goto Hi+1 (or H1 if i = n=k).
Red Side

Blue Side

Edge in M

Figure 42: Vehi
le route in HiWe 
laim that this tour T is within a 
onstant fa
tor of the optimal k-delivery tour. From the abovegraph, we 
an �nd that ea
h edge of Tr is 
harged no more than 3 times, ea
h edge of Tb is 
harged no morethan twi
e and ea
h edge of M at most twi
e. Thus we obtain thatT � 3Tr + 2Tb + 2M � 3� 1:5Ck + 2� 1:5Ck + (2=k)�A � 9:5CkSome improvement After 
arefully observing the algorithm, we have the following modi�
ation.Lemma 46.4 C1 � k � CkProof:Here we omit the detail proof and just give out a demonstration. Suppose we have a 
ar with 
apa
ity kand a bi
y
le with 
apa
ity 1. Look at the OPT tour of the 
ar. It looks like �rst pi
k some parts and thendrop them and then pi
k some and drop.Sin
e this is a k-delivery tour, every time the 
ar 
an pi
k at most k pegs before it drops them in slots.Now we use a bi
y
le to simulate the 
ar. The bi
y
le will pi
k pegs when it pass a peg point and put it intothe �rst empty slot it meets. Sin
e the 
apa
ity of a 
ar is k, there must be at least n=k peg-slot 
hange.That means that at one round, bi
y
le 
an at least pi
k n=k pegs. So bi
y
le 
an �nish all the work in krounds. That proves the lemma. 2Now observe Figure 2 about the route of a vehi
le in Hi, red side of Hi has been divided into two partsby an edge in M , the upper side has been visited three times and the lower part only on
e. If the vehi
le128



peg - slot change

peg

slot

Figure 43: Tour of a k-
apa
ity 
artravels in reversed dire
tion, then low part will be three times and upper part will be on
e. So put these twotour together, total 
ost should be:Total 
ost � 4� Tr + 4� Tb + 4�MPi
k the one with smaller 
ost, we have:T � 2Tr + 2Tb + 2M � 2� 1:5Ck + 2� 1:5Ck + (2=k)�A � 7CkMore improvement Now we will present another algorithm that improves the approximation ratio to6.5. A wonderful idea 
an be found inside it.1. Find tours Tr and Tb as in the above algorithm.2. Break Tr and Tb into paths 
ontaining k=2 verti
es ea
h. (Not k.)3. View ea
h segment of Tr and Tb as a super-node and 
onstru
t the auxiliary bipartite graph as before.4. Find a minimum-weight perfe
t mat
hing M in this graph. Mark the red segments of Tr sequentiallyas R1, R2, � � � around the 
y
le. Ea
h edge in M mat
hes a segment in Tr to a segment in Tb. Let thesegment mat
hed to Ri 
alled Bi.5. The vehi
le starts at the beginning of segment R1 and pro
eeds along the Tb, pi
k the pegs in its path.When the vehi
le rea
hes R2, it will travel as above algorithm | visit Bi sometimes and put partsinto slots and 
ome ba
k. Find that every time the vehi
le en
ounters the edge in M , there are alwaysat least k=2 parts in the vehi
le. That is no ba
k tra
e needed in Tr. This save quit a lot of time.6. Finally, when the vehi
le returns to the starting lo
ation, it is 
arrying k=2 pegs that have to bedelivered to B1. It goes over R1 again to rea
h edge in M , 
rosses over to B1 and delivers the pegs toB1.Figure 4 demonstrates the algorithm.The algorithm above generates a valid vehi
le routing without violating the 
apa
ity 
onstraints of thevehi
le due to the following reason. When it is on a segment of Ri that pre
edes M on Tr, it is 
arrying k=2pegs from Ri � 1 and the other pegs that have been 
olle
ted from Ri. Sin
e Ri has at most k=2 pegs, thetotal number of pegs that it is 
arrying does not ex
eed k. On rea
hing edge in M , the vehi
le goes over toBi and delivers the k=2 pegs that were 
olle
ted from Ri � 1. Therefore when it returns to Ri and resumesits journey, it rea
hes the end of Ri with k=2 pegs that were on Ri.The reason that the algorithm gives a better approximation ratio is as follows. Observe the graph, wewill �nd that ea
h edge in Tr only be visited on
e (ex
ept for segment R1) instead of twi
e. This de
reasesthe length traveled. But the 
ost of M is now more sin
e there are twi
e as many segments as before in ea
hof Tr and Tb (be
ause the segment have only k=2 verti
es ea
h).Now the 
ost of the algorithm is:T � Tr + 2Tb + 2M +R1 � 1:5Ck + 2� 1:5Ck + (2=k)� 2A+O(k=n) � 6:5Ck+O(k=n) � 6:5Ck129



R1

R2

R3

B2

B3

Edges in M

Figure 44: Vehi
le route in new algorithmIf we 
an drop the pegs on the road and deliver them later, we 
an have a modi�
ation of the algorithmthat obtained a ratio of a little more than 5.The algorithm is a modi�
ation of the algorithm in the previous part that obtained a ratio of 6.5. Insteadof delivering immediately the pegs to the red points in Bi when we 
ross edge in M , we do the following.The vehi
le 
rosses the edge and leaves k=2 pegs there to be delivered to the blue points at a later time.On
e the tour along the red 
y
le is 
ompleted, the vehi
le swit
hes to the blue tour, and delivers the pegs,but this time pi
king them up at intermediate points on the blue tour as it rea
hes them. In all, the vehi
letravels around ea
h of the 
y
le Tr and Tb on
e, twi
e around M and on
e extra on the segments R1 andB1. Our algorithm now obtains a tour with a ration of 5+O(k=n).47 Unbounded 
apa
ity problemDe�nition 47.1 (Unbounded 
apa
ity problem) Given an edge-weighted graph G with n sour
es andn sinks, �nd an optimal tour that starts at s and visits all verti
es and returns to s in a red-dominant order.An ordering of verti
es is red-dominant if in ea
h pre�x of the ordering, there are at least as many redverti
es as blue verti
es.Easily, we have a 3-approximation algorithm here. First use Christo�des' heuristi
 to �nd a tour T of allnodes. Then in the �rst round, we pi
k up all the pegs and in the se
ond round, we drop them one by one.Total 
ost is 2T � 2� 1:5OPT = 3OPT.This algorithm is simple, so the result is not so good. In fa
t there is a 2-approximation algorithm in[CMR℄.
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CMSC 858K Advan
ed AlgorithmsLe
turer: William Gasar
h Le
ture 22April 24, 1997Notes by Yannis Kotidis.48 Lower Bounds on ApproximationsIn this le
ture we study some re
ent results on the hardness of approximating NP -hard problems. A

ordingto these results, trying to approximate many problems within a 
ertain approximation ratio is NP -hard.This implies that no polynomial-time algorithm a
hieves that approximation ratio, unless NP = P . GraphColoring is su
h an example. The problem 
an be des
ribed as follows:COLORING: Given a graph G, assign a 
olor to ea
h vertex, su
h that no two adja
ent verti
es have thesame 
olor.The obje
tive fun
tion in this 
ase is the number of 
olors in a proper 
oloring. The optimal 
olorings
heme is the one that uses the minimum number of 
olors. This number is 
alled the 
hromati
 number ofgraph G and is denoted x(G). Many years ba
k it was shown that a 43 -approximation of the COLORINGproblem is NP -hard : (Garey and Johnson's book shows better hardness results for this problem.) This isjust to give you an idea about some basi
 tools to show these kinds of results.Theorem 48.1 If there exists a polynomial-time algorithm A for COLORING su
h that :x(G) � A(G) < 43x(G)then P = NP .Proof:Assume A 2 P exists. We will use A to write a polynomial-time algorithm for solving 3-COLORINGwhi
h is known to be NP -
omplete.Algorithm for 3-COLORING:1. Input G.2. Create H = n 
opies of G. Conne
t all nodes in di�erent 
opies so that any two nodes in two di�erentparts are 
onne
ted.3. Compute A(H) in polynomial-time.4. If A(H) < 4n output(YES)otherwise output(NO).Its easy to see that be
ause of the way we 
onstru
t H, if G is 3-Colorable then x(H) = 3n, otherwisex(H) � 4n. This gap is used by the above algorithm to determine if G is 3-Colorable:� If G is 3-Colorable ) x(H) = 3n) 3n � A(H) < 4n.� If G is not 3-Colorable ) 4n � A(H). 2
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48.1 Probabilisti
ally Che
kable ProofsPrior to presenting the framework of Probabilisti
ally Che
kable Proofs (PCP ) we will �rst give a new(equivalent to the standard one) de�nition of 
lass NP :De�nition 48.2 A 2 NP if 9R 2 P , polynomial p su
h that:� x 2 A) (9y; jyj � p(jxj))[R(x; y)℄� x =2 A) (8y; jyj � p(jxj))[� R(x; y)℄In other words A 2 NP if there exists a Turing Ma
hine R, su
h that given an instan
e x 2 A, thereexists an eviden
e y of polynomial size, su
h that R a

epts (x; y). On the other hand, if A =2 NP then anyproof y will be reje
ted by the ma
hine.Starting from this de�nition we will do two modi�
ations to the Turing Ma
hine that we use :1. Instead of having R 2 P we will use randomized-P . This means that we will allow the Ma
hine to 
ip
oins as it pro
esses the input strings. In that 
ase instead of asking if the ma
hine a

epts or reje
tsits input we will be 
on
erned with the probability that either 
ase happens.2. We will allow R to do indire
t a

essing on y. This will allow the ma
hine to use extremely long proofsy (like 2nk), under the restri
tion that it 
an query a limited number of bits of y ea
h time.De�nition 48.3 (Probabilisti
 Che
kable Proofs - PCP) A 2 PCP (r(n); q(n)) if :� 9 a 
oin-
ipping Turing Ma
hine M(x; y) that makes O(r(n)) 
oin-
ips and O(q(n)) queries to y,� 9k 2 N on input (x; y) su
h that jxj = n; jyj = 2nkand� x 2 A) (9y; jyj = 2nk)[Prob(M(x; y) a

epts) = 1℄� x =2 A) (8y; jyj = 2nk)[Prob(M(x; y) a

epts) < 14 ℄Comparing the two de�nition we see that instead of re
eiving the entire proof and 
ondu
ting a deter-ministi
 polynomial-time 
omputation (as in the 
ase of NP ), the ma
hine (veri�er) may toss 
oins andquery the proof only at lo
ations of its 
hoi
e. Potentially, this allows the veri�er to utilize a very long proofof super-polynomial length or alternatively inspe
t very few bits of a polynomially long proof.Using the PCP-framework we 
an simplify our de�nition of NP to: NP = PCP (0; poly(n)). For SATit is straightforward to show that SAT 2 PCP (0; n): a valid proof of length n 
ould be the assignmentsthat satisfy the given, n-variable, formula. For 10-COL it is also easy to see that 10-COL 2 PCP (0; 4n) =PCP (0; n) : y 
an en
ode the 
olor assignments using 4 bits per 
olor. Nevertheless all these examples donot use the probabilisti
 power of the veri�er. A more interesting example is that SAT 2 PCP (logn; 1) ,meaning that NP = PCP (log n; 1) (PCP Theorem [AS92,ALMSS92℄).48.2 Example 1We will now show an example that uses randomness for GI6 We will build a ma
hine M((H0; H1); y) thattakes as input 2 graphs H0; H1 and the eviden
e y and by 
oin-
ipping and querying y is a

epts its input7if (H0; H1) 2 GI .6We remind that two graphs are isomorphi
, if we 
an redraw one of them, so that it looks exa
tly like the other.7for a \ni
e" y
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Ma
hine M((H0; H1); y)1. Flip n 
oins8, Get Sr = 0100011011 : : :01.Mat
h 0 to H0, 1 to H1. Get Sx = H0H1H0 : : : H0H1 from Sr2. Randomly permute labels of ea
h graph in Sx, and get Sf = F1F2F3 : : : Fn�1Fn3. For ea
h graph Fk in Sf �nd the lo
ation ik of that graph in y4. Ask about i1 : : : in bits in y.If the bits that you get are the same with those in Sr ACCEPT, else REJECT.
H0 H1 H0 H0 H0 H1H1, 1->H00->

Locate F in yk in-1 in

...

...

...

...

Flip coins

FF F F F F1 2 3 4 n-1 n

= Sr

that you get is Sr then ACCEPT
otherwise REJECT

Permute Labels

Ask for these bits in y. If the string 

0 1 0 0 0 1

i i i i1 2 3 4 {
Figure 45: A 
oin-
ipping TM for GIDes
ription For a value of n, there are 2(n2) possible graphs: G1; G2; : : : ; G2(n2) . Eviden
e y will be exa
tly2(n2) bits long, utilizing exa
tly one bit for ea
h Gi. Let's assume that H0 and H1 are not isomorphi
. Wemust show that there exists a \ni
e" y su
h that Prob(M((H0; H1); y) a

epts) = 1. Look at the followingway to 
onstru
t the eviden
e: ithbit ofy =8<: 0 if Gi isomorphi
 to H01 if Gi isomorphi
 to H10 otherwiseGiven this eviden
e, if the graphs are not isomorphi
, when querying the ik bit of y, we will always geta bit of the same value with the kth bit of Sr.If the graphs H0 and H1 are isomorphi
 then the probability that by querying the i1; : : : in bits of y wewill get Sr is too small: Suppose that we are given a string y. The probability that the n examined bits ofy mat
h the random string Sr is less than 12n . Therefore :� if (H0; H1) 2 GI ) 9y : Prob(M(x; y) a

epts) = 1� if (H0; H1) 62 GI ) 8y : Prob(M(x; y) a

epts) < 12n8suppose that a 
oin 
ip returns 0 or 1 133



In the �rst step the ma
hine makes n random guesses. At step 2, for ea
h graph we do a randompermutation of its labels. Sin
e ea
h graph has n verti
es there are n! possible permutations. Clearly these
an be en
oded in logn! = O(n logn) bits, thus the total number of 
oin 
ips is O(n2 logn). Finally at step4 the ma
hine asks n queries. Therefore GI 2 PCP (n2 logn; n).48.3 Example 2We will give a de�nition for Max-Set that is a generalization of the one given in the textbook (MAX-k-FUNCTIONAL-SAT pp. 436{437):De�nition 48.4 (Max-Set) Given F = f1; f2; : : : ; fm where all fi are formulas of any form (not ne
essarilyin CNF), we want to �nd an assignment to the variables that satisfy the maximum number of them.The obje
tive fun
tion is the fra
tion of fun
tions that evaluate to 1. We will show that no .99-approximation poly-time algorithm exists for Max-Set.Theorem 48.5 If 9A 2 P for Max-Set su
h that:8set of formulas F : :99OPT (F ) � A(F ) � OPT (F )where OPT (F ) is the maximum number of formulas in F that 
an be satis�ed by any assignment, thenP = NPProof:We already saw that SAT 2 PCP (log n; 1). Imagine a 
oin-
ipping ma
hine M that 
ips O(log n) 
oinsand then asks a 
onstant number of questions on its input y. Figure 46 shows the tree that is de�ned by

fσ

σ

m formulas

x

o(
lo

gn
)

Figure 46: Di�erent paths for logn 
oin-
ipsall possible paths that we 
an get by 
ipping o(logn) 
oins. At the leaf-node of a path � we get a set ofqueries that are asked by M on y. Sin
e the number of queries is 
onstant we 
an write a truth table, �gureexa
tly whi
h 
ombinations are a

epted by M and feed them to a formula f�. Sin
e the height of that treeis o(log n) the number of all formulas f� that we 
an get, m, is polynomial to n.The key-idea is that sin
e this tree is of polynomial-size we 
an write an algorithm that simulates allthese random 
hoi
es of M and builds that tree. The key-point is that :if x 2 SAT ) 9 a way (a \ni
e" y) to answer all queries) [f� 2 SATif x 62 SAT ) You 
an't possibly satisfy more than 14m of f�'s.We will use that gap between these two 
ases to built an Algorithm for SAT that runs in poly-time:134



Algorithm for SAT1. Input(x)2. Find formulas f�3. Run algorithm A on (f1; f2; : : : ; fm), get approximation �4. If � � :99m output(YES)5. otherwise (� < m4 ) output(NO) 2
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CMSC 858K Advan
ed AlgorithmsLe
turer: William L. Gasar
h Le
ture 23Apr 29, 1997Notes by Dmitry Zotkin.49 Lower Bounds on Approximations (
ontd)Topi
s:� Appli
ation of PCP theorem resulting in proof of inapproximability of CLIQUE.� Sket
h of a proof that SAT 2 PCP (logn; logn).De�nition 49.1 (PCP (r(n); q(n)) language) The language L 2 PCP (r(n); q(n)) if 9 polynomial time,
oin-
ipping Turing ma
hine M 
apable of doing random a

ess input queries on two inputs (x; y) and9k 2 N :� 8x; y : jxj = n; jyj = 2nk during the run of M(x,y){ at most O(r(n)) 
oins will be 
ipped,{ at most O(q(n)) bit-queries to y will be made;� if x 2 L, then 9y : [Prob(M(x; y) a

epts) = 1℄� if x =2 L, then 8y : [Prob(M(x; y) a

epts) < 14 ℄(The 
onstant 14 here is sele
ted arbitrarily and 
an be made as small as desired).In other words, if x 2 L, then y is a proof (an eviden
e of membership). If x =2 L, then any y will bereje
ted with some probability, whi
h 
an be made as 
lose to 1 as desired after several runs of M . Anotherimportant thing is that y is allowed to have exponential length, but the ma
hine examines only O(q(n)) bitsof y to make a de
ision.Theorem 49.2 NP � PCP (logn; 1).This is a quite remarkable theorem. Usually NP is de�ned as a 
lass of languages for whi
h veri�
ation ofmembership 
an be done in polynomial time using a polynomial length eviden
e y (for example, a satisfyingassignment for SAT problem). The theorem says that to verify membership for any language L 2 NP one
an use a really long eviden
e, 
ip O(log n) 
oins, a

ess only O(1) bits of y and be pretty sure that themembership de
ision is 
orre
t. The sket
h of a proof of a weaker statement that NP � PCP (logn; logn)will be given later.49.1 Inapproximability of CLIQUENow the theorem above will be applied to prove that CLIQUE 
annot be approximated in polynomialtime within any 
onstant fa
tor. Remember that proofs of inapproximability are based on gap-preservingredu
tions (the de
ision problem Z in NP is redu
ed to optimization problem Z� in su
h a way thatsolutions to Z� are substantially di�erent (and therefore it is possible to distinguish between them byapplying polynomial-time approximation algorithm A to Z�) depending on answer for Z; therefore, if su
halgorithm A exists, Z 
an be de
ided upon in polynomial time.Theorem 49.3 Assuming P 6= NP , it is not possible to approximate CLIQUE within � = 14 .
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Proof:Assume that there exists a polynomial-time algorithm that approximates CLIQUE within 14 . Then thefollowing algorithm 
an be used to solve SAT in polynomial time.First, input � - the instan
e of SAT problem. Then, use the PCP -veri�er for SAT to 
onstru
t graphG (see below for the a
tual pro
edure) and run the approximation algorithm for CLIQUE on G. If theresulting approximation of CLIQUE is more than 14nk in size, then the answer to SAT is yes; otherwise,the answer is no.To redu
e SAT , 
onsider the algorithm of the probabilisti
 Turing ma
hine M(x; y) for SAT . (Sin
eNP � PCP (log n; 1) and SAT 2 NP , M(x; y) exists). Run M(�; �) for all possible sequen
es of 
oin 
ips.Ea
h sequen
e of 
oin 
ips de�nes O(1) positions in � to whi
h queries will be made; look on all possibleanswers to these queries. We 
an think of this pro
edure as a 
onstru
tion of a tree; ea
h leaf node 
anbe des
ribed by a sequen
e of 
ips leading to it's parent (e.g. 100100011) and answers to queries (e.g.TFTTTFFFFTFT). Note that ea
h node in the tree has O(1) sons and the height of the tree is equal to thenumber of 
oin 
ips (ie. O(log n)); therefore, there is only a polynomial number of leaves in the tree.To 
onstru
t graph G, make every leaf a node. De�ne two nodes to be 
onsistent if the answers to bitsthat are 
ommon to both nodes are the same. (E.g. if in node A1 the sequen
e of 
oin 
ips de�ne that bits17, 42 and 7 will be queried and answers to these queries are T, T and F respe
tively and in node A2 queriesare made to bits 7, 14 and 40 with answers T, T, T, then these node are in
onsistent be
ause of di�erentanswers for bit 7. If two nodes don't have any 
ommon queries, they are 
onsistent). Conne
t two a

eptingnodes with an edge if they have di�erent 
oin 
ip sequen
es and are 
onsistent. Now, observe that if � issatis�able, then, for ea
h sequen
e of 
oin 
ips, there is a way of answering queries in a 
onsistent manner,whi
h means that the graph G has a large 
lique of the size 2O(logn) = nk; if � is not satis�able, then atmost 14 of nodes 
an form a 
lique. Therefore, existan
e of polynomial-time approximation of CLIQUE with� = 14 would allow us to solve SAT in polynomial time. 2Sin
e the 
onstant 14 in de�nition of PCP 
an be redu
ed by running the ma
hine several times, it 
anbe shown that approximation of CLIQUE within any 
onstant fa
tor gives a polynomial-time algorithm forSAT .49.2 PCP -veri�er for SATNow, the proof of the fa
t that SAT 2 PCP (log n; logn) will be sket
hed. The �rst part of the proof(redu
tion of SAT to problem to be used as an input to PCP -veri�er) will be 
ompletely omitted, and onlythe se
ond part (the veri�er itself) will be shown.Given a formula � - an instan
e of SAT - the veri�er should produ
e a de
ision whether � belongs toSAT or not. There exist a long and 
omplex redu
tion of SAT to the following problem:� given polynomial p(x1; :::; xl; A(x1; :::; xl)),� given prime q,� whether 9A(x1; :::; xl) : Zlq ) Zq su
h that1Xx1=0 1Xx2=0 ::: 1Xxl=0 p(x1; :::; xl; A(x1; :::; xl)) � 0 mod q(and A satisfy other 
onditions, whi
h won't be explored here).The fun
tion A is used to map variables to values. If we have n variables we 
an en
ode them using lognbits, hen
e l = logn and these bits are used to spe
ify a variable.In the redu
tion above, l � logn, Zq denotes the numeri
 �eld modulo q, p depends on � and thereforeis known, and if A exists, then � is satis�able; otherwise, it is not.Now, given � redu
ed into the form above, and given some string � whi
h is 
laimed to be the proof that� is satis�able, PCP -veri�er need to make O(log n) 
oin 
ips, a

ess only O(log n) bits of � and a

ept orreje
t this proof so that probability of false a

eptan
e is less than 14 . The eviden
e used by the veri�er is �whi
h re
ords all possible values of A(a1; :::; al) and all possible sums of the form137



1Xx1=0 ::: 1Xxk=0 p(x1; :::; xk; ak+1; :::; al; A(x1; :::; xk; ak+1; :::; al))for all k 2 [0; l℄ and all possible ai 2 [0; q� 1℄. The following pro
edure will do the job; basi
ally, what itdoes is repeatedly 
he
king the 
onsisten
y of data in �. If A exists, there will be � where data are 
onsistent(and it will pass all 
he
ks independent of the sequen
e of 
oin 
ips); otherwise, every possible � will failwith some probability.Here is what should be done. De�ne Si;� to beSi;� = 1Xx1=0 ::: 1Xxi�1=0 p(x1; :::; xi�1; �; ai+1; :::; al; A(x1; :::; xi�1; �; ai+1; :::al))First, ask � about the values of Sl;0 and Sl;1 and 
he
k whether they sum to 0 (mod q). Then, 
ip 
oinsand randomly 
hoose al 2 [0; q � 1℄. Ask for the values of Sl;al , Sl�1;0 and Sl�1;1 (keeping 
hosen al in it'spla
e in last two queries) and 
he
k whether Sl�1;0 + Sl�1;1 = Sl;al . Sele
t randomly al�1 and 
ontinue thispro
ess.Eventually, all queried values will sum up to the S0 = p(a1; :::; al; A(a1; :::; al)). Now a query should bemade to � to retrieve the value of A(a1; :::; al). Sin
e p is known, the veri�er 
an 
ompute the "true" valueof the S0 using A(a1; :::; al) and 
he
k whether they are in agreement. This is a biggest 
onsisten
y 
he
kdone against �, and while a 
orre
t � (ie. � with 
orre
t A en
oded in the 
ase that � is satis�able) will passit, it is very unlikely that any � will be a

epted when � is not satis�able sin
e veri�er knows polynomial pwhi
h � must �t into, and therefore � 
an't turn veri�er into thinking that su
h A exist.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 24May 1, 1997Notes by Laura Bright.50 Linear Programming: The Use of DualityThe Primal-Dual Method is a useful tool for solving 
ombinatorial optimization problems. In this le
turewe �rst study Duality and see how it 
an be used to design an algorithm to solve the Assignment problem.Dual Problem MotivationThe primal problem is de�ned as follows:Maximize nXj=1 
jxjsubje
t to: 8i 2 (1; : : : ;m) nXj=1 aijxj � bixj � 0To formulate the dual, for ea
h 
onstraint introdu
e a new variable yi, multiply 
onstraint i by thatvariable, and add all the 
onstraints. mXi=1( nXj=1 aijxj)yi � mXi=1 biyiConsider the 
oeÆ
ient of ea
h xj . mXi=1 aijyiIf this 
oeÆ
ient is at least 
j 
j � mXi=1 aijyithen we 
an use Pmi=1 biyi as an upper bound on the maximum value of the primal LP.nXj=1 
jxj � nXj=1( mXi=1 aijyi)xj � mXi=1 biyiWe want to derive the best upper bound for the dual so we wish to minimize this quantity.Dual:Minimize mXi=1 biyisubje
t to: 139



8j 2 (1; : : : ; n) mXi=1 aijyi � 
jyi � 0The 
onstraint that ea
h yi be positive is to preserve the inequalities of the primal problem. The
onstraints of the primal problem 
ould also be equality 
onstraints, and in this 
ase we 
an drop therequirement that the yi values be positive. It is worth noting that if you take the dual of the dual problem,you will get ba
k the original primal problem.We saw in the previous le
ture that using the simplex method, you 
an �nd the optimal solution to aprimal problem if one exists. While the simplex 
erti�es its own optimality, the dual solution 
an be usedto 
ertify the optimality of any given primal solution. The Strong Duality Theorem proves this.Theorem 50.1 (Strong Duality Theorem)If the primal LP has an optimal solution x�, then the dual has an optimal solution y� su
h that:nXj=1 
jx�j = mXi=1 biy�i :Proof:To prove the theorem, we only need to �nd a (feasible) solution y� that satis�es the 
onstraints of theDual LP, and satis�es the above equation with equality. We solve the primal program by the simplex method,and introdu
e m sla
k variables in the pro
ess.xn+i = bi � nXj=1 aijxj (i = 1; : : : ;m)Assume that when the simplex algorithm terminates, the equation de�ning z reads as:z = z� + n+mXk=1 
kxk:Sin
e we have rea
hed optimality, we know that ea
h 
k is a nonpositive number (in fa
t, it is 0 for ea
hbasi
 variable). In addition z� is the value of the obje
tive fun
tion at optimality, hen
e z� = Pnj=1 
jx�j .To produ
e y� we pull a rabbit out of a hat ! De�ne y�i = �
n+i (i = 1; : : : ;m).To show that y� is an optimal dual feasible solution, we �rst show that it is feasible for the Dual LP, andthen establish the strong duality 
ondition.From the equation for z we have:nXj=1 
jxj = z� + nXk=1 
kxk � mXi=1 y�i (bi � nXj=1 aijxj):Rewriting it, we get nXj=1 
jxj = (z� � mXi=1 biy�i ) + nXj=1(
j + mXi=1 aijy�i )xj :Sin
e this holds for all values of xi, we obtain:z� = mXi=1 biy�i(this establishes the equality) and 
j = 
j + mXi=1 aijy�i (j = 1; : : : ; n):140



Sin
e 
k � 0, we have y�i � 0 (i = 1; : : : ;m):mXi=1 aijy�i � 
j (j = 1; : : : ; n)This establishes the feasibility of y�. 2We have shown that the dual solution 
an be used to verify the optimality of a primal solution. Now wewill show how this is done using an example. F irst we introdu
e Complementary Sla
kness Conditions.Complementary Sla
kness Conditions:Theorem 50.2 Ne
essary and SuÆ
ient 
onditions for x� and y� to be optimal solutions to the primal anddual are as follows. mXi=1 aijy�i = 
j or x�j = 0 (or both) for j = 1; : : : ; nnXj=1 aijx�j = bi or y�i = 0 (or both) for i = 1; : : : ;mIn other words, if a variable is non-zero then the 
orresponding equation in the dual is met with equality,and vi
e versa.Proof:We know that 
jx�j � ( mXi=1 aijy�i )x�j (j = 1; : : : ; n)( nXj=1 aijx�j )y�i � biy�i (i = 1; : : : ;m)We know that at optimality, the equations are met with equality. Thus for any value of j, either x�j = 0or Pmi=1 aijy�i = 
j . Similarly, for any value of i, either y�i = 0 or Pnj=1 aijx�j = bi. 2The following example illustrates how 
omplementary sla
kness 
onditions 
an be used to 
ertify theoptimality of a given solution.Consider the primal problem:Maximize 18x1 � 7x2 + 12x3 + 5x4 + 8x6subje
t to: 2x1 � 6x2 + 2x3 + 7x4 + 3x5 + 8x6 � 1�3x1 � x2 + 4x3 � 3x4 + x5 + 2x6 � �28x1 � 3x2 + 5x3 � 2x4 + 2x6 � 44x1 + 8x3 + 7x4 � x5 + 3x6 � 15x1 + 2x2 � 3x3 + 6x4 � 2x5 � x6 � 5x1; x2; x3; x4; x5; x6 � 0We 
laim that the solution 141



x�1 = 2; x�2 = 4; x�3 = 0; x�4 = 0; x�5 = 7; x�6 = 0is an optimal solution to the problem.A

ording to the �rst 
omplementary sla
kness 
ondition, for every stri
tly positive x value, the 
orre-sponding dual 
onstraint should be met with equality. Sin
e the values x1, x2, and x5 are positive, the �rst,se
ond, and �fth dual 
onstraints must be met with equality. Similarly, from the se
ond 
omplementarysla
kness 
ondition, we know that for every stri
tly positive y value, the 
orresponding primal 
onstraintshould be met with equality. By substituting the given x values in the primal equations, we see that these
ond and �fth equations are not met with equality. Therefore y2 and y5 must be equal to 0. The 
omple-mentary sla
kness 
onditions therefore give us the following:2y�1 � 3y�2 + 8y�3 + 4y�4 + 5y�5 = 18�6y�1 � y�2 � 3y�3 + 2y�5 = �73y�1 + y�2 � y�4 � 2y�5 = 0y�2 = 0y�5 = 0Solving this system of equations gives us ( 13 ; 0; 53 ; 1; 0). By formulating the dual and substituting thesey values, it is easy to verify that this solution satis�es the 
onstraints of the dual, and therefore our primalsolution must be optimal.Note that this method of verifying solutions only works if the system of equations has a unique solution.If it does not, it means that the dual is unbounded, and the primal problem is therefore infeasible. Similarly,if the primal problem is unbounded, the dual is infeasible.Assignment ProblemWe 
an now revisit the weighted mat
hing problem we studied earlier in the semester to see how the solutionto this problem 
an be derived using the primal-dual method. The Assignment Problem is, given a 
ompletebipartite graph with a weight we assigned to ea
h edge, to �nd a maximum weighted perfe
t mat
hing.Stated as a linear program, the problem is as follows:Maximize Xwexe 1 � xe � 0subje
t to: 8u 2 U Xe=(u;�)xe = 18v 2 V Xe=(�;v)xe = 1The dual to this problem is:Minimize Xu2U Yu +Xv2V Yvsubje
t to: Yu + Yv � w(u; v) 8edges(u; v)142



Sin
e all the 
onstraints of the primal are met with equality, the se
ond 
omplementary sla
kness 
onditionis automati
ally satis�ed. By the de�nition of 
omplementary sla
kness, if we have a feasible primal solutionthat satis�es the �rst 
omplementary sla
kness 
ondition, we are done.In any feasible solution to the primal, every vertex has some edge e su
h that xe > 0. By the �rst
omplementary sla
kness 
ondition, if x�j > 0 then the 
orresponding dual 
onstraint must be met withequality. When we have a feasible primal solution su
h that Yu + Yv = w(u; v) for all edges e = (u; v)su
h that xe > 0, we have an optimal solution to both problems. This suggests that only the edges in the\equality subgraph" (edges for whi
h the dual 
onstraints are met with equality) should be 
onsidered whenwe want to add edges to the mat
hing. Also noti
e that the number of unmat
hed verti
es is our \measureof infeasibility" { as this de
reases, we approa
h feasibility.The labeling fun
tion l on the verti
es that we used earlier is nothing but the dual variables.l(ui) + l(vj) � w(ui; vj)Start with a feasible labeling and 
ompute the equality subgraph Gl whi
h in
ludes all the verti
es ofthe original graph G but only edges (xi; yj) whi
h have weights su
h that w(xi; yj) = l(xi) + l(yj):If Gl is a perfe
t mat
hing, we have an optimal solution. Otherwise, we revise the labels to improve thequality of the mat
hing.The algorithm �nds a maximum mat
hing in the equality subgraph. We in
rease the labels of someverti
es and de
rease the labels of others. The total sum of the labels is dropping, so we are de
reasing ourdual solution. If we in
rease the size of the mat
hing, we are one step 
loser to the optimal solution. Whenan optimal labeling is found, we have an optimal solution to the dual, and we therefore have a maximumweighted mat
hing in G.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 25May 6, 1997Notes by Josh Burdi
k.51 Using duality to analyze (and design) approximation algo-rithmsThis material is 
overed in Chapter 4 (whi
h was written by Goemans and Williamson) of the ApproximationAlgorithms book edited by Ho
hbaum. (The original paper appeared in SICOMP 1995.)51.1 Using duality to bound OPT-IPDuality was �rst studied as a way of proving optimality of solutions to an LP instan
e. It also played a rolein the minimum-weight bipartite perfe
t mat
hing algorithm, where the labeling fun
tion is essentially thedual problem, although the 
on
ept of a \dual problem" was not formulated at that time.Assume there is some integer program (IP) that you wish to solve; assume without loss of generalitythat you wish to minimize the value of the obje
tive fun
tion. Let OPT-IP denote the value of the obje
tivefun
tion at the optimal solution.Note that the value of the LP relaxation of this problem 
an be no more than OPT-IP, sin
e the optimalIP solution is also a feasible LP solution { in general, OPT-LP is less than OPT-IP. By the Weak Dualitytheorem of linear programming, any feasible dual solution is a lower bound on OPT-LP (and thus OPT-IP).To summarize, we have thatany solution to thedual LP � OPT-DLP = OPT-LP � OPT-IP(This is assuming that the primal IP is a minimization problem; if it were a maximization problem, allthe inequalities would be reversed.)Using this to bound approximation fa
tors Our main goal will be to produ
e a feasible solution whose
ost is at most � times the value of the dual feasible solution that we 
an �nd, whi
h is also a lower boundon the 
ost of the optimum solution.The Steiner tree problem The Steiner tree problem is: Given an undire
ted graph with weights on theedges, and a subset T of the verti
es, �nd a minimum-weight tree that 
onne
ts all the verti
es in T . (Thetree needn't 
onne
t all the verti
es in V , but it optionally 
an use verti
es from V � T , if that will help to
onne
t the verti
es in T .)The problem is NP-
omplete. There was a sequen
e of results, with improving approximation ratios:� Kou, Markowsky and Berman dis
overed a 2-approximation (this was homework 3, problem 3)� Takahashi and Matsuyama proved that a simple greedy algorithm also gives a 2 approximation.� Zelikovsky obtained an 116 � 1:833 approximation ratio by 
onsidering three verti
es at a time, anddetermining whether or not Steiner nodes would help to 
onne
t just those three. (Steiner nodes areverti
es in V � T .)� Berman and Ramaiyer improved this bound to 169 � 1:777 with a more 
ompli
ated algorithm whi
h
onsiders more verti
es at a time.� Karpiniski and Zelikovsky later found a bound of 1.644.� Agrawal, Klein, and Ravi studied a generalization of the Steiner tree problem, the pairwise 
onne
tionproblem. Here, given some sets of verti
es fs1; s2; :::sng and ft1; t2; :::tng, the goal is to pi
k edges sothat si is 
onne
ted to ti for all i su
h that 1 � i � n.144
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2Figure 47: The pairwise 
onne
tion problem.Goemans and Williamson found that the generalized Steiner tree problem, and a variety of other problems(mostly network-design problems), 
ould all be stated and approximated in a uni�ed framework.51.2 The \proper fun
tion" frameworkNow we return to Goemans and Williamson's general approximation framework. We are given a graphG = (V;E), with weights on the edges. We will have indi
ator variable xe for ea
h edge, in the usual way.Also, for any subset of verti
es S, let Æ(S) be the set of all edges from S to V �S. Let f be a fun
tion fromsubsets (also, in this 
ontext, 
alled \
uts") of the verti
es V to f0; 1g.A problem is expressible in this framework if you 
an write it as an integer programming problem:minimizeXwe � xesubje
t to the 
onstraints Xe2Æ(S)xe � f(S)This looks a lot like the usual integer programming formulation. The main di�eren
e is the use of thefun
tion f . Intuitively, you want to pi
k f to be 1 whenever you want to ensure that there's at least oneedge 
rossing some 
ut S.In the dual problem, we have a variable for every 
ut S of V . The dual problem ismaximizeX yS � f(S)subje
t to the 
onstraints XS:e2Æ(S) yS � weThere are 2jV j di�erent 
uts, and therefore 2jV j di�erent dual variables yS. Fortunately, most of themare zero, and we need only keep tra
k of the nonzero dual variables.The fun
tion f is 
alled a \f0; 1g proper fun
tion" (to be de�ned formally later).51.3 Several problems, phrased in terms of proper fun
tionsMany problems related to network design 
an be stated in these terms.145



Generalized Steiner tree We are given an undire
ted, weighted graph, and two sets of verti
es, fs1; s2; :::sngand ft1; t2; :::tng. The goal is to �nd a minimum-weight subset of edges su
h that si is 
onne
ted to ti, for1 � i � n.To solve this, let f(S) = 1 if for some i, si 2 S and ti 62 S (or vi
e versa); otherwise let f(S) = 0. Thisfor
es si to be 
onne
ted to ti.Steiner tree Let T be the set of terminal nodes (that is, nodes whi
h are required to be 
onne
ted.) LetS be a 
ut of V. De�ne f(S) = 1 if S 6= ;; S \ T 6= T; and S � V= 0 otherwiseIf a 
ut S 
ontains at least one of the terminal nodes, but not all of them, then there should be at leastone edge a
ross the 
ut, to 
onne
t with the terminal nodes not in S.Minimum-weight perfe
t mat
hing Let S be a 
ut of V . Let f(S) = 1 i� jSj is odd; otherwise letf(S) = 0. This for
es ea
h tree in the forest to have even size. On
e we have these even 
omponents, we
an 
onvert it into a mat
hing of the same size.51.4 The greedy algorithmHere is Goemans and Williamson's greedy algorithm to 2-approximate problems stated in the proper fun
tionframework:1. Initialize the set of 
onne
ted 
omponents C = V .2. In
rease all of the ySs that haven't hit a 
onstraint, all at on
e. If a 
onstraint hits equality, pi
k theedge 
orresponding to that 
onstraint. A new 
onne
ted 
omponent S0 has been 
reated, so add S0 toC, and 
reate a new variable yS0 for it. yS0 starts at 0.3. Repeat step 2 until enough edges are pi
ked.4. Afterwards, throw away any unneeded edges. To do this, let A and B be the 
onne
ted 
omponentsat ea
h end of some edge. If f(A) = 0 and f(B) = 0, you 
an dis
ard that edge.At the outset, there are jV j seperate 
onne
ted 
omponents, ea
h 
onsisting of one vertex. Ea
h 
onne
ted
omponent has a variable yS asso
iated with it, whi
h grows as the algorithm progresses. If a 
onstraintis hit, that yS stops growing. Later, of 
ourse, the verti
es in yS may be added to some new 
onne
ted
omponent S0.The 
ost of the solution found is no more than two times the 
ost of some dual solution; by the argumentsat the start of the le
ture, that means that the 
ost of the solution found is within a fa
tor of two of optimal.(The proof will be given next le
ture.)An example run of the algorithm Here is a small example of how this algorithm runs. The problembeing solved is minimum perfe
t mat
hing. The verti
es are on a plane, and the weights between them areEu
lidean distan
es.The primal problem is to meet the 
onstraints, and �nd a minimum perfe
t mat
hing, using a minimum-weight set of edges. The dual variables have been des
ribed by J�unger and Pulleyblank as \moats", orregions surrounding the 
onne
ted 
omponents. They note that in the 
ase of the minimum-weight perfe
tmat
hing problem in the Eu
lidean plane, the dual problem\...attempts to �nd a pa
king of non-overlapping moats that maximizes the sum of the width ofthe moats around odd-sized sets of verti
es. The algorithm... 
an thus be interpreted as growingodd moats at the same speed until two moats 
ollide, therefore adding the 
orresponding edge,and repeating the pro
ess until all 
omponents have even size." (Ho
hbaum, p. 173.)146
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lass.) 147



The diagram on p. 174 of Ho
hbaum illustrates this; the example from 
lass was similar.Fig.~3 a) shows six points in the Eu
lidean plane. The values of the dual variables yf1g, yf2g, yf3g, yf4g,yf5g, and yf6g are all initialized at zero.In b), the dual variables have in
reased some, but no 
onstraint has yet been hit.In 
), dual variables yf3g and yf4g have hit a 
onstraint. So, they are 
onne
ted with an edge. A new
onne
ted 
omponent has been formed. We needn't 
reate a new dual variable, yf3;4g, be
ause that variablewill always be zero.In d), the dual variables yf1g, yf2g, yf5g, and yf6g have all in
reased, and an edge is added from 5 to 6.Verti
es 5 and 6 are now \ina
tive." At this point, only verti
es 1 and 2 are growing.In e), vertex 1 gets 
onne
ted to verti
es 3 and 4. The dual variable yf1;3;4g is formed, and will keepin
reasing.When no dual variables are a
tive anymore (that is, when every 
onne
ted 
omponent has an even numberof verti
es), this phase will stop. The algorithm will now delete as many edges as it 
an.
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CMSC 858K Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 26May 13, 1997Notes by Thomas Vossen.52 A General Approximation Te
hnique for Constrained ForestProblemsToday's le
ture notes 
ontinue with the general framework for approximation algorithms that was startedlast time. We dis
uss the algorithm of Goemans and Williamson in more detail, and proof its 
orre
tness andapproximation bound. The material 
overed here 
an also be found in Goemans and Williamson's arti
le(from handout).52.1 Constrained Forest ProblemsFollowing the terminology of Goemans and Williamson, we 
all the problems to whi
h the framework 
an beapplied 
onstraint forest problems. Given a graph G = (V;E), a fun
tion f : 2V ! f0; 1g and a non-negative
ost fun
tion 
 : E ! Q+, the asso
iated 
onstrained forest problem is then de�ned by the following integerprogram (IP ):Min Pe2E 
exesubje
t to: Pe2Æ(S) xe � f(S) S � V; S 6= ;xe 2 f0; 1g e 2 Ewhere Æ(S) denotes the set of edges having exa
tly one endpoint in S. Any solution to integer program
orresponds to a set of edges fe 2 E j xe = 1g. Observe that this set of edges 
an always be turned into aforest by arbitrarily deleting an edge from a 
y
le (By de�nition of Æ(S), this does not a�e
t feasibility).We only 
onsider proper fun
tions f here, that is, fun
tions f : 2V ! f0; 1g for whi
h the followingproperties hold:1. Symmetry f(S) = f(V � S) for all S � V ;2. Disjointness If A and B are disjoint, then f(A) = f(B) = 0 implies f(A [ B) = 0.Furthermore, it is assumed that f(V ) = 0. We have already seen several examples of graph problems that
an be modeled as proper 
onstraint forest problems. Some additional examples are the following :� Minimum Spanning Tree problem De�ne f(S) = 1 for all subsets S.� Shortest s� t Path problem De�ne f(S) = 1 i� jS \ (s; t)j = 1.The greedy algorithm of Goemans and Williamson 
an be seen as a primal-dual algorithm, in whi
h anapproximate solution to the primal and to the LP-relaxation of the dual are 
onstru
ted simultaneously,su
h that the primal solution value is at most a 
onstant times the dual solution value. More pre
isely, wede�ne (LP ) to be the linear programming relaxation of (IP ) by relaxing the integrality 
ondition xe 2 f0; 1gto xe � 0, and we de�ne the dual (D) of (LP ) as :Max PS�V f(S)yssubje
t to: PS:e2Æ(S) yS � 
e e 2 Eys � 0 S � V; S 6= ;In the remainder we des
ribe how the greedy algorithm 
onstru
ts a feasible solution that is at most (2� 2jAj )times the value of a (impli
itly 
onstru
ted) dual solution, with A = fv 2 V j f(fvg) = 1g. Hen
e, it follows(see last time's notes) that the algorithm obtains an approximation fa
tor of 2 � 2jAj . On a sidenote, wemention that the algorithm runs in O(n2 logn) time.149



Input : An undire
ted graph G = (V;E), edge 
osts 
e � 0, and a proper fun
tion fOutput: A forest F 0 and a value LB1 F  ;2 Comment : Impli
itly set yS  0 for all S � V3 LB  04 C  ffvg : v 2 V g5 for all v 2 V6 d(v) 07 while 9 C 2 C : f(C) = 18 Find edge e = (i; j) with i 2 Cp 2 C, j 2 Cq 2 C, Cp 6= Cq that minimizes � = 
e�d(i)�d(j)f(Cp)+f(Cq)9 F  F [ feg10 for all v 2 Cr 2 C do d(v) d(v) + � � f(Cr)11 Comment : Impli
itly set yC  yC + � � f(Cr) for all C 2 C12 LB  LB + �PC2C f(C)13 C  C [fCp [ Cqg � fCpg � fCqg14 F 0  fe 2 F : For some 
onne
ted 
omponent N of (V; F � feg), f(N) = 1gFigure 49: The algorithm of Goemans and Williamson.52.2 Des
ription of the AlgorithmThe main algorithm is shown in Figure 49. The basi
 idea behind the algorithm is to build a set of edges F 0that 
orresponds to a feasible solution of (IP ). Generally speaking, the algorithm does this as follows:� Maintain a forest of edges F (F is empty initially);� Add an edge to F su
h that two dis
onne
ted 
omponents of F get merged. Repeat this step untilf(C) = 0 for all 
onne
ted 
omponents C in F ;� Remove 'unne
essary' edges from F to obtain the �nal solution F 0. An edges e is not ne
essary if it
an be removed from F su
h that f(C) = 0 for all 
omponents C of F � feg. In words, this meansthat the removal of e does not a�e
t the validity of the 
onstraints in (IP ).Note that sin
e f(V ) = 0, the number of iterations is at most jV j � 1.The 
entral part of the algorithm is of 
ourse the way we 
hoose an edge at ea
h iteration. This 
hoi
e isguided by the impli
it dual solution we wish to 
onstru
t: simply stated, we 
an say that the edge that issele
ted is su
h that at ea
h iteration,1. the dual solution y is maximized, while at the same time2. y remains a feasible solution to (D).To be more pre
ise, we de�ne an a
tive 
omponent to be any 
omponent C of F for whi
h f(C) = 1. In-tuitively, only the dual variables yC 
onne
ted with an a
tive 
omponent C 
an in
rease the dual solutionvalue. Now, the algorithm pro
eeds greedily. All dual variables yC asso
iated with a
tive 
omponents Care in
reased uniformly until a dual 
onstraint is met with equality. When this happens, the dual variables
annot be in
reased further without violating the dual's feasibility, and we sele
t the edge asso
iated withthe dual 
onstraint that has be
ome tight.The next step is to show that the in
rease � of the dual variables is equal to the formula given in step 8.For this, we �rst make two observations :� d(i) =PS:i2S yS throughout the algorithm for ea
h vertex i. This 
an easily be shown by indu
tion.� PS:e2Æ(S) yS = d(i) + d(j) for all edges e = (i; j) su
h that i and j are in di�erent 
omponents. Thisfollows from the previous observation and from the de�nition of Æ(S).150
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Figure 50: Determination of the dual in
rease �. The thi
k radii 
orresponds to 
omponents in F , the dottedradii to a possible in
rease of the dual variables. In the �gure on the left, both 
omponents are a
tive. Inthe �gure on the right, only one 
omponent is a
tive.Now, 
onsider any edge e = (i; j) that 
onne
ts two distin
t 
omponents Cp and Cq in F . If we in
rease thedual variables yC by �,Pe2Æ(S) yS will in
rease by � � f(Cp) + � � f(Cq). Hen
e, we 
an reformulate the dual
onstraint asso
iated with e as d(i) + d(j) + � � f(Cp) + � � f(Cq) � 
eThen, it follows that the largest possible in
rease of � that does not violate the feasibility of the dual isexa
tly the one given in step 8. The relation between d(i); d(j); f(Cp; f(Cq) and � is illustrated in Figure 50.We also mention that the algorithm enfor
es the 
omplementary sla
kness 
onditions of the primal ( seenotes le
ture 24), that is, for all e 2 E we have e 2 F ) 
e =PS:e2Æ(S) yS . This immediately follows fromthe pre
eding dis
ussion, sin
e we only add e to F if the 
orresponding dual 
onstraint is met with equality.52.3 AnalysisAt this point, we still need to prove three things : the feasibility of the �nal primal and dual solutions, andthe a
tual approximation bound. We �rst prove the feasibility of the �nal dual solution.Theorem 52.1 The dual solution y 
onstru
ted by the algorithm is feasible for (D).Proof:By indu
tion. It is evident that y is feasible initially, sin
e all the dual variables yS are 0. By thepre
eding dis
ussion, we have that the dual 
onstraint asso
iated with an edge e = (i; j) holds throughoutthe algorithm if i and j are in di�erent 
omponents. In 
ase i and j are in the same 
omponent, the lefthand side PS:e2Æ(S) yS of the dual 
onstraint does not in
rease, and therefore the 
onstraint 
ontinues tohold. 2Now, we show that the algorithm produ
es a feasible solution to the integer program (IP ). The idea behindthe proof is to show that if f(C) = 0 for all 
onne
ted 
omponents C in F 0, the solution 
orresponding toF 0 is feasible. For this to apply however, we �rst need to show that f(C) = 0 for all 
onne
ted 
omponentsC in F 0. This is 
aptured in the following lemma's.Lemma 52.2 If f(S) = 0 and f(B) = 0 for some B � S, then f(S �B) = 0.Proof:By the symmetry property of f , f(V �S) = f(S) = 0. By the disjointness property, f((V �S)[B) = 0.Then, by the symmetry property again, we have f(S �B) = f((V � S) [ B) = 0 2Lemma 52.3 For ea
h 
onne
ted 
omponent N of F 0,f(N) = 0.151
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Figure 51: Illustration of Lemma 1.3.Proof:By 
onstru
tion of F 0, we have that N � S for some 
omponent C of F . Let e1; : : : ; ek be edges of Fthat have exa
tly one endpoint in N . These are the edges in C that were removed in the �nal step of thealgorithm. Let Ni and C � Ni be the two 
omponents that were generated by removing ei from C, withN � C �Ni(see Figure 51). Sin
e ei was removed, we have that f(Ni) = 0. Also, the sets N;N1; : : : ; Nkform a partition of C. So, by the disjointness property of f we then have f(C � N) = f(Ski=1Ni) = 0.Be
ause f(C) = 0, the previous lemma then implies that f(N) = 0. 2Theorem 52.4 The solution asso
iated with F 0 is a feasible solution to (IP ).Proof:By 
ontradi
tion. Suppose that some 
onstraint is violated, i.e., Pe2Æ(S) xe = 0 for some S su
h thatf(S) = 1. This means that there is no edge in F 0 that has exa
tly one endpoint in S, so for all 
onne
ted
omponents Ni in F 0, either N \ S = ; or N \ S = N . So, S = Ni1 [ : : : [Nik for some i1; : : : ; ik However,by the previous lemma f(N) = 0, and then by the disjointness property f(S) = 0 too. But this 
ontradi
tsour assumption, whi
h 
ompletes the proof. 2Finally, we show that the algorithm obtains an approximation fa
tor of 2 � 2jAj . To do this, we only needto prove that the value of the primal solution asso
iated with F 0 is at most 2 � 2jAj times the value of theimpli
itly 
onstru
ted dual solution y. This is done in the following theorem.Theorem 52.5 The algorithm produ
es a set of edges F 0 and a dual solution y su
h thatXe2F 0 
e � (2� 2jAj ) XS�V ysProof:We have thatPe2F 0 
e =Pe2F 0PS:e2Æ(S) ys by the primal 
omplementary sla
kness 
onditions=PS�V ys � jF 0 \ Æ(S)j by ex
hanging the summationsNow, we show by indu
tion on the number of iterations thatXS�V ys � jF 0 \ Æ(S)j � (2� 2jAj )XS�V ys152



It is easy to see that this inequality holds initially, be
ause then all ys are 0. The next step is then toprove that the inequality remains valid from one iteration to another. This is done by showing that at ea
hiteration, the in
rease in the left hand side of the equation is at most the in
rease in the right hand side. Ifwe let C be the set of 
omponents at the beginning of the iteration and C1 = fC 2 C:f(C) = 1g the set ofa
tive 
omponents, this amounts to provingXC2C1 � � jF 0 \ Æ(C)j � (2� 2jAj )� � jC1jTo prove this, we �rst observe that F 0 \ Æ(C) 
onsists of those edges in F 0 that have exa
tly one endpointin C, so if we looked at a 
omponent C as being a vertex, jF 0 \ Æ(C)j would be its degree. The inequalitythen states that the average degree of the a
tive 
omponents is at most (2� 2jAj) (divide both sides by � andjC1j).To see this, we 
onstru
t a graph H whose verti
es are the 
omponents C 2 C. Its edges are e 2 F 0\Æ(C)for all C, that is, those edges of F 0 that 
onne
t 
omponents in C. Isolated verti
es that 
orrespond to in-a
tive 
omponents are removed. Note that sin
e F 0 is a forest, H is a forest too.The key observation to make about the graph H is that it has no leaf that 
orresponds to an ina
tive 
om-ponent ( so all ina
tive 
omponents have a degree of at least 2). To see this, we suppose otherwise, and letv be a leaf, Cv its asso
iated ina
tive 
omponent, and e the edge in
ident on v. Now, by removing e, the
omponent N in H that 
ontains v is partioned into 
omponents fvg and N�fvg. Let CN�fvg be the unionof the 
omponents assio
ated with N � fvg. We know that f(Cv) = 0 and sin
e there are no edges leavingN �fvg, we also have f(CN�fvg) = 0. But this means that e was removed at �nal step of the algorithm, sowe have a 
ontradi
tion.We now �nalize the proof. Let dv be the degree of a vertex v in H , and let Na, Ni be the sets of verti
esin H 
orresponding to a
tive resp. ina
tive 
omponents. Given the observations above, we then haveXv2Na dv = Xv2Na[Ni dv � Xv2Ni dv � 2(jNaj+ jNij � 1)� 2jNij = 2jNaj � 2The inequality holds sin
e in any forest, the number of edges is less than the number of verti
es. Multiplyingby � and substituting Na by C1, we then getXC2C1 � � jF 0 \ Æ(C)j � 2�(jC1j � 1) � (2� 2jAj )� � jC1jbe
ause the number of a
tive 
omponents at any iteration will be at most jAj. 2
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CMSC 651 Advan
ed AlgorithmsLe
turer: Samir Khuller Le
ture 19Th. April 1, 1993Notes by Maria Che
hik & Suleyman Sahinalp53 On Line vs. O� Line: A Measure for Quality EvaluationSuppose you have a dynami
 problem. An algorithm for solving a dynami
 problem whi
h uses informationabout future is 
alled an o�-line algorithm. But 
omputer s
ientists, are human beings without the 
apabilityof predi
ting the future. Hen
e their algorithms are usually on-line (i.e. they make their de
isions withoutany information about the future).53.1 K-Server ProblemIn a fraternity party there are several robots whi
h are responding to requests of the frat-members. Wheneversomeone requests a drink, one of the robots is sent to him. The problem here is to de
ide whi
h robot is\best suited" for the request; moreover to �nd a measure for being \best suited".If you knew the sequen
e of the lo
ation of requests, then you'd try to minimize the total distan
e yourrobots would travel until the end of the party. (It is an interesting exer
ise to solve this problem.) Asyou don't have this information you try to a
hieve some kind of a measure for assuring you (as the robot
ontroller) didn't perform \that badly".Conje
ture 53.1 If you have k robots, then there exists an on-line de
ision algorithm su
h thattotal 
ost of on-line alg � k � total 
ost of o�-line alg+ Cwhere C is some 
onstant.Example:In this example the requests 
ome from the verti
es of an equilateral triangle and there are only two servers.Suppose the worst thing happens and the requests always 
ome from the vertex where there is no server. Ifthe 
ost of moving one server from one vertex to a neighboring vertex is 1 then at ea
h request the 
ost ofthe servi
e will be 1. So in the worst 
ase the on-line algorithm will have a 
ost of 1 per servi
e whateveryou do to minimize the 
ost.To analyse the performan
e of an on-line algorithm, we will run the on-line algorithm on a sequen
e providedby an adversary, and then 
ompare the 
ost of the on-line algorithm to the 
ost of the adversary (who mayknow the sequen
e before answering the queries).For example, assume you have two robots, and there are three possible pla
es where a servi
e is requested:verti
es A, B, and C. Let your robots be in the verti
es A and B. The adversary will request servi
e forvertex C. If you move the robot at vertex B (hen
e your servers will be at verti
es A and C), the nextrequest will 
ome from B. If you now move your robot at vertex C (hen
e you have robots at A and B), thenext request will 
ome from C and so on.In this s
heme you would do k moves for a sequen
e of k requests but after �nishing your job the adversarywill say: \you fool, if you had moved the robot at A in the beginning, then you would have servers at verti
esB and C and you wouldn't have to do anything else for the rest of the sequen
e".We 
an a
tually show that for any on-line algorithm, there is an adversary that 
an for
e the on-line algorithmto spend at least twi
e as mu
h as the o�ine algorithm. Consider any on-line algorithm A. The adversarygenerates a sequen
e of requests r1; r2; : : : ; rn su
h that ea
h request is made to a vertex where there is norobot (thus the on-line algorithm pays a 
ost of n). It is easy to see that the o�ine algorithm 
an do a\lookahead" and move the server that is not requested in the immediate future. Thus for every two requests,it 
an make sure it does not need to pay for more than one move. This 
an a
tually be extended to a lowerbound of k for the k-Server problem. In other words, any on-line algorithm 
an be for
ed to pay a 
ost thatis k times the 
ost of the o�-line algorithm (that knows the future).154



53.2 K-servers on a straight lineSuppose you again have k servers on a line. The naive approa
h is to move the 
losest server to the request.But what does our adversary do? It will make a request near the initial position of one server (whi
h moves),and then requests the original position of the server. So our server would be running ba
k and forth to thesame two points although the adversary will move another server in the �rst request, and for all futurerequests it would not have to make a move.On-line strategy: We move the 
losest server to the request but we also move the server on the other sideof the request, towards the lo
ation of the request by the same amount. If the request is to the left (right)of the leftmost (rightmost) server, then only one server moves.We will analyse the algorithm as a game. There are two 
opies of the server's. One 
opy (the si servers)are the servers of the online algorithm, the other 
opy is the adversary's servers (ai). In ea
h move, theadversary generates a request, moves a server to servi
e the request and then asks the on-line algorithm toservi
e the request.We prove that this algorithm does well by using a potential fun
tion, where� �(t� 1) is potential before the tth request,� �0(t) is potential after adversary's tth servi
e but before your tth servi
e,� �(t) is the potential after your tth servi
e.The potential fun
tion satis�es the following properties:1. �0(t)� �(t� 1) < k� (
ost for adversary to satisfy the tth request)2. �0(t)� �(t) > (
ost for you to satisfy the tth request)3. �(t) > 0Now we de�ne the potential fun
tion as follows:�(t) := k �Weight of Minimum Mat
hinginG0 +Pi<j dist(si; sj).The minimum mat
hing is de�ned in the bipartite graph G0 where� A � set of the pla
ements of your servers� S � set of the pla
ements of adversarys servers� edge weights(ai, sj) � distan
e between those two serversThe se
ond term is obtained by simply keeping the online algorithm's servers in sorted order from left toright.Why does the potential fun
tion work: It is easy to see that those three properties are satis�ed by ourpotential fun
tion:1. the weight of the minimum mat
hing will 
hange at most the 
ost of the move by the adversary anddistan
e between your servers do not 
hange. Hen
e the �rst property follows.2. if the server you're moving is the rightmost server and if the move is dire
ted outwards then the se
ondterm of the potential fun
tion will be in
reased by (k � 1)d however the �rst term will be de
reasingby kd, hen
e the inequality is valid. (Noti
e that the �rst term de
reases be
ause there is already oneof the adversary's server's at the request point.) If the server you're moving is the leftmost server andthe motion is dire
ted outwards then the se
ond term will in
rease by at most (k � 1)d, though the�rst term will de
rease by kd, hen
e the inequality is again valid. Otherwise, you will be moving twoservers towards ea
h other and by this move the total de
rease in the se
ond term will be 2d (the 
ostfor servi
e): two servers are 2d 
loser and the in
rease in distan
e by the �rst server is exa
tly samewith the de
rease in distan
e by the se
ond server. In the worst 
ase the size of the mat
hing won't
hange but again be
ause of the se
ond term our inequality is satis�ed.3. Obvious. 155



Sin
e the potential is always positive, we know thatInitial Potential + Total In
rease � Total De
rease:Noti
e that the total de
rease in potential is an upper-bound on our algorithm's 
ost. The Total In
reae inpotential is upper-bounded by k� the adversary's 
ost. Therefore,(
ost of your moves) < k � (total 
ost of adversary's moves) + Initial Potential:
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