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Abstract

Thereare numerouscasesvherewe needto rea-
sonaboutvehicleswhoseintentionsanditineraries
are not known in advanceto us. For example,
Coast Guard agentstracking boats don® always
know wherethey areheadedLik ewise,in drugen-
forcementapplicationsit is notalwaysclearwhere
drug-carryingairplanes(which do often shav up
on radar) are headed,and how legitimate planes
with an approved Right manifestcan avoid them.
Likewise, trafbc plannersmay want to understand
how mary vehicleswill be on a givenroadat a
given time. Pastwork on reasoningabout vehi-
cles (suchasthe Ologicof motionOby Yamanet.
al. [Yamanetal., 2004) only dealswith vehicles
whoseplansareknown in advanceanddon®cap-
turesuchsituations.In this paperwe developafor-
mal probabilisticextensionof their work andshowv
thatit capturesboth vehicleswhoseitinerariesare
known, andthosewhoseitinerariesarenot known.
We shav how to correctly answercertainqueries
againsta set of statementsabout such vehicles.
A prototypeimplementationshavs our systemto
work efbcientlyin practice.

1 Intr oduction

Thereare mary applicationswhereone may wish to reason
abouta setof moving vehicles. One exampleis [Mittu and
Ross,2003 who developed(jointly with theUS Navy, Lock-
heedMartin, BBN, and other companies)ways to predict
where and when an enemysubmarinewould be in the fu-
ture (and with what probability) basedon knowledge about
its past movements,terrain conditions, etc. Their predic-
tions consistof a setof statementof the form O\éhicle v
will be at location L with someprobability in the interval
[, u]O Likewise, BAE Systemsand the US Army devel-
opeda systemwhich makes similar makes similar predic-
tive statementaboutwhereland vehicleswill bein the fu-
ture. Cell phonecompaniesare (andin somecasesalready
have) developedmethodsto predictwherecell phoneusers
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will be going in the future N a small numberof law en-
forcementagenciesn the US alreadyuse such probabilis-
tic predictionsto track selectedcriminals (e.g. in the case
of a child abductionin the US, an Amberalert is used)and
suchpredictionshelp determinewherebestto cut them off.
Theseare threeapplicationswe know of wherepredictions
of theform C)‘ehiqlev is goingto beatlocationL attimet
with probability pOareautomaticallygenerateéndreasoned
with. Therearenumerougheoreticalmodelsalreadyto pre-
dict wherevehicleswill bein the future, whenthey will be
there, and with what probability [Chen and Chien., 2001,
Tsanget al., 1999; Kato et al., 2004. This paperdoesnot
reinventthewheelby showinghowto predictwhenandwhele
vehicleswill bein thefuture - this hasalreadybeendonein
[ChenandChien.,2001; Tsangetal., 1999;Katoetal., 2004;
Mittu and Ross 2003 anda hostof otherpapes. Ratherwe
focuson howto reasomaboutsud predictions.

In this paper we develop a principled approachto solv-
ing suchproblemsby extendingOgoGheoriesdueto Yaman
et. al. [Yamanet al., 2004;2009. Their framevork is suit-
ablefor reasoningaboutapplicationsvherewe know the ve-
hiclesGntendeddestinationdN however, therearemary ap-
plications such as the three mentionedaborve wherethis is
not known with certainty A seconddrawvbackof the above
framework is that while temporalindeterminayg is allowed
via intervals, no probability measurés associateavith those
intervals. This againis appropriatewhenwe arereasoning
aboutplansknown to us (e.g. Bight plans),but is not appro-
priatewhenwe arereasoningabouta vehicle(e.g. anenemy
vehicle on the battlepeld)whoseplansare not known to us
with 100%accurag.

In this paper we proposeOprobabilisticQo (pgo theory
for short)theoriesby building on[Yamaretal., 2004. A pgo
theoryallows usto reasoraboutmotion plansthatwe know
aswell asmotion plansthatwe do not know with 100%cer
tainty. The next sectionprovidesa syntaxfor pgo theories.
The sectionafterthat gives a formal modeltheoreticseman-
tics. Thefollowing sectionshavs how to checkconsisteng
of pgo theoriesvia linear programming. However, the size
of thelinearprogramin questiormaybeexponential leading
oneto initially suspeciwrongly) that consisteng checking
hereis NP-complete. We subsequenthydeterminethat this
problemis polynomiallysolvable(underthe assumptiorthat
we arereasoningonly abouta bnitefuture) by constructing

IJCAI-07

501



a polynomially sizedsetof linear constraintdor consisteng
checkingandto answercertainkinds of queriescalled OnO
queriessuchasOisvehicleid within a givenregion atagiven
time with probability over athreshold?@uchqueriesareob-
viously of greatutility. Thenext sectiondescribes prototype
implementationfogetherwith experimentalresultsshowving
our systenmto performwell in practice.

2 Syntaxof pgo Theories

We assumehe existenceof a setl D of vehicleids. Each
id ! 1D hasan associatednaximalvelocity vi;. We also
assumehattime is representedly integersdravn from some
setT = [0,N] for someinteger N. Likewise, we assume
Space = [0,K]" [0,K']is thesetof all points(x, y) such
thatx, y areintegersand0 # x # K,0# y # K' for some
integersk ,K'. We useed(py, p2) to denotethe Euclidean
distancebetweentwo points. We assumethe existenceof a
setL $ Space called Olocation§ For instance,considera
1024" 1024region N however, if we areonly interestedn
reasoningaboutOonroadOvehicles, thenthe only locations
we might be interestedn would be the locationsalong the
roadsN inthiscasel would consistof pointsontheroads.

DePnition 1 (Reachability) We assumethe existenceof a
reachabilitypredicater eachablk(id, L1, L) which istrueiff
vehicleid canmoveto locationL, fromlocationL; in one
unit of time Thereadability predicatemustsatisfythe ax-
iom:

reachable(id, L1,L2) % ed(L1, L) # Vi

We extendreadability to includetimet > 0 as follows:
reachablk(id, t, L, L) iff either (i) reachablk(id, L1,L>)
andt = 1 or (ii) therisan L3 s.t. reachablke(id, L3, L>)
andreachable(id, t & 1,L 1, L 3).

Intuitively, the reachability predicateencapsulatesnary
aspectof vehiclemovementthatwe do not wish to getinto
in this paper For example,if aroadis a narrav andwind-
ing road up a mountainsidethe vehicle may not be ableto
achieve its maximal speedN in this case,the reachablke
predicatetells us whatis achiezableandwhatis not. Like-
wise,r eachable alsomaytell usthatcertainlocationscannot
bereachedyy a particularvehicle,e.g.acarmaynotbeable
to drive from New York to Paris.

Debpnition 2 (Atoms). Supposed, id;,id, ! ID,L ! L,
t! T,andp! [0, 1]. Suppose is a corvex region.

1. pgo(id,L,t, p) is a probabilisticgo atom (hereafter a
pgo atom).Intuitively, thisatomssaysthatid is atloca-
tion L attimet with probability p.

2. in(id,r,t, p) is a probabilisticin atom Intuitively, this
atomsaysthatid will be somevher in regionr attime
t with probability p or more.

A pgo theoryis a bnite setof pgo atoms. Note thatin
atomscannotappearwithin a pgo theory but can be used
in queries. As mentionedearliet we know of at leastthree
applicationswherepgo theoriesareautomaticallygenerated
by predictionalgorithms: the Lockheed/BBN/USNavy and
other applicationfor predicting submarinemovements,the

BAE/US Army applicationfor predictinglocationsof enemy
vehicles,andthe law enforcementpplicationbasedon pre-
dicting cell phonelocations.

3 Semanticsof pgo Theories
We now dePnea modeltheoryfor pgo theories.

Debpnition3 (World). Aworld w is anyfunctionfroml D" T
toL sud that

reachablke(id, w(id, t), w(id, t + 1)) holdsforall id ! 1D
andt ! T. W denoteghesetof all worlds.

Intuitively, w(id, t) tells uswherethe vehicleid is attime
t accordingto world w.

DePnition4 (Interpretation) Aninterpretatioris a probabil-
ity distribution | over W, i.e. | assjgnsvaluesin the [0, 1]
interval to worldsw | W sudthat ., 1(w) = 1. We
usel todenotehesetofall probability distributionsoverW.

An interpretationassignsa probability to eachpossible
world. We are now readyto debnethe conceptof satishc-
tion of atomsby aninterpretation.

Debnition5 (Satishction) Supposé is aninterpretation.|
satispes

!
1. pgo(id,L,t,p) i|ff WW w(idt )= L I (w) = p.
2.in(id,r, t,p) iff oy wigry e (W) P
| satispes pgo theoryGiff it satispesll atomsin G.

As usual,a pgo theoryG is consisteniff thereis at least
oneinterpretatiorthatsatisbed. An atoma is entailedby G
iff every interpretatiorthatsatispe$ alsosatisbes.

For apgo theoryG, anid! ID andat! T,weletG%t be
theset{(li,pi) | ( pgo(id, l;i,t,p1) ! G} For instancejf G
containsonly pgo(id, (5,5), 1, .8), pgo(id, (5, 6), 2,.5), and
pgo(id, (6,5), 2, .25), thenG% ! = {((5,5),.8)} andG® 2 =
{((5,6),0.5),((6,5),0.25)}.

DePnition 6 (Completeness)A pgo theoryGis completefor

idatt iff . iax P = 1. Giscompleteiff it is complete
(1,p)"G

for all id at all time pointst.

Intuitively, a pgo theoryis completeat time t for vehicle
id iff every placethatthe vehicle can possiblybe at at that
timeis explicity mentionedn G9*

4 Checking Consistencyof pgo Theories

In this sectionwe startby observingthatwe cancheckcon-

sisteny of pgo theoriesby solvinga setof linearconstraints.
For eachworld w, let v, beavariablerepresentinghe prob-

ability thattheworld w is theactualworld.

DePnition 7 (LP constraintdor apgo atom) For pgo atom
a= pl)go(id, L,t,p), letLP (a) bethesetof equations:

L w Ww=1
2. Forallw! W,0# vy, # 1.
3. ww w(dt)=L Yw = P

If Gis a pgo theory wesetLP (G) =

ac LP (a).
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Thebrstandsecondonstraintorcel tobeaproperprob-
ability distribution. Thethird forcesthe sumof the probabil-
ities of the worlds in which a given vehicleid is at location
L attimet to beexactly p if thereis ago-atomthatsaysthis.
Thefollowing resultgive usconnectiondbetweerconsisteng
of apgo theory andthe above setof constraints.

Proposition 1.

(i) A pgo theoryGiis consistentff LP (G) is solvable

(i) Supposea = in(id,r,t,p). G ! a iff the result of
minimizing .y (1) r Vw Subjectto the constaints
LP (G) is greaterthanor equalto p.

An olvious problemwith the above resultis thatthe size
of the input to the linear programfor LP (G) is on the or-
derof |L|!TIIPI |G|, Thisis too large for the above algo-
rithmsto tractablysolve any reasonablysizedproblem. One
may wonderwhetherconsisteng checkingfor pgo-theories
is NP-complete.lt is not, aswe will shortly seein the next
section.

5 Partial Path Probabilities

LP (G) associatesa variable in the linear program with
eachworld. Instead,we might wantto associate variable
plid, t, L, L'] denotingthe probability thata vehiclewith 1D
id travelsfrom L to L' leaving attime t. We call this a path
probability variable. It is clearthataslong aswe only look at
aboundedime horizon,the numberof pathprobability vari-
ablesis polynomialw.r.t. the numberof time points, size of
Space andthe numberof vehicles.Whatwe will try to doin
this sectionis to reformulateLP (G) in termsof thesevari-
ablessothatthe resultingsetof constraintds polynomialin
thesizeof thepgo-theory

Debnition 8 (Interpretation Compatibility) Given
plid, t,L,L'] debnedfor every id,t,L,L' and interpre-
tationl, wesay | is compatiblewith p iff

plid,t,L,L']= I (w)

w(idt )= Lw (idt +1)= L!

Theorem 1. Supposé€ is anassignmento all pathprobabil-
ity variables. Thee is an interpretation| compatiblewith "
iff p satisbes |

1. Foreatt,id, . =~ [ plidt,L,L']7= 1.
2. For eadht,id,L,L' p [id,t,L,L']" O.
3. Areachabke(id,L,L") ) *t, p[id,t,L,L']= 0.
4. For eatht, id, L, I
L, plid,t&L,LNL]= | plidt,L, LY.
The above theoremprovidesusthe ammunitionneededo
associatea new setof linear constraintswith a pgo-theory

G. Our variablesfor this LP will correspondo eachpath
probability: VgL -

Debnition 9 (PLP ). For pgo theoryG, PLP (G) is theas-
sociatedsetof partial path basedlinear equations.Wthout
lossof generlity weassumehe maximuntimepointT to be
larger thananytime point mentionedn G.

1. Let PLP (3 be the constaints obtainedby replacing
pifid,t,L,L'] with vigg, .+ in items(1)D(3)of Theo-

reml.
2. For pgo-atom a = (id,t,L,p), let PLP (a) be
Lep VidtLL =P
3. For infatom a = in(id,r,t,p), let PLP (a) be
Lor Ll Vdill t P .

For pgo-theoryG, PLP (G) = PLP (§ + .5 PLP (a).

Thefollowing importanttheoremshaws thatsolvability of
PLP (G) determinegonsisteng of G andthatentailmentof
in queriescanbedeterminedy solvingalinearprogramwith
PLP (G) asthe setof constraintsand an objective function
basednthequery

Proposition2. For pgo theoryG
1. PLP (G) hasa solutioniff Gis consistent.
2. In queryin(id, r,t,p) is a logical consequencef G iff
minimizing ., |y VidtLL ! Subjectto PLP (G)
is greaterthanor equalto p'.

3. Cheding consistencyf a pgo-theoryand cheding en-
tailmentof groundin queriesare solvablein polynomial
time

5.1 PLP BSize

PLP (G) is signibpcantlysmallerthanthatof LP (G)because
it only containgl D| &|T| &L |? variablesand

ITI&ID|+ |T|4L|?+ |T|&ID|&L|+ |G

equations. The size of this linear programis therefore
boundedby [ID|? &|T|? &4|L|*" |G|. In contrast,LP (G)
hadasizeof |L|/TRI'DI" |G|

Furthermoreit turnsoutthattherearealternatevaysof ex-
pressingPLP (G) whichresultin moreeasilysolvablelinear
programs.

5.2 Variable Pruning

Thebrstsimplibcationwve canmaketo PLP (G) or ary setof
linearequationgomesvhenweknow vig; | ' tobezero.In
suchcaseswe cansafelyeliminatevig .. ' from PLP (G).

5.3 An Alternative Linear Program: ALP

Many pgo-theoriesonly mentionsometime pointsfrom the
setof all time pointsT. This canbe leveragedto createa
small linear programwhich doesnot referencethe unmen-
tionedtime points.

DePnition 10 (AlternateLinear Program) Let G be a setof
pgo atomsandid be a vehicle Lett; < t,&8a< t, be
all thetime pointssud that for everyt; there is a pgoatom
pgo(id, I,tj,p) ! G. Without lossof genearlity, we can as-
sumet, is notthe maximumtime point. ALP (G, id) is the
following alternatesetof linear equations:

1. For eacha = pgo(id, I,t;,p) ! Gsudthatt; # t; <
tn, PLP (a) ! ALP (G,id).

p L b is the maximum time point then we needto minimize
Lvr o oL'm Vidt#1L!'L -
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2. Foreadha = pgo(id, I,ty,p) ! G,
L Vid,tnn L= P I ALP (G,Id)

3. Foreaqty # ti # tp,
L"L L, Vit = 11 ALP (G,id)

4. Foreadit; # tj < tisq # tn, for ead L,LOsudh that
Areachabk(id, tj+; & tj,L,L") wehave
Viat, Lo = 0! ALP (G,id).

5. Foreadt; < t; < t,, fqr eah L we have
Lol VidteaLtl & 0 e VidtiLL! =
ALP (G id)

Theorem2. PLP (G) is solvableiff ALP (G, id) is solvable
for everyid.

o !

This theoremprovides us with addedefpcieny in two
ways. First, it prunesa fair numberof variables. Second,
it dividesthe linear programinto |l D| linear programs,one
for eachvehicle. Whenthe entirelinear programis consid-
ered, the running time is O(r3), wherer is the numberof
variables. But, if we considereachvehicleindividually, the
runningtime is proportionalto || D] &0((r/ || D])?), giving a
speedumf O(|I D |?). We canfurtherexploit this trick of di-
viding the linear programinto smallersub-problems$y con-
sideringcompletepointsin apgo theory

Theorem 3. For pgo theory G and vehicleid completefor
id at timet, let n be the maxtime point refelencedby the
thetheory let G, , be{Gt'|0 # t' < t} andlet G4, be
{G““!|t # t' < T}. Then(i) ALP (G,id) is solvableiff
ALP (G4 ,,id) andALP (G4 ;,id) are solvable (ii) The
solutionto ALP (GY,,,id) andALP (G4 ;,id) givesa so-
lution for ALP (G, id).

This theoremis particularly useful for in queries. Since
only onetimet is everreferencedy ain query we cansand-
wich t betweenthe two nearestompletetime, t; andt;, s.t.
t; # t # t,. Then,sincewe assumen queriesto be asled
only of consistenpgo theorieswe areonly requiredto solve
for the particularG%,,, which containsthe query In the
bestcase,the in querywill fall on a completetime/id pair,
meaningthatto solve the querywe mustonly usethe linear
constraintsn ALP (G9!, id) (wheret is thein query©time
pointandid is thequeryvehicle).

5.4 ALP Size

Now, insteadof solvingPLP , a massve linear program,we
aresolvingmary smallerALP (G{‘f# t,»1d).

For vehicleid in theoryG with n mentionedime pointsof
which every " oneis complete,and eachtwo consecutie
time points,t; andt,, we mustsolve ALP (G{‘f# t,»1d). This
will happenin O(n®) wheren is the numberof variables.
The numberof variablesis boundedby (c+ 1) 4|L|%. Thus
computingconsisteng of G usingALP will happernin time
[ID|" n/c " O(((c+ 1) 4L|?)%). Thereis aninteresting
phenomenorappeninghere: the runningtime of our algo-
rithmsmaydecreaseasthesizeof thetheorygrovs Bso long
asmorecompletetime pointsareadded.

b
@
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——>5 atoms per time & max speed 8

L |—=—4 atoms per time & max speed 8 4l
—=—3 atoms per time & max speed 8
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10 20 30 40 50 60 70 80 90 100
Number of time points in the theory

Figure 1: Time to checkconsisteng of completetheories
with 2 to 5 pgo atomsper time point whenmaximumspeed
is1and8.

6 Experimental Section

We have implementedh prototypepgo systemin MatLabon
aPentium4 (3.80GHz)processorunningundefVindows XP
andwith 2GB of memory Our systemimplementsall algo-
rithms describedn this paperfor both completeandincom-
pletetheories.

Weranseveralexperimentdo testtheperformancef these
algorithmsand identify the importantfactorsthat affect the
performancentherthanthe obvious onessuchasnumberof
atomsandtime pointsreferenced We performedour exper
imentson theoriesthat referto a singlevehicleusing ALP
typelinearprograms.

The maximumnumberof pgo atomsper time pointin a
completetheory playsanimportantrole in checkingconsis-
teng. This numbergives a maximumnumberof pathprob-
abilities for eachtime point. Anotherimportantfactor we
consideredvas the maximumspeedof the vehicle because
this affectsthe maximumnumberof reachabldocationsand
hencethetotal numberof pathprobability variablesn our p-
nallinearprogram.To testthe effect of thesespeedandatom
density we createdandomtheoriesn a50" 50grid. Wevar-
ied the maximumnumberof atomspertime point from 2 to
5, with maximumspeed®f 1 and8. The numberof distinct
time pointsin the theoryvariedfrom 10 to 100. We derived
the speedvaluesasfollows: supposave usethe50" 50 grid
to representhe USA. Thenspeedf 1 will coincidewith that
of a car (70 mph)while a speedof 8 will coincidewith that
of aplane(500mph).

Consistencycheck time for complete theories: Figure 1
shaws thetime takenfor consisteng checkingfor 8 kinds of
completetheories.Thedatapointsrepresenthe averageover
50randomlygeneratedheories.As seenin the bPgurethe ef-
fect of increasinghumberof pgo atomspertime point hasa
greateron impacton performancehanincreasingnaximum
speed.Thereadercanseethatit only takesafew secondgo
reasomabout100time points.

Consistencycheck time for incomplete theories: For in-
completetheories the size of the grid hasa greatimpacton
thetime requiredto checkconsisteng. We saya time point
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o--3 atoms per time & k=2 “ ..a

2 atoms per time & k=2 o

Log(Time) in Seconds

. . . . . . . .
10 20 30 40 50 60 70 80 90 100
Number of time points in the theory

Figure2: Time to checkconsisteng of incompletetheories
with 2, 3, and4 pgo atomspertime point,amaximumspeed
of 1 or 8, andl ncmax varyingfrom 1 to 2 (displayedask in
thegraphékey).

t is incompleteaff the sumof the probability Peldin all pgo
atomsendsup beinglessthanl. We investigatedhow the
structureof the theoryaffectsthe consisteng checkingalgo-
rithm. Let | ncmax be the maximalnumberof incomplete
time points followed by a completetime point in a theory
For this experimentwe createdandomtheoriesin a 10 by 10
grid with maximumspeedL, maximumnumberof pgo atoms
percompletetime pointrangingfrom 2to 4, | ncmax = 1lor

I ncmax = 2 andthe numberof referencedime pointsrang-
ing from 10 to 100. Furthermoreavery completetime point
is followedby | ncmax incompletetime pointsin thetheory
Sowhenl ncmax = 1 andthetotal numberof time points
in the theoryis 50, thereare 25 incompletetime pointsin-
terleaved with 25 completepoints. Figure 2 shows the time
takento checkconsisteng for 6 kindsof randomlygenerated
theories. The datapoints representhe averageof 20 runs
N notethatthe y-axis usesa logarithmicscale. As seenin
the bgure the effect of increasinghe numberof pgo atoms
pertime point hasa similar effect on the on the performance.
However, increasingl ncmax affects the runningtime dra-
matically

In-queries. Figure3 shawvs thetime requiredto answerOinO
gueriesaswe vary thetemporaldensityof acompletetheory
Temporaldensityof atheoryis theratio of time pointsrefer
encedin the theoryandthe total numberof time points. For
theseexperimentswe setthe grid sizeto 25 by 25 and max-
imum time pointsto 500 andnumberof pgo atomspertime
pointto 3. For examplewhenthetheoryhasatemporalden-
sity of 1, it hasatotal of 1500time points. Thedatapointsin
the grapharean averageof 100 runs. The readercaneasily
seethatthetime taken dropsexponentiallywith anincrease
in the density Sincearisein densitycorrespondso anin-
creasdn theorysize,theseresultsareparticularlyinteresting
yet consistentvith TheorenB. It shaws our algorithms@un-
ning time decreasesasthe numberof referencedime points
increasesThis is sensible:whenoneis working with prob-
abilistic data,one shouldsometimed~ndit easierto answer
gueriesastheamountof dataincreaseshecausdewer possi-
ble satisfyinginterpretationgor the dataneedbe considered.

Max Time point: 500
Grid size: 25 by 25
10 | Max speed : 1 4
Number of atoms per time point : 3

Log-Time (in seconds)

I I I
0.7 0.3 0.9 1

I I I
0.1 0.2 0.

3 04 0.5 0.6
Temporal Density of Theory

Figure3: Timeto answerlin-queriesw.r.t. completetheories
of varyingtemporaldensity

7 RelatedWork

There are several spatio-tempaal logics [Gabelaiaet al.,
2003; Merz et al., 2003; Wolter and Zakharyasche 2000;
Cohnetal., ] in the literature. Theselogics extend tempo-
ral logicsto handlespace.Most of theminvolve logical lan-
guagesimilarto LTL. Thereis alsomuchwork onqualitative
spatio-temporatheories(fora surey see[Anthory G. Cohn,
2001)). The closestwork to oursis that of [Muller, 1998a;
19981 which describesa formal theoryfor reasoningabout
motion in a qualitatve framework. The expressie power
of the theory allows for the debnitionof complex motion
classesThefocusof theseworksis qualitative - in contrast,
we dealwith uncertaintyaboutwherevehicleswill bein the
future. Our methodsarerootedin amix of probability geom-
etry andlogic ratherthanjustlogic alone.

Otherrelatedwork includes[Shanahan1995 which dis-
cusseghe frame problemwhen constructinga logic-based
calculusfor reasoningaboutthe movementof objectsin a
real-\alued co-ordinatesystem. [Rajagopalarand Kuipers,
1994 focuseson relative positionandorientationof objects
with existing methodsfor qualitative reasoningn a Newto-
nianframavork. Thefocusof theseworksis qualitative - in
contrastour work is rootedin a mix of geometryand logic
ratherthanlogic alone.

8 Conclusions

There are numerousapplicationswhere we wish to reason
aboutmoving objects. In somecasesi) we know the in-
tendeddestination®f the moving objectswhile in others(ii)
we do not know this for sure. In this paper we have devel-
opedthe conceptof a probabilisticgo theory (pgo theory),
whichis capableof handlingbothcasesThis extendstheno-
tion of a go-theoryproposeddy [Yamanet al., 2004, which
only handlescase(i).

As future work, we intendto examine aggreation tech-
niqueswhich would allow the creationof minimally sized
linear programssolving pgo problems.We furtherintendto
include querieswhich referenceperiodsof time. Also, work
mustbe doneto expandthis systemto handlemulti-object
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querieswherethe vehicles@cationsare not independenof
oneanother

We have presentedh syntaxanddeclaratve semanticor
pgo theories,efpcientalgorithmsto checkthe consisteng
of pgo theories,and efbcientalgorithmsto implementGnO
gueries. Our implementationshavs that thesealgorithms
work effectively in practice.
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