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ABSTRACT and combining data from multiple sources, is inherently uncertain

The dramatic growth in the number of application domains that nat- alnd nrc])isy. In lf_";‘(Ctl‘ the housles that the user prefers the mozt, are
urally generate probabilistic, uncertain data has resulted in a need?/SC the most likely to be sold by now. We may denote such un-
for efficiently supporting complex querying and decision-making certainty by associating with each advertisemeptabability that

over such data. In this paper, we present a unified approach to rankJt is still valid. However, incorporating such uncertainties into the
ing and top-k query processing in probabilistic databases by view- returned answers is a challenge, c_:onsidering the compl_e_x interplay
ing it as a multi-criteria optimization problem, and by deriving a set betwet_en the score .ﬁf al_house by itself, and the probability that the
of featuresthat capture the key properties of a probabilistic dataset advgtrsement Is st fvt? id. | broblem has led h K
that dictate the ranked result. We contend that a single, specific T & importance of this natural problem has led to much work on
ranking function may not suffice for probabilistic databases, and ranl_<|ng in probabl!lstlc databas_es in recent years. That prlor_work
we instead propose twparameterized ranking functionsalled (which we review in more detail later) has proposed many differ-
PRF“ andPRF*, that generalize or can approximate many of the ent functions for combining the scores and the probabilities. We
previously proposed ranking functions. We present ngeelerat- begin Wit_h a_systemati_q e_xploration of th_ase issues by rec_ognizi_ng
ing functionsbased algorithms for efficiently ranking large datasets tha_t rgnkl_ng in probabilistic databa_sgs is inherently a multi-criteria
according to these ranking functions, even if the datasets exhibit °Plimization problem, and by deriving a set fefatures the key
complex correlations modeled usipgpbabilistic and/xor treesr properties of a probabilistic dataset that influence the ranked re-
Markov networks We further propose that the parameters of the sult. We empirically illustrate the diverse and conflicting behavior

ranking function be learned from user preferences, and we developOf several natural ranking functions, and argue that a single specific

an approach to learn those parameters. Finally, we present a Com_ranking function may not be appropriate to rank different uncertain

prehensive experimental study that illustrates the effectiveness Ofdatabases that we may encounter in practice. Furt_herr_nor(_a, differ-
our parameterized ranking functions, especi&llg F**, at approx- ent users may weigh the features differently, resulting in different

imating other ranking functions and the scalability of our proposed rankings over the same dataset. We then define a general and pow-
algorithms for exact or approximate ranking. erful ranking function, calledPRF, that allows us to explore the

space of possible ranking functions. We discuss its relationship to
previously proposed ranking functions, and also identify two spe-
1. INTRODUCTION cific parameterized ranking functions, call&tRF“ and PRF®,
Recent years have seen a dramatic increase in the number of apas being interesting. Th® RF™ ranking function is essentially a
plication domains that naturally generate uncertain data and that de-linear weighted ranking function that resembles the scoring func-
mand support for executing complex decision-support queries over tions typically used in information retrieval, web search, data in-
them. In part, this has been due to the increasing prevalence of apiegration, keyword query answering etc. [20, 26, 4, 9, 36]. We
plications such as information retrieval [15], data integration and observe thal’ RF"* may not be suitable for ranking large datasets
cleaning [2, 11], text analytics [23, 19], and social network analy- due to its high running time, and instead propds&f™, which
sis [1], where uncertainty arises both because of noisy input data, Uses a single parameter and can effectively approximate previously
and because of the statistical inference typically performed on suchProposed ranking functions for probabilistic databases.
data. At the same time, large-scale instrumentation of nearly every e then develop novel algorithms basecyemerating functions
aspect of our world using sensor monitoring infrastructures has re-to efficiently rank the tuples in a probabilistic dataset using any
sulted in an abundance of uncertain‘ noisy data [10, 5] PRF ranking function. Our algorithm can handle a prObabi|iStiC
By their very nature, many of these app"cations require support dataset with arbitrary correlations; however, it is particularly effi-
for ranking and top-k queries over large datasets. For instance,cient when the probabilistic database contains onijtual exclu-
consider &House Searchpp”cation’ where a user is searching for SiVity and/ormutual co-existenceorrelations (Callecﬂ)robabilistic
a house using a real estate sales datasetise(id, price, size, zip-  and/xor treeq31]). Our results apply to some of the previously

code, ...) Such a dataset, which may be constructed by crawling Proposed ranking functions as well (one of our results was also in-
dependently obtained by Yi et al. [38]). Our main contributions can

be summarized as follows:
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(specifically, constant height probabilistic and/xor trees). The al- in probabilistic databases where the ranking is by the result tuple
gorithm runs inO(n) time if the dataset is pre-sorted by score.  probabilities (i.e., probability and score are identical) [32]. The

e We present a polynomial time algorithm for computing the top-k mqi'n challenge in that work is efficient com.p.utation of the propa-
answers for a correlated dataset, where the correlations are repPilities, whereas we assume that the probability and score are either

resented using a bounded-treewidth Markov network. The algo- given or can be computed easily.

rithm we present is actually for computing the probability that a

given tuple is ranked at a given position across all the possible 3. PROBLEM FORMULATION

worlds, and is of independent interest. We begin with defining our model of a probabilistic database,

e We develop a novel, DFT-based algorithm for approximating an calledprobabilistic and/xor tre¢31], that allows capturing several

arbitrary weighted ranking function using a linear combination Common types of correlations. We then review the prior work on
of PRF® functions. top-k query processing in probabilistic databases, and argue that

) . a single specific ranking function may not capture the intricacies
* We present a comprehensive experimental study over several realyt ranking with uncertainty. We then present our parameterized
and synthetic datasets, comparing the behavior of the ranking ranking functionsP RF* and PRF®.

functions and the effectiveness of our proposed algorithms.

1 Pr ilistic D Model
Outline: We begin with a brief discussion of the related work (Sec- 3 obabilistic gtabase Ode. I

tion 2). In Section 3, we review our probabilistic database model Ve use the prevalepossible worlds semantiésr probabilistic

and the prior work on ranking in probabilistic databases, and pro- databases [7]. We denote a probabilistic relation with tuple uncer-

pose two parameterized ranking functions. In Section 4, we present{@nty by Dz, whereT” denotes the set of tuples (see Section 4.4 for
our generating functions-based algorithms for ranking. We then exter]smns of our algorithms to attribute uncertainty). The set of all
present an approach to approximate different ranking functions us- PoSsible worlds is denoted lyW = {pw:, pws, ...., pwn }. Each

ing our parameterized ranking functions, and to learn a ranking tUPI€t: € T"is associated with an existence probabikty{;) and
function from user preferences (Section 5). We then briefly sketch & Scorescore(t:), computed based on a scoring functigrre :

an extension of our ranking algorithms to correlated datasets where! — R- Usuallyscore(t) is computed based on the tuple attribute

the correlations are modeled using Markov networks (Section 6) values and measures the relative user preference for different tu-
We conclude with an experimental study in Section 7. ples. In a deterministic database, tuples with higher scores should

be ranked higher. We usg,,, : T — {1,...,n} U {0} tO
denote the rank of the tuplein a possible worldpw according
2. RELATED WORK to score. If ¢t does not appear in the possible wofld), we let

There has been much work on managing probabilistic, uncertain, r,., (t) = co. We sayt, ranks higherthant, in the possible world
incomplete, and/or fuzzy data in database systems (see e.g. [29, 15pw if 7. (1) < Tpw(t2). For each tuple, we define a random
5, 7, 37, 27]). With a rapid increase in the number of application variabler(¢) which denotes the rank dfin Dr. In other words,
domains where uncertain data arises naturally, such as data integraPr(r(¢) = k) is the total probability of the possible worlds where
tion, information extraction, sensor networks, pervasive computing ¢ is ranked at positiot.

etc., this area has seen renewed interest in recent years [16]. ThijDrobabiIistic AndiXor Tree Model: Our algorithms can handle

work has spanned a range of issues from theoretical development of '~~~ ) .
data models and data languages to practical implementation issue?rb'trar'ly correlated relations where correlations are modeled us-
ng Markov networks (Section 6). However, in most of this pa-

such as indexing techniques, and several research efforts are undet o
way to build systems to manage uncertain data (e.g. MYSTIQ [7], per, we f_ocus on therobabilistic and/xor tree modelntrodgced
Trio [37], ORION [5], MayBMS [27], PrDB [34]). The approaches in our prior work [31], that can capt_ure only a more restrlcted_set
can be differentiated based on whether they capturetaplg-level of correlations, but admits highly efficient probability computation

uncertainty where “existence” probabilities are attached to the tu- algonthms_. Mgre specifically, an a_md/ Xor tree captures two types
ples of the database, or ordjtribute-level uncertaintywhere (pos- of correlatlon_s. (Lmutual excluswlt)(denoted@ (xor)) and (2)
sibly continuous) probability distributions are attached to the at- mgtual co-emsten_cé@_ (a_na)). Two eyents satisfy _the mutual co-
tributes, or both. The proposed approaches differ further based oneXistence c_orrelatlon if, in any possible world, either both events
whether they consider correlations or not. Most work in proba- oceur or nelf[her oceurs. Similarly two events are mutually exclu-
bilistic databases has either assumed independence [15, 7] or haS'V® if there is no possible world where both happen.
restricted the correlations that can be modeled [29, 2]. More re-
cently, several approaches have been presented that allow repre
sentation of arbitrary correlations [18, 34, 28].

The area of ranking and top-k query processing has also seen
mut;lh workin (Ijlatabase; (seﬁ llyas et a_ld [ZZLf?r alfurvey). More re- o requirezwu » P(u,v) < 1. Let7, be the subtree rooted at
cently, Several researcners have considered lop-x query processing, o, v1,...,u bev's children. The subtred, inductively de-

in probabilistic databases. Soliman et al. [35] defined the problem ; L
of ranking over probabilistic databases, and proposed two ranking g?(;%:ezsrgndom subset, of its leaves by the following independent

functions to combine tuple scores and probabilities. Yi et al. [38] o If visaleaf,S, = {v}
presentimproved algorithms for the same ranking functions. Zhang e ’ _
and Chomicki [39] present a desiderata for ranking functions. Ming ¢ |t ., is a® node, thers, = { Sy, with prc_nb.p(v,vi)
Hua et al. [21] recently presented a different approach caltel- ' 0 otherwise

abilistic threshold queriesFinally, Cormode et al. [6] also present o 4 is a® node, thers, = U;S,,

a semantics of ranking functions and a new ranking function called '

expected rankWe will review these ranking functions in detail in x-tuples(which can be used to specify mutual exclusivity cor-
next section. There has also been work on top-k query processingrelations between tuples) correspond to the special case where we

DEFINITION 1. A probabilistic and/xor tree/ is a tree where
each leaf is a singleton tuple and each inner node has a ng@rk,
or ®. For each® nodeu and each of its children, there is a non-
negative value(u, v) associated with the edde:, v). Moreover,



Time | Car | Plate | Speed| ... | Prob | Tuple World Prob
Loc No 1d pwi = {t1,t2,ta,t6} | 112
1140 | L1 | X123 | 120 | ... | 04 | & pwa = {1y, f2,1s, fo) | 168
T155 | L2 | Y245 | 130 | ... | 07 | % pwy = {t1,t3,t4, 16} | .04
135 | 3 | Y245 | 80 | ... | 03 | % pws = {t1,ts, 15, 16} | 072
010 14 [ Z541 [ 95 | .. | 04 | % pws = {?’ e ;6} ';gg ) )
1225 15 | z541 | 110 | ... | 06 | ¢ gzj = %tztit‘g% 072 4T 34 -6 1
1215 | 16 | [-110 | 105 | ... | 01 | % s — {ta to. to} 108 @ @ @ @ @

Figure 1: Example of a probabilistic database which contains automatically captured information about speeding cars. Tupte and
ts (similarly, t4 and ¢5) are mutually exclusive. The corresponding and/xor tree compactly encodes these correlations.

have a tree oheight2, with a® node as the root and only) ness of two top-k answers. We use the preval&ridall taudis-
nodes in the second level. Figure 1 shows an example of an and/xortance defined for comparing top-k answers for this purpose [13]. It
tree that models the data from a traffic monitoring application [35], is also calledKkemeny distancén the literature and is considered
where the tuples represent automatically captured traffic data. Forto have many advantages over other distance metrics [12]RLet
example, the leftmost) node indicate$; is present with proba- andRR. denote two full ranked lists, and I&t; andC, denote the
bility .4 and the secon@) node dictates that exactly onetefand top-k ranked tuples ifR1 andR» respectively. Theikendall tau
ts should appear. The topmo@ node tells us the random sets distancebetweenC; andK; is defined to be:
derived from thesé) nodes coexist. dis(K1,K2) =Y, . K(@i,75),
Probabilistic and/xor trees significantly generalizaiples[33, here P(K IC( 1. ch) zt:“];])ellP(Kl"f;) d( ]? & U o
38, block-independent disjoint tuples model, andr-sets [8], and where (K, _ 2_) IS the set of all unordered pairs @, U L2,
can in fact represent any finite set of arbitrary possible worlds [31]. & (:7) = 1 if it can be inferred fromk’; and ; thati and
The correlations captured by and/xor trees can be represented by?PPear in opposite order in the two full ranked ligs and Rz,
probabilistic c-tables [18] and provenance semirings [17]. How- Otherwisek'(i,j) = 0. Intuitively the Kendall distance measures
ever, that does not directly imply an efficient algorithm for ranking. the number of inversions or flips between the two rankings. For
And/xor trees also exhibit superficial similarities to ws-trees [28], ©2S€ of comparison, we divide the Kendall distancé’bip obtain
which can also capture mutual exclusivity and coexistence between0rmalized Kendaltlistance, which always lies i0, 1]. _
tuples.We note that no prior work on ranking in probabilistic data- A higher value of the Kendall distance indicates a larger dis-
bases has considered more complex correlations than x-tuples. ~ 2dreement between the two top-k lists. Itis easy to see that if the
Kendall distance between two top-k answers,ithen the two an-
3.2 Ranking over Probabilistic Data: Defini- swers must share at ledst v/ fraction of tuples (so if the distance
tions and Prior Work is 0.09, then the top-k answers share at least 70%, and typically
90% or more tuples). The distance is 0 if two top-k answers are

The interplay between probabilities and scores complicates the identical and 1 if they are completely disjoint.

semantics of ranking in probabilistic databases. This was observed
by Soliman et al. [35], who first considered this problem and pre-
sented two definitions of top-k queries in probabilistic databases.

E-Score| PT(100) | U-Rank | Exp-Rank| U-Top

Several other definitions of ranking have been proposed since then.|_E-S¢0re - 01241 | 03027 | 0.7992 | 0.2760
We briefly review the ranking functions we consider in this work. PT(100) | 0.1241 - 0.3324 | 0.9290 | 0.3674
U in Took (U-Ti 351 H h He U-Rank 0.3027 0.3324 - 0.9293 | 0.2046

* Uncertain Topk (U-Top) [35]: Here the query returns t Exp-Rank| 0.7992 | 09290 | 0.9293 | - 0.9456

tuple set that appears as the top-k answer in most possible

worlds (weighted by the probabilities of the worlds). U-Top 0.2760 | 03674 | 02046 | 0.9456 -

IIP-100,000 k = 100)
E-Score| PT(100) | U-Rank | Exp-Rank| U-Top

e Uncertain Rankk (U-RanK [35]: At each ranki, we return
the tuple with the maximum probability of being at tkith

rank in all possible worlds. In other wordd;Rankreturns: E-Score — 0.8642 | 08902 | 0.0044 | 0.9258

{tr,i=1,2,.. k}, wheret; = argmaz:(Pr(r(t) = 4)). PT(100) | 0.8642 - 0.3950 0.8647 | 0.5791

U-Rank 0.8902 0.3950 - 0.8907 0.3160

e Probabilistic Threshold TOp-kRT(h)) [21] The original de- Exp-Rank| 0.0044 0.8647 0.8907 _ 0.9263
finition of a probabilistic threshold query asks for all tuples U-Top 09258 | 05791 | 03160 | 09263 —

with probability of being in topk answer larger than a pre-
specified threshold, i.e., all tuplésuch thaPr(r(t) < h) >
threshold. For consistency with other ranking definitions, we
slightly modify the definition and instead ask for theéuples
with the largesPr(r(t) < h) values.

Syn-IND Dataset with 100,000 tuplesK = 100)

Table 1: Normalized Kendall distance between top-k answers
according to various ranking functions for two datasets

e Expected Rank€kp-Ranh [6]: The tuples are ranked in the
increasing order byy_  c py Pr(pw)rpw (t), whererp., (t)
is defined to bépw| if t ¢ pw.

Comparing Ranking Functions: We compared the top-100 an-
swers returned by the five ranking functions with each other us-
ing the normalized Kendall distance, for two datasets with 100,000

o Expected ScoreE-Scorg: Another natural ranking function,  independent tuples each (see Section 7 for a description of the
also considered by [6], is simply to rank the tuples by their datasets). Table 1 shows the results of this experiment. As we
expected scorér(t)score(t). can see, the five ranking functions return wildly different top-k an-

swers for the two datasets, with no obvious trends. For the first
Normalized Kendall Distance: To compare differentranking func-  datasetExp-Rankbehaves very differently from all other functions,
tions or criteria, we need a distance measure to evaluate the closewhereas for the second datagetp-Rankhappens to be quite close



to E-Score However both of them deviate largely frobTop defined to be:

PT(h) andU-Rank The behavior oE-Scoreis very sensitive to

the dataset, especially the score distribution: it is closBTih) To(t) = Z w(t,rpw(t)) - Pr(pw)
andU-Rankfor the first dataset, but far away from all of them in the pwitEpw
second dataset (by looking into the results, it shares less than 15 tu- — Z Z w(t, ))Pr(pw A Tpuw () = 1)
ples with the Topt00 answers of the others). We observed similar purtepw 150
behavior for other datasets, and for datasets with correlations. ) ]

This simple experimentillustrates the issues with ranking in prob- = Z w(t,i) - Pr(r(t) = 19).
abilistic databases — although several of these definitions seem nat- i>0

ural, the wildly different answers they return indicate that none of A top-k query returns thk tuples with the highestr,, | values.
them may be the “right” definition.

We also observe that in large dataséigp-Ranktends to give In most casesy is a real positive function and we just need to
very high priority to a tuple with a high probability even if it has a  find thek tuples with highes(., values. However we allow to
low score. In our synthetic dataset Syn-IND-100,000 with expected be a complex function in order to approximate other functions effi-
sizea 50000, ¢ (the tuple with 2nd highest score) has probabil- ~ciently (see Section 5.1). Depending on the actual functipwe
ity approximately 0.98 andiog0 (the tuple with 1000th highest  getdifferent ranking functions with diverse behaviors. We illustrate
score) has probabilitp.99. The expected ranks @b andt1000 some of these choices and relate them to prior ranking funétions
are approximately 10000 and 6000 respectively, and harsgis We omit the subscript if the context is clear.

ranked above, even thougttiooo is only slightly more probable. o If w(t,i) = 1, the result is the set of tuples with the highest

3.3 Parameterized Ranking Functions probabilities [32]

Ranking in uncertain databases is inherently a multi-criteria opti- ~ ® BY settingw(t, i) = score(t), we getE-Score:
mization problem, and it is not always clear how to rank two tuples Y(t) =3, utepuw SCOre(t)Pr(pw) = score(t)Pr(t)
that dominate each other along different axes. Consider a database
with two tuplest; (score = 100Pr(¢1) = 0.5), andt, (score =
50, Pr(t2) = 1.0). Even in this simple case, it is not clear whether
to rank¢; abovets or vice versa. This is an instance of the clas-
sic risk-reward trade-off, and the choice between these two options
largely depends on the application domain and/or user preferences.
We propose to follow the traditional approach to dealing with
such tradeoffs, by identifying a set tefatures by defining a para- e Two special cases of tRRF* function are:
meterized ranking function over these features, and by learning the
parameters (weights) themselves using user preferences [20, 26, 4, 1. w(i) = 1, i<h o
9]. To achieve this, we propose a family of ranking functions, pa- 0, otherwise

e PRF“(h): One important class of ranking functions is when
w(t,7) = w; (i.e., independent of) andw; = 0Vi > h for
some positive integeli. This forms one of prevalent classes
of ranking functions used in domains such as information re-
trieval and machine learning, with the weights typically learned
from user preferences [20, 26, 4, 9].

If we returnk tuples with

rameterized by one or more parameters, and design algorithms to
efficiently find the top-k answer according to any ranking function
from these families. Our general ranking function, PRF, directly
subsumes some of the previously proposed ranking functions, and
can also be used to approximate other ranking functions. Moreover,

- w;(i) = 0, otherwise

highestY', (¢) value, we have exactly the answer fé7"(h).

Ly for somel < j < k. We can

see the tuple with larget.,; value is the rank- answer
in U-Rankquery [35].

the parameters can be learned from user preferences, which allows

; . > S X This allows us to compute tHg-Rankanswer by evaluat-
us to adapt to different scenarios and different application domains.

ing Yy, (t)forallt € Tandj = 1,... k.
Features: Although it is tempting to use the tuple probability and
the tuple score as the features, a ranking function based on just
those two will be highly sensitive to the actual values of the scores;
further, such a ranking function will be insensitive to the correla-
tions in the database, and hence cannot capture the rich interaction® RF“ and PRF* form the two parameterized ranking functions
between ranking and possible worlds. that we propose in this work. AlthougRRF*“ is the more nat-
Instead we propose to use the following set of features: for each ural ranking function and has been used elsewhefe['© is more
tuplet, we haven featuresPr(r(t) =i),i =1,--- ,n, wheren is suitable for ranking in probabilistic databases for various reasons.
the number of tuples in the database. In other words, for £aeh First, the features as we have defined above are not completely ar-
use the probability that a tuple is ranked at that position across thebitrary, and the featureBr(r(t) = 4) for small: are clearly more
possible worlds as a feature. This set of features succinctly capturesmportant than the ones for largeHence in most cases we would
the possible worlds. Further, correlations among tuples, if any, are like the weight functionw (), to be monotonically non-increasing.
naturally accounted for, when computing the values of the features. PRF'© naturally captures this behavior (as longas < 1). More
We note that, in most cases, we do not explicitly compute all the importantly, we can compute theRE'® function in O(n log(n))
features, and instead design algorithms that can directly computetime (O(n) time if the dataset is pre-sorted by score) even for
the value of the overall ranking function. datasets with low degrees of correlations (i.e., modeled by and/xor
trees with low heights). This makes it significantly more attractive
for ranking over large datasets.

e PRF*“(a): Finally, we definePRF* to be a special case of
the PRF*“ function, wherew; = w(i) = o', wherea is a
constant and may be a real or a complex number.

Ranking Functions: Next we define a general ranking function
which allows exploring the trade-offs discussed above.

The definition of theU-Top introduced in [35] requires the re-
trievedk tuples belongs to a valid possible world. However, it is
not required in our definition, and hence it is not possible to simu-
late U-Topusing PRF.

DEFINITION 2. Letw : T x N — C be aweight functionthat
maps a tuple-rank pair to a complex number. Tsrameterized
ranking function (PRE)Y,, : T — C in its most general form is



Furthermore, ranking by? RF¢(c), with suitably chosem, can . ___ __ (64 dzja(dz+ 6y) (5+52)(4 +.62)(.6 + 4y)

approximate rankings by many other functions reasonably well evdnT
with only real«. Finally, a linear combination of exponential func- !

tions, with complex bases, is known to be very expressive in repre- Az + .6y 7 V)
senting other functions [3]. We make use of this fact to approxmate O E1
many ranking functions by linear combinations of a small num- (t5) o)

ber of PRF* functions, thus significantly speeding up the running

time. We revisit this in Section 5.1. ) . )
Figure 2: PRF computation on and/xor trees: the left figure

corresponds to the database in Figure 1, whereas the right fig-
4. RANKING ALGORITHMS ure is the and/xor tree representation of the independent tuples
We next present an algorithm for efficiently ranking according to in Example 1.
a PRF function. We first present the basic idea behind our algo-
rithm assuming mutual independence, and then consider correlated
tuples with correlations represented using an and/xor tree. We thenWe can see that the coefficient of 27 in the expansion ofF" is
present a very efficient algorithm for ranking using?®F func- exactly the probability that; is at rankj, i.e.,c; = Pr(r(t:) = j).

tion, and then briefly discuss how to handle attribute uncertainty. We noteZ* contains at most+ 1 nonzero terms. Hence, we can
expandF’ to compute the coefficients i@(i*) time. This allows

4.1 Assuming Tuple Independence us to computePr(r(t;) = j) for t; in O(:%) time; Y(¢;), in turn,
First we show how th& RF function can be computed i@(n?) can be written as:
time for a general weight functian, and for a given set of tuples T(t) = p N toNes (1
T = {t1,...,ts}. In all our algorithms, we assume thatt, 1) (£:) ; w(tng) - Pr(r(t) =) zj:w( i @
can be computed i®(1) time.
Clearly it is sufficient to comput®r(r(t) = j) for all tuples which can be computed i@ (i) time.
tandl < j < nin O(n?) time. Given these values, we can ) ] o
directly compute the values &f(¢) for all tuples inO(n?) time (in ExampLE 1. Consider a relation with 3 independent tuptes

O(n) time for each tuple). Later, we will present several algorithms 2, ¢3 (alréady sorted according to the score function) with exis-
which run inO(n) or O(n log(n)) time which combine these two ~ tence prol:_Jabllltle$).5, 0.6, 0.4, respectively. The generating func-
steps for specifie functions. tion for ¢3 is:

We first sort the tuples in a non-increasing order by their score ~ F>(z) = (.5 4 .5z)(.4 + .6z)(4x) = .122° + 22° + .08z
(which is assumed to be deterministic); assume. . , t,, indicates This gives us:

this sorted order. Suppose now we want to comgRie:(¢;) = Pr(r(ts) = 1) = .08, Pr(r(t3) = 2) = .2, Pr(r(t3) = 3) = .12
j). LetT; = {ti1,t2,...,t;} ando, be an indicator variable that ,

takes valud if ¢; is present in a possible world, afdf otherwise. If we expand eacl#* for 1 < i < n from scratch, we need
Further, lets = (o1,...,0,) denote a vector containing all the ~ O(n”) time for each7* and O(n®) time in total. However, the
indicator variables. Then, we can write(r(t;) = 5) as follows: expansion ofF* can be obtained from the expansionf '

) O(i) time by observing that:
Pr(r(ti) = j)

i Pr t; i—
pw:[pwnT;_1|=j—1 )
This trick gives usO(n*) time complexity for computing the val-
= Pr(t) Z H Pr(t,) H (1 = Pr(t)) ues of the ranking function for all tuples. See Algorithm 1 for the
S gy SHE <t =0 pseudocode. Note th&d(n?) time is asymptotically optimal in
=1

general since the computation involves at le@$h?) probabili-

The first equality says that tupte ranks at thejth position if ties, namelyPr(r(t;) = j) forall1 < i,j < n.
and only ift; and exactlyj — 1 tuples fromT;_; are present in
the possible world. The second equality is obtained by rewriting ~ Algorithm 1: IND-PRF-RANK(D)
the sum to be over the indicator vector (each assignment to the in- 0 ;

. ; o1 F(x) =1,
dicator vector corresponds to a possible world), and by exploiting )

. . 2forz:1t0ndo
the fact that the tuples are independent of each other. The naive ; .
method to evaluate the above formula by explicitly listing all possi- 3 F(x) = Pr(t f (z )(1 = Pr(tio1) + Pr(tz‘fl)ﬂ?) ;
ble worlds needs exponential time. Now, we present a polynomial , ExpandF(z) in the form of 3= ¢; 27
time algorithm based on generating functions. Tt = 5wt f)e; J
Consider the functionF (z) = [}, (ai +biz). The coefficient g=1 T

of z* in F(x) is given by: 3=, 5 _, T1,.5,—o @ [L;.5,—, bi Where

6 return k tuples with largest values;

B = {(p,...,0B) is a Boolean vector, and| denotes the number
of 1's in 3. Now consider the following generating function: For some specifiew functions, we may be able to achieve faster
running time. FotP RF™ (h) functions, we only need to expand all
i _ F¥s up toz" term sincev(i) = 0 for i > h. Then, the expansion
Fiz) = (t lT_[ 1—Pr(t) +Pr(t) x)) (Pr(ts) - ) from F~1(z) to F*(z) only takesO(h) time. This yields ar) (n -
€T 1

h + nlog(n)) time algorithm. We note the above technique also
= chg;i, gives anO(nk + nlog(n)) time algorithm for answering the-
>0 Ranktop-k query (all the needed probabilities can be computed



in that time), thus matching the best known upper bound by Yi et

Algorithm 2: ANDOR-PRF-RANK(")

al. [38] (the original algorithm in [35] runs i®(n>k) time).

We remark that the generating function technique can be seen as

a variant of dynamic programming in some sense; however, using
it explicitly in place of the obscure recursion formula gives us a
much cleaner view and allows us to generalize it to handle more
complicated tuple correlations. This also leads to an algorithm for
extremely efficient evaluation d? RF'© functions (Section 4.3).

4.2 Probabilistic And/Xor Trees

Next we generalize our algorithm to handle a correlated database
where the correlations can be captured usinguag¥xortree. As
before, letl’ = {t1, t2, ..., t»} denote the tuples sorted in an non-
increasing order of their score function, andliet= {t1, t2,...,t:}.
Let 7 denote the and/xor tree that models the correlations.

Suppose now we need to complegr(¢;) = j). Since a tuple
with a smaller score does not have any affect on the rank, of
suffices to consider onl¥;, the subtree o induced by the leaf
setT; (namely, the union of all root-leaf paths with all leaves in
T;). Let Ch(v) = {v1,...,u} denote the set ob’s children.
Letpy, = 3°,, con(w) P(v,vn). For each node € 7;, we define

generating functiodF; (z, y) inductively as follows:

. i oz, oveTi\ {ti};
o If vis aleaf.F,(z,y) = { v v=t,. .
e If visa® node,
Folzy) =1 —po)+ X Fp(x,y) p(v,on)
vy €Ch(v)

e If visa@® node,Fi(z,y) = I, conw) Fo (1)

The generating functiorF” for 7; is the generating function of
its root. The following theorem [31] states the close relationship
between the probabiliti€dr(r(¢;) = j) and the coefficients of".

THEOREM 1. [31] Let ¢; be the coefficient of the termi 'y
in the generating functioff* (z, y) defined as above. We have that:

Pr(r(t;) = j) = ¢j.

EXAMPLE 2. The generating functioff® for the left hand side
tree in Figure 2 is(.6 + .4x)z(.4x + .6y) = 2427 + 162> +
.36xy +.24z%y. So we get thalr(r(t5) = 3) = .24. From Figure
1, we can also seBr(r(ts) = 3) = Pr(pwz) + Pr(pws) = .24.
The right hand side of Figure 2 shows the probabilistic and/xor tree
and the generating function computation for Example 1.

See Algorithm 2 for the pseudocode of the algorithm.

If we expandF; for each internal node in a naive way (i.e.,
we do polynomial multiplication one by one), we can show that the
running time isO(n?) at each internal node and th@$n>) over-
all. If we do divide-and-conquer at each internal node and apply
FFT (Fast Fourier Transformation) for the multiplication of poly-
nomials, the running time can be improved@gn? log® n). The
details can be found in the extended version of the paper [30].

4.3 Computing arrre Function
Next we present a®(n log(n)) algorithm to evaluate # RF*°

function (the algorithm runs in linear time if the dataset is pre-
sorted by score). () = o*, then we observe that:

Y(t:) = Y Pr(r(ts) = j)o’ = F'(a) ®

j=1

This surprisingly simple relationship suggests it is not necessary to
expand the polynomial§™(x) at all; instead we can evaluate the

T° =0;
for i=1to ndo
7T; = T;—1 U the path from; to the root;
Fi(z,y) = GENE(T;, t:);
ExpandZ’(z, y) in the formy" . ca? + (32 ¢;27H)y;
T(ti) =320 wlti, j)ess
return k tuples with larges¥ values;
Subroutine: GENE(T, t);
if 7 is a singleton nodéhen
| if 7 = {t} thenreturn y else returnz
else
7, is the subtree rooted at for r; € Ch(r);
p= ZmeCh(r) p(r,ri);
if ris a@ nodethen
| retun 1—p+3° congP(rri) - GENE(T;, 1);

if ris a® nodethen
| retun [, coney GENE(T, t);

numerical value ofF?(«) directly. Again, we note that the value
F'(a) can be computed from the value 8! (a) in O(1) time
using Equation (2). Thus, we haggn) time algorithm to compute
T (t;) forall 1 <14 < nif the tuples are pre-sorted.

ExamMPLE 3. Consider Example 1 and theRF function for
t3. We chooses(i) = .6°. Then, we can see th&*(z) = (.5 +
5x) (.4 4 .6x)(4x). S0,Y(t3) = F3(.6) = (.5 + .5 x .6)(.4 +
6 % .6)(.4 x .6) = .14592.

We can use a similar idea to speed up the computation if the tu-
ples are correlated and the correlations are represented using an
and/xor tree. Suppose the generating functiorZids 7*(z,y) =

>, + (2, ¢’y and Y (t:) = Y7, o’ c;. We observe

an intriguing relationship between teRF° value and the gener-

ating function:
Yo’ = (2 0) -3
J J J

Fa,a) — F'(a,0).

Given this, Y (¢;) can be computed in linear time by bottom up
evaluation ofF* (o, o) andF*(«, 0) in 7. If we simply repeat it
n times, once for each, this gives us aD(nQ) total running time.

By carefully sharing the intermediate results among computa-
tions of Y'(¢;), we can improve the running time @(n log(n) +
nd) whered is the height of the and/xor tree. We sketch this algo-
rithm, which runs in iterations. Suppose the tuples are already pre-
sorted by their scores. In iteratianleaf¢; (the:’th tuple in score
order) is added to the tree and the computations are done along the
path from¢; to the root. Specifically, the algorithm maintains the
following information in each inner node the numerical values of
Fi(a, o) andFi(a,0). The values on node need to be updated
when the value of one of its children changes. Therefore, in each
iteration, the computation only happens on the path ftoto the
root. Since we update at maghodes for each newly added node,
the running time isO(nd). The updating rule forF;(.,.)(both
Fila,a) and Fi(a,0)) in nodew is as follows. We assumes
child, sayu, just had its values changed.

1. visa@ node Fi(.,.) — Fi (., )Fi(., )/ Fil(.,.)
2. visa@ node, then: ‘ .
Folor) = Fo () +pv,w)Fiuls ) — plo,w) Fi (., )

/
C]CY

T(t;) = c;-ozj + (chaj_l) J
J



We note that, for the case aftuples which can be represented
using a two-level tree, this gives us @rnlog(n)) algorithm for
ranking according t®° RF°.

4.4 Attribute Uncertainty or Uncertain Scores

We briefly sketch how we can do ranking over tuples with dis-
crete attribute uncertainty where the uncertain attributes are part of
the tuple scoring function (if the uncertain attributes do not affect
the tuple score, then they can be ignored for the ranking purposes).

tion w(7), that approaches zero for large values.oAs we noted
earlier, this captures the typical behavior of th@) function. An
example of such a function is the step functiattd) = 1v: < h,=
0Vz > h) which corresponds to the ranking functi®¥’(h). At a
high level, our algorithm starts with a DFT approximation.df)
and then adapts it by adding several damping, scaling and shifting
factors.

Discrete Fourier transformation (DFT) is a well known technique
for representing a function as a linear combination of complex ex-

More generally, this approach can handle the case when there is gonentials (also calleffequency domain representation More

discrete probability distribution over the score of the tuple.

The algorithm works by treating the alternatives of the tuples
(with a separate alternative for each different possible score for the
tuple) as different tuples, and adding &or constraint over the
alternatives. We can then use the algorithm for the probabilistic
and/xor tree model to find the values of the PRF function for each
resulting tuple separately. In a final step, we calculatéltteeore
for each original tuple by adding tHe scores of its alternatives. If
the original tuples were independent, the complexity of this algo-
rithm is O(n?) for computing the PRF function, ar@(n log(n))
for computing theP RF® function wheren is the size of the input,
i.e., the total number of different possible scores.

5. APPROXIMATING AND LEARNING
RANKING FUNCTIONS

In this section, we discuss how to choose the PRF functions and
their parameters. Depending on the application domain and the
scenarios, there are two approaches to this:

o If we know the ranking function we would like to use (say
PT(h)), then we can either simulate or approximate it using
appropriate PRF functions.

o Ifwe are instead provided user preferences data, we can learn

wherey is the imaginary unit ang(0), - - -

specifically, a discrete functiow (i) defined on a finite domain
[0, N — 1] can be decomposed into exacllyexponentials as:

N—-1

wli) =

ke N

0

(4)

,(N —1) denotes the
DFT transform otu(0), - - -, w(N — 1). If we want to approximate

w by fewer, sayL, exponentials, we can instead use théFT
coefficients with maximum absolute value. For clarity, we assume
that«(0), ..., (L — 1) are those coefficients. Then our approxi-
mationw? T of w by L exponentials is given by:

277 .
N ki

L—-1
cZ:fFT(i):%Zw(k)e i=0,...,N-1. (5
k=0
However, DFT utilizes only complex exponentials of unit norm,
i.e.,e’" (wherer is a real), which makes this approximation peri-

odic (with a period ofN). This is not suitable for approximating
anw function used in PRF, which is typically a monotonically non-
increasing function. If we maké& sufficiently large, say larger
than the total number of tuples, then we usually need a large num-
ber of exponentialslf) to get a reasonable approximation. More-

over, computing DFT for very largdv is computationally non-

the parameters from them. Clearly, we would prefer to use a trivial. Furthermore, the number of tuplesmay not be known

PRF* function, if possible, since it admits highly efficient
ranking algorithms.

For this purpose, we begin with presenting an algorithm to find
an approximation to an arbitrar? RF'“ function using a linear
combination of PRF* functions. We then discuss how to learn
a PRF* function from user preferences, and finally present an
algorithm for learning a singl® RF'*© function.

5.1 Approximating PrRF* usingPrF< Functions

Alinear combination of complex exponential functions is known
to be very expressive, and can approximate many other functions
very well [3]. Specifically, given & RF“ function, if we can write
w(i) as:w(i) =~ Y1, waj, then we have that:

T®:ZWMWW=D%ZM(ZMWWUﬂO
=1 %

This reduces the computation ¥{¢) to L individual PRF'® func-

tion computations, each of which only takes linear time. This gives
us anO(nlog(n) + nL) time algorithm for approximately rank-
ing using PRF* function for independent tuples (as opposed to
O(n?) for exact ranking).

Several techniques have been proposed for finding such approx-
imations using complex exponentials [24, 3]. Those techniques are
however computationally inefficient, involving computation of the
inverses of large matrices and the roots of polynomials of high or-
ders, and may be numerically unstable.

In this section, we present a clean and efficient algorithm, based
on Discrete Fourier Transforms (DFT), for approximating a func-

in advance.

We next present a set of nontrivial tricks to adapt the base DFT
approximation to overcome these shortcomings. To illustrate our
1, <N
0, i>N
running example to show our method and the specific shortcoming
it addresses. We assumé:) takes non-zero values within interval
[0, N — 1] and the absolute values of battfi) andw? ¥ (i) are
bounded byB.

1. (DFT) We perform pure DFT on the domajih, a N], wherea
is a small integer constant (typicaly 10).

as our

method, we use the step functiari)

2. (Damping Factor (DF)) We introduce a damping facio
1 such thatBn*™ < e wheree is a small positive real (for

example,10~°). Our new approximation becomes:

-DFT+DF
wL+(z

L—-1 ’ )
)= T = 3T
©)

By incorporating this damping factor, we have that

lim;— 400 @2 FTTPE(3) = 0. Especially@? TP (4) < ¢
fori > aN.
3. (Initial Scaling (IS)) Use of the damping factor gives a biased

approximation when is small (see Figure 3(i)). Taking the
step function as an example,“ "+ (i) is approximately
n' for 0 < i < N instead ofl. To rectify this, we initially
perform DFT on a different sequenégi) = n~'w(i) (rather
thanw(i)) on domaine [0,aN]. This gives us an unbiased

approximation, which we denote iy ¥+ +PF+15,
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Figure 3: Approximating functions using linear combinations of complex exponentials

4. (Extending and Shifting (ES)) This trick is in particular tai- dressed learning a ranking function likgR F°. We use a simple
lored for optimizing the approximation performance for rank- binary search-like heuristic to find the optimal real valuexahat
ing functions. DFT does not perform well at discontinuous minimizes the Kendall distance between the user-specified ranking
points, specifically at = 0 (the left boundary), which can sig-  and the ranking according tBRF“(«). In other words, we try to
nificantly affect the ranking approximation. To handle this, we find arg min¢[o,1)(dis(c, o(c))) wheredis() is the Kendall dis-
extrapolatev to make it continuous arourt@l Let the result- tance between two rankings,is the ranking for the given sample
ing function bew which is defined orj—bN, +oc] for small ando(«) is the one obtained by usinB RF*(«) function. Sup-
b > 0. Again, taking the step function for example, we let pose we want to find the optima(ljwitLhin the interval[L, U] now.
. 1, —-bN <i< N, e We first computelis(o, o (L + i - =-=) fori =1,...,9 and find
(i) = 0, ¢>N. Then, we shift>(i) right- 1 for which the dista(nce Es the sméﬁeit. Then we reduce our search
wards bybN to make its domain lie entirely in positive axis, do  range tdmax(L, L+ (i—1)- %5 min(U, L+ (i+1)- %52)] and
initial scaling and perform DFT on the resulting sequence. We repeat the above recursively. Although this algorithm can only con-
denote the approximation of the resulting sequencg’bs) (by verge to a local minimum, in our experimental study, we observed
performing (6)). For the approximation of origina(s) values, that all of the prior ranking functions exhibit a uni-valley behav-
we only need to do corresponding leftward shifting , namely ior (Section 7), and in such cases, this algorithm finds the global
QPFTHDEHISHES 4y — ¢/(;4-bN). We can see from Figure  optimal.
3(i) that DFT+DF+IS+ES produces a much better approxima-

tion than others arouni= 0. 6. PRF COMPUTATION FOR ARBITRARY
Figures 3(i) and (ii) illustrate the efficacy of our approximation CORRELATIONS
technique for the step function. As we can see, we are able to . . )
approximate that function very well with just 20 or 30 coefficients. _Among many models for capturing the correlations in a proba-
Figure 3(iii) and (iv) show the approximations for a piecewise lin- bilistic database, graphical models (Mgrkov or Bayesian networks)
ear function and an arbitrarily generated continuous function re- P€rhaps represent the most systematic approach [34]. The appeal

spectively, both of which are much easier to approximate than the ©f graphical models stems both from the pictorial representation
step function. of the dependencies, and a rich literature on doing inference over

them. In this section, we sketch an extension of our generating
5.2 Learning aPRF® Of PRF¢ Function function-based algorithm for computingRF' to handle correla-
tions represented using a graphical model. The resulting algorithm
is a non-trivial dynamic program over the junction tree of the graph-
ical model, combined with the generating function method. Our
main result is that we can compute the PRF function in polyno-
mial time if the junction tree of the graphical model has bounded
reewidth. It is worth noting that this result can not subsume our
algorithm for and/xor trees (Section 4.2) since the treewidth of the
moralized graph of a probabilistic and/xor tree may not be bounded.

Next we address the question of how to learn the weights of a
PRF* function or thea for a singlePRF* function from user
preferences. To learn a linear combinationRaR F'° functions, we
first learn aP RF* function and then approximate it as above.

Prior work on learning ranking functions (e.g., [20, 26, 4, 9]) as-
sumes that the user preferences are provided in the form of a set o
pairs of tuples, and for each pair, we are told which tuple is ranked
higher. Our problem differs slightly from this prior work in that,
the features that we use to rank the tuples (Re(r(t) = i),: = Definitions: We start with briefly reviewing some notations and
1,...,n) cannot be computed for each tuple individually, but must definitions related to graphical models and junction trees7Let
be computed for the entire dataset (since the values of the features(t1, to, . . ., ¢, } be the set of tuples i1, sorted in an non-increasing
for a tuple depend on the other tuples in the dataset). Hence, we asorder of their score values. For each tupla 7', we associate an
sume that we are instead given a small sample of the tuples, and thendicator random variabl&;, which is1, if ¢ is present an@ oth-
user ranking for all those tuples. We compute the features assumingerwise. LetX = {X,,,..., Xy, } andX; = {X;,,..., Xy, }. The
this sample constitutes the entire relation, and learn a ranking func- correlations among these variables may be represented using either
tion accordingly, with the goal to find the parameters (the weights a directed or an undirected graphical model; we however assume
w; for PRE® or the parametes for PRE°) that minimizes the that we are provided with an equivalent junction tree over the vari-

number of disagreements with the provided sample ranking. ables (which can be constructed using standard algorithms [14]).
Given this, the problem of learning RF'“ is identical to the Let7 be a tree with each nodeassociated with a subsét, C

problem addressed in the prior work, and we utilize the algorithm X. We say7 is ajunction treeif any intersectionC,, N C, for

based orsupport vector machines (SV§26] in our experiments. anyu,v € 7 is contained inC', for every nodew on the unique

On the other hand, we are not aware of any work that has ad- path between. andv in 7 (this is called therunning intersec-
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Figure 4: (i) A graphical model; (ii) A junction tree for the
model along with the (calibrated) potentials.

tion property. The treewidth of a junction tree is defined to be
maxye7 |Cy| — 1. DenoteS,,, = C, N C,, for each(u,v) € 7.
We call S, aseparatorsince the removal 0§, ., disconnects the
graphical model.

We associate each cliqu&, (and each separatéf, ) with a
potentialm, (Cy) (resp. pu,»(Su,»)), Which is a function over all
variablesX,, € C, (X, € Su,) and represents the correlations

mula for computing3r(lﬁf,) from (1) the computed values for the
children of the nodey, and (2) the joint probability distributions
corresponding to the clique and its children. However it is not com-
putationally feasible to evaluate that recursion formula directly. In-
stead we develop a generating functions-based algorithm for that
purpose, which allows us to efficiently compuee(C?) for all
nodesv in the junction tree. Please see the full version of the pa-
per [30] for complete details and the proofs of correctness.

Running Time: We need to run our dynamic prograntimes for
each tuple;. The time complexity i$D (2" (n2" + n?)|7T|) for
each execution of dynamic program, resulting in an overall time
complexity of O(2"n?(2™ + n)|T|), wheretw is the treewidth

of the junction tree7 .

7. EXPERIMENTAL STUDY

We conducted an extensive empirical study over several real and
synthetic datasets to illustrate: (a) the diverse and conflicting be-
havior of different ranking functions proposed in the prior litera-
ture, (b) the effectiveness of our parameterized ranking functions,
especiallyPRF*°, at approximating other ranking functions, and
(c) the scalability of our new generating functions-based algorithms
for exact and approximate ranking. We discussed the results sup-
porting (a) in Section 3.2. In this section, we focus on (b) and (c).

among those variables. Without loss of generality, we assume thatDatasets: We mainly use the International Ice Patrol (IIP) Ice-

the potentials arealibrated that is, the potential corresponding to
a clique (separator) is exactly the joint probability distribution over

berg Sighting Datasefor our experiments. This dataset was also
used in prior work on ranking in probabilistic databases [25, 21].

the variables in that clique (separator). Given a junction tree with The database contains a seticéberg sighting recordseach of
arbitrary potentials, calibrated potentials can be computed using thewhich contains the locationlatitude, longitudg of the iceberg,

message passing algorithm [14].

For a set of variables, we usePr(S) to denote the joint prob-
ability distribution over those variables. Then the joint probability
distribution of X', whose correlations can be captured using a cali-
brated junction tre€”, can be written as:

_ Merm(@)  _ TerPrCy)
H(“,U)ET /Lu,v(su,v) H(u,v)E’T Pr(Sua'U)
Figures 4 (i) and (ii) show an undirected graphical model over

five random variables(,, - - - , X5, and a calibrated junction tree
7 over them.

Pr(X)

Algorithm Sketch: Our dynamic programming-based algorithm
computesPr(r(t;) = h) given anyt; € T, foralll < h < n,
in polynomial time if the treewidth of” is bounded by a constant.
The algorithm begins by rooting at a node- such thatX,, € C..

and thenumber of dayshe iceberg has drifted, among other at-
tributes. Detecting the icebergs that have been drifting for long
periods is crucial, and hence we use the number of days drifted as
the ranking score. The sighting record is also associated with a
confidence-levedttribute according to the source of sighting: R/V
(radar and visual), VIS (visual only), RAD (radar only), SAT-LOW
(low earth orbit satellite), SAT-MED (medium earth orbit satellite),
SAT-HIGH (high earth orbit satellite), and EST (estimated). We
converted these seven confidence levels into probabilities 0.8, 0.7,
0.6, 0.5, 0.4, 0.3, and 0.4 respectively. We added a very small
Gaussian noise to each probability so that ties could be broken.
There are nearly a million records available from 1960 to 2007; we
created 10 different datasets for our experimental study containing
100, 000 (IIP-100,000) tol, 000, 000 (1IP-1,000,000) records, by
uniformly sampling with replacement from the original dataset.
Along with the real datasets, we also use several synthetic datasets

The dynamic program then runs bottom up, from the leaves to the with varying degrees of correlations, where the correlations are

root of the junction tre¢/”. Let 7, denote the subtree rooted at a
nodew in the junction tree, and lef’, denote the corresponding
clique. For each such node, we recursively compute:

Pr(K:) = Pr((5v,0%)), V6, € {0,1}1! v0 < 6! <n

which is the probability that the variables @i, take the values
indicated by the Boolean vectér, (called aconfiguratior) and the
number of variables iff,, N A; is exactly equal t@’..
After computing all of these values using dynamic programming,
we can comput®r(r(¢;) = h),Vh, as:
0i=h

Pr(r(t:) =h)=>_
&rior[ti]=1,
In other words, we compute the total probability tt&t = 1, and

that exactlyh variables inX; are equal to 1 (i.e., exactly — 1
tuples ranked abowvk are present in the possible world).

Pr(K})

captured using probabilistic and/xor trees. The tuple scores (for
ranking) were chosen uniformly at random frdf 10000]. The
corresponding and/xor trees were also generated randomly starting
with the root, by controlling thdeight (L) the maximum degree

of the non-root nodes (dand theproportion of ) and ® nodes
(X/A)in the tree. Specifically, we use five such datasets:

(1) Syn-IND (independent tuples), (2) Syn-XOR (L=2,X/A=d=5),

(3) Syn-LOW (L=3,X/A=10,d=2), (4) Syn-MED (L=5,X/A=3,d=5),
and (5) Syn-HIGH (L=5,X/A=1,d=10).

For Syn-IND, the tuple existence probabilities were chosen uni-
formly at random fronj0, 1]. Note that the Syn-XOR dataset, with
height set to 2 and n@® nodes, exhibits only mutual exclusivity
correlations (mimicking the x-tuples model [33, 38]), whereas the
latter three datasets exhibit increasingly more complex correlations.

Given the above framework, we can construct a recursive for- 2http://nsidc.org/data/g00807.html
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Figure 5: (i, if) Comparing PRF*° with other ranking functions for varying values of «; (iii) Approximating P7°(1000) using a linear
combination of PRF*“ functions; (iv) Approximation quality for three ranking functions for varying number of exponentials.

Setup: We use the normalized Kendall distance (Section 3.2) for linear function (Figure 3(iii)). We see th#t= 40 suffices to bring
comparing two top-k rankings. All the algorithms were imple- the Kendall distance tec 0.1 in all cases. We also observe that
mented in C++, and the experiments were run on a 2.4GHz Linux smooth functions (for which the absolute value of the first deriv-

PC with 2GB memory. ative of the underlying continuous function is bounded by a small
. - . . value) are usually easier to approximate. We only need 20 ex-
Approximability of Ranking Functions ponentials to achieve a Kendall distance less théh for s func.

We begin with a set of experiments illustrating the effectiveness of The Linear function is even easier to approximate. We also tested
our parameterized ranking functions at approximating other rank- a few other continuous functions such as piecewise linear function

ing functions. Due to space constraints, we focustti/™ here andf(z) = 1/z, and found similar behavior. We omit those curves
because it is significantly faster to rank according 8 /aF° func- due to space constraints.

tion (or a linear combination of severBIRF'© functions) than it is

to rank according & RF*“ function. Learning Ranking Functions

Figures 5 (i) and (ii) show the Kendall distance between the
top-100 answers computed using a specific ranking function and
PRF“ for varying values ofy, for the 11P-100,000 and Syn-IND-
1000 datasets. For better visualization, we plan the x-axis,
wherea = 1 — 0.9°. The reason behind this is that the behavior
of the PRF° function changes rather drastically, and spans a spec-
trum of rankings, wherm approaches. First, as we can see, the
PRF*® ranking is close to ranking b$corealone for small val-
ues of, whereas it is close to the ranking Byobability when
a is close to 1 (in fact, forr = 1, the PRF“ ranking is equiva-
lent to the ranking of tuples by their existence probabilifieSgec-
ond, we see that, for all other functioris-Gcore PT'(h), U-Rank
Exp-Ranl, there exists a value af for which the distance of that
function toPRF*° is very small, indicating thaP RF*® can indeed
approximate those functions quite well. Moreover we observe that
this “uni-valley” behavior of the curves justifies the binary search
algorithm we advocate for learning the valuecofn Section 5.2.
Our experiments with other synthetic and real datasets indicated a
very similar behavior by the ranking functions.

Next we evaluate the effectiveness of our approximation tech-
nique presented in Section 5.1. In Figure 5 (iii), we show the
Kendall distance between the top-k answers obtained ugifig:)
(for h = 1000,k = 1000) and using a linear combination of
PRF* functions found by our algorithms. As expected, the ap-
proximation using the vanilla DFT technique is very bad, with the
Kendall distance close to 0.8 indicating little similarity between
the top-k answers. However, the approximation obtained using our
proposed algorithm (indicated by DFT+DF+IS+ES curve) achieves
a Kendall distance of less than 0.1 with just= 20 exponentials.

In Figure 5 (iv), we compare the approximation quality (found

?xooggg ggtr_l,t-hWpl?lli)ToJroDoT;;;E||Sp).flo(r)(t)%r%%(;avrngig1gjonoc“$EZ for find an approximation for it using our DFT-based algorithm.
y ' s ' In Figure 6 (ii), we show the results of an experiment where we

ranklng functions we com_pared were: (HT.(h) (n = 1000), (2) tried to learn aP RF“ function (using the SVM-lite package [26]).
an arbitrary smooth functionfunc, (see Figure 3(iv)), and (3) a We keep our sample siz€ 200 since SVM-lite runs very fast

30n the other hand, farn = 0, PRF*® ranks the tuples by their ~ Within such sample size but becomes drastically slow with larger
probabilities to be the Top-answer. ones. For example, with 100 samples, it terminates within one sec-

Next we consider the issue of learning ranking functions from user
preferences. Lacking real user preference data, we instead assume
that the user ranking function, denoteger-fungis identical to one
of: E-Score PT'(h), U-Rank Exp-Rankor PRF¢(« = 0.95). We
generate a set of user preferences by ranking a random sample of
the dataset usingser-fungthus generating five sets of user prefer-
ences). These are then fed to the learning algorithm, and finally we
compare the Kendall distance between the learned ranking and the
true ranking for the entire dataset.

In Figure 6(i), we plot the results for learning a singfR F©
function (i.e., for learning the value @f) using the binary search-
like algorithm presented in Section 5.2. The experiment reveals
that when the underlying ranking is done BA\RF°, the value of
« can be learned perfectly. When onet'(h) or U-Rankis the
underlying ranking function, the correct valuean be learned with
a fairly small sample size, and increasing the number of samples
does not help in finding a better. On the other handgxp-Rank
cannot be learned well b RF'© unless the sample size approaches
the total size of whole dataset. This phenomenon can be partly
explained using Figure 5(i) in which the curves fBf’(h) and
U-Top have a fairly smooth valley, while the one fBxp-Rankis
very sharp and the region of values where the distance is low is
extremely small [l — 0.9%°,1 — 0.9''°])). Hence, the minimum
point for Exp-Rankis harder to reach. FurthdExp-Rankis quite
sensitive to the size of the dataset, which makes it hard to learn
it using a smaller-sized sample dataset. We also observe that while
extremely large samples are able to Ie&@rBcorewell, the behavior
of E-Scoreis quite unstable when the sample size is smaller.

Note that if we already know the form of the ranking function,
we do not need to learn it in this fashion; we can instead directly
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Figure 6: (i) Learning PRF* from user preferences; (ii) Learning PRF“ from user preferences; (iii) Effect of correlations onPRF*
ranking as a varies; (iv) Effect of correlations on PRF'°, U-Rankand PT'(h).
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Figure 7: Experiments comparing the execution times of the ranking algorithms (note that the y-axis is log-scale for (ii) and (iii))

ond while 300 samples may take up to several minutes. First we Execution Times
observe that”T'(h) and PREF* can be learned very well from a  Figure 7(i) shows the execution times for four ranking functions:
small size sample (distanee 0.2 in most cases) and increasing pRFe, PT(h), U-Rankand Exp-Rank for the 1IP-datasets, for
the sample size does not benefit significantlyRankcan also be  different dataset sizes arid We note that the running time for
learned, but the approximation isn’t nearly as good. This is be- pRF« is similar to that ofPT'(h). As expected, ranking b RF*®
causeU-Rankcan not be written as a singleRF™ function. We or Exp-Rankis very efficient (1000000 tuples can be ranked within
observed similar behavior in our experiments with other datasets. 1 gr 2 seconds). Indeed, after sorting the dataset in an non-decreasing
Due to space constraints, we omit a further discussion on learningscore orderP RF* needs only a single scan of the dataset, Exyut
a PRF* function; the issues in learning such weighted functions Rankneeds to scan the dataset twice. Execution timesfbth)
have been investigated in prior literature, and if the true ranking anduU-Rankk increase linearly with: andk respectively and the
function can be written as RRF* function, then the above algo-  algorithms become very slow for highandk. The running times
rithm is expected to learn it given a reasonable number of samples.of hoth PRF* andExp-Rankare not significantly affected Hy.

. Figure 7(ii) compares the execution time B87'(h) and its ap-
Effect of Correlations proximation using a linear combination ¢fRF* functions (see
Next we evaluate the behavior of ranking functions over proba- Figure 5(iii)), for two different values ok. w50 indicates that
bilistic datasets modeled using probabilistic and/xor trees. We use 50 exponentials were used in the approximation (note that the ap-
the four synthetic correlated datasets, Syn-XOR, Syn-LOW, Syn- proximate ranking, based dARF*, is insensitive to the value of
MED, and Syn-HIGH, for these experiments. For each dataset andk). As we can see, for large datasets and for higher valués of
each ranking function considered, we compute the rankings by con-exact computation takes several orders of magnitude more time to
sidering the correlations, and by ignoring the correlations, and then compute than the approximation. For example, the exact algorithm
compute the Kendall distance between these two (e.gP RF¢, takes nearly 1 hour fon = 500,000 andh = 10,000 while the
we compute the rankings usifROB-ANDOR-PRF-RANK and approximate answer obtained usihg= 50 P RF functions takes
IND-PRF-RANK algorithms). Figure 6(iii) shows the results for  only 24 seconds and achieves a Kendall distaho8.
the PRF*“ ranking function for varyingy, whereas in Figure 6(iv), For correlated datasets, the effect is even more pronounced. In
we plot the results foPREF“(a = 0.9), PT(100), andU-Rank Figure 7(iii), we plot the results of a similar experiment, but using
As we can see, on highly correlated datasets, ignoring the corre-two correlated datasets: Syn-XOR and Syn-HIGH. Note that the
lations can result in significantly inaccurate top-k answers. This is number of tuples in these datasets is smaller by a factor of 10. As
not as pronounced for the Syn-XOR dataset. This is because, in anywe can see, our generating functions-based algorithms for comput-
group of tuples that are mutually exclusive, there are typically only ing PRF* are highly efficient, even for datasets with high degrees
a few tuples that may have sufficiently high probabilities to be part of correlation. As above, approximation of tI’(h) ranking
of the top-k answer; the rest of the tuples may be ignored for rank- function using a linear combination ¢tRF'® functions is signifi-
ing purposes. Because of this, assuming tuples to be independentantly cheaper to compute than using the exact algorithm.

of each other does not result in significant errors.cAspproaches Combined with the previous results illustrating that a linear com-
1, PRF* tends to sort the tuples by probabilities, so all four curves bination of PRF“ functions can approximate other ranking func-
in Figure 6(iii) become close 1. Ranking byE-Scoreis invariant tions very well, this validates the unified ranking approach that we

to the correlations, which is a significant drawback of that function. propose in this paper.



8. CONCLUSIONS

In this paper we presented a unified framework for ranking over

Engineering Bulletin Special Issue on Probabilistic Data
ManagementMarch 2006.

probabilistic databases, and presented several novel and highly effi{17] Todd Green, Grigoris Karvounarakis, and Val Tannen.

cient algorithms for answering top-k queries. Considering the com-
plex interplay between probabilities and scores, instead of propos-
ing a specific ranking function, we propose using two parameter-

ized ranking functions, calleB RF“ and PRF*, which allow the

user to control the tuples that appear in the top-k answers. We

Provenance semirings. PODS pages 31-40, 2007.

[18] Todd Green and Val Tannen. Models for incomplete and
probabilistic information. IEEDBT, 2006.

[19] R. Gupta and S. Sarawagi. Creating probabilistic databases
from information extraction models. MLDB, 2006.

developed novel algorithms for evaluating these ranking functions [20] R. Herbrich, T. Graepel, P. Bollmann-Sdorra, and

over large, possibly correlated, probabilistic datasets. We also de-

veloped an approach for approximating a ranking function using
a linear combination oP RF° functions thus enabling highly effi-

K. Obermayer. Learning preference relations for information
retrieval. InNICML-98 Workshop: Text Categorization and
Machine Learningpage 83-86, 1998.

cient, albeit approximate computation, and also for learning arank- [21] M. Hua, J. Pei, W. Zhang, and X. Lin. Ranking queries on

ing function from user preferences. Our work opens up many av-
enues for further research that we are planning to pursue. For in-

uncertain data: A probabilistic threshold approach. In
SIGMOD, 2008.

stance, there may be other non-trivial subclasses of PRF functions,[zz] I. llyas, G. Beskales, and M. Soliman. A survey of top-k

aside fromPRF*°, that can be computed very efficiently. Under-
standing the behavior of various ranking functions and their rela-

tionships across probabilistic databases with diverse uncertainties
and correlation structures also remains an important open problem

in this area.
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