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Spin-1/2 | NMR freq | natural

nucleus abundance
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u:'n*‘ .:: D"R""‘ bomt | oms | vt | owemt | norer | mw

::!J.“.".' --B-.i- - aa O e m.B;: E.. :;,Ngn.o.. ..f- .tlg 13C 107 1.1%

Na|Mg Al gl P .é- _CT 15N 43 0.4%

'K |Ca|Sc|Ti| v [ Cr|Mn|Fe|Co| Ni |Cu| Zn|Ga|Ge|As|se|Br | Kr|  19F 401 100%

Rb|Sr| Y |Zr |Nb|Mo|Tc|Ru|Rh|Pd| Ag|cd| In Tel I [xe| 286 85 4.7%

.;-I. e La Bl R T—.v-:. D - — — 31 0

Cs|Ba v Hf | Ta| W [Re P 175 100%
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Nuclei with an odd (even) number of nucleons possess half-integer (integer) spin

Nuclei with an even number of protons and neutrons are spinless
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NMR Hamiltonian:

2 coupled spins in liquid-state NMR (e.g. 3C-labelled Chloroform)

1

(h = 1) HO = E(wlglz + wZGZZ + 75]1201z02z) Chloroform molecule,

Larmor frequency (rad/s): w, = —)/kB
External magnetic field (T): B

Coupling strength (Hz): Jkl

CHCl,

Chemical shielding:
For the same isotope, V; = )’0(1 — 5j)
for nucleus at the jt chemical site.

» Ability to address different

nuclei as qubits
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Larmor precession of a single spin

W, 0 —i
Ho=% ‘ U(f)=€ wto, /2

Take |¥)= |T>J§|¢>

—iw,t/2 +iwt/2
Ufp)=* |T>J; 4

— o lmi/2 |1\> +er ‘l'>
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Eigenstates of the Hamiltonian

1
H, = _(a)lglz +w,0,, + 7w/ 12011022)

Chloroform molecule,

CHCl,
M
1

1
> > (wl + @, + 70 ) ,|\ 1\ (@, + ,) J?,fli'
J, ’l\> %(—(o1 +w, - 7),,)
T \|/> %(wl —a)2—7£]12) \ll 1\ %(_wl +602) _g«]n
1 —= ~—ia.
\I/ \|/> 5(—6()1—a)2+ﬂ;]12) 1\ \ll %(a}l_a)z) _%le—
1:H w, =25t x 426 MHz pi D
B = IOT 1 +£Jl2
2:13C w, =2mx x107MH? Il 5(—0)1 - ,) "2',¢_

J,, ~200Hz
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NMR transitions (spectrum)

1 1
\Illl\ ._5(_601"'(02) ‘:2;112
IR )
]T 1
%(—(l)l - (1)2) -';g Jl‘z‘—

\_J

These are magnetic dipole transitions, and are thus driven by an oscillating (Radio-
frequency, “RF”) magnetic field...
Need transverse spin operators (ax,oy) to drive them.
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RF frequency

0(t)=w,t+ ¢

RF Hamiltonian:

Q1 .
H (1) = ﬂqx cos(6(1)) + 0, sin(6(1) ]
RF amplitude
B, cos(w,1) —w +0,;
*

-O-0

'
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N
Rotating reference frame transformation:
two isotopes (doubly-rotating frame)

R(t') — ei(l)lrfto'lz/zeiw2’ft02z/2

|wR> = R(t)|wlab>

id id
|Z}tlab> =H,, Wzab> > |;,I;R> = R|¢R>
H,  =H,+ Hrf (1) H, = %[(wl - wlrf)olz + (a)2 — W, )(72Z + JK]IZOIZGZZ]
» + % :Q1(t)(01x cos(¢,) + 0y, Sin(¢1))]

r2[@u0(on cosg) + 0, sin9,)
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Rotating frame

We had Larmor precession in Lab frame:

_ iwyt)2 |1\>+e+iw1t|J,>
U(t)|1/)Lab> e ( N

But in the rotating frame (on resonance):

RO\ (1)) = RO(UD|,., ) = ”2}2'“ Ty =)
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Resonant pulses as Bloch sphere rotations

Consider a single spin at resonance:

W, =W,

Hy = —[(a)l > W)alz + Ql(t)(alx cos(¢,) + 0y, sin((pl))]

U(t) _ e—int(le cos(¢; )+0, sin(¢, ))/2

In NMR, we can control both RF
phase (¢) and amplitude (Q2) in
time, so we can perform

arbitrary single spin rotations...
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Example of two-qubit logic: the CNOT gate

Z:90
Q‘l q1 ‘ ’ -
- — TU/2 coupling[—
Y:90 Y:-90(| X:90
4z do : §
time -

1
H(t) = E(wlalz +W,0,, + ﬂ:/(flzﬁzz) +H, (1)
U Y Y, N ~ J H_}

Zeeman coupling RF pulses (control)
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1 2 3 4 5
s ROOE
% i : : :
R (90) - R(90): R 90)
d, . i : :
:‘ _ .7'5/2] & E E time ]
U =e i%h@—;
U,=e i%alz®02 /2
oo Uenor = UsU,U3U,U,
U, = =0)0| ® I, + 11| ®0,,
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The thermal state

A general mixed state: P = Eak"l’kxwk‘

k

Thermal equilibrium o~ HolkT
(Boltzmann distribution): P, = W

In the high temperature limit (|H,| << kT)

1 H)\ I 1 _
P, = > I- I m(wl% + CUZOZZ) (two-spin case)

ho/kT ~107° at room temperature in NMR
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The thermal state

I 1

P = 5(1 - _) =3 —(wlalz + wzazz)

The identity term cannot be changed by pulses or observed...
So we define a ‘deviation’ density matrix (note it is not a “proper” density matrix,

since Tr(p)=1)
H

0, = 0 o W,0,. + 0,0, (the J coupling term is ~10® times smaller than Zeeman energy)

kT
0000 N>

O, indicates a population difference
between spin-up and spin-down states

0200000 1)
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Pseudopure states

To initialize an NMR quantum info. processor, we want a pure state...or at
least one that behaves like a pure state:

I
Ppp = 5 - O‘MM

Example: making a *H — 13C pseudopure state

50 0 O
0 3 0 O
Pier = 4012 t0,, = 00 -3 0
0 0 0 -5
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Example: making a 'H — 13C pseudopure state

Apply three permutation circuits and sum results:

50 0 O
0 3 0 O
Pao 00-30 150 0 0
00 0 -5 O 5 0 0
<0 0o y- 0 0 s o =20-]00)(00|-5- I
0 -50 0
P ey l | 0 0 3 0 O 0 0 -5
0O 0 0 -3
5 0 0 O '
0 =3 0 0 ‘ pdev x ‘OO><OO‘
pdev 0 0 -5 0
0O 0 0 3
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Measurement in NMR

A
Bulk magnetization of jt A
isotope: B//Z
J_ . _
M: =, (an ”u)
90 degree (“readout”) pulse 7 Ensemble of identical, non-

interacting ‘processor’ molecules

rotates magnetization to x-y
plane:
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Measurement in NMR

In the lab frame, magnetization precesses in the x-y plane,
at the Larmor frequency...

...the oscillating magnetic flux induces an emf in
the solenoid coil via Faraday’s law.
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Measurement in NMR

This corresponds to an expectation value measurement,
with observables:

(M,)=T r(p- gax,k) = Tr(pdev | 2%)
el e 3

We call these observables “transverse magnetization”
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Measurement in NMR

Example: 1-qubit tomography of an arbitrary state p,

Expt. 1 Pdev—D\ <Mx>’<My> — DD,

Expt. 2 pdev_-_D\
(M,) = p.

X

pO,+ py()'y + D0,

2 2 2
\/px +py +pZ

pdev g

Unfortunately, the # of expts needed grows exponentially with # qubits, regardless of the
physical system we use for implementation!
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Measurement in NMR : FT spectrum

100

V(0) = M, (0)

80

R transitions

N

—

Aw ~T;'

NM
60 /

V(0)/1.6 40
T s

0 005 0.1
Time amp « M (0)

“free-induction signal”

M (1) =Tr(p(t)- 0,) = Tr(e-"Hofp(O)e”'Hof : ox)

500 1000
Frequency
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NMR Spectrometer




Deutch-Jozsa Algorithm

TABLE II. The four possible binary functions mapping one bit to another.

x Soolx) Joi(x) J1o(x) Sux)
0 0 1
1 0 1
‘balanced’

‘constant’



Quantum circuit to compute binary function f.
Uy
0) | (2))

Or another representation:

Uy
0)]0)—[0)]/(0))

and

Us
[0)—[1)]/(1)).



Had
amard gate
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NMR results
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Factoring 15...Vandersypen et al, 2001
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Current experiments at IQC: 12-qubit NMR QIP

The nuclei spectra
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Relaxation and decoherence

General Kraus operator sum:

p—Saps  SaA-I
k k

_ Spin operators

Relaxation GX,O'y
Dephasing O,
Lorentzian with
Example: pure dephasing time-dependent
FWHM
A =e / Dephasing on the Bloch sphere

1-a

11T,
p == [l pe™™ S (4.1.T,) e(b’“;m N )
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Pure dephasing

Or in another form:

A(p) = (1= p)y)Xy|+ po |y)wlo,

With Kraus operators:

A, =+/1-pl
Al = '\/;O'z

1 —t/T2 .
— € Dephasing on the Bloch sphere
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Relaxation
1 0 l1-n O
A, = A, =4/l -
0 \/; 0 1_77) 2 p( 0 1)
see e.g. Nielsen & Chuang
A = \/;(0 \/ﬁ A 7 0O O
o o TV o
~t/T, ~1/2T,
A(p) = (a-ay)e"" +aq, be™
b* —-t/2T, (ao _ a)e—t/Tl + (1_ ao)
For pure relaxation, T, = 2T, In liq. state NMR, typically
ror T,~0.5-55

T,~5-20s



