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ABSTRACT
Approximatingthe joint datadistribution of a multi-dimensionaldataset
throughacompactandaccuratehistogramsynopsisis a fundamentalprob-
lem arisingin numerouspracticalscenarios,includingqueryoptimization
andapproximatequeryanswering.Existingsolutionseitherrely onsimplis-
tic independenceassumptionsor try to directly approximatethe full joint
datadistribution over the completesetof attributes. Unfortunately, both
approachesaredoomedto fail for high-dimensionaldatasetswith complex
correlationpatternsbetweenattributes. In this paper, we proposea novel
approachto histogram-basedsynopsesthat employs the solid foundation
of statisticalinteractionmodelsto explicitly identify andexploit the sta-
tistical characteristicsof the data. Abstractly, our key ideais to breakthe
synopsisinto (1) astatisticalinteractionmodelthataccuratelycapturessig-
nificantcorrelationandindependencepatternsin data,and(2) a collection
of histogramson low-dimensionalmarginalsthat,basedon themodel,can
provide accurateapproximationsof theoverall joint datadistribution. Ex-
tensive experimentalresultswith severalreal-life datasetsverify theeffec-
tivenessof our approach.An importantaspectof our general,model-based
methodologyis thatit canbeusedto enhancetheperformanceof othersyn-
opsistechniquesthat arebasedon data-spacepartitioning(e.g.,wavelets)
by providing aneffective tool to dealwith the“dimensionalitycurse”.

1. INTRODUCTION
Capturingthe joint datadistribution of multi-dimensionaldata

setsthroughcompactandaccuratesynopsesis a fundamentalprob-
lemarisingin avarietyof practicalscenarios,includingqueryopti-
mization, queryprofiling, andapproximatequeryanswering. Cost-
basedqueryoptimizersemploy suchsynopsesto obtainaccurate
estimatesof intermediateresult sizesthat are, in turn, neededto
evaluatethequalityof differentexecutionplans[11,18]. Similarly,
queryprofilersandapproximatequeryprocessorsrequirecompact
datasynopsesin orderto provide userswith fast,usefulfeedback
on their original query [3, 19]. Suchquery feedback(typically,
in the form of an approximateanswer) allows OLAP and data-
mining usersto identify the truly interestingregionsof a dataset
and, thus, focus their explorationsquickly and effectively, with-�
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out consuminginordinateamountsof valuablesystemresources.
Further, userscandeterminehow well-posed/semantically-correct
their query is, allowing them to make an informed decisionon
whetherthey would like to investmoretime andresourcesto exe-
cuteit to completion.

Histograms [13, 19] constitutea very generalclassof synop-
sis structuresthat offer several advantages,including (1) they are
typically built off-line andstoredin theDBMS catalog,thusincur-
ring almostnorun-timeoverhead,(2) they arenon-parametric, i.e.,
they do not requirethedatato fit any particularprobabilitydistri-
bution, and(3) for most real-world datadistributions, thereexist
compacthistogramsthat producelow-error approximations.As a
consequence,histogram-basedtechniquesfor approximatingone-
dimensionaldatadistributionshavebeenextensively studiedin the
researchliterature[13, 19]. Further, one-dimensionalhistograms
have now beenadoptedby several commercialdatabasesystems
(e.g.,DB2, Informix, Oracle,Microsoft,andSybase)replacingthe
naive andrarelyvalid uniformityassumption[13].

Accurateapproximationsfor multi-dimensionaldatadistributions,
posea problemthat is muchharderthanits well-understoodone-
dimensionalcounterpart.A simplisticapproach,typicallyemployed
in thebulk of today’scommercialsystems,is to useone-dimensional
histogramsonthemarginaldistributionsin conjunctionwith a full-
independenceassumption, which basicallystatesthat all dataat-
tributesaremutually uncorrelatedand,thus, joint attribute distri-
butionscanbeobtainedasproductsof one-dimensionalmarginals.
Unfortunately, experiencewith real-life dataproves that the full-
independencemodelis almostalwaysinvalid andcanleadto gross
approximationerrorsin practice[9, 18]. As a consequence,more
recentworkhasproposedalgorithmsfor buildingmulti-dimensional
histogramsynopsesthat try to directly approximatethe joint data
distribution of a multi-attributedataset[11, 18]. Theseearlierre-
sultshavedemonstratedthatreasonablysimpleconstructionproce-
durescangive compactmulti-dimensionalhistogramsthatoutper-
form full-independenceapproximationsby severalordersof mag-
nitudefor low to mediumdatadimensionalities(e.g.,2 to 5 dimen-
sions)1.

It isawell-known fact,however, thathistogram-basedapproaches
suffer from the infamous“cur se of dimensionality”; that is, his-
togramsbecomeproblematicwhentrying to approximatethejoint
distributionsof the high-dimensionaldatasetsthat are typical of
moderndecision-supportapplications.Thereasonis that,asthedi-
mensionalityof thedataincreases,boththestorage overhead(i.e.,
numberof buckets)andtheconstructioncostof histogramsthatcan
achieve reasonableerrorratesincreasein anexplosive manner[3].
Consequently, as the dimensionalityof the joint datadistribution�
Dueto spaceconstraints,weomit adetaileddiscussionof relatedwork; it

canbefoundin thefull versionof thispaper[7].



reachesor exceeds6–7 dimensionsthe histogramapproximation
errors� startbecomingintolerablyhigh [11].

Our Contrib utions. Existingworkonmulti-dimensionalhistogram
synopseshasessentiallyconsideredonly the two extremesof a
rich spectrumof possibilities,both of which are unrealisticand
doomedto fail for thetypically high-dimensionaldatasetsof mod-
erndecision-supportapplications.Thefactthatthefull-independence
assumptionis almostnever satisfiedin relationaldatabaseprac-
tice andcanleadto extremelypoorapproximationshasbeenwell
documented(see,for example,[9, 18]). On theotherhand,build-
ing multi-dimensionalsynopseson thefull-dimensionalspaceof a
multi-attributetableimplicitly assumesa “fully-correlatedmodel”
of theattributespaceandis guaranteedto fail in high-dimensional
spaces.Thework in thispaperis motivatedby theobservationthat,
in mostpracticalapplicationscenarios,sucha“fully-correlatedmodel”
is alsoanunrealisticassumption.Typically, real-lifedatatablesare
characterizedby complex correlationpatterns,whereacertainsub-
setof correlatedattributes

�
canbe(unconditionally)independent

of anotherattribute subset� (partial independence) or, alterna-
tively,

�
canbe(conditionally)independentof � givenathird sub-

setof attributes � (conditionalindependence). As a simpleexam-
ple,considertheattributesof anEmployee relation.Eventhough
it is naturalfor the salary attribute to be “strongly” correlated
with theage attribute(with higher/lowersalariestypicallygoingto
older/youngeremployees),thereis no reasonto believe thateither
of theseattributeswouldbecorrelatedwith anemployee’sheight
orweight attributes(whicharethemselvescorrelated).Also,note
that,althoughthesalary andage attributesarepairwisecorre-
lated, the two may becomelargely independentgiven a third at-
tribute like, for example,anemployee’s YPE (i.e., “yearsof prac-
tical experience”).Similar complex correlationpatternsaboundin
real-lifedata.

Motivatedby theabove observations,in this paper, we propose
DEPENDENCY-BASED (DB) histograms,anovel approachto build-
ing histogramsynopsesfor high-dimensionaldata that usesthe
solid foundationof statisticalinteraction models[1, 4, 20] to ex-
plore the spectrumof possibilitiesbetweenthe existing “fully-in-
dependent”and“fully-correlated”approaches.Abstractly, our key
technicalideais to breakthesynopsisof a high-dimensionaldata
set into two basiccomponents:(1) a statisticalinteractionmodel
thatexplicitly identifiesthe(possibly)complex correlationandin-
dependencepatternsin the data; and, (2) a collection of lower-
dimensionalhistograms,built basedon themodel,thatcanbeused
to accuratelyapproximatetheoverall joint datadistribution. To the
bestof our knowledge,our work is thefirst to demonstratetheef-
fectivenessandfeasibilityof statisticalinteractionmodelsasa tool
for dealingwith the “curseof of dimensionality”in the construc-
tion of histogramsynopsesfor high-dimensionaldata.Thesalient
technicalcontributionsof ourwork aresummarizedasfollows.� DB-Histogram Construction. ConstructingaccurateDB-his-
togramsynopsesraisestheissueof (1) inferring a conciseinterac-
tion modelfrom theunderlyingdatadistribution, and(2) building
aneffectivecollectionof histogramsontherelevantmarginals(dic-
tatedby the model). We proposeusingthebroadclassof decom-
posableinteractionmodels[20] for DB histograms,sinceit offers
severalimportantadvantages,includinginterpretabilityandclosed-
form modelestimates.Wediscusseffective forward-selectionpro-
ceduresfor building a concisedecomposablemodel for the input
datadistribution. Our mostefficient model-selectionalgorithmis,
in fact, a novel contribution of our work that is likely to be of
interestto the statisticalcommunity[8]. The constructionof the
marginal histogramsdictatedby the model discoveredraisesthe

importantissueof intelligentlyallocatingthestoragebudgetavail-
ablefor thesynopsisamongthevariousmarginals.Weproposean
optimaldynamic-programmingalgorithmfor this problemaswell
as a cheapergreedyheuristicbasedon the conceptof marginal
gainsthat is, in fact, optimal whenthe histogramerror functions
follow adiminishing-returnslaw [10].� DB-Histogram Usage. Efficiently estimatingthe selectivity of
a rangequerypredicateover (a subsetof) thedataattributesusing
DB histogramsrequiresnew techniquesthateffectively utilize the
modelstructurein conjunctionwith the marginal histograms.We
proposenovel usagealgorithmsfor our DB-histogramsynopses
thatexploit the junction treerepresentationof themodelto effec-
tively minimizethenumberof histogramoperationsinvolved. An
interestingside-effect of our work lies in theintroductionof anew
hierarchicalrepresentation(termedsplit trees) for thewell-known
classof MHIST histograms[18] thatis considerablymorespaceef-
ficient thantheoneoriginally proposedby PoosalaandIoannidis.
Wepresentnovel algorithmsfor performingthebasicMHIST oper-
ationsnecessaryfor ourselectivity-estimationprocedurethatwork
solelyon our space-efficient, split-treerepresentationfor both the
input(s)andoutputof theoperation.� Experimental Validation. We have conductedanextensive ex-
perimentalstudy with several real-life datasetsto determinethe
effectivenessour methodologycomparedto earliertechniques,in-
cluding samplingand full-dimensionalMHIST histograms. Our
resultsdemonstratethat DB histograms(a) yield approximatean-
swersof superiorqualitycomparedto existingapproaches,and(b)
have the ability to provide fairly accurate,concisesynopsesfor
real-lifedatawith asmany as12 dimensions.

An importantaspectof ourgeneral,dependency-basedapproach
is that it canbe extendedto all data-reductiontechniquesthatare
basedon data-spacepartitioning,suchaswavelets[3]. Typically,
all suchtechniquessuffer from the dimensionalitycurse,which
rendersthemineffective in mediumto high datadimensionalities.
Building andmaintaininga statisticalinteractionmodelcanhelp
identify significantattributecorrelationpatternsand,consequently,
theinterestinglower-dimensionalsubspacesthatshouldbeapprox-
imated independentlyin a DEPENDENCY-BASED synopsis. We
believe that our interactionmodel-basedmethodologyprovidesa
viableandeffective approachfor dealingwith data-dimensionality
issuesthat opensinterestingnew avenuesfor innovative research
in datareduction(e.g., incrementalmaintenanceor approximate
queryingof DEPENDENCY-BASED synopses).

2. PROBLEM FORMULA TION
2.1 Multi-Dimensional Histogram Synopses
Joint Data Distrib utions: Definitions and Notation. Consider
a relationaltable � comprising� real-or integer-valuedattributes	 ��
������
 	�� . (Thedefinitionsandmethodologycanbeextendedto
non-numericalattributesby first mappingtheir domainvaluesinto
floating-pointnumbers.)The informationin � canbe accurately
capturedasan � -dimensionalarray(tensor),whose����� dimension
is indexedby thevaluesof attribute

	��
(����� 
�������
 � ) andwhose

cells containthe count (or, frequency) of tuplesin � having the
correspondingcombinationof attributevalues.

More formally, let � ��
������
 � � denotethe value domainsof
attributes

	 � 
������
 	 � , respectively. Without loss of generality,
we assumethat eachdomain � � is indexed by the setof integers� � 
! "
�#�##$
&% � � % ' , where % � � % denotesthe numberof distinct ele-
mentsin � � . Givena combinationof attributevalues (�) ��
�������
 ) �+*
( �-,.)0/1, % � � % ), the joint frequency23(�) ��
�������
 ) �+* of the com-



bination is exactly the numberof tuplesin the relation that con-
tain the4 value )5/ in attribute

	 / , for all 6 . The � -dimensional,% � �7%98�% �;: %<8=#�#�#>8?% � � % arraywith entries23(�) ��
�������
 ) �@* represents
the joint data(or, frequency)distributionof

� 	 � 
�����$
 	 � ' [18].
Often, we areinterestedin the joint distribution of only a sub-

set of the attributes ACB � 	 ��
�������
 	;� ' ; this is the case,for
example,whena queryoptimizerneedsto estimatethe selectiv-
ity of a rangequery with rangeselectionsspecifiedonly on at-
tributesbelongingto a subsetA of

� 	 � 
�����$
 	 � ' . In probabil-
ity terms,suchscenariosrequirethemarginal datadistribution on
attributes ADB � 	 � 
�������
 	 � ' . Any suchmarginal can be ob-
tainedby projectingthe joint datadistribution arrayonto the rele-
vantsubsetof attributes.Assuming,without lossof generality, thatAE� � 	 �&
�����$
 	;F ' ( GH,I� ), the marginal datadistribution of A
is definedas 2KJ3(�) ��
�������
 ) F�* �MLONQP5R+ST U U UVT NXWY23(�) �&
�����$
 ) �@* for all
valuecombinations(�) ��
������
 ) F�* ; that is, we computethemarginal
frequenciesover A (denotedby 2 J ) by aggregatingthe joint fre-
quency countsover thedomainsof all “projected-away” attributes.
We alsouse Z[(<2 J * to denoteShanon’s entropy measure [20] for
the joint frequency distribution over A . Letting \]� % � % denote
thenumberof datatuples,theentropy Z^(<2_J * canbeexpressedas:Z^(<2 J * � ` ab N S T U U U>T N Pdc Probef(�) � 
�#�#�#�
 ) F *5g #�hXi_j Probef(�) � 
�#�#�#�
 ) F *5g

� hfi7j \ ` �\ ab N S T U U UVT N P!c 2KJ3(�) ��
�������
 ) F�* #�hfi7j 2_J3(�) ��
�����$
 ) F�* �
Histogram Synopses.Building compactsynopsesstructuresthat
approximatea joint frequency distribution with reasonableaccu-
racy in limited spaceis critical for numerousapplications,includ-
ing queryoptimizationandprofiling [19]. Histogram-basedsyn-
opsesfor approximatingone-dimensionaldatadistributionshave
beenextensively studiedin theresearchliterature[13,19],andhave
beenadoptedby several commercialdatabasesystems.Briefly, a
histogramonanattribute

	
is typically constructedby partitioning

the frequency distribution of
	

into kmln� buckets of consecu-
tive attributevaluesandemploying a uniformityassumptionto ap-
proximatethefrequenciesandvaluespresentin eachbucket. One-
dimensionalhistogramscan also be usedto approximate(multi-
dimensional)joint datadistributionsthroughthefull-independence
assumptionfor theattributesof interest.Given a collectionof at-
tributes

� 	 �&
�����$
 	;� ' , full independenceessentiallyrequiresthat
all attributeshave mutually independentfrequency distributions.
(Mathematicalconditionsfor mutualindependencecanbefoundin
any standardstatisticstextbook;see,for example[1].) Mutual in-
dependence,in turn, impliesthatany joint attributedistributioncan
beobtainedasa productof theone-dimensionalmarginaldistribu-
tionsof theindividualattributes;thus,for any Ao� � 	 �&
�����$
 	�F ' ,2KJ3(�) ��
�������
 ) F�* �qp F/�r � 2&sut+(�)5/ * . Unfortunately, experiencewith
real-life datasetsoffersoverwhelmingevidencethat thefull-inde-
pendenceassumptionis almostalwaysinvalid andcanleadto gross
approximationerrorsin practice[18].

Ratherthanrelyingonheuristicindependenceassumptions,multi-
dimensionalhistograms[18] try to directly approximatethe joint
distributionof

� 	 ��
�����$
 	;� ' by strategically partitioningthedata
spaceinto � -dimensionalbucketsin a way thatcapturesthevaria-
tion in datafrequenciesandvalues.Similar to theone-dimensional
case,uniformity assumptionsaremadeto approximatethe distri-
bution of frequenciesandvalueswithin eachbucket [18]. Finding
optimal histogrambucketizationsis a hardoptimizationproblem
that is typically vxw -completeevenfor two dimensions[16]. Var-
ious greedyheuristicsfor multi-dimensionalhistogramconstruc-
tion havebeenproposed[11, 18] andshown to performreasonably

well for low to mediumdatadimensionalities(e.g., � =2–5). Like
most techniquesthat rely on spacepartitioning, however, multi-
dimensionalhistogramsalsofall victim to the“curseof dimension-
ality”, which rendersthemineffective above 6–7dimensions[11].

2.2 Statistical Interaction Models: A Primer
For several decades,statisticianshave looked into the problem

of constructingaccurateinteraction modelsfor multi-variatecon-
tingency tables(i.e., tablesof counts),wherethe elementsof an
underlyingpopulationareclassifiedaccordingto a numberof dif-
ferent categories(or, dimensions)[1, 6]. Traditionally, the goal
of suchstatisticalmulti-variateanalysisis to discover andunder-
stand“strong” associationpatternsin the dataand find a struc-
tural modelof variableinteractionsthat accuratelyandconcisely
describesthesedatapatterns.

Log-linear Models. Log-linear modelscomprisea broadclassof
statisticalinteractionmodelsfor contingency tablesthat hasbeen
extensively studiedin thestatisticalliterature.Thefoundationsfor
thetheoryandmethodsof log-linearmodelswerelaid backin the
early 1970s,culminatingin a seriesof seminalbooksandmono-
graphson thesubject[1]. Consideran � -dimensionalcontingency
tableon � categorieswith entries23(�) � 
�����$
 ) � * . (Thedirectcorre-
spondencebetweencontingency tablesandjoint datadistributions
shouldbeobvious;bothjuststorethecounts/frequenciesof distinct
valuecombinationsfor thedatadimensions.)Briefly, themostgen-
eral(or, saturated) log-linearmodelfor thetableexpressesthelog-
arithmof the � -dimensionalcell counts23(�) ��
�����$
 ) �@* asasumma-
tion of effectswhosedimensionalityrangesfrom y up to � . More
formally, thesaturatedlog-linearmodelfor 2 is expressedashfi7j 23(�) ��
�����$
 ) �@* �{z}| a � z � (�) �_* | a�7~r�/ z � T /�(�) � 
 )5/ *| ����� |�z � T � � �VT � (�) � 
�����$
 ) � * 
 (1)

wherethe z summandscapturethe interactionsbetweenthe vari-
ablesdenotedby their subscriptswith thetermsin theparentheses
indexing thespecificpositionof that interaction(in thesameorder
of variables). Thus, z � T :7(X� 
 6 * denotesthe interactioneffect be-
tweenvalues� and 6 of variables/dimensions� and  respectively.
Abstractly, an G -dimensionalinteractioneffect capturesthedevia-
tions of the meansof log-frequenciesat that level of aggregation
from themeansat “coarser”aggregationlevels. For example,the
one-dimensionaleffects z � (alsoknown asmaineffects) represent
the deviationsof the meansof log-frequenciesalongdimension�
from the overall mean z . Note that linearity in the logarithmsof
thecountscorrespondsto multiplicativerelationshipsbetweenthe
actualfrequencies,which meansthat log-linearmodelsoftenhave
veryniceinterpretationsin termsof theindependencepropertiesin
theunderlyingsetof variables.

The saturatedlog-linearmodeldepictedin Equation(1) is the
most generalmodel for � dimensions,in the sensethat it spec-
ifies enoughinteractionparametersto accuratelycaptureany � -
variatecontingency table. (In thatsense,thesaturatedmodelcor-
respondsto a modelof “fully-correlated” datadimensions.)Sim-
pler log-linearmodelsreducethe numberof parametersby speci-
fying certaininteractioneffectsto bezero,which cantypically be
interpretedasa form of “independence”betweenthe correspond-
ing dimensions.As anexample,considerthe log-linearmodelfor
a � -dimensionaltableover

� 	 ��
 	 : 
 	�� ' in which z � T :7(�) 
 � * �z � T � (�) 
 6 * ��z : T � (X� 
 6 * ��z � T : T � (�) 
 � 
 6 * ��y for all ) 
 � 
 6 ; that
is, hfi7j 23(�) 
 � 
 6 * �.z�|�z � (�) * |�z�:_(X� * |�z � (96 * . It is fairly sim-
pleto verify that,for dataconformingto thismodel,theunderlying
frequencies23(�) 
 � 
 6 * canbederivedbasedon theone-dimensional



marginals as �23(�) 
 � 
 6 * ��2&s S (�) * # 2�s���(X� * # 2&s���(96 *V� \ : for all) 
 � 
 6 , where \�� LON�T � T / 23(�) 
 � 
 6 * is the sumof all frequencies
(i.e., the numberof all datapoints) in the table. (Throughoutthe
paper, we use �2&��( * to denotefrequencyestimatesbasedon model�

, oftenomitting thesubscriptwhenthemodelusedis obvious.)
Thus,ourexamplelog-linearmodelis exactlyequivalentto thefull-
independencemodelfor � dimensions.Intuitively, this is exactly
what we would expect, given that this model setsall interaction
effectsbetweenany two or threedimensionsto zero.

In general,a log-linearmodelinvolvesspecifyingcertaininter-
actioneffectsto vanishandlettingtheremaininginteractionsbear-
bitraryandunknown. Thepracticeandtheoryof log-linearmodels
typically revolvesarounda smallerclassof models,termedhier-
archical models, thatarecharacterizedby thefollowing key prop-
erty: for any A�� � � 
������$
 � ' , if z�J is specifiedto vanishthen,
for any ���CA , z+� is also specifiedto vanish. A simple no-
tation usedfor describinghierarchicallog-linearmodelsis to list
their maximalvariableinteractioncomponents(alsoknown asthe
modelgenerators [15]) in squarebrackets. For instance,thesatu-
rated � -dimensionallog-linearmodelcanbedenotedas e��  � g and
the full-independencemodelis simply e�� g e  g e � g . More interesting
correlation/independencepatternscanalsobecapturedwith hierar-
chicalmodels.� Partial Independence. That is, two disjoint subsetsof the

datadimensionsare (unconditionally)independentof each
other. For example,the model

� ��e�� g e  � g specifiesthat
dimension � is independentof the dimensionpair

�  "
 � ' .
Frequency estimatesfor thismodelarederiveddirectly from
theone-andtwo-dimensionalmarginalsfor variables� and�  �
 � ' respectively: �2K��(�) 
 � 
 6 * ��2�s S (�) * # 2_� s�� T s���� (X� 
 6 *V� \ ,
for all ) 
 � 
 6 (again,\ denotesthefrequency total).� Conditional Independence. That is, two disjoint subsetsof
thedatadimensionsareindependentgiventhevalue(s)for a
third subset.For example,the model

� ��ef�  g e���� g states
that dimensions and � are independentgivena value for
dimension� . Frequency estimatesareagaindirectly derived
fromtherelevanttwo-dimensionalmarginalsas: �2&�O(�) 
 � 
 6 * �2 � s S T s���� (�) 
 � * # 2 � s S T s���� (�) 
 6 *V� 2 s S (�) * for all ) 
 � 
 6 .

Weshouldstress,however, thatnotall hierarchicallog-linearmod-
elsadmit interpretationsin termsof correlation/independencepat-
ternsamongdimensions.A simpleexampleis themodel e��  g e  � g e���� g
which, in fact,is thesmallestnon-interpretablehierarchicalmodel.
Besidesnot admitting a “statistical interpretation”,an important
practicalproblemwith suchmodelsis that they also do not ad-
mit closed-formestimatesbasedonmarginaldatadistributions.In-
stead,frequency estimatesmust be obtainedthroughan iterative
numericalprocedureknown asIterativeProportionalFitting (IPF)
that, briefly, tries to discover a “maximum entropy” collectionof
frequenciesthatalsosatisfiestheconstraintson themarginalsim-
posedby thespecificmodel[1, 4].

DecomposableModels: Chordal GraphsandJunction Trees.As
a consequenceof theseproblemswith generallog-linearmodels,
statisticiansoftenfocuson restrictedsubclassesof modelsthatare
easierto interpretand/oruse. An importantsuchsubclassis the
classof decomposablemodels. Abstractly, theclassof decompos-
ablemodelscomprisesthesubsetof log-linearmodelsthatsatisfy
thefollowing two importantproperties.

1. Interpretability: Decomposablemodelscanbe describedin
termsof correlation/independencerelationshipsbetweenthe
relevant variables.Furthermore,decomposablemodelscan
alwaysberepresentedgraphicallyasa Markov network[20]

fromwhichtheunderlyingcorrelation/independencerelation-
shipscanbedirectly inferred.

2. Direct frequencyestimates:The frequency estimatesfor a
decomposablemodelcanalwaysbe obtaineddirectly from
the marginals correspondingto the model generatorsas a
closed,“product-form” expression. That is, decomposable
modelsobviate the needfor iterative numericaltechniques
like IPF.

Our examplefull independence( e�� g e  g e � g ), partial independence
( e�� g e  � g ), andconditionalindependence( e��  g e���� g ) modelsarede-
composable,with the closed-formfrequency estimates �2�(�) 
 � 
 6 *
as definedabove for eachindividual case. Figure1(a) gives the
Markov networks correspondingto thesethreemodels,wherethe
nodescorrespondto the modelvariablesandedgesrepresentthe
existenceof an interactionbetweenvariables. Note that the gen-
eratorsof the modelcorresponddirectly to the cliques(i.e., max-
imal completesubgraphs)of its Markov network representation.
Thekey probabilisticpropertyof aMarkov network (known asthe
global Markov property[20]) is that if two nodesets

�
and � are

separatedby a third nodeset � , then
�

and � areconditionally
independentgiven � . (For a more thoroughintroductionto the
theoryandpracticeof Markov networks,theinterestedreaderis re-
ferredto [20].) It is easyto seethatthenumberandcomplexity of
possibledecomposablemodelsgrows explosively with thenumber
of variables[6, 15,17]. Figure1(b) shows a somewhatmorecom-
plex exampleof a � -dimensionaldecomposablemodel

�
, namely� ��e��  � g ef�  K� g e���� g . FromtheMarkov graph,it is easyto read,

for example, that variables
� � 
 ��' are conditionally independent

given variables
� � 
! �' and, similarly, that variable � is indepen-

dentof
�  "
 � 
V�"' givenvariable � . Thefrequency estimatesfor

�
canbesimplyderivedas �2 � (�) 
 � 
 6 
V¡5
 ¢ * �E2 � s S T s�� T s���� (�) 
 � 
 6 * #2_� s S T s�� T s¤£�� (�) 
 � 
d¡ * # 27� s S T s�¥�� (�) 
V¢ *V� e 2&s S (�) * # 2_� s S T s��� (�) 
 � *5g . Our
work reliesheavily onthegraph-theoreticpropertiesof theMarkov
network representationof amodel

�
; therefore,weuse

�
to refer

to boththeinteractionmodelandits Markov graphin theremainder
of thispaper.
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Figure 1: Mark ov networks for (a) thr eesimple � -dimensional
decomposablemodels,and (b) a more complex � -dimensional
decomposablemodel. (c) A junction tr eefor the � -dimensional
examplemodel.

An interestingpropertyof decomposableinteractionmodelsis
that they correspondexactly to the classof chordal (or, triangu-
lated) Markov network graphs.A chordalgraphhasthe property
that any cycle of length four or more hasa shortcut(chord) be-
tween any two non-consecutive nodes. Thus, for example, the
model ef�  g e  � g e � � g e�� � g is not decomposable,sinceit corresponds
to anon-chordalMarkov graph(a � -cycle).

A compactandparticularlyusefulrepresentationof chordalgraphs
is provided by junction trees(alsoknown asclique trees) [2, 14].
Briefly, given a chordalgraph

�
, a junction tree ¨u( � *

is a tree
structuredefinedover thecliques(i.e.,generators)of

�
character-

izedby the following clique-intersectionproperty: “For eachpair� N and � � of cliquesin
�

, the set � N¤© � � is containedin ev-
ery clique on the pathconnecting� N and � � in ¨u( � *

.” Given



a connectedgraph,a junction treeexists if andonly if the graph
is chordalª [2]; thus, a junction tree offers a completecharacter-
ization of a chordalgraphand the correspondingdecomposable
model. Figure 1(c) depictsa junction tree for the model

� �e��  � g e��  &� g e��&� g . An importantpropertyof the junction-treerepre-
sentationfor a decomposablemodel

�
that the frequency esti-

matesfor
�

are always equalto the ratio of the productof the
marginal frequencieson all themodelcliquesdividedby theprod-
uct of themarginal frequencieson theintersectionsof cliquesthat
are immediatelyadjacentin the junction tree [15]. As an exam-
ple, it is simpleto verify thatthejunctiontreeshown in Figure1(c)
directlygivestheformulamentionedearlierin thissectionfor �2 � .

2.3 ProblemStatement
Given theaforementionedproblemswith the full-independence

assumptionandconventionalmulti-dimensionalhistograms,wepro-
posea novel approachthat employs the solid foundationof inter-
actionmodelsto explicitly identify andexploit statisticalpatterns
in the dataduring the constructionand usageof histogramsyn-
opses.Ourkey technicalidealies in breakingthesynopsisinto (1)
astatisticalinteractionmodelthataccuratelycapturestheindepen-
dence/correlationpatternsin thedata,and(2) a collectionof (low-
dimensional)histogramson marginals that, basedon the model,
canapproximatetheoverall joint datadistribution. More formally,
in this paper, we definethenotionof a DEPENDENCY-BASED his-
togramsynopsisasfollows.

DEFINITION 2.1. A DEPENDENCY-BASED (DB) histogramfor
a collectionof attributes

� 	 �&
�������
 	;� ' is definedasa pair «¬� � 
>®I¯ , where: (1)
�

is an accurate decomposablemodel
for the joint data distribution of

� 	 �&
�����$
 	�� ' ; and, (2) ® is a
collection of (low-dimensional)histogramsthat approximatethe
marginal distributionsfor each generator (i.e., clique)of

�
. (We

referto thesehistogramsasthecliquehistogramsof « .)

Decomposablevs. General Interaction Models. Definition 2.1
restrictstheclassof statisticalinteractionmodelsfor DEPENDENCY-
BASED histogramsto thatof decomposablemodels.Therearesev-
eralreasonsfor this. First,eventhoughthespaceof decomposable
modelsis smallerthat thatof generalhierarchicallog-linearmod-
els, it is still large enoughto includea multitudeof modelsthat
capturecomplex (interpretable)interactionpatternsamongthedata
dimensions.For example,in lessthanor equalto � dimensions,
thereare ° 
 �K±7y hierarchicaland � 
! �7� decomposablemodels[6].
(Also notethat, for any model,therealwaysexistsa moregeneral
modelthat is decomposable,sincethe saturatedmodelis trivially
decomposable.)Second,asalreadymentionedabove, decompos-
ablemodelshave the benefitsof interpretability andclosed-form
frequencyestimates. Modelsthatareinterpretablein termsof par-
tial andconditionalindependencecanprovide usefulinsightsinto
the intrinsic propertiesandcorrelationsin the data,even for pur-
posesotherthansynopsisconstruction(e.g.,datamining). Closed-
form modelestimatesareobviouslydesirable,sincethey avoid ex-
pensive iterativeprocedureslike IPF. IPF-basedestimationis espe-
cially badwhenestimateson certainmarginalsarerequired,since
the only way to estimatethe marginals is to go throughthe full
joint distribution (e.g.,given themodel e��  g e  � g e � � g e � � g eX��� g , com-
puting the marginal on

� 	 �&
 	�² ' requiresIPF to rebuild the full� -dimensionalfrequency distribution). This is not thecasefor de-
composablemodelswhere,aswe will see,suchmarginal compu-
tationscan be carefully optimizedbasedon the model structure
(Section3.3). Finally, besidesthe obvious computationalbene-
fits in their usage (dueto the closed-formestimates),decompos-
ablemodelshave propertiesthatcanalsosubstantiallyreducethe

computationaleffort involved in their constructionfrom the joint
distribution data.Thesepropertiesarethoroughlyexploitedin our
model-selectionalgorithms(Section3.1).

Quantifying Model Accuracy: “Goodness-of-fit” Testing. Our
goal is to discover interactionmodelsthat accuratelycapturethe
correlationpatternsin the joint datadistribution. Thus,we need
a measurethat quantifiesthe “distance” of the set frequency es-
timatesbasedon a given interactionmodel

�
to the true setof

frequenciesin the joint distribution. Following standardstatisti-
cal practice[4, 6, 15], we employ the usualdistancemeasurefor
probabilitydistributions,namelytheKullback-Leibler information
divergence(alsoknown as“discriminationinformation”or “cross-
entropy”), definedas

�³(<2 
 �2 � * � �\ # ab N S T � � �>T N W c 23(�) � 
������
 ) � * #�hfi7j 23(�) � 
�������
 ) � *�2K�O(�) ��
�������
 ) �+* �
Theinformationdivergence�³(<2 
 �2 � * canessentiallybeinterpreted
asthe differenceof the informationcontainedin 2 andthat con-
tained in �2&� about 2 . The quantity �³(<2 
 �2&� * is always non-
negative andvanishesif andonly if �2&� coincideswith 2 ; that is,
if andonly if the model

�
exactly capturesthe joint datadistri-

bution. Furthermore,informationdivergenceis equivalent to the
likelihoodratio test statisticfor the null hypothesiś�µ : “Model�

generated2 ” [4], and is directly correlatedto the chi-square
( ¶ : ) distanceof thetwo distributions;in fact,it is well known that�³(<2 
 �2 � *�· �: ¶ : (<2 
 �2 � * , sothatminimizingdivergenceis equiv-
alentto minimizing ¶ : distance[15].

ProblemStatement:DEPENDENCY-BASED Histogram Construc-
tion and Usage. Motivatedfrom theinadequaciesof earliersolu-
tionsandthesuccessof statisticalinteractionmodelsin theanaly-
sisof contingency tables,this paperproposesa novel approachto
building multi-dimensionaldatasynopsesgroundedon theconcept
of DB histograms.More formally, the problemwe attackin this
papercanbestatedasfollows.� Given: A relationaltable � on � attributes

� 	 � 
�����$
 	 � ' anda
spacebudget� for constructingasynopsison � .� Need:Efficientalgorithmsfor: (1) building anaccurateandcon-
ciseDB histogram«��  � 
>®¸¯ on � thatusesat most � units
of space;and,(2) effectively utilizing « for providing quick ap-
proximateanswersto selectivity-estimationqueriesover the joint
datadistributionandany oneof its marginals.

The accuracy of a DB histogram«¹�  � 
0®.¯ obviously
dependson the accuracy of eachof its components.Our algo-
rithmsquantifytheaccuracy of theinteractionmodel

�
usingthe

standardKullback-Leiblerinformationdivergencemeasure,asde-
scribedabove. Theaccuracy of thecliquehistogramsin ® canbe
quantifiedusingany of thestandardqualitymeasuresfor histogram
synopses(e.g.,totalvariance)[18, 19].

Theconcisenessof theinteractionmodel
�

isanotherimportant
practicalrequirementfor our DB histogramsynopsis.Theobser-
vationhereis thata morecomplex modelwill alwaysfit thegiven
databetter; for example,the saturatedmodelcanalwaysprovide
anexactfit but is not alwaysthecorrectinteractionmodelfor our
purposes.Essentially, we areinterestedin themostparsimonious
modelthatcapturesall thesignificantcorrelationsandindependen-
ciesin thedata,so that thesepatternsareexplicitly accountedfor
during the constructionof the synopsis.Our DB-histogramcon-
structionalgorithmsusetwo distinctstrategiesto control thecon-
cisenessof theinducedmodel

�
.� Enforcedimensionalityboundonmarginals.The ideahereis to

imposeanupperbound6�º¼»�½ on thedimensionalityof eachgener-



ator in
�

. This boundlimits thecomplexity of themodelby ex-
plicitly4 restrictingthedimensionalityof eachmarginal distribution
thatweneedto approximatethroughacliquehistogramin « . Such
aboundcanbesetheuristically, basedon pragmaticconstraintson
theeffectivenessof histogramapproximations;for example,sinceit
is well-known thattheaccuracy of histogram-basedsynopsesdrops
rapidlyabove 3–4dimensions[11], avalueof 6�º¼»�½¾�E� maybea
reasonablechoicefor restrictingmodelcomplexity while notcom-
promisingtheaccuracy of the DB histogram.(A moreprincipled
approachwouldbeto setthevalueof 6 º¼»�½ basedonintrinsicchar-
acteristicsof thedatadistribution,suchasits fractaldimension[9]
that,in asense,measuresits “distance”from full independence;we
intendto exploresuchmethodsin futurework.)� Enforcestatisticalsignificancethresholds.This methodis based
on the useof significancelevels to enforcea lower boundon the
statisticalsignificanceatwhichadditionalcomplexity is introduced
into themodel. Abstractly, what this meansis thatwhendeciding
betweena “simple” model

� � anda morecomplex model
� : ,� : is preferredonly if the differencein the quality of the esti-

mates(i.e., the“goodness-of-fit”)is sufficiently high to bestatisti-
cally significant.Thegoal,of course,is to ensurethat theselected
modelcapturesonly thetruly significantpatternsin thedatawhile
ignoringdetailsthatcanbeattributedto statisticalnoise(i.e.,avoid-
ing “overfitting” thedata).

3. DEPENDENCY-BASED HISTOGRAMS
3.1 Model Selection

Apart from certainspecialcases,the generalproblemof infer-
ring an “optimal” statisticalmodel (decomposableor otherwise)
for agivendatasetis averyhardsearchproblemthatcanbesolved
exactlyonly by exhaustivesearch[17]. Thus,statisticianstypically
resortto computationally-efficient heuristicsearchstrategiesthat,
althoughsuboptimal,oftenperformwell in practice. The statisti-
cal literatureoffers two broadgreedy-searchparadigmsthat form
the basisof theseheuristics,namelyforward selectionandback-
ward elimination [4]. Briefly, forward selectionstartsout with
a very simplemodel (e.g., full independence)and incrementally
addsmorecomplexity by includingin themodel,at eachstep,the
variableinteraction(s)that result in the highestincreasein model
accuracy. Backward elimination,on the otherhand,begins with
themostcomplex, saturatedinteractionmodel(correspondingto a
completeMarkov graph)anditeratively reducesits complexity by
removing, at eachstep,the variableinteraction(s)resultingin the
smallestdecreasein modelaccuracy.

When restrictingthe searchspaceof the model-selectionpro-
cessto decomposablemodels(aswe do in this work), specialcare
needsto betakento ensurethatonly suchmodelsareconsideredby
thesearchstrategy. Backward-eliminationstrategiesfor decompos-
ablemodelsarewell establishedin thestatisticalliterature.Unfor-
tunately, suchbackward-eliminationschemeshave the disadvan-
tagethat they typically requireevaluatinga large numberof in-
termediatemodels,especiallywhenthe numberof attributes(i.e.,
the dimensionalityof the data)involved is high [15]. Backward-
eliminationstrategiesare,in fact,particularlybadfor building DB
histogramssince,asalreadymentionedabove,histogramsynopses
areonly effective for relatively low dimensionalities,implying that
most of the interactionedgesin the completemodel graphmay
needto becheckedandremoved.

Basedon the above discussion,we have chosento employ a
forward-selectionstrategy for our DB-histogramconstructional-
gorithms. Unfortunately, efficient forward selectionschemesfor
decomposablemodelsarenot aswell understoodor researchedin

the statisticalliterature[8, 15]. In our work, we proposetwo dis-
tinct forward-selectionalgorithmsfor buildingdecomposablemod-
els for DB histograms.Our first algorithmis basedon a “naive”
strategy thatoperatesby introducingarbitraryedges(basedontheir
benefit)andrunningrepeatedchordalityteststo ensurethedecom-
posabilityof the model. Our second,moreefficient algorithmis
basedon a novel edge-selectionstrategy thatguaranteesthatonly
edgesthatretainthedecomposabilitypropertyareintroducedto the
currentmodelin, essentially, constanttime-per-edge. Notethatthis
forward-selectionschemeis a novel contribution of our work that
is very likely to be of interestto the statistical-modelingcommu-
nity [8]. Dueto spaceconstraintsandto keepthediscussionmore
focusedonthehistogramingissues,thedetaileddevelopmentof our
model-selectionalgorithmsfor DB histogramscanbefoundin the
full versionof thispaper[7]. In thefull paper, wealsodiscusscer-
tain importantpropertiesof decomposableinteractionmodelsand
describehow our algorithmsexploit themto optimizethecompu-
tationaleffort (i.e.,numberof entropy calculations)involvedin the
forward-selectionprocess[7].

3.2 Building the Clique-Histogram Collection
Themodel-selectionprocessprovidesuswith a concisedecom-

posableinteractionmodel
�

thataccuratelycapturesthecorrela-
tionsin thedata.Thenext stepin building theDB-histogramsyn-
opsisis the constructionof theclique-histogram collection ® . As
their namereveals,our cliquehistogramsarebuilt on themarginal
frequency distributions definedby the cliques/generatorsof

�
,

which, by the model-selectionprocess,areguaranteedto capture
the most significantcorrelationpatternsin the data. Histogram
synopsesfor thecliquemarginalscanthenbeused,in conjunction
with thedecomposablemodel,to effectively approximatetheover-
all joint datadistribution 2 aswell asanyothermarginal,by taking
advantageof theclosed-formmodelestimatesandthejunctiontree
representationof themodel(Section3.3).

Two key issuesarisein theconstructionof thecliquehistograms.
First, we needto decideon the type of (multidimensional)his-
togramsthatwill beusedto capturethecliquemarginals.Second,
giventhatourendgoalis to maximizesomeoverall accuracy mea-
surein the DB-histogramapproximationwithin a specifiedspace
budgetof � , wehave to devisemethodsfor intelligentlyallocating
the � storageunits amongthe different clique histogramsbeing
built. Weelaboratefurtheron thesetwo issuesin whatfollows.

Clique-Histogram Types. Themaingoalof ourwork is todemon-
stratethe importanceandviability of statisticalinteractionmodel-
ing techniquesfor buildinghigh-dimensionaldatasynopsesandnot
to introduceanew family of histogramstructuresandconstruction
algorithms. Thus,our DB-histogramconstructionalgorithmsuse
variantsof known histogramingtechniquesto capturethe clique
marginaldistributionsfor agivendecomposablemodel

�
.� MHIST Histogramsareastraightforwardadaptationof thestate-

of-the-art MHIST-2 techniqueproposedby Poosalaand Ioanni-
dis [18]. Abstractly, thekey ideabehindMHIST-2 is to producea
hierarchicalpartitioningof thedataspaceby recursively partition-
ing the bucket that is in mostneedof partitioning until the space
budget(i.e.,numberof availablebuckets)is exhausted.� Grid Histograms arebasedon a simplegeneralizationof ¿ 8ÁÀ
rectangulararraypartitionings(e.g.,[16]) to higherdimensionali-
ties.Weuseasimplegreedyalgorithmfor building grid histograms
that,ateachstep,partitionstheentiredatadistributionalongthedi-
mensionthatis in mostneedof partitioningwhile makingsurethat
theallottednumberof bucketsis notexceeded.

For both histogramtypes, the “need of partitioning” is deter-



minedbasedonthehistogrampartitioningconstraint, e.g.,V-optimal
or MaxDifÂ f [19]. As anexample,a MaxDiff constraintmeansthat
theconstructionalgorithmalwayssplits(thebucketor thedatadis-
tribution) along the dimensionwith the largestdifferencein fre-
quency betweentwo adjacentvaluesby placinga bucket boundary
betweenthesevalues[18].

SpaceAllocation. Given the limited storagebudgetavailablefor
our DB-histogramsynopsis,it is crucial to allocatespaceto the
distinctcliquehistogramsin ® in anintelligentmanner. Typically,
the endgoal is to minimize an overall error of the histogramap-
proximation,suchasthenormalizedmeansquareerroror thetotal
varianceover all histogrambuckets [19]. The problemis some-
whatcomplicatedby thefact that themodelcliquescanbeof dif-
ferentaritiesand,asa consequence,thespacerequiredfor storing
a bucket canvary amongthedifferenthistograms.More formally,
let � �
�������
 �?Ã Ä"Ã denotethe differentcliquesin

�
andlet k N , G N

denotethe numberof bucketsallottedto the histogramfor clique� N andthe spacerequirementsof eachsuchbucket, respectively.
Also, givenanalgorithmfor building the ) ��� cliquehistogram,let
ERRN (Åk N * denotetheoverallerrorof thathistogramin approximat-
ing themarginal distribution over � N whenexactly k N bucketsare
used. Our space-allocationproblemfor the clique-histogramcol-
lectioncannow bestatedasfollows:

Minimize L Ã Ä"ÃN r � ERRN (Åk N * , subjectto

Ã Ä"Ãa N r � k N G N ,Æ� �
This is essentiallya discreteresourceallocationproblemwith a
separable objective function [12], which canbe solved optimally
in pseudo-polynomialtime using dynamicprogramming. More
specifically, let Ç b�È c (<G * denotethe minimum achievable total er-
ror for thefirst É cliquehistogramswhenatmost G unitsof storage
areused;thatis,

Ç b�Ê c (�Ë * � Ì^ÍfÎb�Ï S T � � �>T ÏKÐ c � Êa N r � ERRN (Åk N *1Ñ Êa N r � k N G N ,xË '��
Then,obviously, Ç b % ®u% * bXÒ c givestheoptimalobjectivevalueof our
clique-histogramspace-allocationproblem. The computationof
theoptimalspaceallotmentisdonebasedonthefollowingdynamic-
programmingformulation:

Ç b�Ê c (�Ë * � Ì^ÍfÎÓ r µ T � � �VT È � Ç b Ê!Ô � c (�Ë¼` ¡ * | ERRÊ (�Õ ËG Ê"Ö * '
with theboundaryconditionsÇ b � c (�Ë * � ERR� (�× ÈF S7Ø * for all Ë��y 
�������
 � . Therunning-timecomplexity of ourdynamic-programming
solutionis Ù�( % ®u% � : * , assumingtheerror-functionvaluesERRN for
individual histogramshave beenprecomputed.Note that for grid
histogramseachsplit introducedby theconstructionalgorithmcan
resultin a multitudeof new buckets;thus,theERRN functionsfor
grid will have a “piecewiseconstant”form with theerrordropping
only whentheextra bucketsaresufficient for a new split. MHIST
histograms,on the otherhand,have smoothererror curves,since
eachsplit introducesonly onenew bucket. We deferpresentation
of thefull detailsof ourdynamic-programmingalgorithmfor space
allocationto thefull paper.

A simplerandmoreefficient heuristicalgorithmfor our space-
allocationproblem(termedIncr ementalGains) is depictedin Fig-
ure2. Thekey ideain Incr ementalGainsis to incrementallydis-
tribute the spacebudgetamongthe clique histogramsbasedon
marginal gains[10]. Abstractly, the Incr ementalGainsalgorithm
worksin parallelwith thehistogramconstruction.At eachstep,the
next split for eachcliquehistogram(asdictatedby theconstruction

algorithm)is evaluatedin termsof (a) theimprovementthattheex-
trasplit bringsin termsof theoverallerrorin thehistogramapprox-
imation, and(b) the increasein the amountof spacerequiredfor
storingthenew bucket(s)introducedby thesplit. Amongall candi-
datesplits, Incr ementalGainsselectsthesplit thatmaximizesthe
decreasein errorperunit of requiredbucket spaceand,of course,
doesnot violate our storage-spaceconstraint. The running-time
complexity of the Incr ementalGainsalgorithmis only Ù�( % ®u% |� hfi7j?% ®u% * . Furthermore,it is a well-known result(e.g.,[10]) that
incrementalallocationbasedon marginal gains is, in fact, opti-
mal if the componentsof the separableobjective function (i.e.,
the ERRN ’s) are convex; that is, when the histogramerror func-
tions follow a law of diminishingreturnswith respectto allotted
space.Suchanassumptionmayoftenbesatisfiedduringhistogram
constructionand,therefore,weexpectthatIncr ementalGainswill
typically performwell in practice.

procedure IncrementalGains( ÚuÛ N , ERRNVÜ>Ý!N@Þ ( ß�àâá Ü!ãdã ã@Ü!ä å$ä ) , æ )
Input: AttributesetsÚ�Û � Ü ãdã ã@Ü Û Ã Ä"Ã Þ�ç correspondingto modelcliques;

total storagespacebudget æ ; errormeasureERRN>è�ç andperbucket
storagerequirementÝdN for the ß ��� cliquehistogram.

Output: Feasiblebucket allocation é³ê � Ü!ã ã ã+Ü ê Ã Ä"Ã"ë thatminimizes
theoverall histogramapproximationerror.

begin
1. /* all histogramsstartasonebucket containingtheaveragefrequency */
2. éÁê � Ü ã ã!ãìÜ ê Ã Ä�Ã ë àYé1á Ü ã!ã ãìÜ á ë , used:= í N Ý!N
3. foundOne:= true
4. while (foundOne= true) do
5. foundOne:= false
6. let î N betheextrabucketsrequiredfor addinganew split (as

dictatedby theconstructionalgorithm)to thehistogramfor
clique Û N , ß+àÆá Üdãdã ã@Üä å$ä

7. let ï ERRN�ð à ERRN>è ê Nìñ î N<ç�ò ERRN>è ê N0ç , ßóàÆá Üdãdã ã@Ü!ä å$ä
8. sortall candidatesplitsin theorder éÁß � Ü ãdã ã@Ü ß Ã Ä"Ã ë suchthat

for eachô : õ ERRöX÷� öf÷ U F öf÷qø õ ERRöX÷ R@S� öX÷ R+S U F öf÷ R+S
9. ù ð àúá
10. while (usedñ î NQû�ü!Ý!Nýû ë æ ) do ù ð à¸ù ñ á
11. if ( ù+þÿî ) then
12. addanew split to thehistogramfor clique Û Nýû
13. ê Nýû¤ð àoê NQû+ñ î NQû , used:= used- î NQû�ü!Ý!Nýû
14. foundOne:= true
15. end
16. end
end

Figure2: The Incr ementalGainsspace-allocationalgorithm.

3.3 Using DEPENDENCY-BASED Histograms
Efficiently estimatingthe selectivity of a range-querypredicate

over (a subsetof) the � dataattributesusing DB histogramsre-
quiresnovel usagetechniquesthateffectivelyutilize themodelstruc-
ture in conjunctionwith the clique histograms. In this section,
we proposealgorithmsfor estimatingquery-predicateselectivities
using DB histograms. Let «¬�  � 
0®�¯ denotea DB his-
togramonattributes

� 	 � 
�����$
 	 � ' andlet � bearange-selection
predicatedefined,without loss of generality, over the attributes	 � 
������
 	 º , where ¢ ,�� ; that is, � specifiesno rangesover	 º�� ��
�����$
 	;� . Also, let � �
�������
 �?Ã Ä"Ã denotethecliques/generators
in theconstructeddecomposablemodel

�
andlet ® � � ´ (<� � * 
������
 ´ (<� Ã Ä�Ã * ' , where ´ (<� N * is thehistogrambuilt for clique � N

( )¤� � 
�������
K% ®u% ).
Estimatingthe selectivity of � is accomplishedby using « to

computethe (approximate)marginal frequency distribution over
the specifiedattributes

	 � 
�������
 	 º . We demonstratehow this
computationcanbe carriedout efficiently by exploiting the junc-



tion treerepresentationof ourdecomposablemodel
�

(Section2.2).
Given� the “product form” of the selectivity estimatesdictatedby�

, we alsoneedeffective algorithmsfor computingthe product
andprojection(i.e., “marginalization”)of our histogram-basedap-
proximationsto the model’s clique marginals. We proposealgo-
rithmsfor thesehistogramoperationsin thesecondpartof thissec-
tion. (Our DB-histogramimplementationalsoincorporatesseveral
practicaloptimizations;adiscussioncanbefoundin thefull paper.)

3.3.1 ComputingArbitrary Marginal Distributions
As we alreadypointedout in Section2, oneof themainadvan-

tagesof usingadecomposableinteractionmodel
�

in « is thatit
allows for direct,closed-formestimatesfor the joint datadistribu-
tion 2 thatwewantto approximate.Theseestimateshaveaproduct
form thatcanbedirectlyreadoff thejunctiontreerepresentationof�

[2, 14], denotedby ¨u( � *
. Recallfrom Section2.2that ¨u( � *

is a treeover thecliquesof
�

thatsatisfiestheclique-intersection
property; thatis, for eachpair � N and � / of cliques,theset � N�© � /
is containedin every cliqueon the pathconnecting� N and � / in¨�( � *

. Anotherimportantpropertyof thejunctiontreestructureis
theseparation property: “For eachedge (<� N 
 � �K* in ¨u( � *

thesetA N � � � � © � : separates� N `ÆA N � and � � `ÆA N � in
�

.” Based
on this propertyand the interpretationof separationin termsof
conditionalindependencein decomposablemodels,giventheedge(<� � 
 � : * in ¨�( � *

wecanestimatethejoint frequency distribution
of � ��� � : usingtheformula 2�� S	� �@���E2�� S # 2
�ì� � 2
� S�� �ì� . Simi-
larly, theform of theestimatesfor theoverall joint frequency distri-
butioncanbereadoff ¨u( � *

basedon thefollowing formula[15]:

�2 � p Ã Ä"ÃN r � 2�� öp b � ö T � ÷ c��� b � c 2 � ö � � ÷ � (2)

The above resultdirectly providesus with a naive methodfor
computingthe marginal frequency distribution over

	 ��
�������
 	 º
and, therefore,estimatingthe selectivity of � : simply build the
junction tree ¨u( � *

, thenuseEquation(2) to reconstructthe full
joint frequency distribution �2 basedon thecliquehistogramsand,
finally, project �2 ontotheattributesof interest

	 ��
�����$
 	 º . (Note
that,givenachordalgraph �E��(�� 
 Z * , a junctiontreerepresenta-
tion of � canbecomputedveryquickly in Ù�( % � % | % Z % * time[14].)
However, computingthe full frequency distribution is obviously
an overkill since,in mostpracticalscenarios,the rangepredicate
� specifiesselectionsover only a small subsetof attributes(i.e.,¢   � ). Wenow proposea moreefficientalgorithmthatmakes
moreeffective useof the junction treerepresentationto minimize
thecomputationrequiredfor obtainingarbitrarymarginals.

Ouralgorithmviewsthejunctiontree ¨u( � *
asarootedtreewith

an arbitrarily-chosenroot node(clique). Also, with eachnode � N
in ¨u( � *

weassociatetheunionof thecliquescorrespondingto all
thedescendentsof thenodein ¨u( � *

, includingitself. Thisunion,
denotedby cover( � N ), can obviously be computedin a single
bottom-uptraversalof thetree.Thecompleteoutlineof our recur-
sivemarginal-computationalgorithm(termedComputeMarginal)
is shown in Figure3. The input argumentsof ComputeMarginal
are (1) a node � N of the (rooted) junction tree ¨u( � *

, and (2)
a set of attributes A�� for which a histogramof their joint fre-
quency distributionis requiredfrom the(sub)treerootedat � N . Our
descriptionusesthe functionsproject andproduct; briefly,
project( ´ (<� * , A ) returnsthe projectionof histogram ´ (<� *
over � ontothesubsetof attributesA1�x� , whereasproduct( ´ (<� N * ,´ (<� �K* ) returnsthehistograḿ (<� N � � �K* over � N � � � thatresults
from multiplying ´ (<� N * and ´ (<� �K* usingtheseparationformula
for obtainingfrequencies,i.e., 2 � ö � � ÷ � 2 � ö # 2 � ÷ � 2 � ö � � ÷ . (The

relevantalgorithmsaredescribedin Section3.3.2.) Briefly, Com-
puteMarginal first checkswhetherthe clique � N is a supersetof
the specifiedattributes A � since,in that case,we canget the his-
togramfor A�� by simply projectingout theunnecessaryattributes
from ´ (<� N * (Step1). If � N cannotcomputetherequiredfrequency
distribution by itself thenwe keeptheportionof A � whosedistri-
bution canbe determinedfrom � N ( � N�© A�� ) andrecursively use
the childrenof � N to computethe relevant marginals for the re-
mainingattributes( A��Æ`E� N ). In the simplercase(Steps4–10),
thereexists a singlechild � � of � N that covers all remainingat-
tributes. Then, we canthensimply passall remainingattributes
to that child but, of course,we alsohave to ensurethat we aug-
ment this setwith all attributesin the separatorA N � ��� N © � � ,
sothattheresultingfrequency distributionscanbeproperlymulti-
pliedoutbasedonthetree’sseparationproperty(Steps7–9).In the
morecomplex case(Steps11–19),noneof the childrencancom-
pute the distribution of A � `E� N by itself, so we mustbreakupA��^`H� N into multiplepartssuchthateachpartcanbehandledby a
singlechild node.Theresultingmarginalsareagainmultipliedout
basedontheseparationpropertyto obtaintheoverall frequency es-
timatesfor A � (Steps14–16). The initial invocationof algorithm
ComputeMarginal sets � N equalto the root nodeof ¨�( � *

andA�� � � 	 � 
������
 	 º ' .
procedure ComputeMarginal( Û N , � � )
Input: Node/cliqueÛ N in the(rooted)junctiontree � è��qç ; collectionof

attributes � � whose(approximate)joint frequency distribution is
requiredfrom the(sub)treerootedat node Û N .

Output: Histogramgiving theapproximatefrequency distribution of � � .
begin
1. if � ��� Û N then return project( � è Û N5ç , � � )
2. else
3. let int := Û N�� � � anddiff := � � ò Û N
4. if ( diff � cover( Û � ) for somechild Û � of Û N ) then
5. if ( int à�� ) then return ComputeMarginal( Û � , � � )
6. else
7. let � N � := Û N�� Û �
8. � � := ComputeMarginal( Û � , diff  �� N � )
9. return project( product( � è Û N<çVÜ � � ) , � � )
10. end
11. else
12. let � ð à�� è Û N0ç
13. for eachchild Û � of Û N suchthat Û � � diff !à�� do
14. let � N � := Û N�� Û �
15. � � := ComputeMarginal( Û � , è Û � � diff)  "� N � )
16. � := product( � , � � )
17. end
18. return project( � , � � )
19. end
20. end
end

Figure3: Computing marginal histogramsusingjunction tr ees.

Algorithm ComputeMarginal is muchmoreefficient thanthe
naive techniquedescribedabove and,in fact, it canbeshown that
ComputeMarginal is optimal in termsof thetotal numberof his-
togrammultiplicationsandprojectionsrequired.Ontheotherhand,
ComputeMarginal doesnot addressthe issueof finding theopti-
mal order for multiplying the relevant histogramsfor obtaininga
givenmarginal. Thisproblemis similar in spirit to thewell-known
matrix-chainmultiplicationproblem[5] and,in fact,reducesto that
problemin the caseof a simplepath modelgraph

�
anda two-

variablerangepredicate� . Optimizing the multiplication opera-
tions for generalmodelgraphsandrangepredicatesrequiresex-
tendingtheseearlierresultsto muchmoregeneraltensorproducts,
whichis, to thebestof ourknowledge,anopenproblem.Weintend



to addressthis issueaspartof our futurework on DB histograms.

3.3.2 Multiplying andProjectingCliqueHistograms
Wenow discusstheimplementationof thebasicclique-histogram

operations(i.e.,project() andproduct()) thatareusedin our
selectivity-estimationprocedure.We focuson projectionandmul-
tiplication algorithmsfor MHIST histograms;the algorithmsfor
grid histogramsare ratherstraightforward (this was actually the
mainreasonwe includedthemin ourstudy)andthey canbefound
in thefull paper.

We proposea morespace-efficient representationfor multi-di-
mensionalMHIST histogramsthanthe onedescribedin the orig-
inal paperof Poosalaand Ioannidis[18]. For an � -dimensional
MHIST bucket, their representationrequiresstoring a frequency
andthehighandlow valueboundariesin eachof the � dimensions,
resultingin a totalof (  �;|Æ� * numericvaluesperbucket. Ourkey
observationhereis thatanMHIST histogramis basicallya hierar-
chicalbinarypartitioningof thedataspace.Thus,insteadof storing
eachMHIST bucket explicitly, we proposestoring the histogram
asa treestructure(termeda split tree) thatcapturesthesplitsper-
formedby theMHIST-constructionalgorithm. Eachinternalnode
of thesplit treejustneedsto storethesplit valueandthedimension
alongwhich thesplit wasperformed,whereaseachleaf nodejust
needsto storethefrequency for thecorrespondingbucket. GivenaË -bucket � -dimensionalMHIST histogram,it is easyto verify that
our split-treerepresentationrequiresstoringonly (9�_Ë `  * num-
bers,which is clearlyasignificantimprovementover the Ë_(  �?| � *
numbersrequiredby thenaive representation.

Weproposemultiplicationandprojectionalgorithmsfor MHIST
histogramsthat work solely on our space-efficient, split-treerep-
resentationfor both the input and output histogramsof the op-
erator. Both algorithmsmake useof a simpleproceduretermed
restrictNode( \ , � ) that takes as input a node \ in a split
treefor a collectionof attributesanda restriction � on theranges
of (a subsetof) theseattributes.Theresultof restrictNode is
a split treederivedfrom thesubtreerootedat \ thatonly contains
thesplit andleafnodesthatpertainto theinput rangerestriction� .
TherestrictNode operatorrequires(at most)onetraversalof
thesubtreerootedat \ . Thepseudo-codefor projectinganMHIST
histograḿ (<� * ontoa subsetAÆB�� of its attributesis shown in
Figure4. Mostof thework for project( ´ (<� * 
 A ) isdonein are-
cursivesubroutine,termedgenSplits, thatessentiallygenerates
thesplit-treestructurefor theprojectedhistogram.Thekey require-
mentfor genSplits is to ensurethat,in theend,all splitsalong
dimensionsin A for any of thehierarchically-generatedbucketsin´ (<� * arereflectedin thesplit treefor theprojectedhistogram.For
example,if onebucket of ´ (<� * is split on

	 ����y andanother
on
	 �  y both ��y and  y needto appearassplit pointswhen

the histogramis projectedonto
	

. This is handledby usingthe
restrictNode procedureto “transfer”all therelevantsplitsinto
thecurrentlyexploredsubtree(Steps9–12).(Notethat \$#Ó and \$#%
areinterchangeablein Steps8–12.) Finally, project computes
the frequenciesfor the leaf nodes(i.e., buckets) in the split tree
for the projectedhistogramby summingthe frequenciesover all
thecontributing leavesof ´ (<� * ; of course,thesummedfrequen-
cieshave to be appropriatelyscaledby the relative volumeof the
bucket along A (intra-bucket uniformity assumption)(Steps2–4).

The pseudo-codeof our algorithmfor multiplying two MHIST
clique histogramś (<� N * and ´ (<� �&* to obtain an MHIST his-
tograḿ (<� N � � �7* onthejoint distributionof � N � � � is depicted
in Figure5. Thekey intuition underlyingour algorithmis asfol-
lows. Let A N � ��� Nd© � � andconsidertwo buckets Ë N'& ´ (<� N * andË N & ´ (<� N * . If Ë N and Ë � overlapalongany of thedimensionsin

procedureproject( � è Û ç , � )
Input: MHIST histogram(split tree) � è Û ç on Û ; attributes �$(oÛ on

whichwewantto project � è Û ç .
Output: � è � ç MHIST histogramon � .
begin
1. � è � ç := genSplits(root(� è Û ç ) , � ) /* split-treefor theprojection*/
2. for every leaf ù of � è � ç do
3. frequency( ù ) := í Ó*)�+ Ó*) ü frequency è ù # ç , wherethesummationis

overall leaves ù # of � è Û ç thatcontainù alongthedimensionsin �
and + Ó*) à volume(ù along � )/volume(ù # along � )

4. end
end

subroutine genSplits( , , � )
Input: Split-treenode , ; subset� of thesplit-treeattributesonwhichwe

wantto “project” thesubtreerootedat , .
Output: , # root for anew split-treestructureresultingfrom theprojection

of the , -rootedsubtreeon � # .
begin
1. let - and . bethesplittingattributeandsplit valueat node ,
2. let , Ó and , % denotetheleft andright child of ,
3. , #Ó := genSplits( , Ó , � )
4. , #% := genSplits( , % , � )
5. if -0/1� # then
6. createnew internalnode , # with children , #Ó and , #% , andsplit è - Ü . ç
7. else
8. set , # := , #Ó
9. for every leaf ù of , # do
10. let 2 denotetheattributerangesoccupiedby ù
11. replaceù with restrictNode( , #% , 2 )
12. end
13. end
end

Figure4: MHIST projection algorithm.

A N � , thenthey resultin anew bucketin theproducthistogramwhose
boundariesalongthedimensions� N `1A N � ( � � `úA N � ) areexactly
thoseof Ë N (resp.,Ë � ), whereasits boundariesalongdimensionsinA N � aredefinedby theintersectionof Ë N and Ë � in thosedimensions.
Ourproduct algorithmemploys this observationto generatethe
split-treestructurefor theproducthistogramby first initializing that
structurewith oneof theinput split trees,say ´ (<� N * (Step1), and
then,for eachleafnodeof ´ (<� N * , usingtherestrictNode pro-
cedureon theotherinput treeto generatethetreestructurefor the
productbuckets (Steps2–5). Finally, the frequenciesfor the leaf
nodesin the productsplit treearecomputedusingthe separation
formula on the frequenciesof the “enclosing”bucketsof ´ (<� N * ,´ (<� � * , and ´ (<A N � * � project( ´ (<� N * , A N � ), which,of course,
have to beproperlyscaledby therelative volumeof thebucket in-
tersectionalong A N � (intra-bucketuniformityassumption)(Steps7–
11).

4. EXPERIMENT AL STUDY
In this section,we presentthe resultsof an extensive empirical

studyin which we comparethequality of approximateanswersto
selectivity estimationqueriesobtainedusingDB histogramswith
variousprevalentselectivity estimationalgorithms.Themajorfind-
ingsof our studycanbesummarizedasfollows.� DecomposableModels are Effective. For all datasets,decom-
posablemodelswith small complexity (that is, few edges)yield
goodapproximationsto theoriginal dataset.Thus,decomposable
modelsprovideuswith aneffectivemechanismfor accuratelycap-
turing thedatadistributionof multi-dimensionaldatasets.� Better Approximate Answer Quality. In general,the quality
of theapproximateanswersreturnedby DB histogramsis superior



procedureproduct( � è Û N<ç , � è Û � ç )
Input:3 MHIST histograms(split trees)� è Û N0ç and � è Û � ç on attributesetsÛ N and Û � , respectively.
Output: MHIST histogram� è Û N  ;Û � ç on Û N  ;Û � .
begin
1. set � è Û N  ;Û � ç := � è Û N0ç /* initialize with split treefor aninput */
2. for every leaf ù of � è Û N  ¾Û � ç do
3. let 2 J betherangesof attributesin � occupiedby thebucket at ù
4. replaceù with restrictNode( � è Û � ç , 2 J )
5. end
6. � è � N � ç := project( � è Û N<ç , � N � ), where � N � à Û N�� Û �
7. for every leaf ù of � è Û N  ¾Û � ç do
8. let ù N , ù � , ù N � betheleavesof � è Û N5ç , � è Û � ç , and � N � (respectively)

thatcontainù alongtherespective dimensions
9. let + Ó ö := volume(ù along Û N )/volume(ù N along Û N ), with + Ó ÷

and + Ó ö ÷ definedsimilarly

10. frequency( ù ) :=
b*4 û ö U frequency

b Ó ö cÅc U b54 û ÷ U frequency
b Ó ÷ cÅcb54 û ö ÷ U frequency b Ó ö ÷ cÅc

11. end
end

Figure5: MHIST multiplication algorithm.

to thatof competinghistogramingmethods.Further, for a number
of selectivity estimationqueries,theapproximationerrorwith DB
histogramsis asmuchas5 timessmallerthantheerrorfor thebest
competingalgorithm.� DB histogramsare StorageEfficient. DB histogramsprovide
fairly accurate(lessthan50% error) answersto rangequerieson
mostreal-life datasets(oneof which hasa dimensionalityashigh
as12),while requiringlessthan1%of thestoragespaceconsumed
by theoriginaldataset.

Thus,our experimentalresultsvalidatethe thesisof this paper
that DB histogramsynopsesprovide a viableandeffective means
for approximatingthe joint distributionsof high-dimensionaldata
sets.Dueto spaceconstraints,we do not presenttheresultsof our
experimentson constructiontimes or query answeringtimes for
DB histograms;they canbefoundin thefull paper[7]. Note,how-
ever, thathistogramconstructioncanbespeededup by usingran-
domsamplesof thedatato build theinteractionmodels,while the
histogramusagetechniquesdescribedin Section3.3canbeusedto
processqueriesefficiently.

4.1 Experimental Testbedand Methodology
Selectivity Estimation Techniques. We considerthreedifferent
selectivity estimationtechniquesin our study.� � ´76�A3� . We build a multi-dimensionalhistogramon all the
attributesin the baserelationusing the MHIST-2 techniquepro-
posedby PoosalaandIoannidis[18]. Usingourspace-efficient tree
representationfor thesehistograms,the storagespacerequiredis
approximately8_Ë bytes,where Ë is thenumberof histogrambuck-
ets.Here, � Ë bytesarerequiredto storethecountsfor the Ë leaves
of thetree,andstoringthesplit dimensionandvaluefor the Ë `Æ�
internalnodesrequiresË `â� and � Ë ` � bytes,respectively2.�:9 \³� (IndependenceAssumption). In this approach,a separate
one-dimensionalhistogramfor eachattribute of the basetable is
built. For thepurposeof answeringqueries,it is assumedthatall
dataattributesaremutually independent,andthejoint distribution
canbe obtainedasthe productof the individual one-dimensional
marginals. Thestoragespacerequiredfor Ë bucketsof 9 \³� his-
togramsis ±_Ë bytes( � bytesto specifytheseparatorfor eachbucket
and � bytesfor the bucket frequency). Thebucketsfor 9 \³� are:

Hereweassumethat,for aninternalnodein thesplit tree,storingthesplit
dimensionrequires1 byte,regardlessof thedimensionalityof thedataset.

constructedusing a proceduresimilar to Incr ementalGains(see
Figure2) usingthesetof all attributesasthesetof cliquesinput to
theprocedure.We usedthetotal varianceacrossall thehistogram
bucketsastheerrorfunction.� DB Histograms. We constructDB histogramsusingthe algo-
rithmsdescribedin Sections3.1and3.2.Weconsiderthefollowing
two heuristicsfor selectingthenext bestinteractionedgeto addto
model

�
in theforward-selectionprocess.��; � � : The edgewith the higheststatisticalsignificancefor

theimprovementin divergenceis chosen.��; ��: : The edgefor whom the ratio of the improvementin
divergenceand the increasein the total model statespace
(that is, the sumof the productof the domainsizesfor all
theattributesin eachclique) is maximum,is selected.(The
justificationfor the ; � : heuristiccanbefoundin [7].)

Weuse
� ´76�A3� histogramsfor approximatingthefrequency dis-

tributionsof thecliquesin thedecomposablemodel
�

of theDB
histogram. Thus, the storagespacerequiredfor Ë buckets is 8_Ë
bytes,similar to

� ´76�A3� . Further, procedureIncr ementalGains
is usedto allocatespaceamongthevariouscliquehistograms(with
thetotal varianceacrossall bucketsastheerrorfunction).Thereis
anadditionaloverheadof storingthe junctiontreeassociatedwith
the model,but that is negligible comparedto the sizeof the his-
togramsynopsis.

Unlessstatedotherwise,wheninferring themodel
�

for adata
set,wefix 6 º¼»�½ , themaximumcliquesize,to be2, sincewefound
that including 3-dimensionalclique histogramsdecreasesthe ac-
curacy of DB histogramsconsiderably. As a consequence,for a
relationcontaining� attributes,

�
is a treeandtheDB histogram

for the tablecontains�1` � clique histograms. We alsoset the
thresholdfor thestatisticalsignificancelevel, < , to 90%.However,
we found that dueto the small valuefor 6�º¼»�½ , the statisticalsig-
nificancerarelyeliminatededgesduringmodelconstruction.

One importantselectivity estimationtechniquethat we do not
includein ourempiricalstudyis randomsampling. This technique
involveskeepinga randomsampleof thedatain memory, against
which thequeriesarerunandtheansweris appropriatelyscaledto
estimatetheresultof executingthequeryonthecompletedatabase.
In our experiments,weobservedthat,becauseof thesmallstorage
spaceallocatedto the synopses,hardly any tuplesin the sample
satisfiedthe query, andthe returnedanswerwasalmostalways0.
Therefore,wedonotconsiderthis techniqueany further.

Real-life Data Sets. In our experiments,we usedreal-life data
setsobtainedfrom the US CensusBureau(www.census.gov/)
as well as a dataset on California housingfrom a 1990 survey
(lib.stat.cmu.edu/). Dueto spaceconstraints,our resultswith
theCaliforniahousingdatasetcanbefoundin [7].� CensusData Set. We usethe CurrentPopulationSurvey (CPS)
datasourceandwithin it, thePersonDataFilesof theMarchQues-
tionnaireSupplement.Weusetwo differentattributesubsets.

1. Data Set1. This datasetconsistsof thefollowing attributes
(thesizeof eachattributedomainis includedin parentheses):
race(4), nativecountryof the sampleperson(113), native
countryof mother(113),nativecountryof father(113),citi-
zenship(5) andage (91). Weexpectthefirst fiveattributesto
behighly correlated,while the lastattribute is relatively in-
dependentof therestof theattributes.Thisdatasetcontains
a totalof 125705tupleswith 13449distincttuples,andhasa
totalsizeof approximately315KB.

2. Data Set2. To demonstratethat our techniquescanhandle
datasetswith highdimensionalitywell, weusea12attribute



projectionof theCensusdataset.In additionto theattributes
describedabove, in thisdataset,weincludethefollowing at-
tributes:industrycode(237),No. of hours usuallyworkedat
themainjob (88), educationalattainment(17), censusstate
code(51), countycode(91). Dataset2 containsa total of
83566tupleswith 63090distinct tuples,andhasa total size
of approximately2.88MB.

Query Workload. We comparethe selectivity estimationtech-
niqueson a randomlygeneratedrange-selectivity queryworkload.
Eachqueryon a singlerelationspecifiesrangesfor a subsetof at-
tributesin the relationandleavesthe rangesfor the remainderof
theattributesunspecified.We refer to a querywith 6 specifiedat-
tributerangesasa 6 -D query. Givena 6 , the 6 -D queryworkload
consistsof 100randomlygenerated6 -D queries;for eachquery, the6 attributesandtherangeextentsfor thoseattributesarerandomly
chosen. In our final reportedresults,we do not considerqueries
thatcover lessthan100tuplesin thebaserelation.

Answer-quality Metrics. The answersobtainedusing the three
histogramingtechniquesdescribedabove are comparedwith the
correctanswercomputedusingtheoriginaldataset.Weuseoneof
two metrics(describedbelow) to gaugethequality of anapproxi-
mateanswerto a query. In the following, the correctanswerto a
queryis = andtheapproximateanswercomputedusinga synopsis
is = F .

1. Absoluterelativeerror, definedas % = F `>= % � = .

2. Multiplicativeerror, definedas Ì@?�A � = F 
 = ' � Ì^ÍfÎ � = F 
 = ' .
While the relative error is fairly standard,the main reasonto use
the lesscommonmultiplative error metric is that, for higher di-
mensionalityqueries,9 \³� tendsto give very small answersfor
mostqueries.But even for ananswerequalto 0, theabsoluterel-
ative error is still at most1. As we will seelater, becauseof this,9 \³� appearsto performbetterfor high dimensionalityqueries.
Themultiplicativeerrormetriccorrectsthisshortcomingof therel-
ativeerrormetricby penalizingverysmallanswersaswell.

In the graphsdepictingthe resultsof our experiments,thefinal
reportederror for eachqueryworkload is obtainedby taking the
averageof theerrorsfor the100randomqueriesin theworkload.

4.2 Experimental Results
4.2.1 CensusDataSet1
How goodareDecomposableModels? Ourfirstexperimentdemon-
stratestheeffectivenessof decomposablemodelsatapproximating
theoriginaldatasetwith respectto our range-queryworkloads.In
this experiment,edgesareaddedto themodelin decreasingorder
of thestatisticalsignificanceof theimprovementin approximation
due to the edge(disregardingthe parameters6�º¼»�½ and < ). Fur-
ther, for eachclique in the model,we storethe projectionof the
entiredataseton cliqueattributes,andusetheseprojectionsto an-
swerqueries. Eachprojection,in effect, correspondsto a clique
histogramwith anunlimitednumberof buckets,andthuscaptures
thedatadistributiononcliqueattributescompletelyandaccurately.
Consequently, errorsin thefinal queryansweraresolelydueto the
modelandapproximationerrorsdueto cliquehistogramsarefac-
toredout from thefinal result.

Figure6 depictstheperformanceof themodelsselectedby ; � �
and ; �;: for queryworkloadswith differentdimensionalities.As
wecansee,theaverageerrorsfor boththeseedgeselectionheuris-
tics drop rapidly as the complexity of the model increases.For
instance,for thedecomposablemodelcontainingonly 4 edgesand
selectedusing ; � � , theerroris less10%.Thus,it follows thatde-
composablemodelsaregoodat accuratelycapturingcorrelations

in theunderlyingdata.Further, observe that theerrorratesfor the
model chosenusing ; � � drop much more rapidly comparedto; �;: . This is not entirelysurprisingsince ; � � selectsedgesfor
themodelassumingperfectcliquehistograms,which is truein this
experiment.However, aswe will seelater, ; ��: is perhapsmore
suitablein practice,sincefor a majority of realisticenvironments,
dueto storagespacelimitations,eachcliquehistogramcanbeex-
pectedto only coarselyapproximatetheoriginaldistribution.
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Figure6: Effectivenessof DecomposableModels.

DB Histogram Accuracy. In Figure7, we plot the relative and
multiplicativeerrorsfor thevariousselectivity estimationtechniques
on 6 -D queryworkloads( 6��n� 
�������
V� ). The storagespacefor
histogramsallocatedto eachmethodwasfixed at 3KB. From the
graphs,it follows that ; � : outperformsthe othertechniquesfor
all 6 -D queryworkloads(except 6��I� ); further, for certainquery
workloads( 6ú��� ), the error for ; � : is half the error for com-
petingmethods.In general,boththeDB-histogramingtechniques; � � and ; ��: performquitewell sincedecomposablemodelsare
goodat separatingunrelatedattributes,and traditionalhistogram
methodslike

� ´76�A3� approximatelow-dimensionaldatasetsquite
well. Further, unlike ; � � , since ; � : alsotakesinto accountthe
spacerequirementsof cliquehistogramswhenselectingedgesfor
the model and the amountof storageis limited, it resultsin the
smallestvaluesfor error.

Notethatthepoorperformanceof
� ´76�A3� canbeattributedto

thewell-known factthattraditionalhistogramingapproachessuffer
from the“curseof dimensionality”whentrying to approximatedis-
tributionsfor high-dimensionaldatasets.Also, since9 \³� builds
only one-dimensionalhistograms,it shouldcomeas no surprise
that it resultsin the lowest errorsfor 1-D queries. However, its
performancewith respectto relative error is somewhatmisleading
since9 \³� typically returnssmallanswersfor mostqueries.The
multiplicative error is more indicative of 9 \�� ’s overall perfor-
mance,whichsuffersbecauseof theinvalid assumptionmadeby it
thatattributesaremutuallyindependent.

Effect of StorageSpaceon Histogram Accuracy. Figure8 de-
pictserrorsfor a 3-D queryworkloadasstoragespaceallocatedto
theselectivity estimationtechniquesis increased.Thebehavior for
otherqueryworkloadsshow asimilar trend.

From Figure8, we canseethat errorsfor ; ��: and ; � � de-
creaseastheamountof storagespaceis increased.This is because
theincreasedstoragehelpseachlow-dimensionalcliquehistogram
to approximatethe datamore accurately, and thus improves the
overallaccuracy of theDB histogram.However, theextraspacehas
little effect on

� ´76�A3� and 9 \³� dueto inherentproblemsre-
latedto approximatinghigh-dimensionaldatasetsandtheattribute
independenceassumption.
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Figure7: Resultsfor the 6-D CensusData Set.
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4.2.2 CensusDataSet2
We presentresultsfrom our experimentson theCensusdataset

2 in Figure9. The total storagespaceallocatedto the synopses
for this datasetwas20KB (approximately0.67%of the original
dataset).Theresultsaresimilar to thosefor theCensusdataset1,
with ; � : doingmuchbetterthantheothertwo techniqueson the
combinationof our two errormetrics.
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Figure9: Resultsfor the 12-DCensusData Set.

5. CONCLUSIONS
In this paper, we have proposedDEPENDENCY-BASED (DB)

histograms,a novel approachto histogram-basedsynopsesthatef-
fectively overcomesthe “curse of dimensionality”by employing
the solid foundationof statisticalinteractionmodelsto explicitly
identify andexploit the dependencepatternsin the data. The ba-
sic ideais to breakthe synopsisinto (1) a decomposableinterac-

tion modelthat accuratelycapturesthe significantattributecorre-
lationsandindependenciesin thedata,and(2) a collectionof his-
togramson low-dimensionalmarginals that, basedon the model,
canbeusedto derive accurateapproximationsof theoverall joint
datadistribution. Our experimentationwith differentreal-life data
setshasvalidatedourapproach,demonstratingthatDB histograms
provide significantlybetterapproximationsthanconventionalhis-
togramingtechniques.An importantfeatureof ourgeneralmethod-
ology is that it canbeusedto enhancetheperformanceof several
otherdata-reductiontechniquesin medium-to high-dimensionality
spaces:statisticalinteractionmodelscanhelp identify thesignifi-
cantattributecorrelationpatternsin thedataand,therefore,thein-
terestinglower-dimensionalsubspacesthatshouldbeapproximated
independentlyin asynopsis.
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