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Abstract

Thereare numerouscaseswherewe needto rea-
sonaboutvehicleswhoseintentionsanditineraries
are not known in advance to us. For example,
CoastGuard agentstracking boatsdonÕt always
know wherethey areheaded.Likewise,in drugen-
forcementapplications,it is notalwaysclearwhere
drug-carryingairplanes(which do often show up
on radar) are headed,and how legitimate planes
with an approved ßight manifestcan avoid them.
Likewise, trafÞc plannersmay want to understand
how many vehicleswill be on a given road at a
given time. Past work on reasoningabout vehi-
cles (suchas the Òlogicof motionÓby Yamanet.
al. [Yamanet al., 2004]) only dealswith vehicles
whoseplansareknown in advanceanddonÕt cap-
turesuchsituations.In thispaper, wedevelopafor-
mal probabilisticextensionof their work andshow
that it capturesboth vehicleswhoseitinerariesare
known, andthosewhoseitinerariesarenot known.
We show how to correctlyanswercertainqueries
againsta set of statementsabout such vehicles.
A prototypeimplementationshows our systemto
work efÞcientlyin practice.

1 Intr oduction
Therearemany applicationswhereonemay wish to reason
abouta setof moving vehicles. Oneexampleis [Mittu and
Ross,2003] whodeveloped(jointly with theUSNavy, Lock-
heedMartin, BBN, and other companies)ways to predict
whereand when an enemysubmarinewould be in the fu-
ture (andwith what probability) basedon knowledgeabout
its past movements,terrain conditions,etc. Their predic-
tions consistof a set of statementsof the form ÒVehicle v
will be at location L with someprobability in the interval
[!, u].Ó Likewise, BAE Systemsand the US Army devel-
opeda systemwhich makes similar makes similar predic-
tive statementsaboutwhereland vehicleswill be in the fu-
ture. Cell phonecompaniesare(andin somecasesalready
have) developedmethodsto predictwherecell phoneusers
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will be going in the future Ñ a small numberof law en-
forcementagenciesin the US alreadyusesuchprobabilis-
tic predictionsto track selectedcriminals (e.g. in the case
of a child abductionin the US, an Amberalert is used)and
suchpredictionshelp determinewherebestto cut themoff.
Theseare threeapplicationswe know of wherepredictions
of the form Òvehiclev is going to be at locationL at time t
with probabilitypÓareautomaticallygeneratedandreasoned
with. Therearenumeroustheoreticalmodelsalreadyto pre-
dict wherevehicleswill be in the future, whenthey will be
there, and with what probability [Chen and Chien., 2001;
Tsanget al., 1999;Kato et al., 2004]. This paperdoesnot
reinventthewheelbyshowinghowto predictwhenandwhere
vehicleswill be in the future - this hasalreadybeendonein
[ChenandChien.,2001;Tsangetal., 1999;Katoetal., 2004;
Mittu andRoss,2003] anda hostof otherpapers. Rather, we
focusonhowto reasonaboutsuch predictions.

In this paper, we develop a principled approachto solv-
ing suchproblemsby extendingÒgoÓtheoriesdueto Yaman
et. al. [Yamanet al., 2004;2005]. Their framework is suit-
ablefor reasoningaboutapplicationswherewe know theve-
hiclesÕintendeddestinationsÑ however, therearemany ap-
plicationssuchas the threementionedabove wherethis is
not known with certainty. A seconddrawbackof the above
framework is that while temporalindeterminacy is allowed
via intervals,no probabilitymeasureis associatedwith those
intervals. This againis appropriatewhenwe are reasoning
aboutplansknown to us (e.g. ßight plans),but is not appro-
priatewhenwe arereasoningabouta vehicle(e.g.anenemy
vehicleon the battleÞeld)whoseplansarenot known to us
with 100%accuracy.

In this paper, we proposeÒprobabilisticÓgo (pgo theory
for short)theoriesby building on[Yamanetal., 2004]. A pgo
theoryallows us to reasonaboutmotionplansthatwe know
aswell asmotionplansthatwe do not know with 100%cer-
tainty. The next sectionprovidesa syntaxfor pgo theories.
Thesectionafter thatgives a formal modeltheoreticseman-
tics. The following sectionshows how to checkconsistency
of pgo theoriesvia linear programming.However, the size
of thelinearprogramin questionmaybeexponential,leading
oneto initially suspect(wrongly) that consistency checking
hereis NP-complete. We subsequentlydeterminethat this
problemis polynomiallysolvable(undertheassumptionthat
we arereasoningonly abouta Þnitefuture) by constructing
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a polynomiallysizedsetof linearconstraintsfor consistency
checkingandto answercertainkinds of queriescalledÒinÓ
queriessuchasÒisvehicleid within agivenregionatagiven
timewith probabilityover a threshold?ÓSuchqueriesareob-
viouslyof greatutility. Thenext sectiondescribesaprototype
implementation,togetherwith experimentalresultsshowing
oursystemto performwell in practice.

2 Syntaxof pgo Theories
We assumethe existenceof a set I D of vehicle ids. Each
id ! I D hasan associatedmaximalvelocity v+

id . We also
assumethattime is representedby integersdrawn from some
setT = [0, N ] for someinteger N . Likewise, we assume
Space = [0, K ] " [0, K !] is thesetof all points(x, y) such
thatx, y areintegersand0 # x # K , 0 # y # K ! for some
integersK , K !. We useed(p1, p2) to denotethe Euclidean
distancebetweentwo points. We assumethe existenceof a
setL $ Space calledÒlocations.Ó For instance,considera
1024" 1024region Ñ however, if we areonly interestedin
reasoningaboutÒonroadÓvehicles, thenthe only locations
we might be interestedin would be the locationsalong the
roadsÑ in this case,L wouldconsistof pointson theroads.

DeÞnition 1 (Reachability). We assumethe existenceof a
reachabilitypredicater eachable(id, L 1, L 2) which is true iff
vehicleid can move to location L 2 from location L 1 in one
unit of time. Thereachability predicatemustsatisfythe ax-
iom:

r eachable(id, L 1, L 2) % ed(L 1, L 2) # v+
id

We extend reachability to include time t > 0 as follows:
r eachable(id, t, L 1, L 2) iff either (i) r eachable(id, L 1, L 2)
and t = 1 or (ii) there is an L 3 s.t. r eachable(id, L 3, L 2)
andr eachable(id, t & 1, L 1, L 3).

Intuitively, the reachabilitypredicateencapsulatesmany
aspectsof vehiclemovementthatwe do not wish to get into
in this paper. For example,if a roadis a narrow andwind-
ing roadup a mountainside,the vehiclemay not be able to
achieve its maximal speedÑ in this case,the r eachable
predicatetells us what is achievableandwhat is not. Like-
wise,r eachable alsomaytell usthatcertainlocationscannot
bereachedby a particularvehicle,e.g.a carmaynot beable
to drive from New York to Paris.

DeÞnition 2 (Atoms). Supposeid, id1, id2 ! I D , L ! L ,
t ! T , andp ! [0, 1]. Supposer is a convex region.

1. pgo(id, L , t, p) is a probabilisticgo atom (hereafter a
pgo atom).Intuitively, thisatomssaysthat id is at loca-
tion L at timet with probabilityp.

2. in(id, r, t, p) is a probabilisticin atom. Intuitively, this
atomsaysthat id will besomewhere in region r at time
t with probabilityp or more.

A pgo theory is a Þnite set of pgo atoms. Note that in
atomscannotappearwithin a pgo theory but can be used
in queries. As mentionedearlier, we know of at leastthree
applicationswherepgo theoriesareautomaticallygenerated
by predictionalgorithms: the Lockheed/BBN/USNavy and
other applicationfor predictingsubmarinemovements,the

BAE/US Army applicationfor predictinglocationsof enemy
vehicles,andthe law enforcementapplicationbasedon pre-
dictingcell phonelocations.

3 Semanticsof pgo Theories
Wenow deÞneamodeltheoryfor pgo theories.

DeÞnition3 (World). A world w is anyfunctionfromI D " T
to L such that
r eachable(id, w(id, t), w(id, t + 1)) holdsfor all id ! I D
andt ! T. W denotesthesetof all worlds.

Intuitively, w(id, t) tells uswherethevehicleid is at time
t accordingto world w.

DeÞnition4 (Interpretation). An interpretationis a probabil-
ity distribution I over W, i.e. I assignsvaluesin the [0, 1]
interval to worlds w ! W such that

!
w"W I (w) = 1. We

useI to denotethesetof all probabilitydistributionsoverW.

An interpretationassignsa probability to eachpossible
world. We arenow readyto deÞnethe conceptof satisfac-
tion of atomsby aninterpretation.

DeÞnition5 (Satisfaction). SupposeI is an interpretation.I
satisÞes

1. pgo(id, L , t, p) iff
!

w"W ,w ( id,t )= L I (w) = p.

2. in(id, r, t, p) iff
!

w"W ,w ( id,t ) " r I (w) ' p.

I satisÞesa pgo theoryGiff it satisÞesall atomsin G.

As usual,a pgo theoryG is consistentif f thereis at least
oneinterpretationthatsatisÞesit. An atoma is entailedby G
iff every interpretationthatsatisÞesGalsosatisÞesa.

For apgo theoryG, an id ! I D andat ! T, weletGid,t be
theset{ (l i , pi ) | ( pgo(id, l i , t , p1) ! G} For instance,if G
containsonly pgo(id, (5, 5), 1, .8), pgo(id, (5, 6), 2, .5), and
pgo(id, (6, 5), 2, .25), thenGid, 1 = { ((5, 5), .8)} andGid, 2 =
{ ((5, 6), 0.5), ((6, 5), 0.25)} .

DeÞnition6 (Completeness). A pgo theoryGis completefor
id at t iff

!
( l ,p) "G id,t p = 1. G is completeiff it is complete

for all id at all timepointst.

Intuitively, a pgo theoryis completeat time t for vehicle
id iff every placethat the vehiclecanpossiblybe at at that
time is explicitly mentionedin Gid,t .

4 CheckingConsistencyof pgo Theories
In this section,we startby observingthatwe cancheckcon-
sistency of pgo theoriesby solvingasetof linearconstraints.
For eachworld w, let vw bea variablerepresentingtheprob-
ability thattheworld w is theactualworld.

DeÞnition 7 (LP constraintsfor a pgo atom). For pgo atom
a = pgo(id, L , t, p), let LP (a) bethesetof equations:

1.
!

w"W vw = 1,

2. For all w ! W, 0 # vw # 1.

3.
!

w"W ,w ( id,t )= L vw = p,

If G is a pgo theory, wesetLP (G) =
"

a"G LP (a).
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TheÞrstandsecondconstraintsforceI to beaproperprob-
ability distribution. Thethird forcesthesumof theprobabil-
ities of the worlds in which a given vehicleid is at location
L at time t to beexactly p if thereis a go-atomthatsaysthis.
Thefollowing resultgiveusconnectionsbetweenconsistency
of apgo theory, andtheabovesetof constraints.

Proposition1.
(i) A pgo theoryGis consistentiff LP (G) is solvable.
(ii) Supposea = in(id, r, t, p). G ! a iff the result of
minimizing

!
w"W ,w ( id,t ) " r vw subject to the constraints

LP (G) is greaterthanor equalto p.

An obvious problemwith the above result is that the size
of the input to the linear programfor LP (G) is on the or-
derof |L| |T |á|I D | " |G|. This is too largefor theabove algo-
rithmsto tractablysolve any reasonablysizedproblem.One
may wonderwhetherconsistency checkingfor pgo-theories
is NP-complete.It is not, aswe will shortly seein the next
section.

5 Partial Path Probabilities
LP (G) associatesa variable in the linear program with
eachworld. Instead,we might want to associatea variable
p[id, t, L , L !] denotingtheprobability thata vehiclewith ID
id travels from L to L ! leaving at time t. We call this a path
probabilityvariable. It isclearthataslongasweonly look at
a boundedtime horizon,thenumberof pathprobabilityvari-
ablesis polynomialw.r.t. thenumberof time points,sizeof
Space andthenumberof vehicles.Whatwe will try to do in
this sectionis to reformulateLP (G) in termsof thesevari-
ablesso that the resultingsetof constraintsis polynomialin
thesizeof thepgo-theory.

DeÞnition 8 (Interpretation Compatibility). Given
p[id, t, L , L !] deÞnedfor every id, t, L , L ! and interpre-
tation I , wesay I is compatiblewith p iff

p[id, t, L , L !] =
#

w( id,t )= L,w ( id,t +1)= L !

I (w)

Theorem1. Suppose" is anassignmentto all pathprobabil-
ity variables.There is an interpretationI compatiblewith "
iff p satisÞes

1. For each t, id,
!

L "L

!
L ! "L p! [i d, t, L , L !] = 1.

2. For each t, id, L , L ! p! [i d, t, L , L !] ' 0.

3. Âr eachable(id, L , L !) ) * t, p! [i d, t, L , L !] = 0.

4. For each t, id, L ,!
L ! "L p! [id, t & 1, L !, L ] =

!
L ! "L p! [i d, t, L , L !].

Theabove theoremprovidesustheammunitionneededto
associatea new set of linear constraintswith a pgo-theory
G. Our variablesfor this LP will correspondto eachpath
probability: vid,t,L,L ! .

DeÞnition 9 (PLP ). For pgo theoryG, PLP (G) is theas-
sociatedsetof partial path basedlinear equations.Without
lossof generality weassumethemaximumtimepointT to be
larger thananytimepointmentionedin G.

1. Let PLP (á) be the constraints obtainedby replacing
p! [id, t, L , L !] with vid,t,L,L ! in items(1)Ð(3)of Theo-
rem1.

2. For pgo-atom a = (id, t, L , p), let PLP (a) be!
L ! "L vid,t,L,L ! = p.

3. For in-atom a = in(id, r, t, p), let PLP (a) be!
L " r

!
L ! "L vid,t,L,L ! ' p.

For pgo-theoryG, PLP (G) = PLP (á) +
"

a"G PLP (a).

Thefollowing importanttheoremshows thatsolvability of
PLP (G) determinesconsistency of G andthatentailmentof
in queriescanbedeterminedby solvingalinearprogramwith
PLP (G) asthe setof constraintsandan objective function
basedon thequery.

Proposition2. For pgo theoryG

1. PLP (G) hasa solutioniff G is consistent.

2. In query in(id, r, t, p) is a logical consequenceof G iff
minimizing

!
L " r

!
L ! "L vid,t,L,L ! subjectto PLP (G)

is greaterthanor equalto p1.

3. Checking consistencyof a pgo-theoryandchecking en-
tailmentof groundin queriesaresolvablein polynomial
time.

5.1 PLP ÕsSize
PLP (G) is signiÞcantlysmallerthanthatof LP (G)because
it only contains|I D | á|T| á|L |2 variablesand

|T| á|I D | + |T| á|L |2 + |T| á|I D | á|L | + |G|

equations. The size of this linear program is therefore
boundedby |I D |2 á|T|2 á|L |4 " |G|. In contrast,LP (G)
hadasizeof |L| |T |á|I D | " |G|.

Furthermore,it turnsoutthattherearealternatewaysof ex-
pressingPLP (G) which resultin moreeasilysolvablelinear
programs.

5.2 Variable Pruning
TheÞrstsimpliÞcationwecanmaketo PLP (G) or any setof
linearequationscomeswhenweknow vid,t,L,L ! to bezero.In
suchcases,wecansafelyeliminatevid,t,L,L ! from PLP (G).

5.3 An Alter nativeLinear Program: ALP
Many pgo-theoriesonly mentionsometime pointsfrom the
set of all time points T. This can be leveragedto createa
small linear programwhich doesnot referencethe unmen-
tionedtime points.

DeÞnition 10 (AlternateLinearProgram). Let G bea setof
pgo atomsand id be a vehicle. Let t1 < t2 ááá < tn be
all the timepointssuch that for every t i there is a pgoatom
pgo(id, l , t i , p) ! G. Without lossof generality, we can as-
sumetn is not the maximumtime point. ALP (G, id) is the
followingalternatesetof linear equations:

1. For each a = pgo(id, l , t i , p) ! G such that t1 # t i <
tn , PLP (a) ! ALP (G, id).

1If t is the maximum time point then we need to minimizeP
L " r

P
L ! "L vid,t # 1,L ! ,L .
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2. For each a = pgo(id, l , tn , p) ! G,!
L ! "L vid,t n " 1 ,L ! ,l = p ! ALP (G, id).

3. For each t1 # t i # tn ,!
L "L

!
L ! "L vid,t i ,L,L ! = 1 ! ALP (G, id)

4. For each t1 # t i < t i +1 # tn , for each L,LÕsuch that
Âr eachable(id, t i +1 & t i , L , L !) wehave
vid,t i ,L,L ! = 0 ! ALP (G, id).

5. For each t1 < t i < tn , for each L wehave!
L ! "L vid,t i " 1 ,L ! ,L &

!
L ! "L vid,t i ,L,L ! = 0 !

ALP (G, id)

Theorem2. PLP (G) is solvableiff ALP (G, id) is solvable
for everyid.

This theoremprovides us with addedefÞciency in two
ways. First, it prunesa fair numberof variables. Second,
it dividesthe linear programinto |I D | linear programs,one
for eachvehicle. Whenthe entirelinear programis consid-
ered,the running time is O(r 3), wherer is the numberof
variables.But, if we considereachvehicleindividually, the
runningtime is proportionalto |I D | áO(( r / |I D |)3), giving a
speedupof O(|I D |2). We canfurtherexploit this trick of di-
viding the linearprograminto smallersub-problemsby con-
sideringcompletepointsin apgo theory.

Theorem 3. For pgo theoryG and vehicleid completefor
id at time t, let n be the max time point referencedby the
the theory, let Gid

0# t be {Gid,t !
|0 # t! < t} and let Gid

t # T be
{Gid,t !

|t # t ! < T} . Then(i) ALP (G, id) is solvableiff
ALP (Gid

0# t , i d) and ALP (Gid
t # T , id) are solvable. (ii) The

solutionto ALP (Gid
0# t , i d) andALP (Gid

t # T , id) givesa so-
lution for ALP (G, id).

This theoremis particularly useful for in queries. Since
only onetimet is ever referencedby a in query, wecansand-
wich t betweenthe two nearestcompletetime, t1 andt2 s.t.
t1 # t # t2. Then,sincewe assumein queriesto be asked
only of consistentpgo theories,weareonly requiredto solve
for the particularGid

t 1 # t 2
which containsthe query. In the

bestcase,the in querywill fall on a completetime/id pair,
meaningthat to solve thequerywe mustonly usethe linear
constraintsin ALP (Gid,t , i d) (wheret is thein queryÕs time
pointandid is thequeryvehicle).

5.4 ALP Size

Now, insteadof solvingPLP , a massive linearprogram,we
aresolvingmany smallerALP (Gid

t 1 # t 2
, i d).

For vehicleid in theoryGwith n mentionedtimepointsof
which every cth oneis complete,andeachtwo consecutive
timepoints,t1 andt2, wemustsolveALP (Gid

t 1 # t 2
, i d). This

will happenin O(n3) wheren is the numberof variables.
Thenumberof variablesis boundedby (c + 1) á|L |2. Thus
computingconsistency of G usingALP will happenin time
|I D | " n/c " O((( c + 1) á|L |2)3). Thereis an interesting
phenomenonhappeninghere: the runningtime of our algo-
rithmsmaydecreaseasthesizeof thetheorygrowsÐso long
asmorecompletetimepointsareadded.

Figure 1: Time to checkconsistency of completetheories
with 2 to 5 pgo atomsper time point whenmaximumspeed
is 1 and8.

6 Experimental Section
We have implementeda prototypepgo systemin MatLabon
aPentium4(3.80GHz)processorrunningunderWindowsXP
andwith 2GB of memory. Our systemimplementsall algo-
rithmsdescribedin this paperfor bothcompleteandincom-
pletetheories.

Weranseveralexperimentsto testtheperformanceof these
algorithmsand identify the importantfactorsthat affect the
performanceotherthanthe obvious onessuchasnumberof
atomsandtime pointsreferenced.We performedour exper-
imentson theoriesthat refer to a singlevehicleusingALP
typelinearprograms.

The maximumnumberof pgo atomsper time point in a
completetheoryplaysan importantrole in checkingconsis-
tency. This numbergives a maximumnumberof pathprob-
abilities for eachtime point. Another important factor we
consideredwas the maximumspeedof the vehiclebecause
this affectsthemaximumnumberof reachablelocationsand
hencethetotalnumberof pathprobabilityvariablesin ourÞ-
nal linearprogram.To testtheeffectof thesespeedandatom
density, wecreatedrandomtheoriesin a50" 50grid. Wevar-
ied themaximumnumberof atomsper time point from 2 to
5, with maximumspeedsof 1 and8. Thenumberof distinct
time pointsin the theoryvariedfrom 10 to 100. We derived
thespeedvaluesasfollows: supposeweusethe50" 50grid
to representtheUSA. Thenspeedof 1 will coincidewith that
of a car (70 mph)while a speedof 8 will coincidewith that
of aplane(500mph).
Consistencycheck time for complete theories: Figure 1
shows thetime takenfor consistency checkingfor 8 kindsof
completetheories.Thedatapointsrepresenttheaverageover
50 randomlygeneratedtheories.As seenin theÞguretheef-
fect of increasingnumberof pgo atomsper time point hasa
greateron impacton performancethanincreasingmaximum
speed.Thereadercanseethat it only takesa few secondsto
reasonabout100timepoints.
Consistencycheck time for incomplete theories: For in-
completetheories,thesizeof thegrid hasa greatimpacton
the time requiredto checkconsistency. We saya time point
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Figure2: Time to checkconsistency of incompletetheories
with 2, 3, and4 pgo atomspertimepoint,amaximumspeed
of 1 or 8, andI ncmax varyingfrom 1 to 2 (displayedask in
thegraphÕs key).

t is incompleteiff thesumof theprobabilityÞeldin all pgo
atomsendsup being lessthan 1. We investigatedhow the
structureof thetheoryaffectstheconsistency checkingalgo-
rithm. Let I ncmax be the maximalnumberof incomplete
time points followed by a completetime point in a theory.
For thisexperimentwecreatedrandomtheoriesin a10 by 10
grid with maximumspeed1,maximumnumberof pgo atoms
percompletetimepoint rangingfrom 2 to 4, I ncmax = 1 or
I ncmax = 2 andthenumberof referencedtimepointsrang-
ing from 10 to 100. Furthermoreevery completetime point
is followedby I ncmax incompletetimepointsin thetheory.
So whenI ncmax = 1 andthe total numberof time points
in the theory is 50, thereare25 incompletetime points in-
terleaved with 25 completepoints. Figure2 shows the time
takento checkconsistency for 6 kindsof randomlygenerated
theories. The datapoints representthe averageof 20 runs
Ñ notethat the y-axis usesa logarithmicscale. As seenin
theÞgure,theeffect of increasingthenumberof pgo atoms
pertimepointhasasimilareffecton theon theperformance.
However, increasingI ncmax affects the running time dra-
matically.
In-queries. Figure3 shows thetime requiredto answerÒinÓ
queriesaswevary thetemporaldensityof acompletetheory.
Temporaldensityof a theoryis theratio of time pointsrefer-
encedin the theoryandthe total numberof time points. For
theseexperimentswe setthegrid sizeto 25 by 25 andmax-
imum time pointsto 500andnumberof pgo atomsper time
point to 3. For examplewhenthetheoryhasa temporalden-
sity of 1, it hasa totalof 1500timepoints.Thedatapointsin
the grapharean averageof 100 runs. The readercaneasily
seethat the time taken dropsexponentiallywith an increase
in the density. Sincea rise in densitycorrespondsto an in-
creasein theorysize,theseresultsareparticularlyinteresting
yet consistentwith Theorem3. It shows our algorithmsÕrun-
ning time decreasesasthenumberof referencedtime points
increases.This is sensible:whenoneis working with prob-
abilistic data,oneshouldsometimesÞndit easierto answer
queriesastheamountof dataincreases,becausefewerpossi-
blesatisfyinginterpretationsfor thedataneedbeconsidered.

Figure3: Timeto answerin-queriesw.r.t. completetheories
of varyingtemporaldensity.

7 RelatedWork
There are several spatio-temporal logics [Gabelaiaet al.,
2003; Merz et al., 2003; Wolter and Zakharyaschev, 2000;
Cohnet al., ] in the literature. Theselogics extend tempo-
ral logics to handlespace.Most of theminvolve logical lan-
guagessimilarto LTL. Thereis alsomuchwork onqualitative
spatio-temporaltheories(fora survey see[Anthony G. Cohn,
2001]). The closestwork to ours is that of [Muller, 1998a;
1998b] which describesa formal theoryfor reasoningabout
motion in a qualitative frame work. The expressive power
of the theory allows for the deÞnitionof complex motion
classes.Thefocusof theseworks is qualitative - in contrast,
we dealwith uncertaintyaboutwherevehicleswill be in the
future.Ourmethodsarerootedin amix of probability, geom-
etryandlogic ratherthanjust logic alone.

Otherrelatedwork includes[Shanahan,1995] which dis-
cussesthe frame problemwhen constructinga logic-based
calculusfor reasoningabout the movementof objectsin a
real-valuedco-ordinatesystem. [Rajagopalanand Kuipers,
1994] focuseson relative positionandorientationof objects
with existing methodsfor qualitative reasoningin a Newto-
nian framework. The focusof theseworks is qualitative - in
contrastour work is rootedin a mix of geometryand logic
ratherthanlogic alone.

8 Conclusions
Thereare numerousapplicationswherewe wish to reason
aboutmoving objects. In somecases,(i) we know the in-
tendeddestinationsof themoving objectswhile in others(ii)
we do not know this for sure. In this paper, we have devel-
opedthe conceptof a probabilisticgo theory (pgo theory),
which is capableof handlingbothcases.Thisextendstheno-
tion of a go-theoryproposedby [Yamanet al., 2004], which
only handlescase(i).

As future work, we intend to examineaggregation tech-
niqueswhich would allow the creationof minimally sized
linearprogramssolvingpgo problems.We further intendto
includequerieswhich referenceperiodsof time. Also, work
must be doneto expandthis systemto handlemulti-object
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querieswherethevehiclesÕlocationsarenot independentof
oneanother.

We have presenteda syntaxanddeclarative semanticsfor
pgo theories,efÞcientalgorithmsto checkthe consistency
of pgo theories,andefÞcientalgorithmsto implementÒinÓ
queries. Our implementationshows that thesealgorithms
work effectively in practice.
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